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PREFACE. 


This  book  desciibes  what  has  for  many  years  been  the  course 
of  instruction  in  Applied  Mechanics  at  the  Finsbury  Technical 
College.  All  mechanical  and  electrical  engineering  students 
in  their  first  year  had  two  lectures  a  week ;  the  substance  of 
these  lectures  is  here  printed  in  the  larger  type.  Mechanical 
engineers  had  three  lectures  a  week  in  their  second  year ;  the 
substance  of  these  lectures  is  here  printed  in  small  type.  As 
I  found  our  arrangement  of  hours  per  week  to  work  fairly 
well,  I  give  it  here  : — 
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Chemists  and  building  trade  students  also  attended  in  the 
mechanical  department,  and  the  mechanical  engineering 
students  had  courses  of  study  in  the  physics  and  chemistry 
departments  of  the  College.  The  Mechanics  course  included 
work  on  the  steam  and  gas  engine  not  given  in  this  book. 
When,  after  much  experience  in  teaching  at  an.  'E»iv^\!^  ^xj^iXvi 
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^(ni0M:  vii>;L  I  iM  VfBsec  liziL  iinziiL  ~&  1«^  fimd  lun  I  tur 
wf^  %  jer^i^  dob^  cf  *aiK>ignam*^r  oroD.  -ntoosiishil  ntBt  of 
M#(nit  ttrr  ^ivi.  iijee.  I  imL  Ji^^ir^  "u  A^srsntt  nm  aiic 
^4i»iii^  iur  ^>?7  7Bfi0E:  i£  luwi  muk  iir  ijxt  jait 

wuifsk,  V >sf«:  lEuh^ui*:  loT  smoexiSk  inn  xr&mx&Ir  &  ooIiBrtaasi 
V4M  flttivCk  Iron.  lifeOK  ^t^sl.  kucl  in  "a^  jamL***-  -viik^  iii  ii  lai  li 
V»  m0^  V^  W  lev  ^n^CKraaofcrXu*;.  "am  a^aobbci:.  jsk  mB^flBdii^ 
tteib  ^m^  Meiatarvj  ^ri^a^.as^  I  Ji»c  edhrdTr  ir  getting 
*^^t!tr  Mmh^mxOh  xaaiM  iz.  bao^nir  -vr&x^  nc*  iynipBtliiae 
wkk  Mft^.  It  w«e  foQxid  izi  tLmf- liisi  fsnoacis  HKik  ^^err  «aginiy 
^  dK  'jUiuititimT^  ej^feRmcEAl  *i.iA,  kd^  i^m  i^  wliole 
iffi0Ufm^  tuMvMj  foikved,  prodneeid  akiel  iriiase  fcxnr>idgc  was 
itkunffu  wtAj  ifjfr  waft  in  pziMtacal  probMu.  sad  '■rbo  kneir  the 
YiwA^,  of  mMHiifim  of  tlieir  kiK>v-iedb&.  I  ^m^  flftd  to  skt  that 
MMPMf  tAMm  t««fitT  eDBj^ete  aet^  of  the  aft^HoaDBs  ha^v  been 
MMdk  aiud  aent  to  varions  institatkms  by  idt  woirkshap  assistant^ 
Mr  Hlpt^terd, 

It  would  have  made  this  book  ux>  lai^  if  I  had  included 
in  hf  MM  I  tAuHiXA  have  liked  to  do,  co|»es  of  the  instmctions 
wbi4;h  Hach  ntudent  receives  when  he  begins  on  a  new  piece  of 
a|;piifxitiiH, 

VnAmnffr  (now  8ir  Robert;  Ball,  at  the  Rojral  CoU^e  of 
H<5iwiC4%  l>ubliii,  fttarted  quantitative  experimental  mechanical 
work.  Jl<{  umdd  the  well-known  frame  of  the  late  Professor 
WilliN,  whtcli  wan  taken  to  pieces  and  built  up  in  new  forms 
for  froNli  uxiNtrirneuts.  What  I  have  done  has  been  to  carry 
out  Vrofi)NHor  JiairH  idea,  using  a  distinct  piece  of  apparatus 
for  (fiMiti  froNli  kind  of  experiment.  A  student  measures  things 
f%w  hliiiMiOf  ;  illiiHtratcM  mechanical  principles;  finds  the  limits 
to  wliioli  Uin  iiotioiiR  of  tlie  books  as  to  friction  and  properties 
/>f  iDnittrinlit  an^  (M>rroci  ;  learns  the  use  of  squared  paper,  and 
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the  accuracy  of  graphical  methods  of  calculation ;  and,  alx)ve 

all,  really  learns  to  think  for  himself.      Professor  Ewing,  at 

Cambridge,  has  developed  the  ideas  of  Professor  Ball  to  a  far 

greater  extent  than  what  I  have  had  opportunity  for,  and  I 

know  of  no  place  in  which  a  better  engineering  education  can 

be  obtained  at  the  present  time  than  at  Cambridge.     I  am 

glad  to  think  that  a  system  begun  under  the  Science  and  Ai*t 

Department  by  Sir  Robert  Ball  is  now  likely  to  \je  adopted 

generally  in  science  classes. 

I  am  under  great  obligations  to  my  assistant,  Mr.  G.  A. 
Bazandall,  who  has  been  to  great  trouble  in  adding  to  the 
exercises,  verifying  answers,  and  correcting  proofs.  Professor 
Willis,  D.Sc,  has  been  kind  enough  to  read  through  the 
proofe,  and  consequently  I  feel  that  there  can  be  no  im- 
portant mistake  anywhere. 

I  should  like  to  think  that,  before  a  student  begins  the  part 
in  small  type,  he  has  worked  through  Thomson  and  Tait's 
small  book  on  "  Natural  Philosophy,"  and  that  he  has  read  the 
early  part  of  my  book  on  "  The  Calculus  for  Engineers." 

JOHN  PERRY. 

16M  /«/y,  1897. 

Boyal  College  of  Science, 

London^  8.W. 
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graphics;  another,  that  it  is  all  shading  and  colouring  and  the 
production  of  pretty  pictures  without  centre  lines  or  dimensions. 
Probably  the  greatest  mistake  is  that  of  wasting  time  in  a  school 
in  giving  the  information  that  one  cannot  help  picking  up  in  one's 
ordinary  practical  work  after  leaving  schooL 

We  believe  that  the  principles  which  an  engineer  really 
recollects  and  keeps  ready  for  mental  use  are  very  few.  By 
means  of  lectures,  models,  drawing-office  and  laboratory,  and 
numerical  exercise  work,  we  show  a  man  how  these  simple 
principles  enter,  in  curiously  different-looking  shapes,  into  his 
engineering  practice.  We  give  him  the  use  of  all  the  necessary 
methods  of  study,  and  we  send  him  out  into  practical  life  pre- 
pared to  study  things  for  himself.  We  ought  to  recognise  the 
fact  that  his  real  study  of  his  profession  is  not  at  school  or  college. 
We  ought  to  teach  him  how  to  learn  for  himself.  Any  child  can 
state  Newton's  second  law  of  motion,  and  the  other  half-dozen 
all-important  principles  of  mechanics,  so  as  to  get  full  marks  in  an 
examination  paper;  the  engineer  knows  that  the  phenomena  he 
deals  with  are  exceedingly  complex,  and  that  only  a  long  ex- 
perience will  enable  him  to  utilise  the  so  easily  stated  principles. 
Schools  and  colleges  are  the  places  in  which  men  ought  to  learn 
the  uses  of  all  mental  tools ;  they  are  sure  to  specialise  afterwards, 
but  in  the  meantime  we  ought  to  give  them  plenty  of  tools  to 
choose  from.  The  average  student  cannot  take  in  more  than  the 
elementary  principles  ;  the  best  students  need  not  take  in  more. 

2.  The  most  important  lesson  for  a  beginner,  however  he 
may  have  studied  mathematics  and  mechanics,  and  however  able 
he  may  be  as  a  mathematician,  is  this — that  he  must  not  go  on 
merely  assuming  that  he  knows  how  to  do  things ;  he  must  know 
things  by  actual  trial  and  not  mere  hearsay.  He  must  actually 
calculate  certain  numerical  results ;  he  must  actually  illustrate 
principles  with  laboratory  apparatus  ;  and,  if  there  is  a  school 
workshop,  he  must  get  to  know  the  properties  of  materials  by 
chipping  and  filing  and  paring  and  planing  and  turning.  It 
is  just  the  same  as  in  one's  after- school  work.  There  is  no 
great  mechanical  engineer  who  has  not  himself  worked  like 
a  workman  with  other  workmen,  and  got  to  understand  men 
and  things  by  actual  contact  witli  them.  The  man  who  shirks 
the  following  exercises  and  laboratory  work  will  lose  a  great 
deal  more  than  he  is  aware  of. 

Teachers  will  notice  that  things  rcquuing  oven  a  little  pre- 
paration more  than  other  things  will  gradually  become  neglected. 
Therefore,  lot  it  bo  part  of  the  daily  work  for  every  student  to  use 
logarithms,  drawing  instruments  in  graphical  exercise  work,  and 
squared  paper.  In  the  drawing-office,  blue  prints  ought  to  be 
made  hy  some  student  or  other  every  day  ;  the  planimeter  ought 
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to  be  used  every  day,  and  some  student  oupfht  to  be  resfttinj?  his 
drawing-pens  and  other  instruments  every  day.  It  ought  to  be  a 
rule  that  all  apparatus  must  always  be  ready  for  use,  and  that  it  is 
always  in  use.  Teachers  can  arrange  their  own  work  in  such  a 
way  that  they  cannot  help  seeing  everj'  day  how  the  practical  work 
of  students  is  being  done.  When  we  find  our  system  to  be  going 
with  clockwork  regularity  and  we  feel  no  worry,  we  ought  to 
believe  that  some  change  is  necessary.  If  we  find  that  the  students 
are  not  absorbed  in  their  work,  we  must  understand  that  we 
teachers  are  in  fault. 

3.  Students  cannot  spend  too  much  time  in  multiplying, 
factoring,  and  simplifying  algebraical  and  trigonometrical 
expressions.  These  are  our  tools,  and  wa  must  get  familiar 
with  them.  We  may  easily  spend  too  much  time  in  studying 
roots  of  equations,  permutations  and  combinations,  etc.,  and 
in  the  solution  of  triangles ;  and  therefore,  if  it  is  possible,  we 
try  to  learn  all  our  mathematics,  mechanics,  physics,  and 
chemistry  from  teachers  who  are  engineers.  What  acquaint- 
ance with  these  subjects  we  have,  ought  to  be  a  real  knowledge, 
not  the  glib  pretence  which  suffices  for  examinations  ;  it  must 
not  be  something  apart  from  our  life  and  work.  To  effect  this 
object  we  must  work  many  numerical  and  graphical  exercises, 
and  try  to  conquer  our  contempt  for  simple  laboratory  experi- 
ments, and  illustrate  the  forty-seventh  proposition  of  the  Fir^t 
Book  of  Euclid  by  actually  drawing  some  right-angled  triangles 
and  measuring  their  sides — to  illustrate  rules  about  triangles 
by  actual  measurement.  In  this  way  we  learn  much  more 
than  the  ordinary  geometrician  knows ;  among  other  things, 
we  obtain  a  valuable  knowledge  of  the  errors  we  are  likely  to 
make  in  graphical  calculation. 

4.  Every  student  is  supposed  to  be  able  to  calculate  the 
values  of  any  algebraical  or  trigonometrical  expression  when 
numerical  values  are  given.  He  ought  to  be  able,  when  given 
at  random  such  an  expression  as 

w  =  a'»  b-^'-i  4-  y/m^  -[-n^alog^b.coa.9, 

to  be  able  to  calculate  w  when  he  knows  the  values  of  a,  b,  m, 
n,  and  0,  He  ought  to  be  able  to  use  logarithms  in  multiplica- 
tion and  division  and  extraction  of  roots ;  to  know  all  the  usual 
mathematical  symbols,  and  how  it  is  sometimes  convenient  to 

use  y/a  and  sometimes  aK  It  is  pedantic  to  say  that  a 
man  must  not  use  a  formula  unless  he  is  able  to  prove  \t% 
truth.     It  is  usnaUjr  of  gre&t  help  in   leamiivg  lo  ^ton^  «^ 
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formalA  U>  hftve  previoasly  iMed  the  formula  auid  know  the 
Tftloe  and  meaning  of  what  we  are  to  prove.  A  living 
Northern  professor  of  great  eminence  has  declared  that  a  boy 
oaght  not  to  be  allowed  to  use  logarithms  until  he  is  able 
to  calcnlate  them  ;  he  has  not  said  that  a  boy  ought  not  to 
use  a  watch  or  wear  a  coat  until  he  is  able  to  make  them. 

EXERCISES. 

1.  Firul  4*326  x  0*003457  to  four  signifii-ant  figures,  lea^-iDg  oat  all 
iiniMfimiKiry  figurfw  in  the  work.  Find  0*01584  -i-  2  104  to  four  signifi- 
iiint  figtinM.     Alito  do  thoMe  using  logarithms.     Find  lege  7.     Calculate 

U  r«    s-0*24*J     042  *'•*■*,    \/246*3,   31 -01^    x  0  02641^. 

AmM„     0  01496,  0007529,  1*94591,  49-95,  0*7632,  0*2211,  3*008,  5-872. 

2.  Xtm=i  {t^  -I-  2  «'*  4-  *  -  **^>)*  -^  («-  ^f 

find  w  if  tf  =  0*504,  h  =  0309,  «  =  1-667. 

Am»..  1  220. 
9.  What  prrurH  an*  tht*rp  in  atwtiming 

(1  4-  «)»  =  1  4-  »tf 

to  U?  trtw  in  (l*00l)»  =  1003,  (1*01)*  =  I  0033. 

(0*99)»  =  (I  -  -01)3  =  1  —  02  =  -98. 

L  =r \ =  (I   -  -01)  -  '  =  I  +   01  =  I  01. 

-    !_    =  (I  +  -01)  ~  *  =r  (I  -   0033)  =  9967. 

Vi-^i  

^  »»  =  ^   100  (I  -   01)  =  10  (I  -  -01)*   =  10  a  -  -006), 

=  9-95? 
TW  *K»Tv  an»wvr»  an*  v%»ry  n^wurly  convct :  tli«?  studieat  i»  expected  to 
iHid  1^  v\Mmvt  autfwvrtk 

4^  How  tu.«b'K  «>crv*r  in  thecv  in  the  :k»u2tL^oat» 

[-"{14  =  1  -Ka-iS.      a-ha)ll  -hd^  =  l+«4^/a. 

I  -K  ii 

wifeim         a  =  01       rf  =  *0K  a  =  -    003       d  =  -  -005  ? 

.4«w..  No  tHftv^r  *    01  per  cynt .  -004  per  cent..  0015  per  cent 

3.  U  -•  w  thv  diiMtteter  v^  thsi*  Nnre  or  the  "  calibre  **  of  a  guiu  it  w 
wnttUl^  M««taft»*«i  ttMt  tbw  vei^C  v^f  tike  <utt  »  pci*pi>rttom&I  to  ^.  and 
||m(  I^  tbuBk*^«!«»  ^»<  anttLHir  w^-ln  it*  pri'jei-tile  will  pierce  »  prvpor- 
liMMt  ttf  «.  U  aa.  :M»c&  Mi  wvt^  U  Mn«  Ami  caa  pcerve  1 1  isL-bw  ol 
ai^^<fc>  ^*W  t^kmHW  wul  N(  pierced  bv  «  IvMncb.  ^ua.  ;uiu.  wao:  »  -y 
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following  numbers  divided  by  W  : — Aluniiniuni,  2-34  ;  copper, 
1-79;  gold,  1-45;  iron,  1*2;  lead,  2*95  ;  platinum,  0*9 ;  silver, 
1-94;  tin,  227  ;  zinc,  29;  brass  (71  copper  to  29  zinc),  187; 
bronze  (86  copper  to  10  tin  to  4  zinc),  1*8;  German  silver, 
I'S;  steel,  111  ;  brick,  0*5;  glass,  0*9;  granite,  0*9;  sand- 
stone, 1*2;  slate,  1*04;  boxwood  (across  the  fibi-e),  6*1;  box- 
wood (along  the  fibre),  0*3 ;  oak  (across),  5*4  ;  oak  (along), 
0*5  ;  pine  (across),  3*4 ;  pine  (along),  0*5. 

The  co-efficient,  A;,  of  cubical  expansion  is  three  times  the 
co-efficient  of  linear  expansion,  because  (1  +  a)8=  1  -f3a 
is  practically  correct  for  these  small  values  of  a.  The  average 
values  of  k  between  0**  and  IOC  0.  are  the  following  numbers 
divided  by  10^  : — Alcohol,  1*26  ;  mercury,  0*18  ;  olive  oil,  0*8; 
peti-oleum,  1*04  ;  pure  water,  0*43  ;  sea-water,  0*5. 

The  student  is  supposed  to  have  worked  many  exercises 
like  the  following  ones : — 

1.  Steel  rails  of  0°  C.  have  an  aggregate  length  of  1  mile.  What  is 
the  length  at  33"  C.  ?  Arts.,  1  mile  242  inches. 

2.  A  ring  of  wrought  iron  has  an  inside  diameter  of  5  feet  when  at  a 
temperature  of  970**  C.     What  is  the  diameter  at  0**  C.  ?      ^>i«.,  4  9  feet. 

3.  A  cylindric  plug  of  copper  lust  fits  into  a  hole  4  inches  diameter  in 
a  piece  of  cast  iron.  After  heatmg  the  mass  to  1,240°  C,  hy  how  much 
is  tKe  diameter  of  the  hole  too  small  for  the  plug?        Ans.,  -0293  inch. 

4.  A  bar  of  iron  is  70  centimetres  long  at  0"  C.  WTiat  is  its  length  in 
boiling  water  (100**  C.)  ?    WTiat  is  its  length  at  60°  C.  P 

Ans.,  70*079  centimetres,  70*039  centimetres. 
0.  Two  rods — one  of  copper,  the  other  of  iron — measure  98  centimetres 
each  at  0°  C.     What  is  the  difference  in  their  lengths  at  67"  C.  ? 

Ang,,  -027  centimetre. 

6.  Bars  of  wrought  iron,  each  3*4  metres  long,  are  laid  down  at  a 
temperature  of  10°  C.  WHiat  space  is  left  between  every  two  if  they  are 
intended  to  close  up  completely  at  40°  C.  ?  Ans.,  1*26  millimetres. 

7.  A  wrought-iron  connecting-rod  is  12  feet  long  at  10°  C.  What  is 
the  increase  of  length  at  80° .C.  ?  Ana.,  0121  inch. 

8.  A  wronght-irtm  Cornish  boiler  is  33  feet  long ;  the  shell  is  at  0°  C, 
the  flue  at  100°  C.  WTiat  would  the  difference  of  the  lengths  be  if  the  flu^ 
were  not  prevented  from  expansion  ?  Ans.,  0*475  inch. 

9.  A  steel  pump  rod  is  1,000  feet  long.  What  is  its  change  of  length 
for  a  change  of  10°  C.  Ans.,  1*44  inch. 

10.  In  a  thermometer  '01  cubic  inch  of  mercury  at  10°  C.  is  raised  to 
16°  C,  and  rises  1  inch  in  the  tube.  What  is  the  cross-section  of  the  tube  P 

Am.,  9  X  10~^  square  inch. 

11.  The  volume  of  a  mass  of  iron  being  5  cubic  feet  at  10°  C,  find  its 
volume  at  80°  C.  Ana,,  5*0126  cubic  feet. 

6.  A  student's  knowledge  of  mathematics  ought  to  be  such 
that  he  can  work  out  for  I)iniself  aJJ  the  rules  giveii  m  svjlc\v  ^w. 
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excellent  book  on  mensuration  as  that  of  Professor  A.  Lodge. 
The  thorough  study  of  such  a  book  is  one  of  several  ways 
which  may  be  recommended  of  getting  familiar  with  mathe- 
matical principles.  But  nobody's  life  is  long  enough  to  use 
all  these  ways,  and,  besides,  unnecessary  study  leads  to  dul- 
jiess.  Hence,  if  a  student  has  taken  some  other  way,  he  need 
not  be  alarmed  at  his  ignorance  of  the  more  complex  rules  in 
mensuration  ;  he  may  feel  absolutely  certain  that  he  can  work 
out  such  rules  for  himself,  given  time  and  necessity.  He  will 
study  the  more  complex  rules,  such  as  prismoidal  formulae,  if 
he  needs  to  use  them  practically,  not  otherwise.  The  following 
rules  are  in  constant  use  and  must  be  familiar  to  the  student, 
whether  or  not,  he  knows  the  reasons  for  them.  If  he  is 
familiar  with  the  rules  and  does  not  anxiously  search  for  the 
reasons  for  them,  he  lacks  the  necessary  spirit  of  the  practical 
engineer. 

RULES    IN   MENSURATION. 

An  area  is  founcl  in  square  inches  if  all  the  dimensions  are 
given  in  inches.  It  is  found  in  square  feet  if  all  the  dimen- 
sions are  given  in  feet. 

Area  of  a  parallelogram, — Multiply  the  length  of  one.  side 
by  the  perpendicular  distance  from  the  opposite  side. 

The  centre  of  gravity  of  a  parallelogram  is  at  the  point  of 
intersection  of  its  diagonals. 

Draw  a  right-angled  triangle  ;  measure  very  accurately  the 
lengths  of  the  sides.  You  will  find  that,  no  matter  what  scale 
of  measurement  you  use,  the  square  of  the  length  of  the 
hypothenuse  is  equal  to  the  sum  of  the  squares  of  the  lengths 

of  the  other  two  sides. 

Area  of  a  triangle. — Any  side  multiplied 
by  its  perpendicular  distance  from  the  oppo- 
site corner  and  divided  by  two. 

The  centre  of  gravity,  or,  rather,  the  centre 
Fig.  1.  of  area,  of  a  triangle  is  found   by  joining 

(Fig.  1)  any  corner,  a,  with  the  middle 
point,  D,  of  the  opposite  side,  b  c,  and  making  d  g  one-third 
of  D  A.     G  is  the  centre  of  gravity. 

Area  of  an  irregular  figure. — Divide  into  triangles,  and 
add  the  areas  of  the  triangles  together. 

Circumference  of  a  circle. — Multiply  the  diameter  by 
3-UlG. 
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Arc  of  a  circle. — From  eight  times  the  chord  of  half  the 
arc  subtract  the  chord  of  the  whole  arc;  one-third  of  the 
remainder  will  give  the  length  of  the  arc,  nearly. 

Area  of  a  trapezium, — Half  the  sum  of  the  parallel  sides 
multiplied  by  the  perpendicular  distance  between  them. 

Area  of  a  circle, — Square  the  radius,  and  multiply  by 
3*1416  ;  or  square  the  diameter,  and  multiply  by  0*7854. 

Area  of  a  sector  of  a  circla — Multiply  half  the  length  of 
the  arc  by  the  radius  of  the  circle. 

Area  of  a  segment  of  a  circle. — Find  the  area  of  the  sector 
having  the  same  arc,  and  the  area  of  the  triangle  formed  by 
the  chord  of  the  segment  and  the  two  radii  of  the  sector. 
Take  the  sum  or  difference  of  these  areas  as  the  segment  is 
greater  or  less  than  a  semicircle. 

Otherwise,  for  an  approximate  answer : — Divide  the  cube 
of  the  height  of  the  segment  by  twice  the  chord,  and  add  the 
quotient  to  two-thirds  of  the  product  of  the  chord  and  height 
of  the  segment.  When  the  segment  is  greater  than  a  semi- 
circle, subtract  the  area  of  the  remaining  segment  from  the 
area  of  the  circle. 

The  arecu  of  curves  may  be  found  by  Simpson's  rule. — 
Divide  the  area  into  any  even  number  of  parts  by  an  odd 
number  of  equidistant  parallel  lines  or  ordinates,  the  first  and 
last  touching  the  bounding  curve.  Take  the  sum  of  the 
extreme  ordinates  (in  many  cases  each  of  the  extreme 
ordinates  is  of  no  length),  four  times  the  sum  of  the  even 
ordinates,  and  twice  the  sum  of  the  odd  ordinates  (omitting 
the  first  and  last) ;  multiply  the  total  sum  by  one-third  of  the 
distance  between  any  two  successive  ordinates. 

The  ordinary  rule  for  an  indicator  diagram  is : — Draw 
lines  at  right  angles  to  the  atmospheric  line,  touching  the 
extreme  ends  of  the  diagram.  Divide  the  distance  between 
them  into  ten  equal  parts  (a  parallel  ruler  with  ten  pieces  is 
sometimes  supplied),  and  at  the  middle  of  each  part  draw  a 
line  at  right  angles  to  the  atmospheric  line.  Measure  the 
breadth  of  the  diagram  on  each  of  these  ten  lines,  and  take 
one-tenth  of  ilieir  sum.  This  gives  the  average  breadth,  and 
represents  the  average  pressure  to  scale.  The  better  plan  is 
to  find  the  area  by  a  planimeter.  The  earnest  student  will 
practise  the  use  of  the  planimeter,  finding  its  error  by  tests  on 
i*ec tangles  and  circles.  The  average  breadth  of  a  diagram  is 
used  in  many  wajs. 
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K'itf.rv.mi  for  Advanced  Students. — Prove  that  Simpson's 
rtilo  ^ivoH  tlin  aroa  correctly  if  the  arcs  of  curve  between  the 
0(1<1  onlinatcH  follow,  each  of  them,  any  such  law  as 

y^i  a -\-  bx  -\-  cx^  ■\-  da^. 

Surfaen  of  a  sphere. — Multiply  the  diameter  by  the 
oinnuiiforonce. 

HMrfac<^  of  a  cylinder. — Multiply  the  circumference  by  the 
Umgth,  and  add  the  areas  of  the  two  ends. 

Hurfaoo  of  a  right  circular  cone. — Multiply  half  the 
clrtnunforeiico  of  the  base  by  the  slant  side,  and  add  the  area 
of  th(t  \mM\ 

XmXa'^vwX  Hurfaco  of  the  fnistuvi  of  a  right  cone. — Multiply 
i)w  fil»!it  «ido  by  the  circumference  of  the  section  equidistant 
frtun  itH  i^amllol  faces. 

ArtMv  of  an  r//t;>w».- -Multiply  the  product  of  the  major  and 
minor  axoH  by  '7854. 

T!»o  aix»aa  of  two  similar  figures  are  as  the  squares  of  their 
Hko  diuuMisions.     The  volumes  are  as  the  cubes  of  their  like 

T\w  cMc  {^i^ntf^nt  of  a  IkhIv  is  calculated  in  cubic  inches  if 
M  tho  diuuMis^ions  are  given  in  inclies ;  in  cubic  feet  if  all  the 
diuum^ons  an*  given  in  fwt, 

CNibio  wjitent  of  a  ;>/<i/f. — ^lultiply  area  of  plate  by  its 

l^lluc  ix^ntont  <^  a  sphtrt. — OuW  the  diameter,  and  multiply 
l\iWc  ixmtont  v>f  tho  >>ym^i#l  of\i  sphifre^ — Subtract  twice 
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the  height  of  the  segment  from  three  times  the  diameter  of  the 
sphere ;  multiply  the  remainder  by  the  square  of  the  height, 
and  this  product  by  '5236. 

The  cubic  content  and  surface  of  a  sphere  are  each  two- 
thirds  of  that  of  the  cylindric  vessel  which  just  encloses  it. 

Cubic  content  of  any  prismatic  body  (Fig.  2). — Multiply 
the  area  of  the  base  by  the  perpendicular  height.  This  will 
give  the  same  product  as,  Multiply  the  area  of  cross  section  by 
length  along  the  axis  of  the  prism.  (The  axis  of  a  prismatic 
body  goes  from  centre  of  gravity  of  base  to  centre  of  gravity 
of  top.)  The  centre  of  gravity  of  a  pnsmatic  body  is  half-way 
along  the  axis. 

Cubic  content  of  any  pyramidal  or  conical  body  (Fig.  3). 


Fig.  a. 

— Multiply  the  area  of  the  base  by  one-third  of  the  perpen- 
dicular height. 

Centre  of  gravity  is  one-quarter  of  the  way  along  the  axis 
from  the  basa  (The  axis  of  any  such  body  joins  the  centre  of 
area  of  base  with  the  vertex.) 

The  cubic  content  of  the  rim  of  a  wlieel  is  found  by  multi- 
plying the  area  of  a  cross  section  by  the  circumference  of  the 
circle  which  passes  through  the  centres  of  gravity  of  the  cross 
sections. 

The  weight  of  a  cubic  inch  of  each  of  the  following  mate- 
rials is  given  in  lbs. : — Cast  iron,  '26;  wrought  iron,  '28;  steel, 
•28  ;  brass,  '3 ;  copper,  -32  ;  bronze,  '3  ;  lead,  4 ;  tin,  '27 ;  zinc, 
•26.  Hence  to  find  the  weight  of  a  body  of  cast  iron  or  any 
other  of  these  substances,  find  the  volume  in  cubic  inches  and 
multiply  by  one  of  the  above  numbers. 

Very  often  it  is  only  the  approximate  weight  that  is 
wanted,  so  that  a  moulder  may  know  how  much  metal  to  melt, 
or  for  other  purposes.  Now,  suppose  we  want  the  approxi- 
mate weight  of  a  cast-iron  beam.  Find  roughly  the  average 
section  and  get  its  area  in  square  inches,  multiply  by  tVi^V^xi^^ 

3* 
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in  irK^hes,  add  to  this  tlie  cubic  content  of  anj  little  gnsaet 
pUteK  or  other  excrescences,  multiplj  bj  *26  and  we  have  the 

weight  in  jxiunds. 

Tlie  specific  gmritj  of  a  sabstance  means  its  wdght  as 
compared  with  the  weight  of  the  same  balk  of  water.  Now, 
it  w  known  that  a  cubic  foot  of  water  weighs  very  nearly  1,000 
ounces,  or  rather  62'3  lbs.  The  specific  gravity  of  a  brick 
varies  from  '2  to  2*167,  and  therefore  the  wdgfat  of  a  cubic  foot 
of  brick  varies  from  2  x  1,000  or  2,000  to  2167  x  1,000,  or 
2,167  ounces. 

We  see,  then,  that  from  a  table  of  specific  gravities  we  can 
g<H;  the  weight  of  a  cubic  foot  of  a  substance,  and  therefore  if 
we  know  the  cubic  content  of  a  body  formed  of  this  substance 
we  can  calculate  its  weight. 

Various  plans  for  saving  labour  in  calculation  suggest 
thamm]  viiH  to  people  working  at  any  particular  trade.  For 
instanc<i,  if  a  [>atteni  has  no  prints  for  cores,  the  weight  of  the 
pattitrn  Ixjars  nearly  the  same  proportion  to  the  weight  of  the 
casting  as  the  weight  of  a  cubic  inch  of  the  wood  bears  to  the 
weight  of  a  (jubic  incli  of  cast  iron.  This  is  not  always  a  con- 
vernt»nt  rule,  iKjcause  the  pattern  is  a  little  larger  than  the 
casting,  and  tlie  density  of  wood  alters  as  it  dries. 

The  area  of  an  irreyvXar  figure  may  be  obtained  approxi- 
mately by  cutting  it  out  of  a  uniform  sheet  of  cardboiu^d  and 
weigliiug  it.  Now  cut  out  a  rectangle  or  square  whose  area  it 
is  easy  to  calculate.  Weigh  this  also.  The  areas  are  in  the 
Hame  proportion  as  the  weights. 

IMio  areAi  of  crosH  section  of  a  fine  wire  in  square  inches  can 
he  dettirniiued  with  some  accuracy  by  weighing  a  considerable 
length  of  the  wire,  dividing  by  the  weight  of  the  material  per 
cu})ic  inch,  and  dividing  by  the  length  of  the  wire  in  inches. 

EXERCISES. 

1.  Find  th«<  numhcT  of  rovohitionH  por  mile  made  by  a  rolling  wheel 
4J  f(»ut  diniiuitor.  Ana.,  373. 

2.  Kind  tlie  artvti  and  circumforonco  of  a  circle  of  4  inches  radius. 
Find  the  tarcumforencti  and  diameter  of  a  circle  whose  area  is  20  square 
int'luw.     Aim.,  r)()-27  Kiiuuro  inches,  2513  inches;  15-85  inches,  5-046  inches. 

3.  Find  the  area  of  a  pamllelopfnim  whose  adjacent  sides  are  60  and 
30  feet  and  tlie  an^^le  between  them  65°.  Ans.,  1359-46  square  feet. 

4.  Find  the  area  of  a  sector  of  a  circle,  radius  4  inches,  angle  60*. 

vi«.v.,  6  982  square  inches. 

5.  iMutl  \\\v  una  of  tht»  s«\i»-ment  of  a  circle,  choid  20  inches,  height 
3  inclnvs.  If  tliis  wert«  a  iwimbolic  segment,  its  area  would  be  Irds  of 
choixi  multiplieil  by  height.  Ans.,  40-6  square  inches. 
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6.  Ordinates  of  a  curve,  1*5  inches  apart,  are  2*30,  2'3o,  2*46,  2-57, 
2-42,  2*21,  2*10.  Find  the  area  between  the  first  and  last  by  Simpson's 
rule.     Test  your  answer  by  drawing  the  curve  and  using  a  plimimcter. 

Am.,  21*34. 

7.  Find  the  area  of  the  surface  of  a  sphere,  its  radius  being  8  inches. 

Ant.y  804*2  square  inches. 

8.  A  boiler  has  300  tubes  8  feet  long,  3  inches  diameter.  What  is  the 
total  cross-sectional  area  ?    What  is  the  area  of  tube-heating  surface  ? 

Ans.,  2,121  square  inches,  1,885  square  feet. 

9.  Right  circular  cone,  base  3  inches  radius,  height  8  inches ;  find  its 
curved  surface  and  volume.     Ant.,  80*62  square  inches,  76'4l  cubic  inches. 

10.  Segment  of  sphere,  height  4  inches,  diameter  of  base  16  inches : 
find  volume.  Ans,,  309*9  cubic  inches. 

11.  Find  by  Simpson's  rule  the  Qimiber  of  cubic  feet  in  a  log  of 
timber  36  feet  long,  the  cross-sections  at  inten'als  of  6  feet  being  8*20, 
6*68,  4*04,  2*92,  216,  1*54,  102  square  feet.  Ant.,  124*36. 

12.  A  railway  cutting  is  J  mile  long;  the  thirteen  cross-sectional 
areas,  measured  at  equal  intervals  of  220  feet,  are  respectively  280,  462, 
594,  685,  757,  742,  600,  346,  320,  418,  512,  626,  660  square  feet.  Find 
the  volume  by  Simpson's  rule.  Ant.,  157,439  cubic  yards. 

13.  Two  models  of  terrestrial  globes ;  the  areas  of  Africa  are  in  the 
ratio  3  to  2.  What  is  the  ratio  of  the  diameters  of  the  globes  ?  What  ia 
the  ratio  of  their  volumes?  Ans.,  1*225,  1*837. 

14.  Find  the  surface  and  volume  of  a  sphere  of  2*361  inches  radius. 
If  it  is  of  cast  iron,  what  is  its  weight  ?  Find  the  weight  of  a  segment 
of  this  sphere  I  inch  in  height. 

Ans.,  70*1  square  inches,  5512  cubic  inches;  14*44  lbs.,  1*67  lb. 

15.  Find  the  volume  and  weight  of  the  rim  of  a  cast-iron  wheel; 
section  circular,  outside  and  inside  radii  20  feet  and  18  feet  6  inches. 

Ans.,  213*7  cubic  feet,  42*87  tons. 

16.  Find  the  circumference  and  area  of  a  circle  whose  radius  is 
5  inches.  This  is  the  base  of  a  cylinder  of  1 1  inches  height.  What  is 
its  volume  ?  Find  its  curved  surface.  If  made  of  cast  iron,  what  is  its 
weight?  What  is  the  area  of  a  section  making  70°  with  the  axis? 
(A  X  cos.  20"  is  the  area  of  the  circular  base  which  is  its  projection.) 

Ans.,  31*42  inches,  78*54  square  inches,  863*9  cubic  inches,  2*4  square 
feet,  226*4  lbs.,  83*58  square  inches. 

17.  A  cone  on  an  elliptic  base,  whose  principal  diameters  are  12  inches 
and  8  inches,  is  20  inches  in  vertical  height.  What  is  its  volume  ?  What 
is  its  weight  if  made  of  cast  iron  ?       Ans.,  502*7  cubic  inches,  131*7  lbs. 

18.  A  plate  of  wrought  iron  ^  inch  thick  weighs  0*6  lb.  What  is  its 
area  ?  ...     -^♦•*-»  34*3  square  inches. 

19.  A  disc  of  zinc  10  inches  diameter,  with  a  hole  of  2  inches  diameter 
in  it,  weighs  0*2  lb.     Find  its  thickness.  Ans.,  0*0106  inch. 

20.  4  lbs.  of  copper  is  drawn  into  wire  0*14  inch  diameter.  Find  its 
length.  Ans.,  67*66  feet. 

21.  A  piece  of  round  copper  wire  100  feet  long  weighs  6  lbs.  What  is 
its  diameter  ?  Ans.,  '12S  inch. 

22.  A  spherical  shell  10  inches  outside  and  8  inches  inside  diameter, 
of  cast  iron  :  what  is  its  weight  ?  Ans.^  ^^'M^  ^\». 
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23.  A  rolled  girdor  of  wrought  iron  12  inches  outside  depth,  flanges 
6  inches  by  J  inch,  web  ^  inch  thick  :  what  is  its  weight  if  18  feet  long  *t 

Am.,  695-6  lbs. 

24.  Cylindric  boiler  30  feet  long,  7  feet  diameter.  Two  cylindric  flues 
each  2  feet  6  inches  diameter:  what  is  the  area  of  the  plates?  Plate 
everywhere  J  inch  thick :  what  is  its  weight  ?  When  in  this  boiler 
water  covers  the  flues  and  its  level  is  a  quarter  of  the  diameter  of  the 
shell  from  the  top,  what  are  the  volumes  of  water  and  steam  ? 

Am.,  1,189  square  feet,  10'7  tons,  2*8  to  1. 

25.  A  circular  plate  of  lead  2  inches  thick,  8  inches  diameter,  is  con- 
verted into  spherical  shot  of  the  same  density,  each  of  '075  inch  radius. 
How  many  shot  does  it  make?  Ans.,  56,889. 

26.  Calculate  the  weight  of  one  foot  of  each  of  the  double  flanged 
girders  of  the  table  at  page  393,  iron  and  steel. 

27.  Walking  from  the  centre  towards  the  end  of  one  span  of  a  lattice 
girder  railway  bridge,  I  count  10  wrought  iron  bars  of  rectangular  section, 
each  14  feet  long ;  the  cross  section  of  the  first  is  5  inches  x  J  inch.  If 
the  widths  increase  by  ^  inch  and  the  thicknesses  by  -^  inch,  find  the 
total  weight  of  bars.  Ans.,  1*08  ton. 

7.  The  idea  of  velocity  involves  two  things— the  direction 
and  the  speed.  When  the  direction  does  not  alter,  we  speak  of 
the  speed  as  if  it  were  the  whole  idea.  Find  the  time  in  seconds 
taken  by  a  body  to  traverse  a  certain  distance  measured  in 
feet.  This  distance  divided  by  the  time  is  called  the  average 
velocity.  Thus,  if  a  railway  train  moves  through  200  feet  in 
4  seconds,  its  average  velocity  during  this  time  is  200  -=-  4,  or 
50  feet  per  second.  If  we  find,  with  careful  measuring 
instruments,  that  it  moves  through  20  feet  in  '4  second,  or 
through  2  feet  in  -04  second,  the  velocity  is  20  -r  '4,  or 
2  -r  '04,  or  50  feet  per  second.  It  is  important  to  remember 
that  the  velocity  may  be  always  changing  during  an  interval 
of  time,  however  short.  To  get  the  velocity  at  any  instant, 
we  must  make  very  exact  measurements  of  the  time  taken  to 
pass  over  a  very  short  distance,  and  even  this  will  only  give  us 
the  average  velocity  during  this  short  time.  But  if  we  make 
a  number  of  measurements,  using  shorter  and  shorter  periods  of 
time,  the  average  velocity  becomes  more  and  more  nearly  the 
velocity  which  we  want.  Thus,  at  10  o'clock,  a  man  in  a 
railway  train  making  a  careful  measurement  finds  that  the 
train  passes  over  200  feet  in  the  next  4  seconds.  He  finds 
the  average  speed  for  4  seconds  after  10  o'clock  to  be  200  -r-  4, 
or  50  feet  per  second.  Another  man  finds  that  it  passes  over 
100*4  feet  in  the  two  seconds  after  10  o'clock,  and  finds  during 
these  two  seconds  an  average  velocity  of  100*4-7-  2,  or  50*2 
feet  per  second.     Another  man  finds  50*25  feet  jmssed  over  in 
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one  second  after  10  o'clock,  which  shows  a  velocity  of  50*25 
feet  per  second.  Another  man  finds  25-132  feet  passed  over 
in  half  a  second  after  10  o'clock,  and  finds  25*132  -^  0*5,  or 
50-264:  feet  per  second.  Another  man  finds  12*567  feet  in  a 
quarter  second  after  10  o'clock,  and  his  observation  gives 
50*268  feet  per  second,  and  so  on.  It  is  evident  that  the 
values  given  by  these  various  observations  are  approaching  the 
real  value  of  the  velocitv  at  10  o'clock. 

• 

Tabulating  these  results,  we  have  : — 


Intervals  of  Time  in  Seconds 
after  10  o'clock. 

Average  Velocity  in  Feet  i>er 
Second. 

■ 

4 
2 

I 
h 
i 

6000 
5020 
5025 
50  264 
50-268 

Plot  the  two  sets  of  numbers  on  squared  paper,  and  draw 
a  curve  through  the  points  so  found.  Produce  the  curve,  and 
we  have  the  means  of  finding  the  average  velocity  for  an 
infinitely  small  interval  of  time  after  10  o'clock.  This  is  the 
required  velocity. 

8.  Acceleration. — This  is  the  time  rate  of  change  of  the 
velocity  of  a  body.  Thus  it  is  known  that  the  velocity  of  a 
body  falling  freely  in  London— 

•  At  the  end  of  one  second  is  32*2  feet  per  second. 

two  seconds  is  64*4 
three      „  96*6 

four        „        128*8 

and  we  see  that  there  is  an  increase  to  the  velocity  of  32*2 
every  second.  The  acceleration  in  this  case  is  always  of  the 
same  amount^ — hence  we  call  it  uniform  acceleration,  and  say 
it  is  32*2  feet  per  second  per  second. 

.  EXERCISES. 

I.  One  English  mile  per  hour ;  also  one  knot;  convert  each  of  these 
into  feet  pei:  minute  and  feet  per  second.     Am.,  88,  1'467 ;  101-3,  1-689. 

•  *2.  .A  toiTpedo^catcher  travels  at  32  knots ;  convert  this  into  English 
miliBS  per  hour.  ^  Ans.,  3Q'85. 

3.  Prove  that  60  miles  per  hour  means  '0268  kilometres  *  per  second. 

*  Bee  tahleB  on  page  654. 
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4.  An  eccentric  disc  is  10  inches  diameter ;  the  shaft  makes  300 
revolutions  per  minute.  What  is  the  rubbing  velocity  on  the  stmps  in 
feet  per  second F  Ans.^  1309. 

6.  In  running  a  race  of  1  mile  long,  A  beats  B  by  100  yards,  and  B 
beats  C  by  90  yards.     By  how  many  does  A  beat  C  ? 

Ans.y  186  yards,  nearly. 

6.  Ten  miles  per  hour ;  state  this  in  feet  per  second  and  in  centimetres 
per  second.  Ans.,  14§  ;  447. 

7.  An  acceleration  of  32*2  feet  per  second  per  second ;  state  this  in 
miles  per  hour  per  second ;  state  it  in  centimetres  per  second  per  second. 

Ans.,  21-96 ;  9814. 

8.  200  gallons  of  water  per  minute  ;  how  many  pounds  per  second  ? 
How  many  cubic  feet  per  second  ?  Ans.y  33*3  ;  '535. 

9.  A  round  pipe  6  inches  diameter  has  30  gallons  per  second  flowing 
through  it.  What  is  the  velocity?  If  the  diameter  becomes  10  inches, 
what  18  the  velocity  ? 

Calculate  in  the  two  cases  the  kinetic  energy  of  one  pound  of  water, 
this  being  the  square  of  the  velocity  di-vdded  by  64*4. 

Ans.y  24*5  feet  per  second ;  8*8  feet  per  second ;  9*3  foot-pounds  ;  1*2 
foot-pound. 

9.  Example. — Two  fine  wires  are  10  feet  apart;  a  bullet 
breaks  them  both.  The  breaking  of  each  wire  causes  an 
electric  spark  to  make  a  mark  underneath  a  fixed  platinum 
pointer'  on  a  revolving  drum.  If  the  drum  is  4  feet  in 
diameter,  and  revolves  at  300  revolutions  per  minute,  and 
when  the  drum  is  at  rest  the  spark-marks  are  found  to  be  1*32 
feet  asunder  on  the  curved  surface,  assuming  that  the  intervals 
of  time  between  the  breaking  of  the  wires  and  making  the 
marks  were  the  same,  find  the  time  between  the  breaking  of 
the  wires,  and  find  the  velocity  of  the  bullet.     The  surface 

velocity  is ^x ,  or  62*83  feet  per  second;  1*32  divided 

by  this  gives  '02101  seconds ;  dividing  this  into  10  feet  gives 
476  feet  per  second  as  the  velocity  of  the  bullet. 

Exercise, — In  some  gun  experiments  screens  150  feet  apart 
were  cut  by  a  bullet  at  the  following  times  (in  seconds), 
counting  from  the  time  of  cutting  the  first  screen  : — 0,  0*0666, 
0*1343,  0*2031,  0*2729,  0*3439,  0*4159.  Find  the  average 
velocity  between  every  two  successive  screens. 

Am,,  2,252,  2,216,  2,180,  2,149,  2,113,  and  2,083  feet  per 

second. 

10.  Speed  or  velocity  is  a  rate — the  rate  of  increase  of  space  with 
regard  to  time.  If  a  body  has  passed  through  the  spa  ce  «  at  the  time  t, 
and  if  it  goes  over  the  additional  space  8«  in  the  additional  time  of 

ht,  then  —  is  the  average  velocity.    Observe  that  5«  is  one  symbol ; 

Of 
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it  does  Dot  mean  a  quantity  called  B  multiplied  by  a  quuLtity  called  «. 
When  we  imagine  Bt  to  get  smaller  and  smaller  without  limit,  the 
average  velocity  becomes  what  wo  call  the  i-eal  velocity,  and  we 

indicate  it  by  the  symbol  %- .     When,  instead  of  siMice  and  tinie, 

we  have  other  quantities,  we  generally  use  y  for  the  dependent 

and  X  for  the  independent  variable,  and  the  symbol  -^  means 

"  the  rate  of  increase  of  y  with  regard  to  x."  Thus,  if  y  is  the 
ordinate  of  a  curve  and  x  is  the  abscissa  at  the  point  v  (Fig. 
4),  and  a  R  =  8y,  p  r  =  Sa;,  then  By/Bx  is  the  tangent  of  the  angle 
Q  V  X.  As  Bx  and  8y  become  smaller  and  smaller,  so  that  Sy/S^:  is 
to  be  written  dy/dxy  then  dy/dx  is  e^-idently  tangent  of  the  angle 
which  the  tangent  at  p  makes  with  the  axis  of  x.  Wo  usually 
call  this  the  slope  of  the  curve  at  the  point  p. 

If  y  is  any  quantity  that  depends  upon  another,  x,  and  if  we 
plot  the  values  of  x  and  y  to 
scale  on  a  sheet  of  squared  Y 
paper,  the  curve  shows  by 
its  slope  everywhere  the  rate 
of  increase  of  y  with  regard 
to  X.  If  we  know  the  alge- 
braic law  connecting  y  and 
Xf  we  can  find  this  rate  by 
certain  easy  rules.     Thus,  if 

y=zAxn  +  B  (1), 

u=:  —  =  nAxn-^     (2), 
dx  ^  ' 

whatever  kind  of  number  n 
may  be. 

11.  In  teaching  beginners  it  is  well  to  start  on  the  assumption  that 
students  already  possess  the  notions  of  the  differential  and  integral 
calculus,  and  it  is  a  teacher's  duty  to  put  before  them  the  symbols 
used  in  the  calculus  at  once.  It  is  surely  much  better  to  do  this 
than  to  eyade  the  calculus  in  the  fifty  usual  methods  which  we 
sometimes  see  adopted.  Unfortunately  many  readers  of  this  book 
are  likely  to  be  preparing  for  examinations  in  which  only  academic 
naethods  of  elementary  study  are  recognised,  so  we  must  keep  oiu* 
calculus  symbols  for  the  smaller  print  paragraphs.  We  may  say, 
however,  that  we  think  even  beginners  in  this  subject  will  be  able 
to  understand  the  author's  book  on  the  calculus ;  and  if  so,  they 
will  find  the  study  of  applied  mechanics  very  greatly  simplified. 
The  language  of  the  calculus  is  the  natural,  easy,  simple  language 
of  the  en^neer ;  but  it  is  in  writing^  whereas  most  engineers  only 
speak  of  rates  and  integrals. 

If  y  is  known  as  a  function  of  a:,  we  can  find  -^,  which  we 

dx 

may  call «.     ConverseJj,  \iu  ia  known  as  a  iuucUoiv  oi  x,\s'vi  q«cq. 
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find  V.     The  twu  s^'nllK>ls  an*    *-,  ctdlcti  a  rate,  ur  "  the  diffsrential 


oo-effident  of  ft  with  it^rd  to  v-  *' :  and 
t^ral  of  u  with  regard  to  r." 


caUed  "the  in- 


12.  The  following  formuLe  will  suffice  for  nearly  all  engineering 
calcalationB  :  — 


y 

dif 
dx 

1 

1  _     _             . _ 

0 

1 

- 

1 

u 

J«.^ 

c 

1 

C 

Ca- 

A  xn 

w  A  T  "  - 

1 

Ar-l 

M  +  I 
A  log.  X 

AtT^ 

fl  A/»^ 

A/*' 

a 

A  log.  [x  +  a) 

A 

r  -^  a 

A 

A  log.  {x  +  a) 

A  sin.  {ax  -\-  h) 

a  A  COS.  {ax 

+  ») 

A 

1 

sin.  (flj*  +  *) 

-  -  COS.  («J?  +  *) 

a 

A  COS.  {fix  -\-  h) 

—a  A  sin.  (oaf 

+  *) 

!a 

1 

COS.  (ryx  +  b) 

A  sin.  («JP  +  b) 
a 

and  all  the  important  part  of  the  author's  book  on  the  calculus  is 
devoted  to  illustrating  the  use  of  them. 

13.  For  example,  if  a;  is  the 
abscissa  ob,  and  y  is  the  ordinate 
p  B  of  the  cunre  shown  in  Fig. 
5 ;  if  the  area  between  the 
cur^'e  and  o  x  and  p  b,  and  any 
other  ordinate  nearer  o,  say  d  s,  be 
called  ▲ ;  and  if  the  area  to  Q  t  be 
called  A  +  8  A,  o  T  being  called 
r  +  &r,  the  area  8a  =  p  a  t  b,  and 
as  hx  is  made  smaller  and  smaller 
this  area  gets  more  and  more  nearly 

K    (j/    +  ^  «//)  8Lr,  as  Q  T  is  y  -f  8y. 
Thus 
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5a 


1/  +  1  «y. 


and  as  Sx  gets  smaller  and  Kfmaller  this  in  the  limit  gets  to  he 

iix 

Hence,  if  we  know  y  in  terms  of  x^  we  can  find  a  hj  integration. 
If  we  know  a,  we  can  find  y  hj'  differentiation.  Thus,  if  we  have 
the  parabolic  curve, 

y  =  ax^  ....  (3) 

A=  —  ax^  -\-  c  .  .  ,  ,  (4), 
3 

a  constant  is  added,  because  the  rate  of  change  of  a  constant 
is  0,  and  we  wish  our  answer  to  be  as  general  as  possible.  The 
value  of  c  is  fixed  as  soon  as  we  settle  from  which  ordinate  a  is  to 
be  calculated.  Thus,  if  a  is  0  when  :c  is  0,  c  is  0.  If  p  {x)  is  the 
general  integral  of  u, 

''Xc 

it .  dx 
ar, 

teUs  us  to  use  x^  for  x  in  the  general  integral,  then  to  use  x^  for  x 
and  subtract,  or 


I 


J  ^1 


dxz=:¥(x^)-Y  {X,) 


i^)^ 


If  «  is  the  ordinate  of  a  curve,  (5)  means  the  area  between  the 
curve,  the  axis  of  a?,  and  the  two  ordinates  at  Xi  and  ar^. 

Any  summation  which  may  be  indicated  by  an  area  can  be 
effected  in  this  way  by  integration.     It  is  very  easy  to  recollect 

the 
the 


X 


rule  that  the  rate  of  change  of 
integral  of    ^    is   .,.    .    ,    x^  +  ^ 


n 


18    nx 


n  —  1 


m 


+  I 
There 


most  engineering  problems. 

for  integrating  a? '"'   is  useless  to  us — ^namely,  when 
in  this  particular  case 


and  that 

This  rule  suffices  for 

is  one  case  in  which  the  rule 

fit  is   —  1 : 


F 


dx 


IS 


log^. 


14.  Integrationa.— In  a 

great  number  of  problems  we 
have  the  ordinates  like  ap, 
called  the  y,  of  eveiy  point 
of  a  curve,  given  us,  the 
abscissa  o  a  of  the  point 
being  called  x. 

If  we  are  given  a  list  of 
corresponding  values  of  y 
and  Xf  we  can  draw  the  cur\'e. 

Now,  if  a  Q.represents  to 
scale  the  area  of  a  p  r  o,  and 
if  we  find  man j points  ISce  a 
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Ami  JDin  tjienu  we  jr»*t  a  new  onrve,  wbieh  m  ittiil  tu)  repr»*aent  the 
mti»lt5ral  or  HKtk  of  the  first.  The  ai«w  miiy  be  ft>iiinl  by  meaiiz^ 
of  ii  pimiimeter.  I  always  oae  the  folio wiiKmethtti  myjjell  It  its 
iniU'cimte  to  tr^ia  extent.'  thiit  the  curve  a  p  is  taken  to  be  a  many- 
'•iileil  polyjrm  matemi  of  a  curre.  Bat  it  leaii*  U)  a  very  (^oick 
soliicioa  of  conLpIieated-Itiokuu;  problemik  Thiu  the  folh>win42: 
values  of  y  are  leiven  for  the  corretfptfmlin^  vxilnet^  of  x. 


ydr 


»> 

!>.> 

l-«9 

I 

l--» 

ir.Hj 

.1 

i> 

lt5.ir 

:J 

:V-i 

1-571 

4 

4-^ 

14*: 

.» 

^•9 

i-4;k 

6 

6S 

i-i:5 

• 

r-* 

!-»> 

* 

j-A 

lu: 

5  252 

ii-u: 

12-4^ 


Ii  miZ  r«e  iestL  ihki  wr  &;$i^==>e  tae-  criir*:^  »5  *r.y  jacftst  like 
#  =  14  v  V  lilt  *verhc«t  bcfickl  Ki  iht  c=rt>c  fr.ci  r  =  $  lo  x  =  4. 

/i  y.     Ii*  The  *Vnt  nuTa^t^  -ji  5^  iubi  S^m  \i.  ^avl  d^UV.  t>-l^  rtc, 

^'MT'-'^^-r  '«':i3i  ibf  £r$a.  wv-  f}>cc;U  kaTv-  )um  le  cridk-  ^  the 

Ejyrruif. — Fee  ^Tu^if*  <i  s  =  <*-5,  l**.  ^?.  rt^''^  ckk^aiiii*  Ttnoos 
vhhk&fr  of  y  frcoE  «  ^  J  —  S  *•  —  <fh  r*,  aiw  fiui  i5>r  ini«n»l6.    The 

liifr  !'*■  J  =  0.  1-  2,  S.  rt<  ~  »i»d  TK'^w-  ibf  fTKff*  in  v-ur 
luHtb-'-id. 


^  .5..  .,  ^ 


-^  nteui^  the  rtx*-  ci.  f  iuiriire  cif    , '  w^i>.  ^'^tard  ii  ■  t, 
Jr   wi27  ?«e  iiiinid  thji3   n^ix^  <4   iht-  «iifficiihy   v)ik^  ^ane 


''-  ' '  T^ 
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students  find  in  using  the  calculus  is  due  to  their  not  l>ein^  able  to 

differentiate  f"    with  regard  to  t,  although  they  know  how  to 

differentiate  x"'  with  regard  to  x — the  mere  use  of  another  letter 
than  the  one  to  which  they  have  been  accustomed  causing  the 
diflSculty.  It  is  well,  therefore,  from  the  beginning  to  get  used  to 
many  other  letters,  such  as  ^,  r,  «,  pj  tr,  etc. 

If  «  is  space  and  t  time,  ^  is  velocity  r,  and  ^  =r  ■  -    is 

acceleration.  Newton's  symbols  were :  s  for  space,  i  for  velocity, 
a  for  acceleration. 

Example. — If  acceleration   ^  =  a,  a  constant ;  integrate  with 

d8 
regard  to  t,  and  we  have  ;^=  velocity  =  a^  +  i  .  .  .  .  (6),  where  b 

is  the  constant  which  we  always  add  to  make  the  answer  general. 
We  note  the  meaning  of  ^  to  be  the  velocity  when  ^  =  0 ;  and 

perhaps  we  had  better  use  vo  instead  of  3,  so  that  -^-=.01  -\-  vo 

Integrate  again,  and  we  have  t^zL^at"^  -\-  Vot  -\'  c  .  .  .  .  (7).  Evi- 
dently e  means  the  value  of  a  when  t  =  0.  (6)  and  (7)  are  well- 
known  laws  of  uniformly  accelerated  motion. 

16.  Example. — ^A  chain  of  length  a;,  hanging  vertically  down- 
wards, is  being  lowered  from  a  capstan.  Its  weight  per  foot  of  its 
length  is  w.  When  the  weight  wx  is  lowered  through  the  distance 
5a;,  the  work  done  is  wx  Bx,  and  the  whole  work  done  by  it  from 
the  time  it  is  of  no  length,  till  it  is  of  length  /,  is — 


I    ti^a;  <22;,  or       J  wx^  L  or,  |  wPj 


or  its  total  weight  multiplied  by  half  its  vertical  length. 

Suppose  the  chain  to  get  thicker  as  more  of  it  is  let  down ;  say 
that  w  =  a  +  bx,  then  the  above  summation  becomes — 

I    (a  +  bx)  xdx  =  [    {ax-^  bx^)  dx=  \    ^  ax^ -\-  ^  bx^  \  = 

^aP  +  I  bP.     These  two  answers  represent  also  the  work  done  in 
lifting  the  chain. 

17.  Example. — Fluid  expanding  through  the  volume  5r  at  the 
pressure  p  does  work  p.  8v,  and 

p .  5r 


J 


^1 


is  the  work  done  in  expanding  from  volimie  r^  to  volume  r.^   Thus, 
suppose  that  expanding  fluid  follows  the  law 

pe;**-  =  c  ov         p  ■:=.  cv         , 


31' 


rcswT-.  *       .  mi..  ittrTomi:  '  ;     ».r   Tit:    zjt:   aa»<wfr  ir 


i  fttamt-r  i»-  jmci^   oir  ^i-ai::  *- 


«Ui..    tlM^    lax-     ^     IVL     ZL     CnST     SIU.Hr:; 


—  ^.  -«» 


^=:    r-  »     i-A.      ^i    —     «. 


^ai^ 


•  ^=  JL  -511.     j:-  —    », 

^    ^=  .*.  i  rat    «^-  — 


^aKmt 


or- 


^   ^  I»f    « 


■*a«»r  *  i-  :ne 


«ui.  <  .tt^  "unt  Villi,  t  iiuinnr-.-  -jicr»iuiit--^i  i^tsftosae  x  »  not  0 
wiien  t  =  'I :  taac  iss,  tt**  »7lv^  x^nttmiit^  tw  I  3v  samnuxt^  that 
wt  may  otTjjbi  t»7  ioant  dmtr  fr»im  m^  pustiiiiL  of  t&e  Ixxiy. 
OijuKTv*:  that  tiiK  mudijii  may  jt   Amriiar.  -c  Ami  't  bwizi^  an^es. 

win    thrrn    be    Muamlar    vi:;ItK:it7.-.    ind    ^    w31    be    angiilar 


4t 


ariWilMatir/n.     DiHerendadii??  twitrtj  we  jjet 


it- 


cLc. 


velowty  =~^aqc^J^y.^t^^^...,  (2), 

a<n.-eleratioii  =  ^^  =  -  -lyi  ^^n.  ^^^^  4-  ^^  .  -  -  .  (3). 
Notice  the  »i^  of    ^  ,  luid  see  how  it  a^^eee  with  the  statements 
of  Chapter  XXV.     If  we  only  thiiik  of  the  uumerieal  value  of  ^f 
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we  notice  at  once  that  x 


(4),  and  the  Kqiiaro 


^  _  1 

dt'^  ~  q-  " 

root  of  this  is  T/2ir,  which  is  the  rule  found  in  another  way  in 
Chapter  XXV. 

20.  Students  will  do  well  to  graph  on  squared  paper  some 
curves  like  the  following  : — 

1.  If  1/  =  01  X'  +  3,  take  j;  =  0,  x  =\y  x  =  2,  etc.,  and  in  each 
case  calculate  y.  Plot  the  values  of  x  and  y  as  co-ordinates  of  points  on 
squared  jMiper,  and  draw  the  curve  passing  through  these  points. 

2.  Graph  y  =  a  -\-  bx. 

1st,  when  a  =  0,  ft  =■  1. 
2nd,  when  a  =  1,  ft  =  1, 
3rd,  when  a  =  1,  ft  =  1-5. 
4th,  when  o  =  —  1,  ft  =  1*5. 
5th,  when  a  =  1,  ft  =  —  1. 

3.  Graph  y  =  'I  e^, 

4.  Graph  y  =  10  sin.  f~  x  +  0. 

5.  Graph  y  =  120  a:  "  l. 

6.  Graph  y  =  120  a;  "  ^?. 

7.  Graph  y  =  120  a;  "  0*7. 

8.  Graph  y  ■=  10  a;  *. 

9.  Graph  y  =  +  ^25  —  ar*,         

and  also  y  =  +  1*3  v^  25  —  x^. 

21.  The  following  ohser^'ed  numbers  are  known  to  follow  a  law  like 
y  —  a  -\-  bx',  but  there  are  erroi-s  of  observation.  Find  by  the  use  of 
squared  paper  the  most  probable  values  of  a  and  ft. 


X 

1 

2      1      3 

44 

6 

7 

9 

12 

13 

y 

5-6 

1 

6-85 

9-27 

11'65 

12-75 

16-32 

20-25 

22-33 

An8.y  y  =  2*5  -f  1*5  X, 

22.  The  following  observed  numbers  are  known  to  follow  a  law  like 
y=iax  I  {\  Jf.  sx)'.~ 

Find  by  plotting  the  values  of  y!x  and  y  on  squared  paper  that  these 
follow  a  law  yjx    -\-  sy  =i  a,  and  so  find  a  and  s. 


X 


y 


•5 

1 

2 

•3 

1-4 

2-5 

-78 

•97 

1-22 

•55 

1-1 

1-24 

Ans.,  y=^%x\^  \%'iV 


■90m 


rhfd&Vit  *ji  'Siuif  ear*ii*:  5f  OblM  -sut  rMw  (f  iii  !■?■■  i  st  the 
I^EivSTe.  I^vt  *au^  w^  SfT.  iir  TngwrnF-.  laas  a  ixai^rmj  fine 
^^vrr^sk  wwiiL.  -m^^sL  v^  xueio.  ^aa^  tK-  xufi^  i^  auJl.  the 
jMMKi^  fMYipmimir*  k  aZv^^  ^xt^cb  v-  liis-  me^racBl  «f  the  radiiis. 
Tl^w.  jf  tiiifr  nidiB^  it  •  i«^  ▼*  aj  lini  ih^  <»nmiMe  is  \. 
H  «t  MM0ckjer  f^kbf^  "d^  csmtsr^  i§  \,  ih^  riiiiigr  of  cnrrm- 

\0bi/wi^i  tUe«r  two  frTieilfMih. 

^ ^ vtrruX^xr*:  lisitj  au».  tfr  dr^£::«r«d  ie<>  tike  icns^  mmed  tkvcM^!|i  by 
«  \Mii^*ffii  Vj  ik^  KVjiTiT  |>er  Tmh  'i^  ii^  leiksik.  A  smdent  ooglit  to 
•»3«r  l<^  hixuttf^  thftt  tike  two  d(^3ait>:»i>  are  iht  ame.  If  in  Yig.  5 
Xh^,  ^tfMa^:^,  ^M^  tlK-  t-orr^  lierv€iEsi  r  azkd  q  k  called  tc,  and  if 
|#  i«  tlM;  itn;^^  viik-h  tike  taii£<eiil  ax  q  makes  with  the  tangent  at 
V,  tl^A  the  ar^raiec  earrature  Vetw€<n  p  and  q  is  IV/W.     i^  p  and 

it  Wx/fiM;  C'Unser  and  c-k«w.  withcHit  Hmit.  tlie  cnrratnre  is  -. . 

If  a  curve  iu  defined  bv  iV*  j-  and  v  eo-<«dinate6,  the  t-urvature 

Example. — Find  the  cur^Titure,  where  x  =  0,  of  the  narabola 
y=.(t3^.     Here  ■j--=.lax  and     -^=:2«,  so  that  the  curvature 

anywhere  iii2a-i-  j  1  +  4  a^x^  J  '»  and  at  the  vertex  where  j?  =  0 
Iho  cun'ature  is  2  a. 

When,  as  in"ordinary  beams,  ^  is  small,  it  is  evident  that  the 

curvature  may  be  taken  to  be  ^-|.     This  is  what  we  take  to  be 
true  in  the  discussion  of  beams  and  stnits.  .^  J 

Example, — In  making  100  steps  round  a  curve,  my  compass, 
allowing  the  direction  of  motion,  changes  from  N.  to  N.E. 
What  is  the  average  curvature  1  Answer — from  N.  to  N.E.  is 
45  degrees,  or  0*7854  radians,  and  this  divided  by  100  steps, 
or  'OOJS^i  nwiians  per  step,  is  the  avemge  curvature.     The 
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reciprocal  of  this,  or  127*3  steps,  is  the  radius  of  curvature, 
if  the  curvature  is  constant — that  is,  if  the  curve  is  an  arc 
of  a  circle. 

Many  unpractical  rules  will  be  found  in  books,  requiring 
us  to  draw  a  tangent  to  a  given  curve  at  a  given  point,  or  to 
find  its  curvature  there  by  trial.  These  ai*e  only  academic 
suggestions.  If  half  a  dozen  students  get  tracings  of  the  same 
curve,  and  two  points  to  measure  the  angle  between  the 
tangents  there,  they  will  obtain  six  very  different  answers. 

EXERCISES. 

1.  Through  what  angle  must  a  rail  10  feet  long  be  bent  to  fit  a  cur\'o 
of  half  a  mile  radius?  Ana.^  0*22  degrees. 

2.  Arc  «  is  10  feet  long,  radius  r  half  a  mile  ;  find  the  versed  sine  x — 
that  is,  the  greatest  deflection  from  straightness.  Prove  that,  practically, 
s^  =  S  rx;  so  that  in  this  case  x  =  '0047  feet. 

Z        —X 

3.  Find  the  radius  of  cui'vatiire  of  the  catenary  y=Wg  _j.^,  >at 
the  vertex.  -^ 


^•-  .  y' 


Ana.,  «. 
4.  Find  the  radius  of  curvature  of  the  ellipse  "^  -|-  ^^  =  1.     (1)  At  the 
end  of  the  major  axis ;  (2)  at  the  end  of  the  minor  axis. 

26.  Angle. — An  angle  can  be  drawn  :  First,  if  we  know  its 
magnitude  in  degrees ;  a  right  angle  has  90  degrees.  Second, 
if  we  know  its  magnitude  in  radians ;  a  right  angle  contains 
1*5708  radians.  Two  right  angles  contain  3*1416  radians. 
One  radian  is  equal  to  57*2958  degrees.  One  radian  has  an 
arc,  B  c,  equal  in  length  to  the  radius  A  B  or  A  c.  It  some- 
times gets  the  climisy  name  "  a  unit 
of  circular  measure."  Third,  we  can 
draw  an  angle  if  we  know  either  its  sine 
cosine  y  or  tangenty  etc.  Draw  any  angle, 
BAG  (Fig.  7).      Take  any  point,  p  in 

AB,  and   draw  pq  at  right  angles  to 

AC.  Then  measure  pq,  ap  and  aq 
in  inches  and  decimals  of  an  inch, 
p  Q  -T-  A  p  is  called  the  sine  of  the  angle,  a  Q  ^  a  p  is  called 
the  cosine  of  the  angle,  p  q  -f-  A  q  is  called  the  tangent  of  the 
angle.  Calculate  each  of  these  for  any  angle  we  may  draw, 
and   measure  with  a  protractor   the   number  oi   A^gc^^^  m 


rtwfnmrj  'itpr  .msmine  ir^  "ti«^  "iirp*  wmub.  li  w3I  also 
Uligyww  uvin  i»  "iier  :3Mcr  -iuff  x  ^«  smw^  ^As-  sqs&p  in 
<ti»jsy*#'jc  v^  ^»L  init  iv^  jufsBos  IT  X  wfik  ir  'aiiiks.  iis  sbkl  or 

%,  -¥*>  *xsi  rlnil  iop:  iriier  «ftes. 

rffv./U»:  "Sift:  .uunnwr  if  ie^^r^e*  jl  hl  m«r«^  ly  5r"f3t5^«  and 

^  ^^»(iuuift  In  ^au^r  in^e  i  ^^  r.  nut  ^^  inuvr  laiff  rm&at  a  B  cir 
4  <>  latiw.  lift  irr*  a  T  Jt 

^/i->'^  ^aiMU  i  mfiiia    -1   ±ui  "nia  *n.  ir  z^^^o-  «»  a^v  to 

A  «niwiftnr»  'v«rjini^  i»!i?[iifl:..ine«L  :n.  *M2;r  an.  acDjJe  drawn 
'Vn.  p«*p:r.  v>  /i»icff^  tr-^n.  ^  aier*  r'a«Tine  ii3^  ixu&j  Aeaicca  the 
iMiv^  't^^ru^^rift.  Ii  '3r:iil<i  r:«^  i^i  nirura^  ts&  ai£ii|iiire  the 
IkhI^.  <v^  J'-./i^em^r  luvv  seuu^  rb&a2§  niusr^  are  in  the  sngie. 
Wfe^  tr*:  m<<^ac.  k.  toac  he*  ^'^asi^z.  &>  be  as  iead|'  to  C&uiib  in 
r^mim  i^  in  ^ak/rex*.  aoiri  so  fi>  uiis  de  reii|aiTC»  to  be  ^Vflnflinr 
with  ti^  mzf:  *A  ^  radian. 

EXEEfXSES. 

*^  K  f>r«w  iUk  iair«4^  <^j€  So^.  Fix^d  by  iciaftearETEa^iit  the  anev  oosme, 
iHUi(fiUff  titAskt^nttU  fs(:f:saiX.  and  erjtsecuxt  vt  thit  Aag{^.  and  conqiare  with 
iti^  nmn\fnr*  in  a  Vjok  of  tabks^.  Calcalate  the  niimber  of  radians. 
Try  if  Wf».*  3-^^  ^  cr*.*  Z6°  =  l:  if  sm,  55=  ^  cos.  J50  =  tan.  35°;  if 
iMt/'  Zr/-  +  1  =  «**.-  35^;  and  if  cot.*  35=  -i-  I  =  c««ec.>  35<>. 

1{,  U  a=.  •th^-'y  $  =  20=,  iUostrate  the  following  impcRtant  fonnnlaB  by 
ntmuitV^Hi  r^UruUition : — 

Kin.  {a-\-  $)=  sin.  a  cos.  fi  -\-  cos.  «  sin.  fi, 
Hin.  (a  —  /3)  =  sin.  a  cos.  3  —  cos.  a  sin.  3. 
Cos.  [a  -{-  $)=:  COS.  a  COS.  $  —  sin.  a  sin.  $. 
Cos.  (a  —  /B)  =  cos.  a  cos.  /B  +  sin.  a  sin.  /5. 

Hin.  a  cos.  )8  =  r  !  ^^^-  («  +  iS)  +  sin.  (o  —  3)  }  . 
Cos.  a  cos.  i3  =  2  j  ^^^-  («  +  i3)  +  cos.  (o  —  /B)  (  . 

8in.  a  sin.  )8  =  _  |  cos.  (a  —  /B)  —  cos.  (a  +  /B)  }  . 
Cob,  2a  =  2  coa.^a  —1  =  1-2  sin.So. 
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3.  What  aro  sin.  160°,  cos.  130°  tan.  170°  cos.  240°  sin.  220°,  tan. 
218°  sin.  290°,  cot».  010°  tan.  320°?  Express  all  these  angles  in 
radians. 

Aru.,  -5,  -  -6428,  -  '1763,  -  -5,  -  -6428,  -7813,  -  -9397,  '6428, 
-  -8391 ;  2  6180,  2*2689,  2*9671,  41888,  3*8397,  38048,  50614,  6*4106, 
5-5851. 

4.  The  sine  of  an  angle  is  0*25 ;  find  its  cosine,  tangent,  cotangent, 
recant,  and  cosecant.  Find  the  angle  by  actual  drawing.  How  many 
radians?  Arts.,  -9683,   •2582,  3*875,  1033,  4;  14°*6;    2528. 

5.  What  are  the  sine,  tangent,  and  radians  of  1 J  degrees  ? 

Ans.,  Each  *0262. 

6.  If  in  Fig.  7  a  is  47°,  and  a  p  5*23  feet,  find  a  q  and  p  q. 

Ana.,  A  Q  =  3*567,  p  Q  =  3*824. 

27.  Angular  Velocity. — If  a  wheel  makes  90  turns  per 
minute,  this  means  that  it  makes  1  *5  turns  per  second.  But 
in  making  one  turn  any  radial  line  moves  through  the  angle  of 
360  degrees,  which  is  6*2832  radians;  so  that  1*5  turns  per 
second  means  6*2832  x  1*5,  or  9*4248  radians  per  second. 
This  is  the  common  scientific  way  in  which  the  angular 
velocity  of  a  wheel  is  measured — so  many  radians  per  second. 
If  a  wheel  makes  30  turns  per  minute,  its  angular  velocity  is 
3*1416  radians  per  second ;  n  turns  per  minute  mean  2xn 
radians  per  minute,  or  2Trn  -r  60  radians  per  second.  One 
turn  is  the  angular  space  traversed  in  one  revolution. 

Exercise. — Show  that  the  linear  speed  in  feet  per  second  of  a  point  in 
a  wheel  is  equal  to  the  angular  velocity  of  the  wheel  multiplied  by  the 
distance  in  feet  of  the  point  from  the  axis. 

28.  Angular  Accdleration.  —  The  increase  of  angular 
velocity  per  second.  If  a  wheel  starts  from  i*est,  and  has  an 
angular  velocity  of  1  radian  per  second  at  the  end  of  the  first 
second,  its  average  angular  acceleration  during  this  time  is 
1  radian  per  second  per  second. 

EXERCISES. 

1.  A  shaft  revolves  at  800  revolutions  per  minute.  What  is  its 
angular  velocity  in  radians  per  second  ?  Ans.,  83*79. 

2.  A  point  is  3,000  miles  from  the  earth's  axis,  and  revolves  once  in 
23  hours  56  minutes  4  seconds.     What  is  its  velocity  in  miles  per  hour  ? 

Am.,  7S7'5. 

3.  The  average  radius  of  the  rim  of  a  fly-wheel  is  10  feet.  When  the 
wheel  makes  160  revolutions  per  minute  what  is  the  average  velocity  of 
the  rim  ?  Ans.,  157*1  feet  per  second. 

4.  An  acceleration  of  1  turn  per  minute  every  second ;  how  much  is 
this  in  radians  per  second  per  second  ?  Ans.,  -1047. 

5.  A  wheel  is  revolving  at  the  rale  of  90  turns  a  imnwtc.  \I\\svVS& 
its  angular  YelocityP 
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A  point  on  the  wheel  is  6  feet  from  the  axis ;  what  is  its  linear  speed  ? 
If  its  distance  from  the  centre  be  increased  by  50  per  cent.,  what  does  its 
speed  become  ?  If  at  the  same  time  the  speed  of  the  wheel  increases 
50  per  cent.,  what  is  now  the  linear  speed  of  the  point  ? 

Atu.,  9*425  radians  per  second ;  56*55  feet  per  second;  84*82  feet  per 
second ;  127*2  feet  per  second. 

6.  There  is  a  lever,  a  o,  30  inches  long,  works  about  an  axis  at  o.  The 
lever  is  made  to  turn  by  applying  a  force  at  a  point  »  in  a  o,  15  inches 
from  o,  so  that  b  receives  a  velocity  of  2  feet  per  second.  What  is  the 
angular  velocity  of  the  lever  ? 

If  the  same  velocity  had  been  given  to  the  point  a  instead  of  b,  what 
would  the  a.ngular  velocity  have  been  ? 

Ans.y  1*6  radians  per  second  ;  0*8  radian  per  second. 

29.  Length  of  Belt. — Let  d  and  d  be  the  diameters  of  pulleys,  c 
the  distance  between  their  centres,  l  the  length  of  belt,  let  d  -f  rf 
be  called  s.    Prove  that  for  a  crossed  belt 

L  =  (^  +  ^)  s  +  2c  cos.  a  .  .  .  .  (1), 

where  sin.  6  :=z  s  -^  2c. 

Example. — Find  the  length  of  a  crossed  belt  for  pulleys  of 
20  and  15  inches  diameter,  the  distance  of  their  centres  apart  being 
120  inches.  First  find  6,  if  sin.  »  =  35  -^  240  =  -1458.  So  that 
e  =  8°  23',  or  '1463  radians.  Also  cos.  e  =  -9893.  Hence  we 
have 

L  =  (1*5708  +  -1463)  35  +  240  x  9893  =  297*5  inches. 
Notice  from  the  formula  (1)  that  as  l  depends  only  on  c  and  s, 
if  c  and  s  are  the  same,  the  same  length  of  belt  will  do.  Thus  the 
same  crossed  belt  does  for  any  two  corresponding  steps  in  stepped 
cones  if  I)  +  rf  is  the  same.  It  is  exceedingly  easy  to  calculate  the 
sizes  of  these  steps  when  we  know  the  speeds.  Thus  the  above- 
mentioned  pulleys  were  20  and  15  inches,  and  their  speeds  were  as 
3  to  4.  If  there  were  two  steps,  and  we  want  another  pair  to  give 
a  speed  i-atio,  say,  of  1  to  2  using  the  same  belt,  we  know  that  if 
their  diameters  are  d  and  d 

D  +  rf  =:  35,  D  =  2rf. 

Hence,     3  rf  =  35  and  rf=llf,   d  =  23^. 

Exercise. — The  centres  of  two  pulleys,  3  J  and  IJ  feet  in 
diameter  respectively,  are  10  feet  apart.  Find  the  length  of 
crossed  belt  required.  Ana.^  28*48  feet. 

If  the  belt  is  an  open  belt,  the  length  l  is  easy  to  obtain.     It  is 

L  =  ^(D-f^+tf(D-    d)   -\-  2c  COS.  tf, 

where  sin.  tf  =  (n  —  rf)  -^  2c.  It  is  easy  to  show  that  the 
following  answer,  which  is  much  easier  to  deal  with  later,  is 
])ractically  correct : 

L = ^  (D  +  ^)  4-  2tr  4-  J-  ^'-~  ^y' ....  (2). 

llio  length  oi  belt  depends  upon  d  -h  rf,  r,  and  v  —  d. 
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Exercise. — Pulleys  of  20  and  15  inchcH  diameter,  wh<M>o  ux«*8 
are  120  inches  apart,  are  connected  by  an  open  bolt.  Find  its  length. 

An..,  L  =  I  (36)  +  240  (l  +  \^,)  =  29503". 

The  student  ought  to  find  the  correct  answer,  and  see  how  sniull 
is  the  error  in  the  use  of  our  approximate  formula. 

Suppose  we  have  a  pair  of  pulleys  Dj  and  rf,,  and  wo  want 
another  pair  d,  and  d^  on  the  same  shafts  to  work  with  the  same 
length  of  belt,  the  ratio  of  d,  to  i/,  being  known.  Putting  the  two 
expressions  for  l  equal,  we  have 

i>a  +  ^2  +  2^^  iPit  -  d^Y  =  Pi  +  I/,  +  2],,  ('^i  -  rf,)»  .  •  .  •  (3). 

The  right-hand  side  is  known,  and  we  know  d^  in  terms  ot  d^my 
that  it  ijB  easy  to  calculate. 

Example. — In  the  above  example  of  Dj  =  20,  ^j  =  15,  e=  120, 
let  us  calculate  Dj  and  d^  if  Dj  :=:  2  d».     Our  equation  (3)  becomes 

«*  +  2nrT2o  (*)' = *  "*  +  2-^  120  ("*»)'• 

The  solution  of  this  quadratic  gives  us  ^2  =  33 ;  and,  therefore, 
Dg  =  66.  In  practice  we  usually  calculate  Dg  and  d.^  as  if  the  belt 
were  crossed.  These  are  nearly  the  right  answers.  Then,  takuig 
the  02  —  <^  so  found,  we  find  from  (3)  a  corrected  value  of 
Dj.  4-  ^%i  and  we  use  this,  knowing  the  ratio  of  d.^  to  d^^  to  find 
them  more  correctly.  We  may,  if  we  please,  approximate  more 
nearly  by  repeating  this  process,  but  this  is  seldom  necessary. 

JExample. — On  the  drix-ing  shaft,  going  at  100  revolutions  ixjr 
minute,  the  diameter  of  the  first  step  is  20  inches.  From  this  step 
the  driven  shaft,  which  is  120  inches  away,  is  to  go  at  200  revolu- 
tions. From  other  steps  the  speed  of  the  driven  shaft  is  to  be  150, 
100,  75,  and  50  revolutions.  Find  the  sizes  of  the  steps  if  the  belt 
is  crossed. 

Here  D,  =  20,  rfj  =  10,  d.^  +  <fo  =  30,  Do  =  1  d,,.  Hence  \d.,-\- d^ 
=  30,  2 J  rfg  =  30,  rfg  =  12  inches," Dg  =18  inches." 

In  the  same  way  we  find  rfj  =  15,  n.,  =  15  :  ^4  =  17 J,  n^  r=  12} ; 
^5  =  20,  1)5=10. 

30.  If  a  line,  ab,  makes  an  angle  Q  with  the  horizontal, 
the  projection  of  its  lengfth  on  the  horizontal  is  a  b  cos.  B, 
Its  projection  on  a  vertical  line  is  a  b  sin.  Q. 

Exercise. — Draw  two  lines  ox,  o  y  at  right  angles  to  each  other. 
Now  draw  lines  o  p,  o  q,  o  k,  o  s,  of  lengths  3,  5,  2J,  and  4  inches,  and 
making  angles  of  35%  72°,  130%  and  220"  with  o  x.  Find  the  projection 
of  each  line  on  o  x  and  on  o  t,  and  the  sum  of  the  projections  on  o  x 
and'on  o  y. 

Ans.,  2*457;  1-545;  -  1*607  ;  -3064  ;  1-721  ;  4755  ;  1-915;  -2-571; 
-0-669;  5-820. 

If  a  plane  area  of  A  square  inches  is  inclined  at  an  angle  6 
with  the  horizontal,  its  area,  as  projected  on  the  horizontal, 
is  A  cos.  0  square  inches. 
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Try  to  prove  that  this  must  be  so  by  dividing  the  area  into 
strips  by  horizontal  lines. 

EXERCISES. 

1.  A  plane  area  of  35  square  inches  is  inclined  at  20°  to  the  hori- 
zontal ;  find  its  horizontal  and  vertical  projections. 

Ans.f  32*89  square  feet ;  11*97  square  feet. 

2.  The  cross-section  (a  cross-section  always  means  a  section  hy  a 
plane  at  right  angles  to  the  axis  or  line  of  centres  of  sections)  of  a 
cylinder  is  a  circle  of  0*7  inch  radius.  .Find  the  areas  of  sections  which 
make  angles  of  25°  and  45°  with  the  cross-section.  Note  that  the  cross- 
section  is  a  projection  of  any  other  section.  - 

i4««.,  1*699,  2*177  square  inches. 

3.  The  ahove  cylinder  is  a  tie  bai*  of  wrought  iron.  The  total  tensile 
load  is  12,000  Ih. ;  how  much  is  this  per  square  inch  of  the  cross- section  ? 
How  much  is  it  per  square  inch  of  either  of  the  other  sections  ? 

Ans.,  7794  lbs.,  7063  Ihs.,  6512  lbs. 

4  The  cross -section  of  4  pipe  is  a  circle  of  15  inches  diameter ;  what 
is  the  area  in  square  feet  ?  If  1 3  gallons  flow  per  second,  what  is  the 
velocity  vo  ?  What  is  the  area  of  a  section  at  28°  to  the  cross-section  ? 
What  is  the  velocity  r,  normal  to  this  section,  if  normal  velocity  x  area  = 
cubic  feet  per  second  ?  Show  that  v  is  the  resolved  part  of  Vo  normal  to 
the  section.       Ans.,  1*228,  1*7  feet  per  second ;  1'39,  1*5  feet  per  second. 

6.  Part  of  a  roof,  shown  in  plan  as  4,000  square  feet,  is  inclined  at 
24°  to  the  horizontal ;  what  is  its  area  ?  Ana.,  4378*7  square  feet. 

6.  A  tie  bar  or  short  strut  of  2  square  inches  cross-section ;  what  is 
the  area  of  a  section  making  46°  with  the  cross-section?  If  the  total 
tensile  or  compressive  load  is  20,000  lbs  ,  how  much  is  this  per  square 
inch  on  each  of  the  sections?  Resolve  the  total  load  normal  to  and 
tangential  to  the  oblique  section,  and  find  how  much  it  is  per  square  inch 
each  way.      Ana.j  2*828  square  inches;  10,000  lbs.,  7,070  lbs.,  5,000  lbs. 


29 
CHAPTER    II. 

VECTORS.      RELATIVE   MOTION. 

31.  Ant  quantity  which  is  directive  is  called  a  vector  quan- 
tity— for  example,  a  velocity  or  a  force.  It  can  be  represented 
by  a  line.  Its  amount  can  be  represented  to  some  scale  by  the 
Imgth  of  the  line.  The  clinure  of  the  line  and  an  arrow-head 
repi^esent  the  clinnre  and  sense  of  the  vector.  Vector  quanti- 
ties are  distinguished  from  scalar  quantities,  such  as  a  sum  of 
money,  the  mass  of  a  body,  energy,  etc. 

The  resolved  part  of  a  vector  in  any  new  direction  is 
represented  by  the  projection  of 
its  representative  length  in  the  new 
direction.  Thus  in  Fig.  8,  if  op 
represents  to  scale  a  velocity  or  a 
force,  its  resolved  part  in  the  direc- 
tion o  X  is  o  A,  the  amount  of  which 
is  o  P  cos.  A  o  P,  and  its  resolved  part 
in   the  direction   o  Y  is   o  b,   the  ^ 

amount  of  which  is  o  p  cos.  bop. 

Thus,  if  a  ship  is  going  at  9  knots  north-eastward,  the  northerly 
component  of  its  velocity  is  9  cos.  45°,  or  6-363  knots,  and  its 
easterly  component  is  6*363  knots. 

If  a  body  has  an  acceleration  of  20  feet  per  second  per 
second  in  the  direction  25**  east  of  north,  the  northerly  com- 
ponent of  this  is  20  COS.  25",  or  18*13  feet  per  second  per 
second ;  and  the  easterly  component  is  20  sin.  25**,  or  8*452 
feet  per  second  per  second. 

If  a  force  of  30  lbs.  is  in  a  northerly  direction,  its  com- 
ponent in  a  north-easterly  direction  is  30  cos.  45",  or  21*21  lbs. 

32.  The  resultant  of  two  or  more  forces  is  a  force  which 
might  be  substituted  for  them  without  changing  the  effect.  If 
two  strings  pull  a  small  body  with  forces  of  5  lbs.  and  7  lbs. 
(Fig.  9),  and  if  the  angle  between 
them  is  30°,  draw  o  p  equal  in 
length  to  5  inches,  and  make  the 
angle  qop  equal  to  30".  Make 
the  length  of  o  Q  7  inches.     Com-  Fig.  o. 

plete    the    parallelogram   Q  o  p  R, 

and  draw  the  diagonal  o  r.     Measure  o  R  in  inches ;  we  find 

it  to  be  11*6  inches,  so  that  the  resultant  of  tbe  two  forces 
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is  11*6  lbs.  One  string  acting  in  the  direction  or  with  a 
pull  of  11-6  lbs.  will  produce  the  same  effect  at  o  as  the  two 
strings  did.  In  using  this  construction,  take  care  that  the 
arrow-heads  are  confluent — ^that  is,  tliat  they  all  point  away 
from  0,  or  they  all  point  towards  o.  Suppose  when  the  two 
strings  were  acting  we  had  found  by  experiment  that  a  third 
^  string  OE  (Fig.  10)  would  just  prevent  the 
two  strings  from  causing  motion  at  0,  then 
experiment  would  also  show  that  the  force 
in  0  E,  which  may  be  called  the  equilibrant 
of  0  P  and  o  Q,  is  exactly  equal  and  opposite 
to  the  resultant  of  o  p  and  o  q. 

We  see  that  when  o  Q  and  o  P  are  given,  and  the  angle 
between  them,  we  may  use  the  above  principle,  called  the 
parallelogram  of  forces ;  or,  what  comes  to  the  same  thing,  the 
triangle  of  forces.  Draw  o  q  one  of  the  forces,  draw  q  r  the 
other,  and  let  their  arrow-heads  be  circuital ;  then  the  non- 
circuital  force  OR  is  the  resultant;  or  a  circuital  force  RO 
would  be  the  equilibrant.  It  is  in  this  way  that  we  find  the 
resultant  or  vector  sum  of  any  two  vectors. 

In  vector  language,  OQ  +  QR==OR,  or  oq  =  or-qb. 

This  principle  is  very  easy  to  express ;  to  be  able  to  apply  it 
implies  a  considerable  experience.  We  mention  it  now  merely 
to  introduce  a  few  exercises. 

It  is  very  easy  to  solve  problems  graphically.  The  student 
must  work  some  numerical  exercises,  and  test  his  answers 
graphically. 

Example, — Two  forces,  o  P  and  o  Q,  of  5  lbs.  and  7  lbs. 
respectively,  act  a  point,  at  an  angle  of  56" ;  find  their 
resultant  by  calculation. 

In  Fig.  Hop  and  o  q  represent,  to  scale,  the  two  forces, 
the  angle  p  o  Q  being  56°.  Find  the  resolved  part  of  o  p 
(Art.  31)  in  the  direction  o  x,  say  ;  it  is  o  A  =  o  p  cos.  56°  = 
5  X  -5592  =  2-796.  Now  obtain  the  resolved  part  of  op 
in  the  direction  o  Y,  taken  at  right  angles  to  o  x ;  it  is 
o  B  =  o  p  .  COS.  p  o  B  =  5  sin.  56**  =  5  x  -829  =  4-145.  In- 
stead of  the  given  forces  we  now  have  OA  and  OQ  acting 
along  OX,  and  ob  along  OY.  Draw  oil  (Fig.  11)  equal  to 
o  A  +  OQ,  that  is,  9796,  and  ov  =  4145.  The  resultant  of 
these  is  o  r,  and  we  have 

or2  =  oh3  +  ov2  =  (9-796)2  +  (4-145)2  ^  24-996; 

.  •.  OR-        ^ery  nearly. 
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To  obtain  the  direction  of  o  R,  we  have 


tan.  a  =  —  = 


RH       4*145 


=  -4231 


OH       9-796 
.  • .  a  =  23**  nearly. 

The  student  should  test  this  result  by  finding  o  R  graphi- 
cally by  the  method  explained  abova  He  should  alj;o  observe 
that  if  the  angle  P  o  Q  had  been,  say,  130°,  OA  would  have  l>een 
directly  opposed  to  o  Q,  in  which  case  o  H  would  have  l)eeu 
obtained  by  subtracting  o  A  from  o  Q.  It  Ls  of  the  utmost 
importance  that  he  should  work  many  exercises  similar  to 
this  one,  so  as  to  become  familiar  with  the  method. 

It  will  be  shown  later  (Art.  94)  that  the  same  method 
is  employed  for  calculating  the  resultant  of  any  number  of 


?     B 
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Fig.  11. 

forces.  In  every  case  we  resolve  the  forces  along  any  line  o  x, 
and  let  o  H  represent  their  resultant ;  then  resolve  along  o  y 
taken  at  right  angles  to  0  x,  and  let  ov  represent  the  resultant 
of  these  resolved  parts,     o  R  and  a  are  then  easily  calculated. 

EXERCISES. 

1.  Force  of  20  lbs.  at  an  angle  of  72°  with  the  horizontal ;  what  are 
its  horizontal  and  vertical  components?  Ans.,  618  lbs.,  19*02  lbs. 

2.  A  man  walks  towards  the  north-north-east  at  4  miles  per  hour ;  at 
what  rate  is  he  getting  towards  the  east  ?  And  at  what  rate  towards  the 
north  ?  Ans.f  1*53  miles  an  hour ;  3*69  miles  an  hoiu-. 

3.  Forces  op  of  10  lbs.  and  o q  of  7  lbs.  at  an  angle  q o p  equal  to 
35° ;  find  the  resultant.  Test  your  answer  bv  working  the  problem 
graphically.  Ans.y  16-24  lbs.  inclined  14"  18  with  the  force  10  lbs. 

4.  On  a  horizontal  surfece  there  is  a  normal  pressure  of  4  tons  per 
square  inch  and  a  tangential  force  of  3  tons  per  square  inch  from  N.E.  to 
S.W.     What  is  the  total  force  per  square  inch  ? 

Ans.j  An  oblique  pressure  of  5  tons  per  square  inch,  making  an  angle 

tan.  "  ^  I  with  the  N.E.  to  S.W.  direction  in  a  vertical  plane. 
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5.  An  an^-il  w  carried  by  three  rojies,  which  make  angles  20'.  30%  25' 
with  the  vertical :  the  tennons  in  the  rope^  are  known  to  be  1.000  lbs.. 
700  Ibff.,  and  1,200  lb».  What  is  the  weight  of  the  anvil  ?  If  the  hori- 
zemtal  ccaipcmentA  of  these  three  foveas  are  drawn  as  balancing  one 
another,  find  the  azimnthal  angles  which  the  vertical  planes  through  the 
ropes  make  with  each  other — that  i^  find  the  angles  in  the  pUm  of  the  ropes. 

Am..  2,633  lbs. ;  85^  47%  137'  43^,  136=  30'. 

33.  If  the  magnitude  of  op  (Fig.  11)  is  called  p,  of  oq  is  a, 
of  o  R  is  K,  and  if  the  angle  q  o  p  is  •,  it  can  be  proved,  that 

&  =  ^/r^  -h  Q*  -h  2  p  a  COS.  •. 

It  will  be  seen  from  Fig.  1 1  that 

.  u H  OB  p sin.  § 

tan.  a  =  —  = 


OH  OA-hOQ  p.  COS.  §  -i-  Q. 

If  •  is  a  right  angle,  p  and  q  are  the  resolved  parts  of  r  in 
theiT  two  directions — 

R  =  -v^  p*  +  Q*.  and  tan.  r  o  q  =  p/q. 

EXERCISES. 

1.  P  =  3,  Q  =  4,  6  =  90**.     Then  r  =  5  and  a   is  an  angle  whose 
tangent  is  0*75.     [The  neat  way  of  making  this  statement  is  to  write 

«  =  tan.  - 1  0  75.] 

2.  p  =  3-045,  Q  =  7*462,  »  =  37* :  find  r,  a.  An».,  r  =  1006. 

o=  10*30'. 

3.  p  =  3045,  Q  =  7*462,  «  =  143*  ;  find  r,  a.  Ans.,  r  =  5'353. 

a  ==  20*. 

4.  p  =  1206,  Q  =  1002,  a  =  184* ;  find  r,  a.  Ant.,  r  =  1305. 

a  =  187*  42'. 

84.  A  river  flows  at  1  mile  per  hour ;  a  swimmer  has  a 
velocity  of  2  miles  per  hour  relatively  to  the  wator.  What 
is  his  velocity. relatively  to  the  bank?  Ihis  will  depend  upon 
the  direction  in  which  he  swims. 

Make  ab  represent  1  mile  per  hour  down  the  river  (as 
some  students  cannot  get  out  of  their  heads  the  wrong  notion 

that  these  lines  represent  distance,  imagine 
the  drawing  to  be  infinitely  small  but 
greatly  magnified  merely  that  it  may  be 
'C  examined) ;  make  b  c  represent  the  velocity 
of  swimming  to  scale,  the  direction  and 
sense  being  correct.  Take  care  that  the 
Pig.  12.  arrow-heads  are  circuital.       Then  AC  is 

the  sum  of  the  two  velocities  possessed 
by  the  swimmer,  and  is  therefore  his  velocity  relatively  to  the 
bank.  Let  the  student  draw  b  c  in  all  sorts  of  directions 
and  reflect  u^n  his  answers.  If  he  has  ever  swam  in  a  broad 
river  or  has  watched  a  swimming  dog  trying  to  reach  his 
master,  he  will  understand  his  answers  more  readily. 
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EXERCISES. 

1.  Given  the  above  velocities  and  that  the  stream  flows  due  mmth.  if 
the  absolute  motion  of  the  swimmer  is  to  be  south-east,  in  what  dint-tion 
ought  he  to  swim  ?  Ahs.,  16^  20'  8.  t.f  K. 

2.  A  steamer  moves  westward  at  10  feet  per  sec'ond ;  a  bov  thn»wi»  a 
ball  across  the  deck  northwards  at  4  feet  per  second,  ^^^lat  is  the  veloi-ity 
of  the  ball  relatively  to  the  water? 

Ans.,  10-77  feet  per  second,  21"  48'  X.  of  W. 

3.  A  steamer  has  a  velocity  of  14  knots  due  west ;  the  wind  blows  with 
a  velocity  of  7  knots  from  the  north.  What  will  be  the  apj»arent  velocity 
of  the  wind  to  a  person  on  board  the  steamer  ? 

Ans.,  15-7  knots  from  W.  26**  X. 

4.  Velocity  of  a  ship  westwards  10  feet  per  second  ;  velocity  of  a  ball 
on  deck  5  feet  per  second  north-east  relativelv  to  the  ship.  What  is  the 
total  velocity  of  the  ball?     Ang.,  7  37  feet  per  second,  28°  40'  X.  of  W. 

5.  If  the  total  velocity  of  the  ball  is  12  feet  per  second  northwards, 
what  is  its  velocity  relatively  to  the  ship  ? 

Apis.,  15-62  feet  per  second,  50°  12'  X.  of  E. 

6.  A  railway  train  is  going  at  30  feet  per  second ;  how  must  a  man 
throw  a  stone  from  the  window  so  that  it  shall  leave  the  train  laterally  at 
1  foot  per  second,  but  have  no  velocity  in  the  direction  of  the  train's 
motion  ? 

AtM.y  30-03  feet  per  second ;  at  an  angle  of  178**  6'  with  direction  of 
motion  of  train. 

85.  A  bicyclist  is  ordered  to  travel  so  that  he  shall  bo  more  to 
the  north  at  the  rate  of  3  miles  every  hour,  and  he  must  kee])  to 
roads.  Notice  that  if  he  is  on  a  north  and  south  road  his  task  is 
very  easy.  If  his  road  is  directed  N.W.,  he  must  travel  at  4-242 
miles  per  hour.  If  his  road  is  W.N.W.,  he  must  travel  at  7  83 9 
miles  per  hour.  If  his  road  is  due  west,  his  task  is  an  impossible 
one.  If  his. road  makes  an  angle  0  with  due  north,  he  must  travel 
at  the  rate  of  3  -r-  cos.  0  miles  per  hour. 

86.  Water  flowing  from  the  inner  to  the  outer  part  of  a 
motionless  wheel  of  a  centrifugal  pump  is  guided  by  vanes  to 
follow  a  curved  path.  Suppose  its  radial  velocity  Vr  known ;  show 
that  its  real  velocity  anywhere  is  v^  -r-  cos.  tf,  if  0  is  the  angle 
which  the  vane  there  makes  with  the  radial  direction. 

A  student  will  find  this  an  excellent  gpraphical  exercise.  Draw 
circles  of  1  and  2  feet  radii  to  represent  the  inner  and  outer 
cylindric  surfaces  of  the  wheel  of  a 
pump.  Draw  any  shape  of  vane  connect- 
ing these,  but  you  had  better  take  a 
shape  from  an  actual  wheel  (see  Art. 
427).  Let  the  angle  at  a  with  the  tangent 
to  the  circle  there  (Fig.  13)  be  18^". 
Now  imagine  a  particle  of  water  travell-  ^"-^ 

ing  out  radially  at  0*1  foot  per  second.  p.    ^^g 

Imagine  it  to  take  10  seconds  to  get  to  q. 

Mark  its  successive  positions  along  the  vane.  You  had  better 
also  trace  its  positions  backward  for  a  few  seconds  towaxda  k  iiom^. 
Now  ima^n^  the  wheel  to  revolve  about  its  centre  so  tYkat  k  Tcvci\ft"^ 
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at  0'3  foot  per  seooncL  ■  Map  out  the  real  positions  of  the  points 
which  you  found  on  the  vane,  and  therefore  the  real  path  of  a 
particle  of  water.  Try  to  follow  it  after  it  has  left  q,  assuming 
plenty  of  space  outside ;  but  this  is  a  problem  which  you  perhaps 
may  return  to  later. 

87.  Let  p  (Fig.  14)  be  a  point  on  the  rim  of  the  wheel  of  a 
centrifugal  pump.  Suppose  that  we  know  the  velocity  of  p,  and 
represent  it  by  the  distance  p  b  ;  also  that  we  know  the  velocity 
of  the  water  along  the  vane  of  the  wheel  at  p,  cuid  represent  it 

by  the    distance    a  p.      Now,   a    j>article    of 

,^^ p  water  at   p    has    both    these  velocities ;    a  p 

B  Z^^^^^ — -^>^        relatively   to    the    wheel,  together    with  pb 

'^^^         I  "       because  the  wheel  is  in  motion..     Hence  the 

/\  total  velocity  of  the  particle  of  water  is  repre- 

^  /  \  sented  in  direction,  amount,  and  sense  by  the 

_         .  vector  aum  a  p  4-  p  b»  an*!  we  can  either  use 

^'     '  the    parallelogram    method   or    the    triangle 

method  to  find  it. 

Exercise. — The  rim  of  the  wheel  of  a  centrifugal  pump  goes  at  30  feet 
per  second;  water  flows  radially  at  5  feet  per  second;  the  vanes  are 
inclined  backward  at  an  angle  of  35**  to  the  lim.  What  is  the  absolute 
velocity  of  the  water?  What  is  the  component  of  this  parallel  to  the 
rimP  Ana.,  23*4  feet  per  second;  22*8  feet  per  second. 

When  we  know  the  velocity  of  water  before  it  enters  a 
wheel  and  the  velocity  of  the  wheel  at  the  place,  and  we  wish 
the  water  to  enter  without  shock,  this  simply  means  that  the 
total  velocity  of  the  water  the  instant  after  it  enters  the  wheel 
shall  be  exactly  the  same  as  before  it  entered.  Thus  in  Fig.  15, 
if  the  velocity,  c  p,  of  water  is  known  before  it  enters  the  turbine 
wheel,  and  pb  represents  the  velocity  of  the  wheel,  find  the 
velocity  which,  added  to  p  b,  will  have  c  p  for  a  resultant.  It  is 
p  A  if  p  Q  represents  the  velocity  c  p  to  scale.  Make,  then,  p  a  the 
direction  of  the  ^'ane  at  p.     The  water  will  flow  in  the  direction  p  a 

■  relatively  to   the  wheels  and  it  has   also   the 

I  velocity  p  b  because  it  moves  with  the  wheel ; 

;  its  total  velocity  is  the   same  as   before  it 

entered,  and   it  has  entered  without  shock. 

B  We  don't  much  care  how  the  vane  curves 

afterwards   so  long  as  it  curves  gradually; 

_^^^  ^       ^      it  is  its  direction  at  p  that  is  important. 

;  ""''q  Exercise. — The  inner  circumference  of  a 

/  centrifugal  pump  wheel  goes  at  15  feet  per 

'   p,.     ,g  second  ;  water  approaches  it  radially  at  6  feet 

per  second.     What  is  the  angle  of  the  vanes 
if  the  water  is  to  enter  without  shock  ?  Ans.^  18"  26'. 

Note  that  the  angle  chosen  by  us  for  the  vane  at  a  (Fig.  13) 
enabled  the  water  to  enter  the  wheel  without  shock.  We  may  at 
once  Bay  that  it  is  only  the  angles  at  a  and  at  o,  that  are  of  real 
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importance  in  the  design  of  a  pump.  The  actual  shape  of  the  vane 
is  unimportant  so  long  as  the  curve  is  fairly  direct.  But  the 
ex^xiise  ought  to  be  worked  carefully  throughout. 

We  made  the  tangent  of  the  angle  at  a  equal  to  the  radial 
velocity  '1,  divided  by  the  velocity  of  the  wheel  at  a  (see  Art.  33). 
We  always  endeavour  to  have  this  sort  of  relation  true  at  the  iimer 
side  of  the  wheel  of  a  centrifugal  pump  or  turbine. 

38.  Usually  we  consider  the  earth  and  frame  of  a  machine 
to  be  fixed.  The  student  will  find  it  very  instructive  to  think 
of  some  link  or  wheel  as  fixed  (which  he  usually  thinks  of  as 
moving)  and  now  note  what  the  motions  are.  One  simple 
example  of  this  is  given  in  Art.  467,  and  we  there  show  that 
to  understand  the  relative  motions  in  a  four-link  mechanism 
is  to  understand  the  motions  in  a  very  great  number  of  other 
mechanisms. 

Train  A  is  passing  train  b.  Looked  at  by  an  observer  on 
the  ground,  how  very  difierent  is  their  appearance  from  what 
it  is  to  an  observer  in  either  train  ! 

The  mathematics  of  the  subject  is  quite  easy.  It  is  simply 
this  :  If  a,  6,  c,  etc.,  are  lines  drawn  representing  what  may  be 
called  the  ahaclute  displacements  of  points  A,  b,  c,  etc.,  or  the 
rotations  of  bars  about  axes,  then  their  displacements  relatively 
to  a  frame  p,  whose  own  absolute  displacement  or  rotation  is 
f,  are  a  — fyh  — f^c  — fy  etc.,  the  —  sign  meaning  vector 
subtraction. 

But  mathematics  does  not  satisfy  us  ;  we  want  the  instinct 
of  comprehending  easily  these  relative  motions.  That  we  do 
not  possess  it  is  evidenced  by  the  fact  that  all  the  mechanisms 
of  Art.  467  do  really  seem  to  us  different,  and  that  we  need  to 
give  the  name  epicyclic  train  to  a  train  of  wheels  when  the 
framework  which  connects  their  centres  is  allowed  to  move 
instead  of  remaining  at  rest,  as  it  does  in  our  usual  way  of 
studying  things.  Notice  that  this,  which  ought  to  be  an  easy 
subject,  follows  In  smaller  printing. 

39.  Thus,  for  example,  in  Fig.  16  we  have  a  train  of  three  wheels 
(the  student  ought  to  take  two  or  four  or 
more).  When  the  frame  f  is  at  rest  (that 
is,  we  take  speeds  relatively  to  the  frame) 
let  A,  B,  0  have  the  angular  velocities  o, 
io,  ea  (evidently  in  the  figure  h  is  negative). 
Now  let  F  have  an  absolute  angular  velo- 
city, fy  and  the  absolute  YelodtieB  oi  the  ^^R'  "^^« 
.  wheels  area  -i- /,  ^  -h/,  ea  +  f. 
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{— b  +  1}/:    c'a  Telocity  is  {-  c+  1)/.    Thu«,  let  c  have  the 
game  number  of  teetti  as  a  ;   so  that  c  ^:  1 ,  c'a  velocity  is  0. 
If  c  h&a  100  teeth,  and  alongside  it  od  what  is  practically  the  » 
.^.■„J1«  i^t  there  be  wheels  of  99  am'  ""  ""•'•  ■■'"■  ~..""~~:' 
IB  absolute  speeds  of  thi 

three  valaos   l°l    1£2,   and   ™ )  as  -  A  to   0  U,  J-.    Whei 

99'    100  101/  99  101 

the  arm  goes  round  and  the  motions  of  the  three  wheels  are 

observed,  we  call  this  Fsr^Bon's  paradox.     If  we  could,  like  flies, 

move  with  the  arm,  thei'e  would  be  nothing  paradoxical  about  it. 

Notice  that  A,  r,  and  c  may  he  bevel  wheels,  ae  shown  in  Fig.  17- 

2.  Simpler  Caie. — Wheels  a  and  n  connected  by  arm  f  ;   arm 


rotates.  The  absolute  rotational  velocity  of  b  is  0.  What  is  a's 
velocity  P 

Here  *o  4-/^0.  Hence  a^=.  —  fjb;  ao  that  \'s  velocity  is 
-  fj^  -^  f  oi-  /  ('  -  T  Y      Thus,  let   i  =  -  1,   as    it   is    in 

Watti'  sun   and  planet  motion ;    a's  velocity  is   If.     In  this 

case,  however,  because  of  the  angularity  of  the  connecting- 
rod,  B  has  some  angular  velocity,  fluctuating  between, 
say,  +  fl  and  -  $.  Hence  (aince  i  =  -  1),  -  o  +/=  +  6, 
and  a's  velocity  ia  2/  -[-  fi. 

3.  In  Fig.  17  we  have  a,  h,  and  c,  three  bevel  wheels,  b  may 
be  carried  round  the  aioa  of  the  others  on  a  spur  wheel  n.  Suppose 
we  are  looking  from  the  point  D  at  every  wheel,  and  the  numbers 
of  teeth  on  a  and  c  are  as  1  to  e,  then  relatively  to  d  the  speeds  of 
A  and  c  are  n  and  —  a'.  If  n  rotates  at  speed  /,  the  absolute 
volocitiefl  of  a  and  c  are  a  +  /  and   -  at  +  f. 

Example. — Let  *  =  1  ;  then,  if  a'b  speed  a  +/  ia  called  o, 
so  that  a  =  it  ~f,  o'i  speed  is  -«+/or   -a  +  y.     Thus, 
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suppose  A 
speed  is 
following 
table : — 


goes  at  20  reyolutions  per  minute  or  a  =  20,  then  c's 
—  20  +  2/;  so  that  if  /  is  gradually  changed  in  the 
way,  we  get  the  following  speeds  for  c  shown  in  the 


Again,  we  may  imagine  the 
speed  of  f  to  keep  constant  and 
that  of  A  to  vary,  and  wo  get  the 
same  result. 

By  means  of  a  cam  we  may 
gradually  change  from  negative 
to  positive  velocities,  but  here  we 
have  a  very  much  better  means 
by  ordinary  gearing. 

In  Fig.  17,  if  the  shaft  of  a  is 
rotated  by  coned  pulleys,  by  which 
it  may  be  given  varying  speeds, 
and  if  a  is  kept  rotating  at  a  fixed 
speed,  c  gets  speeds  which  may  be 
negative  or  positive  or  zero. 


^ 

Speed  of  F. 

Speed  of  C. 

4 

-  12 

6 

-  8 

8 

-  4 

10 

0 

12 

4 

14 

8 

16 

12 

IS 

16 

20 

20 

Exercise. — An  epicyclic  gear  consists  of  an  annular  wheel  a  of  72  teeth, 
a  pinion  b,  and  a  spur  wheel  c  of  40  teeth  concentiic  with  a.  The  arm 
which  carries  the  axis  of  b  makes  30  revolutions  per  minute.  (1)  If  a 
be  a  dead  wheel,  find  the  revolutions  of  c.  (2)  If  c  be  a  dead  wheel,  find 
the  revolutions  of  a.  *  Aps.,  (1)  84  ;  (2)  46§. 

Again,  if  a  makes  4  revolutions  and  c  6  revolutions  in  the  same 
direction,  find  the  revolutions  of  the  arm.  Arts. ,  4f . 

Exercise. — In  a  horse-gear  for  driving  a  chaff-cutter,  the  bracket 
that  holds  the  pole  supports  also  a  short  horizontal  shaft  carrying  a  bevel 
wheel  of  31  teeth  and  a  bevel  pinion  of  16  teeth.  The  pinion  gears  into 
a  horizontal  bevel  ring  of  80  teeth  that  is  stationary,  and  forms  part  of 
the  framing.  The  bevel  wheel  of  31  teeth  also  gears  with  a  bevel  pinion 
of  22  teeth  which  is  loose  on  the  central  vertical  axis,  and  this  pinion 
carries  with  it  a  bevel  wheel  of  60  teeth  that  gears  with  a  pinion  of 
16  teeth  on  the  high  speed  horizontal  shaft.  Find  the  number  of  revolu- 
tions of  the  high  speed  shaft  for  each  circuit  of  the  horse. 

15 
Am,,  30  gg. 
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40.  Work. — ^To  do  "work  it  i«  z^eoeBsaJT  to  ex€rt  m  foroe 
tliro^gb  a  oertain  distanoe  in  the  direction  of  ihe  f ofxse.  Tims,  if 
we  ex-ert  «  foroe  oi  20  lbs.  throTigii  a  distauDoe  <rf  6  feet,  we  do 
20  xC,  or  120  foot-poundB  c«f  irork.  If  a  body  of  5  lbs.  weaght 
efa^ui^es  its  lerel  br  tike  unouDt  of  1 0  ^E^t,  wbedker  it  does  this 
by  «  direct  rcrticaLl  &J]  or  rise;  or  is  mox^d  up  or  down  an 
Loclined  plane  <Mr  curved  citu'faioe;.  {«  loits:  *&  there  is  no  friction, 
the  amount  of  work  giren  ovt  bj  tbe  bodjr  in  falling  or  given 
to  it  to  make  it  rise  is  always  the  san>e,  5  x  10,  or  50  foot- 
pounds. 

ExampU. — ^The  wei^t  in  a  certain  clock  is  20  Iba.,  and 
alter  being  vound  up  it  can  ^11  through  a  distance  of  40  feet. 
Suppuise  we  wish  to  alter  this  height,  making  it  10  feet ;  what 
weight  mui$t  we  use  •  Evidently  the  work  given  out  by  the 
new  weight  in  falling  10  feet  must  be  equal  to  that  given  out  by 
the  old  weight,  or  800  foot-pounds.  In  fact,  the  new  weight 
must  be  80  lb&  Of  course  we  must  apply  this  weight  to  the 
clock  by  means  of  a  block  and  pulleys,  or  we  must  reduce  the 
diameter  of  the  drum  proportionately  ;  and  if  in  applying  it  we 
introduce  more  friction  than  there  used  to  be  in  the  clock,  we 
must  further  increase  the  weight,  so  as  to  be  able  to  overcome 
this  friction. 

The  work  done  by  a  force  is  well  illustrated  by  the  pulling 
of  a  tramcar.  If  the  pulling  force  p  lbs.  is  not  directly  along 
the  track,  but  makes  an  angle  0  with  it^  the  effective  force,  or 
the  resolved  part  of  p  in  the  direction  of  motion  is  p  cos.  6, 
and  this,  multiplied  by  the  distance  moved  through  in  feet,  is 
the  work  done  in  foot-pounds. 

When  a  body  is  pulled  up  a  curve  the  work  done  in  over- 
coming the  force  of  gravity  (we  are  neglecting  work  spent  in 
overcoming  friction)  is  simply  the  weight  of  the  body  multiplied 
by  the  difference  in  level. 

Thiis  in  Fig.  1 8  the  work  done  in  moving  a  body  of  weight  w 
from  A  to  B  along  the  curve  is  simply  w  y,  where  y  is  the  difference 
in  level  of  a  and  B. 

Proof : — Let  the  co-ordinates  of  any  point  p  be  r,  y  ;  and  of  q,  a 
point  indefinitely  near  to  r,  *  -|-  Jr,  y  +  8y. 
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The  weight  w  resolved  in  the  direction  of  the  tangent  at  p  is  w 
sin.  0,  and  this  multiplied  by  the  distance  pq  (we  are  supposing 
that  the  tangent  at  q  is  parallel  to  the  tangent  at  p,  as  q  is 
supposed  to  be  indefinitely  near  to  p),  or  p  q  .  w  sin.  $  is  the  work 
done  against  gravity  in  pulling  the  body  from  p  to  q.  Therefore 
the  whole  work  done  in  pulling  the  body  from  a  to  b  is  the  sum 

Y 


i: 


Fig.  18. 

of  all  such  terms  as  p  q  .  w  sin.  0,     But  p  q  sin.  0  is  q  r,  or  5y,  or 
in  the  limit  rfy.    Therefore  the  whole  work  done  is 

V     • 

wrfy  or  wy. 

0 

Gravity  does  this  work  when  the  body  falls.  But,  both 
when  k  body  is  moved  up  and  down,  energy  is  wasted  or  con- 
verted into  heat  in  overcoming  friction.  Hence,  when  a 
weight,  w  lbs.,  is  lifted  in  level  h  feet,  the  useful  work  done  is 
wA,  but  there  is  energy  wasted.  Again,  when  w  falls, 
gravity  does  the  work  why  but  there  is  energy  wasted.  If 
we  are  depending  upon  the  total  store  wh  to  drive  machinery, 
the  useful  work  done  is  less  than  vfh,  the  difference  being 
wasted,  or  rather  converted  into  heat,  by  friction. 

41.  Horse-power.  —  One  horse-power  is  the  work  of 
33,000  foot-pounds  done  in  one  minute.  Power  means  not 
merely  work,  but  work  done  in  a  certain  time;  the  time 
rate  of  doing  work.  The  work  done  in  one  minute  by  any 
agent  divided  by  33,000  is  the  horse-power  of  that  agent. 
In  a  steam-engine  the  piston  travels  four  times  the  length 
of  the  crank  in  one  revolution,  and  all  this  time  it  is 
being  acted  upon  by  the  pressure  of  steam.  If  the  inean  or 
average  pressure  urging  the  piston  is  60  lbs.  per  square  inch, 
and  the  area  of  the  piston  is  150  square  inches,  then  the  total 
average  force  urging  the  piston  is  150  x  60,  or  9,000  lbs.  If  the 
crank,  whose  length   is  0  9  foot,  makes   70   revolutions  per 
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minute,  then  the  {MsUm  travels  4  times  0~9  x  70,  or  252  feet 
per  minute,  so  that  the  work  done  in  one  minate  is  9,000  x  252, 
or  2,268/JOO  foot-pounds.  Dividing  this  bj  33,000,  we  find 
the  horse-power  c^  the  steam-engine  to  be  68 '7.  The  mean 
pressure  is  best  foond  bv  the  nse  of  an  indie i tor  niiieh  draws 
for  ns  an  indicator  diagram.  Measuring  the  pressures  at  ten 
equidistant  places  on  this  diagram,  adding  them  l<^ther,  and 
dividing  by  ten,  gives  the  average  pressure.  Or,  measure  the 
area  bj  means  of  a  planimeter  in  square  inches  ;  divide  by  the 
extreme  length  of  the  diagram  parallel  to  the  atmospheric  line; 
tiiis  gives  the  average  breadth,  and  therefore  the  average 
pressure  to  scale 

As  the  pressure  of  steam  is  usually  given  per  square  inch, 
it  is  usual  to  take  the  diameter  of  the  cylinder  in  inches,  but 
distances  passed  through  by  the  piston  are  evidently  to  be 
measured  in  feet. 

Example. — We  find  by  a  spr  ng  balance  that  some  horses 
or  a  steam-engine  have  been  pulling  a  carriage  with  an  average 
pull  of  120  lbs.  during  one  minute^  the  space  passed  over  in 
the  minute  being  500  feet :  what  is  the  horse-power  eicpended 
on  the  carriage  !  Here  120  lb&  act  through  the  distance  of 
500  feet,  and  the  work  done  in  one  minute  is  evidently  500  x 
120,  or  60,000.  Dividing  bv  33,000,  we  find  the  horse-power  to 
be  I -818. 

42.  Energy  is  the  capability  of  doing  work.  When  a  weight 
is  able  to  fall,  it  possesses  potential  energy  equal  to  the  weight 
in  lbs.  multiplied  by  the  change  of  level  in  feet  through  which 
it  can  fsill.  When  a  body  is  in  motion,  it  possesses  kinetic 
energy  equal  to  half  its  mass  (its  weight  in  London  in  pounds 
divided  by  32*2  is  its  inertia,  which  is  usually,  but  we  think 
unwisely,  called  its  mass),  multiplied  by  the  square  of  its 
velocity  in  feet  per  second.     (See  Art,  190.) 

Example. — A  body  of  60  Ibs^  is  100  feet  above  the  ground, 
and  has  a  velocity  of  150  feet  per  second :  what  is  its  total 
amount  of  mechanical  energy  \ — that  is,  what  energy  can  it 
give  out  before  it  reaches  the  ground,  and  becomes  motionless  f 
Here  the  potential  energy  is  60  x  100,  or  6,000  foot-pounds. 
Its  kinetic  energy  is  60x150x150^644,  or  20,963  foot- 
pounds.    So  that  the  total  amount  is  26,963  foot-pounds. 

Suppose  this  body  to  lose  no  energy  through  friction  with 
the  air,  and  suppose  that,  after  a  time,  it  is  at  a  height  of  20  feet 
above  the  ground ;  find  its  velocity.      Answer :    Its  potential 
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energy  is  now  60  x  20,  or  1,200  foot-pounds,  therefore  its 
kinetic  energy  must  be  25,763 ;  and  evidently  this,  multiplied 
by  64-4  and  divided  by  60,  gives  27,652*29,  the  square  of  the 
new  velocity.  Its  velocity  is  therefore  166*3  feet  per  second. 
In  such  a  question  we  are  not  concerned  with  the  direction  in 

which  the  body  is  moving.  It  may  be  a  cannon-ball,  or  a  falling 
or  rising  stone,  or  the  bob  of  a  pendulum.  Given  its  velocity 
and  height  at  any  instant,  we  can  find  for  any  other  height 
what  its  velocity  must  be,  or  for  any  other  velocity  what  its 
height  must  be. 

On  a  Switchback  railway,  the  loss  of  energy  (roughly  pro- 
portional to  distance  travelled)  every  journey  is  represented 
by  the  lift  of  a  few  feet  which  is  effected  by  the  attendant 
at  each  end  before  making  a  fresh  start.  Neglecting  this  loss, 
it  is  easy  to  calculate  the  velocity  at  any  place  if  we  know  the 
vertical  depth  of  the  place  below  the  starting  point.  The 
deepest  places  on  the  line  are  places  of  greatest  velocity; 
the  highest  places  are  those  of  least  velocity.  In  a  bob  of  a 
pendulum  we  see  a  continual  conversion  of  kinetic  into 
potential  and  of  potential  into  kinetic  energy,  the  total  store 
remaining  constant,  except  in  so  far  as  friction  is  converting 
mechanical  energy  into  heat.     (See  Art.  192.) 

The  energy  of  a  strained  body — for  example,  a  strained 
spring — is  another  store  of  mechanical  energy.  It  is  an  excellent 
laboratory  experiment  to  measure  how  much  energy  a  spring 
can  store  without  getting  permanently  hurt  in  shape  or  broken. 
This  store  of  energy  is  called  its  resilience.  As  the  elongation 
of  a  spring  is  proportional  to  the  load,  if  we  gradually  increase 
the  load  from  0  to  w  lbs.,  the  elongation  increases  from  0  to 
X  feet,  so  that  the  average  force  for  the  whole  length  being 
\  w,  the  energy  stored  is  ^  w  a;. 

A  weight  vibrating  vertically  at  the  end  of  a  spiral  spring 
gives  a  good  example  of  the  continual  conversion  of  the  three 
kinds  of  mechanical  energy  into  one  another.  The  total  store 
gradually  diminishes,  partly  by  friction  in  the  atmosphere,  but 
greatly  also  by  an  internal  frictional  resistance  or  viscosity  in 
the  material  of  the  spring.  The  student  will  find  it  interesting 
to  compare  the  behaviour  of  a  spring  of  steel  and  a  spring  of 
indiambber  in  this  respect ;  the  viscosity  of  the  indiarubber 
damps  the  vibrations  with  great  rapidity.  Many  hours  may 
be  welj  spent  in  studying  these  phenomena,  making  quantitar 
tive  measurements. 


43i  A  scoiieni;  rxukj  •annliyv'  lis  Lfisaz*;^  in.  isaligTriBrTag  Ae 
fftaSisi^  SCORS  of  StSXCXJ  ul  I  Jh  of  ^anuns  mtMyrraTsr  I  Bk.  cf 

rottl,  II  4^  !'}<  i»f^o*}Qaiii&  :iiie  wgT?£fin  at  oxvissd.  *^  9ar  §ar 
aMihnHCii^a  is  ncc  '^imCiHi  izL  :  I  Ih.  i;^  <aKiC  lEfHK  on  nam  oi. 
jWElXe^v'  ^  k^r^esc  sceefi  ^  prc^ioei^  ^roKaestr  wisrfcinsf  ^lii—, 
1/J0jf>  i>o&^'j>niria  :  sg^  ^^^^  '^^  ^^^  ^^^^  knui.  fTO  loot- 
pOKRU^  :  Tu^iskl  acirsLi  scci::i;r  '^  r^inti  vir^*  135  ^ba<-{Mi«iidiL 
Tlie  IbesKH  sL'v^L  »  I  To.  of  w^hser  tso  r&^  re  fino^  O^  lo  1^  C. 

Hhk  k  ft  lEsrt  Off  beat  energy,  JocLe  ^^wcd  tk«t  iIub  is 
liiyjgyifcgg  t&>  I,40»>  £>:>c-p<3rzzij£^^  WlmL  eaer^j  is  in  die  htemt 
isrwkf  ft  ha^ftS-^zii^ini^^  WLAj  be  ^Xisai  ^  «ofi^«s  P**^  ^''^  i^  into 
■Mfiimiifil  fnxFzj ;  !:£nt<>mi:=i^<^T  ucie  ftm-^ozLi  con%(eilihle, 
de^eiwls  vpocL  iM>w  ki^  ^  ^faie  uets-p^rftcizre  cf  tliis-  stuff  eontaun- 
111^  tiifr  keftS  eci!i^v?r  ftbo^^  tk<e  ui»iperftCi33«-  of  the  refrigenitor 
or  oJkftBss.  Hiecice  h  c§  tiijdur  cl  the  revy  b«st  sieftm-ei^iiies  ire 
seldout  oobT^n  iiL«r^  tka&  *:s«^-seTi3iib  or  tke  keM  en^^y  of 
tlie  fteftm  iaiso  miecLftzucfti  ener^.  tihe  odier  six-sexentlis  being 
dc^^rftded  itt  UffSkyenxart,  ^rA  pxziz  to  due  rE^-igerMor  useless 
for  oar  purposes^  In  disciE^i&g  heai-^nsines  we  express  all 
cnergT  in  fDoc^poonds. 

The  energy  store  is  most  intense  ss  to  Tolome  (we  do  not 
the  wei^t  of  the  mir  needed  for  combosdon)  in  a  pound 
of  kerosene,  being  aiboat  half  as  much  again  as  in  a  pound  of 
eoaL  We  look  fonraid  to  the  time  when  no  heatrengine 
will  be  needed  in  the  conversion,  and  we  may  thai  be  able  to 
oonTert  ot«-  90  per  cent,  of  the  energy  of  a  poond  of  kerosene 
into  the  mechanical  form,  as  at  the  pres»it  time  die  chemical 
oiergy  of  zinc  is  convertible  in  a  battery  or  electiic  motor,  or 
die  chemical  energy  of  oats  and  odier  food  is  oonTertible  in  the 
animal  machine,  which  is  probably  a  gas  batt^y  and  electric 
motor. 

44.  When  the  engine  of  the  Rnsbory  College  is  working 
mainly  for  the  electric  light  and  possibly  one  electric  motor,  the 
stadents  have  sometimes,  diuring  a  long-continued  measurement, 
been  able  to  trace  what  becomes  of  Sie  energy  of  one  pound 

*  The  latest  determination  for  the  mean  specific  heat  of  water  from  W*  C. 
to  100*»  C.  18 1399  foot-pounds,  or  for  1  gramme  it  is  0-995  calorie ;  1  calorie, 
the  heat  to  raise  1  gramme  of  water  from  W  C.  to  11«  C.  is  4*2  Joules  or 
4-2 X  107 ergs.     The  heat  from2(y»  a  to  21**  C.  is  l-30th  of  Iper  cent.  less. 
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of  coal.  They  had  previously  measured  the  chemical  energy 
in  a  pound  of  coal,  and  tested  all  sorts  of  instruments  and 
idea.s  used  in  their  measurements. 

The  energy  of  1  lb.  of  coal  is,  say,  12,000,000  foot-pounds ; 
of  this  4,000,000  go  up  the  chimney  or  get  wasted  by  radiation 
as  heat,  and  8,000,000  foot-pounds  of  heat  energy  reach  the 
engine  in  steam ;  of  this  only  one-thirteenth,  or  600,000  foot- 
pounds is  converted  into  mechanical  energy  and  given  to  the 
piston ;  the  other  twelve-thirteenths  go  off  to  the  condenser  and 
are  wasted.  Only  500,000  are  given  out  by  the  engine  to  the 
long  shaft  which  drives  the  dynamo  machine,  about  400,000 
foot-pounds  leave  the  dynamo  as  electric  energy,  and  part  is 
wasted  by  converaion  into  heat  in  the  conductors  to  the  lamps. 
At  the  lamps  we  have  about  370,000  foot-pounds  of  electric 
energy  converted  into  heat  and  light.  If  any  of  the  electric 
energy  or  all  of  it  is  given  to  an  electric  motor,  perhaps  more 
than  90  per  cent,  of  it  will  be  converted  into  mechanical 
power. 

Men  who  make  measurements  of  this  kind  get  to  have  very 

clear  ideas  as  to  the  various  forms  of  energy  and  the  fact  that 
it  is  indestructible,  and  cannot  be  wasted,  although  it  may 
alter  into  forms  in  which  it  may  not  be  available  for  use ;  and 
therefore  we  say  that  it  is  wasted. 

The  very  best  steam-engines  use  more  than  1^  lbs.  of  coal 
per  hour  for  each  horse-power  given  out.  We  cannot  hope  for 
much  improvement;  this  is  about  one  useful  for  nine  total. 
Gas-engines  using  Dowson  gas  already  give  out  one  horse- 
power for  1  lb.  of  coal  consumed  per  hour ;  we  hope  for  con- 
siderable improvement.  Oil-engines  give  out  one  horse-power 
for  less  than  0*9  lb.  of  kerosene  per  hour ;  we  hope  for  very 
considerable  improvement. 

45.  Students  ought  to  work  many  numerical  exercises  on  me- 
chanical energy :  w  lb.  of  water  raised  vertically  h  feet,  the  energy 
is  yfh  foot-pounds.  If  time  is  given,  find  the  work  done  per 
minute  and  divide  by  33,000;  this  is  useful  horse-power.  Divide 
this  by  the  efficiency  of  a  pump,  and  we  have  the  actual  horse- 
power which  must  be  supplied  to  the  pump.  Or,  if  the  w  lbs. 
of  water  fall  per  minute  through  a  turbine,  the  head  available 
being  h  feet,  we  have  wh  -=-  33,000  as  the  total  horse-power,  and 
the  turbine  will  probably  give  out  70  per  cent,  of  this  usefully, 
0'70  or  70  per  cent,  being  the  efficiency  of  a  good  turbine. 

If  there  were  no  friction,  a  waggon  of  weight  Yf  Tec\vx\rft^  \^ 
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be  pulled  with  a  force  of  w-^«  upA  road  which  rises  1  foot  in 
every  8  feet  of  its  length.  The  frictional  resistance  to  motion 
of  a  vehicle  on  a  level  road  is  usually  stated  as  so  many  pounds 
per  ton  weight  of  the  vehicle.  If  there  is  also  an  incline  we 
add  the  two  tractive  forces  together — one  for  the  incline  without 
friction,  the  other  to  overcome  friction  on  the  level.  The 
resistance  in  pounds  per  ton  of  a  moving  train  (including 
engine)  on  the  level  is  found  roughly  by  adding  2  to  one- 
quarter  of  the  speed  in  miles  per  hour.  This  is  for  speeds 
greater  than  20  miles  per  hour.  At  less  speeds  there  is  quite 
a  diflTerent  law,  which  may  for  some  trains  and  permanent 
ways  be  indicated  by  the  following  figures  : — 


Speed  in  miles  per      ) 
hour.                         J 

Resistance  in  pounds  )  , 
per  ton.                    | 

0 
20 

10 

2 

7 

5 
5 

10 
6 

A  curved  line  adds  1 2  per  cent,  to  the  resistance  on  the  average 
English  railways.  The  tractive  force  of  heavy  waggons  on 
macadamised  roads  may  be  taken  as  50  lbs.  per  ton,  on  paved 
roads  30  lbs.  per  ton,  and  on  gravel  roads  as  150  lbs.  per  ton. 
These  rules  are  good  enough  for  academic  exercise  work. 

If  the  pull  on  a  tramcar  is  recorded  as  the  ordinate  of  a 
diagram,  of  which  the  abscissa  represents  distance  along  the 
track,  the  area  of  the  diagram  represents  to  some  scale  the 
work  done.  The  average  height  of  the  diagram  represents  the 
average  pull  p.  This  average  pull  p,  multiplied  by  the  whole 
length  of  the  track,  is  the  whole  work  done.  In  most  practical 
cases  the  average  can  only  be  obtained  by  making  the  diagram, 
finding  its  area,  and  dividing  by  its  length,  just  as  we  do  with 
an  indicator  diagram  of  an  engine.  But  there  are  cases  where 
we  can  calculate  an  average. 

Example, — A  chain  of  length  I  and  weight  wl,  with  a 
weight  w  at  the  end  of  it,  is  to  be  wound  up  by  a  capstan  ; 
what  work  will  be  done?  Obviously  the  average  pull  is  w-|- 
half  the  weight  of  the  chain,  or  w  +  i  tc/,  and  the  total  distance 
is  /,  so  that  the  work  done  is  wl  -f-  i  tcl^.  As  a  rule,  it  is  wise 
to  plot  the  varying  pull  as  the  onlinate  of  a  curve  on  squared 
paper,  as,  without  the  aid  of  the  calculus,  one  is  apt  to  state  what 
is  the  average  pull  without  due  thought     Thus,  if  the  above- 
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mentioned  chain  varies  in  heaviness  per  foot,  the  average  pull 
due  to  it  is  not  half  its  weight. 

Observe  that  we  ought  to  call  the  above  the  space  averagd 
of  a  force.  The  space  average  of  a  force,  multiplied  by  the 
distance,  is  the  work  done. 

A  little  consideration  will  show  a  student  that  a  time 
average  is  a  very  different  thing. 

46.  According  to  the  results  of  some  experiments  by  Prof. 
R.  H.  Smith  on  the  cutting  of  metal  in  the  lathe  without 
water  or  oil,  the  force  on  the  tool  is  not  much  affected  by 
speed. 

For  both  thin  and  moderately  thick  shavings  at  all  speeds, 
feeds,  and  depths  of  cut,  we  may  roughly  take  it  that  forged 
steel  takes  twice  as  much  power  to  cut  it  as  does  cast  iron; 
wrought  iron  takes  one  to  one  and  a  half  times  as  much  as  cast 
iron. 

For  broad  thin  shavings,  cast  iron  required  more  cutting 
force  than  wrought  iron. 

The  force  is  neither  proportional  to  the  breadth  of  the 
shaving  nor  the  depthj  but  it  is  more  nearly  proportional  to 
depth  than  breadth. 

It  is  interesting  to  note  that  before  these  experiments  it 

was  usual  in  books  to  follow  Weisbach  in  saying  that  for  iron 

p  •='fh  d  where  f  was  50,000  lbs.  per  square  inch.     Smith's 

p 
experiments  show  that  this  rule  is  not  time,  and  that  —  varies 

hd 

from  92,000  to  239,000.  Possibly  when  it  is  discovered  that 
^ere  are  other  things  to  be  done  in  college  engineering  labora- 
tories than  to  break  endless  numbers  of  specimens  of  metal 
with  a  100-  or  200-ton  testing-machine,  we  may  have  further 
experimental  results  on  which  practical  engineers  may  rely. 

Professor  Smith  tried  various  depths,  d  inches,  and  bi'eadths, 
h  inches,  of  shaving  from  cast  iron,  wrought  iron,  and  forged 
steel,  in  every  case  measuring  p,  the  pressure  on  the  tool  in 
pounds,  at  the  cutting  edge.  In  almost  every  case  we  find  from 
his  numbers  that  the  energy  E  usefully  spent  per  cubic  inch 
of  metal  removed,  diminished  about  30  per  cent,  as  h  was 
increased  from  *03  to  '05,  being  about  its  minimum  value  when 
h  was  05  :  but  probably  it  does  not  increase  much  for  greater 
values  of  h.  The  minimum  values  of  e  for  various  depths  of 
cut  were  as  follow  :  — 
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d 

b 

p 

m      ! 

690          ' 

E 

•06 
•135 

•066 
•056 

8,700 
7,700 

J  Cast  iron. 

•03 
•06 

•066 
•06 

216          1 

670          ! 

10,700 
13,000 

7  Wrought 

•u 

•066 

810 

8,700 

C     iron. 

•02 

•066 

260          i 

18,700 

) 

•04 

•066 

480          1 

18,000 

{  Steel. 

•06 

•066 

706          ' 

1 

17,700 

5 

With  cast  iron  if  5  =  •OS,  and  probably  for  greater  values  of 
hy  E  is  much  the  same  for  cuts  of  the  depths  '05  and  ^135  inch, 
being  about  9,000  foot-pounds  per  cubic  inch  of  metal  removed. 

With  steel,  if  5=  •OS,  and  probably  for  greater  values  of  5, 
E  is  much  the  same  for  cuts  of  the  depths  -02,  -04,  and 
•06  inch,  being  about  18,000  foot-pounds  per  cubic  inch  of 
metal  removed. 

With  steel,  if  6= -05,  and  probably,  for  greater  values  of  5, 
B  is  10,700  foot-pounds  for  a  cut  of  03  inch  depth,  13,000 
foot-pounds  for  a  cut  of  "06  inch  depth,  and  is  practically  the 
same  as  cast  iron  for  a  cut  of  *14  inch  depth. 

EXERCISES. 

1.  Two  tons  of  rock  can  fall  to  a  depth  of  320  feet ;  find  the  work 
whidi  it  may  do.  Am.,  1,433,600  foot-lbs. 

2.  In  lifting  an  anchor  of  Ij  tons  from  a  depth  of  15  fathoms  in  six 
minutes,  what  is  the  useful  man-power,  if  a  man-power  is  defined  as 
8,600  foot-lbs.  per  minute?  Ant..  14*4.* 

3.  The  pull  on  a  tramear  is  200  lbs.  at  an  angle  of  25°  with  the  track ; 
what  is  the  component  in  the  direction  of  the  track  ?  What  work  is  done 
in  a  distance  of  10  feet  along  the  track  ?  If  the  speed  is  4  feet  per 
second,  what  is  the  usefully  expended  horse-power  ? 

^;m,  181-26  lbs. :  1812-6  foot-lbs. ;  11.18. 

4.  "What  horse-power  is  involved  in  lowering  by  2  feet  the  level  of  the 
surfaoQ  of  a  lake  2  square  miles  in  area  in  300  hours,  the  water  being 
lifted  to  an  average  height  of  6  feet  ?  Ans..  29-23. 

6.  Taking  the  average  power  of  a  man  as  -j\jth  of  a  horse-power,  and 
the  efficiency  of  the  pump  used  as  0-4,  in  what  time  will  ten  men  empty  a 
tank  of  60  feet  x  30  feet  x  6  feet  tilled  ^^-ith  water,  the  lift  being  an 
average  height  of  30  feet  ?  Afu,.  21  hours  14  minutes. 

6.  The  diameter  of  a  steam-engine  cylinder  is  9  inches,  the  length  of 
crank  9  inches,  the  number  of  re>-olutions  per  minute  110,  and  mean 
efl^tive  pressure  of  the  steam  36  lbs.  per  sqiuire  inch :  find  the  indicated 
hotrse-power.  An*.^  22*3. 
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7.  Each  of  the  two  cylinders  in  a  locomotive  engine  is  16  inches 
diameter,  and  the  length  ol  crank  is  1  foot  If  the  driving-wheels  make 
105  revolutions  per  minute,  and  the  mean  effective  steam-pressure  iB 
85  lbs.  per  square  inch,  what  is  the  horse-power  ?  Ans.^  218. 

8.  What  would  be  the  indicated  horse-power  of  an  Otto  gas  eng^e 
which  has  a  piston  12  inches  in  diameter  and  a  crank  8  inches  lungP 
The  engine  works  at  150  revolutions  a  minute,  and  thore  is  an  explosion 
every  2  revolutions,  the  mean  effective  pressure  in  the  cylinder  during  a 
cycle  being  62  lbs.  per  square  inch.  Ans.,  21. 

9.  The  average  breadth  of  an  indicator  diagram  for  one  side  of  the 
piston  is  1*58  indues,  and  for  the  other  side  it  is  1*42  inches,  and  1  inch 
represents  32  lbs.  per  square  inch.  Piston,  12  inches  diameter;  crank,  I 
foot ;  110  revolutions  per  minute.     What  is  the  indicated  horse-power  P 

Aru.,  72-38. 

10.  What  must  be  the  effective  horse-power  of  a  locomotive  which 
moves  at  the  steady  s{>eed  of  35  miles  an  hour  on  level  rails,  the  weight 
of  engine  and  train  being  120  tons,  and  the  resistances  16  lbs.  per  ton  P 
What  additional  horse-power  would  be  necessary  if  the  rails  were  laid 
along  a  gradient  of  1  in  112  ?  Am.,  179*2 ;  224. 

11.  In  10  find  in  each  case  how  far  the  train  would  move  after  steam 
was  shut  off,  assuming  the  above  constant  resistance  and  neglecting  rota- 
tory motions.  Find  also  the  speed  of  the  train  after  the  latter  had  moved 
over  a  distance  of  1,000  feet  from  the  point  where  steam  was  shut  off. 

Ans.j  5,728  feet ;  2,545'8  feet ;  31*8  miles  per  hour;  27*3  miles  per  hour. 

12.  A  flywheel  weighs  2^  tons,  and  its  mean  rim  has  a  velocity  of  40 
feet  per  second ;  what  is  its  kinetic  energy  ?  If  the  velocity  be  reduced 
3  per  cent.,  what  is  the  reduction  in  the  kinetic  energy  ?  If  the  kinetic 
energy  be  reduced  by  10,000  foot-lbs.,  by  how  much  is  the  velocity 
reduced  ?  In  estimating  the  latter,  why  would  it  be  wrong  to  subtract 
from  40  feet  per  second  the  velocity  which  corresponds  to  10,000  foot-lbs. 
of  energy  in  this  flywheel? 

Ans.  139,130  foot-lbs. ;  131,900  foot-lbs. ;   15  ft.  per  second. 

13.  A  machine  discharges  n  projectiles  per  minute,  each  of  w  lbs. 
moving  with  the  velocity  of  v  feet  per  second ;  what  is  the  actual  horse- 
power ?  If  the  efficiency  of  the  machine  is  ^,  and  it  is  driven  by  a  steam- 
engine  which  uses  w  lbs.  of  steam  per  hour  per  horse-power  given  out  by 
it,  what  is  the  total  steam  per  hour?  If  the  engine  is  governed  by 
throttling,  and  if  the  total  steam  per  hour  follows  the  rule:— steam  per 
hour  =  a  -|-  b  x  brake  horse-power  (where  a  and  b  are  known  to  us),  and 
if  for  half  an  hour  n^  projectiles  are  discharged  per  minute,  and  if  for  the 
next  half  hour  n^  projectiles  are  discharged  per  minute,  how  much  steam 
is  used  during  the  hour  ?       .  nwv^    .    wnwi^  .         b{n^  +  n^)svv^ 

^''  ^66000  '  66000>  '  ^  "•"      132000^ 

14.  A  fire-engine  pump  is  provided  with  a  nozzle,  the  sectional  area  of 
which  is  1  square  inch,  and  the  water  is  projected  through  the  nozzle 
wjth  an  averag:e  normal  velocity  of  130  feet  per  second;  find  (1)  the 
number  of  cubic  feet  discharged  per  second,  (2)  the  weight  of  water 
discharged  per  minute,  (3)  the  kinetic  energy  of  each  pound  of  water  as 
it  leaves  the  nozzle,  (4)  the  horse-power  of  the  engine  required  to  drive 
the  pump,  assuming  the  efficiency  to  be  70  per  cent. 

Ans.,  (1)  -9  cubic  feet;  (2)  1-61  tons;  (3)  2623  foot-lbs.;  (4)  383. 

15.  The  section  of  a  atream  is  12  square  feet,  the  average  Nft\wi\\.7  qI 
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tbk  wts»ir  ifl  i  5>ec  v^  ^netmd :  titipr*?  fa  an  ^Tazlable  fiill  of  tS  Heet ;  wliat 
is  tiu^  hnr^'pow^r  ^vaxIaoLe  r  A  tnrbine  ixbr^»  a  •^rnazno  maeiixiie  wkidk 
MadB  ^XfifiXrx,  power  tii  &  im)&)r  ;ir  ;i.  'Hstant'e.  Tbe-  t^fllciauey  of  tlie 
tarfune  ia  TO  per  !«i£. ;  of  die  'tTnanii}.  *i7  p«a^  cent. :  tien.  p«r  cent,  orf  the 
eoer^  firrvm.  ^Le  (^rrosana  is  walked  in  transmiaBun.  Ami  die  e1fh'iii'fir.'i  of 
tlie  niDtcr  is  72  tkt  cent. :  how  mucii  dow^'  is  zfrps.  out  b^  die  moCor? 
The  voltage  at  the  -ivnanu/  is  I<)*i :  wimt  is  die  eurg>ait  in.  ampereB  ? 

16.  Electric  lampri  eiTing'  L  cauuUe-powia-  fis>  4  wans:  iiow^  oMnnr  10- 
or  hnw  manj  I6-C2aijfile  kunpe  may  be  worked  p^  deetric  basxae^^ower  ? 
Tbe  combiziefi  efliciencj  of  engine,  dynamo.  ^oaA.  gesrin^  bon^  79  pa* 
eeot.^  wbat  iti  the  ea2uile-p«3w«>  available  ftir  ev<ecy  fnrfrrar^  kuajK!>- 
power?  -ijw..  I»:  II:  190-9$. 

17.  On  a  awitcbhack  the  carnage  is  9<>d  Ibs.^  neeLeetzn^  fritftioa :  find 
iCi  kinetzc  energies  when  it  is  9.  10.  axid  l9  feet  below  its  atartxn^^-pciait. 
And  if  the  3tartzng'p«>mt  is  10  feet  above  datnm.  leveL  write  out  in  two 
eolnmns  ita  two  kinds  of  <»ierzy  at  meb  point.  If  the  above  points  are 
^\,  0'4,  ajid  0-7  of  the  distance  along  die  track,  azid  if  \»ym  ni  auiigj  bj 
frietlao.  is  proporri>jCAl  merely  Uj  distance  aLjng  tbe  track,  aad  if  tlte 
camage  has  Vj  be  Iift<ed  l'f>  feet  at  tbe  enti  *yt  eacb  joozney,  find  the 
c»j(rrectirj*i  in  the  kini?tic  enerary  at  eicb  place. 

Am9.,  Potential  energies.'  14.490,  ».6<30.  4.S30  foot-&s. :  kinetic 
fStkfit^DfiA,  4.%30.  9.6^.  14.49«)  foot-lbs. :  corrected  kinetic  energfies.  4.675*4, 
^/Ml-<5.  13.407  fcot-Ibs. 

IS.  Tbe  calorific  powers  of  I  lb.  of  eat^  of  tbe  following  fads  are 
grren  in  centigrade-poand  beat  miits :  eonv^^-c  into  foot-lbs.  if  1  beat  unit 
—  1.400  foot-lbs.  :—cbarcoaL  7.000:  coke,  7.000:  coaL  8,S00  to  7,330; 
wood,  4.200 :  and  kerosene,  12,200. 

19.  Tbe  poll  on  a  tramcar  was  regstered  wben  the  car  was  at  the 
following  distances  along  tbe  track  :^.  200  lbs. :  10  feet,  150  lbs. ; 
25  feet,  160  lbs. ;  32  feet,  156  lbs. :  41  feet,  163  lbs. :  56  feet,  170  lbs. ; 
W  feet,  165  lbs. :  73  feet,  160  lbs. :  what  is  the  average  'space  pull  on 
the  ear,  and  what  is  tbe  effective  work  done  in  palling  the  car  through 
the  distance  of  73  feet'r  Anz,,  161  lbs.,  II.JJIOO  foot-Ibe.  about. 

20.  A  chain  banging  vertically  520  feet  long,  weighing  20  lbs.  per 
forX,  is  wonnd  ap :  what  work  is  doner  ^jm.,  2,704.000  foot-lbs. 

21.  When  a  prismatic  colomn  of  stone,  20  feet  diameter  oatside,  10 
feet  in.«nde,  90  feet  high,  is  being  built,  what  actual  work  is  done  in 
lifting  tbe  stone  from  tbe  groondr  One  cubic  foot  of  stone  weighs 
125  lbs.  An»^  1193  xl0«. 

22.  A  weight  of  3  tons  at  a  depth  of  400  feet  at  the  end  of  a  chain 
which  weighs  8  lbs.  per  foot :  what  work  is  done  in  lifting  chain  and 
^«0»t  ?  An».^  3,328,000  foot-lbs. 

23.  Four  cwt.  of  material  are  drawn  from  a  depth  of  80  fathoms  by  a 
rope  weighing  115  lbs.  per  linear  foot :  how  much  work  is  done  altogether, 
and  bow  much  per  cent,  is  done,  in  lifting  tbe  rope  r  What  horse-power 
would  be  required  to  raise  tbe  material  in  four  and  a  half  minutes  ? 

Ans,,  347,520  foot-lbs. ;  38  ;  234. 

24.  The  travel  of  the  table  of  a  planing-machine  which  cuts  both 
ways  is  9  feet,  if  the  resistance  to  be  overcome  while  cutting,  be  taken  at 
400  lbs.,  and  the  number  of  double  strokes  per  hour  be  80  ;  find  the  horse- 

power  Absorbed  in  cutting.  An».    '29. 
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26.  (a)  A  cut  of  *06  inch  depth  is  being  made  on  a  4 -inch  wrought- 
iron  shaft  revolving  at  10  revolutions  per  minute ;  the  traverse  feed  is  0*3 
inch  per  revolution ;  the  pressure  on  the  tool  is  found  to  be  436  lbs. ; 
what  is  the  horse-power  expended  at  the  tool?  How  much  metal  is 
r^noved  per  hour  per  horse-power  ? 

Aru.y  -1381 ;  98*28  cubic  inches. 

(b)  "When  the  traverse  feed  is  "06  inch  per  revolution,  the  pressure  on 
the  tool  is  found  to  be  570  lbs. ;  find  the  horse-power,  and  the  metal 
removed  per  hour  per  horse-power.  Ans.j  '181 ;  150  cubic  inches. 

(e)  If  the  above  horse-power  is  called  the  useful  power  t%  and  it  is 
found  that  the  actual  horse-power  given  to  the  lathe  is  01  -|- 16  u,  find 
actual  horse-power  and  metal  removed  per  hour  per  actual  horse-power  in 
the  two  cases. 

Ans.f  '3071,  44*2  cubic  inches;  -3715,  73-1  cubic  inches. 

26.  How  much  work  is  expended  in  raising  the  materials  for  building 
a  uniform  column  of  brick  66  feet  8  inches  high,  and  21  feet  square 'C 
{w  =  1 12).  A»8.,  1-098  X  108  foot-lbs. 

27.  A  ball  weighing  5  ounces,  and  moving  at  1,000  feet  per  second, 
pierces  a  shield,  and  moves  on  with  a  velocity  of  400  feet  per  second ; 
what  energy  is  lost  in  piercing  the  shield  ?  Aut.^  4,076  foot-lbs. 

28.  What  is  the  lonetic  energy  of  a  tramcar  moving  at  6  miles  per 
hour,  laden  with  thirty-six  passengers,  each  of  the  average  weight  of  1 1 
stones  ?  Weight  of  car,  2 J  tons.  What  is  its  moment imi  ?  If  stopped 
in  two  seconds,  what  is  the  average  force  ?  If  the  force  is  constant,  this 
must  also  be  the  space  average  force ;  so  find  the  distance  of  stopping  if 
the  force  is  constant. 

An8„  13,400  foot-lbs.  ;  3045-565  ;  15228  lbs. ;  88  feet. 

47.  Bicycle  problems. — When  a  man  says  that  his  bicycle  is 
geared  to  D  inches,  he  means  that  he  advances  t  d  inches  for 
one  turn  of  his  pedals.  Let  the  diameter  of  the  pedal  circle 
be  d  inches.  Let  Wq  be  weight  in  lbs.  of  rider,  w^^  of  machine, 
WQ-|-t£?Q=w.  Lett/;  be  the  uniform  vertical  force  which  the 
rider  applies  to  each  pedal  alternately ;  if  t<;  is  negative,  it 
means  that  he  is  back-pedalling.  Let  f  be  the  force  in  lbs. 
which  would  pull  the  bicycle  along  at  the  velocity  of  v  miles 
per  hour ;  2  v)  d  is  the  work  done  in  inch-pounds  by  the  rider 
in  one  revolution,  and  this  is  equal  to  tt  d  p. 


let 
p  V  6,280 


,  or  Fr  -r  375,  the  horse-power  usefully  expended.... (2) 


60  X  33,000' 

12  X  t;  X  5,280       336f>  .,  ,        *  i  *-  *  ^  i 

— ^ = =  w,  the  number  of  revolutions  of  a  pedal  per 

irDX60  D  *  r  r 

minute. ...(3). 

[It  is  useful  to  remember  that  a  machine  geared  to  53  inches 
goes  at  10  miles  an  hour  when  the  pedals  make  one  turn  per 
second.] 


*  _      _  — 

H  t^  Jl  'siu*^  'nLsuk  ^i  ^  ^m,  \  j>vi»   rmL  iTTpg  -iil  a  nsng 

'='•-7 


^;t  *y%  jr-<ic  *ii#3«i2iL  i>-^  atzahi-emiib:  ^r^i^gna*.     T^v  suit  my 

A  rAfifP  Tr*si;jiiir^  1 27  Icrfa.  en  &  <^vri^  ygizgri  :r.-j  5S  11b.  (or 

w=?i4>0  >A.  fxjia  zk^z  rjz,  4  df=s«!irii':  »:t  I  hi  S>.  viia  his  feet  off 

tk^  MJEklai.  r*  is  'XL^  &}><#!■  to  2?pc  on  Tierv  ^lowir  bet  s^eadilT  ; 

46A  a  kxjjT  ^jf^  o€  I  in.  ^'z  his  steMiy  spcicd  .  feet  oif  pedjJsi  was 

S^  nsij«i  i^T  hiTxir :  on  a  long  ^uuo^  ot  I  is.  :M'  Lis  sseadj  speed 

iktx  *Al  p^djklS)  was  20  miks  per  hoar.     In  diese  thnee  cmses 

tfa^  vaIo^3ii  o€  F    were  : — 

w        ^     w         .     w 

—    CT  2-     —   <x  4.    —    ir   >- 

*0  -t*)  rO 

We  need  careful  experiments :  azMi  it  is  iio4  of  much  use 
moTulatinfj  on  the  probable  law  of  retdsiance  of  a  safetT  bicvcle 
wUh  pnenmatic  tyres  on  a  certain  kind  of  road.  A  constant 
term  for  quasi  solid  friction,  and  a  term  \  the  mocst  important  at 
hi^  speeds)  proportional  to  the  square  of  the  speed  relatively 
to  that  of  the  atmosphere  for  air  resistance  :  these  we  ought  to 
have.  Resistance  due  to  uneirenness  of  the  ground  would  be 
constant  if  a  certain  kind  of  unevenness  were  to  repeat  itself 
at  inter\-als  so  far  apart  on  the  road  that  the  ^-ibration  due  to 
each  had  time  to  die  away  before  the  next :  but  speculation  is 
vague,  especially  as  the  kind  of  A-ibration  will  often  depend  on 
the  velocity.  In  our  present  sUte  of  knowledge  we  cannot  be 
far  wrong  in  assuming 

F<j  =  w  ,a  +  ^  4-  «"-)- 
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If  the  above  values  of  Pq  are  correct  at  the  given  speeds, 
tj=0,  9|,  and  20  miles  per  hour,  we  find 

**  80  \  20  ^  200  y  ^  ^ 

as  a  formula  which   represents  our   experimental  data  well 
enough  for  exercise  purposes. 

Hence,  going  up  a  slope  of  1  in  «  we  have 

80  \  20       200         *    / 

for  this  bicycle.     When  w=  160  lbs. 

P  =  2+  1  +  J^  +  l^   ....   (6). 
10  ^  100  «  ^  ' 

Example  1. — ^What  horse-power  is.  expended  in  going  at 
12  miles  an  hour  on  a  level  road  1     Here =0. 

8 

F  =  2  +  1?-  +  .^il  =  4-64  lbs. 
10        100 

The  speed  is  88  v  or  1,056  feet  per  minute,  and  the  horse-power 

=  hO^^^^-^^  =  0-148. 
33,000 

Example  2. — At  12  miles  an  hour,  going  up  or  down  an 
incline  of  1  in  60,  what  is  the  useful  horse-power  1 

P  =  4-64  +  T[         =  7-31  or  197  lb. 

Horse-power  up       =  li2^^  13^  =  0234. 
^  ^  33,000 

Horse-power  down  =  ^A^^^  ^'^  =  0033. 
^  33,000 

EXERCISES. 

1.  In  Examples  1  and  2,  what  force,  Wy  does  the  rider  exert  upon 
his  pedal  if  his  bicycle  is  geared  to  d  =  60  inches  and  the  diameter  of  the 
pedal  circle  is  13  inches  ? 

Ans,,  On  the  level,  to  ==  33-6  lbs. ;  going  up,  w?  =  53  lbs.  ;  going 
down,  w  =z  14-3  lbs. 

2.  On  what  slope  downward  would  the  velocity  of  12  miles  an  hour  be 
steadily  maintained,  feet  off  pedals  ?  Ans. ,  1  in  34^. 

3.  Going  down  a  slope  of  1  in  30  at  8  miles  per  hour,  what  is  the  force 
on  the  pedal  ?  Ans.^  -  12-30  lbs. 

The  minus  sign  means  that  the  rider  must  back-pedal. 

4.  If  a  rider  whose  weight  is  157  lbs.,  back-pedals  on  this  same  bicycle 
with  a  force  of  only  10  lbs.,  down  a  slope  of  1  in  25,  what  is  his  velocity  ? 

Ans.^  13*6  miles  peT\iO\a. 
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The  following  example  is  for  students  who  can  integrate  : — • 
The  resistance  to  motion  being  f  ^  a  -\-  bv  -\-  cv^  on  a  road 
which  does  not  alter  in  character  for  a  whole  journey,  compare  the 
work  done  in  going  over  a  certain  distance,  /-—first,  at  a  constant 
speed,  Vq  ;  second,  at  the  same  avei-age  speed,  but  varying  according 
to  the  law  v  =z  Vq  +  /  sin.  qt.  In  both  cases  the  time  is  the  same 
if  the  jouniey  is  just  so  long  as  to  be  finished  by  the  rider  in  the 
same  state  as  to  speed,  etc.,  with  which  he  starts. 

I    Frf«  =  I   p  1*  rf^  =  I  rvdt  =  I  (^t,  ^  ^,,2  +  cv^)  at, 

the  work  done.  If  we  calculate  this  for  a  time,  t,  where  q  =  2»t, 
it  is  just  as  good  as  for  any  number  of  such  periods.  The  value 
di\'ided  by  t  gives  the  average  work  per  second,  or 

whereas,  if  /  is  0  and  the  speed  is  constant,  we  have  the  average 
work  per  second  avQ  +  bv^^^  +  cv^^.  Hence  the  fractional  increase  of 
work  is  (bf  4-  ^cvj'^)  /  2  {av^  +  bv^^  -f  cv^^).  Thus,  taking  our 
values  of  Art.  47  for  a  weight  of  160  lbs., 

o    ,     1        ,     1      o    ,     160 
10  100  8 

If  the  road  has  everywhere  an  upward  slope,  1  in  «,  we  take 

o    .    160 

«1 
but  we  had  better  take  a  level  road,  so  that  a  =  2.     In  any  case, 

b='l,        c  =  -Ol. 
Taking  an  average  speed  of  10  miles  per  hour  and 

t;  =  10  +  3  sin.  qt^ 
so  that  the  speed  fluctuates  between  13  and  7  miles  per  hour,  we 
have  a  fractional  waste  of  power 

3  b  -t-  90c  3  . 

20   a  +  10*  +  100c   ^^  80' 
that  is,  the  power  at  constant  speed  being  80,  the  average  power  at 
varjnng  speed  is  83. 

48.  Much  of  what  we  have  given  may  be  said  to  be  mere  exer- 
cise work  in  the  use  of  formulSB.  But  we  hope  that  it  is  much 
more  than  that,  and  that  students  are  getting  to  understand 
how  the  formulae  are  derived.  Much  of  this  book  is  devoted 
to  the  explanation  of  how  these  formulae  are  derived,  and 
somewhat  similar  exercises  will  be  given  later.  Our  object 
has  been  to  familiarise  students  with  the  notion  of  the 
quantitative  transformation  of  energy.  The  subject  of  this 
book  is  almost  altogether  the  study  of  energy  and  momentum. 
We  close  this  introductory  part  of  our  subject  with  a  few 
problems  on  the  hydraulic  transmission  of  power  and  the 
j>ropul8ion  of  ships. 
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For  academic  exercises  it  is  sufficiently  coirect  to  say  that  the 
energy  wasted  per  pound  of  water  flowiag  in  a  pipe  is  experiment- 
ally found  to  be  A;  times  its  kinetic  enorg>',  whore  k  has  the  follow- 
ing values  : — In  /  feet  of  pipe  of  diameter  d  feet,  k  =  -0232  Ifd ; 
entrance  or  exit  by  cylindric  pipe  to  or  from  a  reservoir,  k  ^  0-5  ; 

bend  in  a  pipe,  k  =  |  -131  +  1847  (  -  )      }  «♦  where  a  is  the 

fraction  of  two  right  angles  through  which  the  bend  extends, 
D  the  diameter  of  the  circle  of  which  the  centre  line  of  the  pipe 
is  part  and  d  the  pipe's  diameter.  Probably  only  the  first  of 
these  values  of  k  is  fairly  correct. 

Exercise. — Prove  that  if  the  horse-i)Ower,  h,  enters  a  straight 
pipe  as  pressure  water,  the  waste  i)Ower,  w,  is  '00374  /  n^Jp^dJ^^ 
where  p  is  the  pressure  at  the  entering  end  in  pounds  per  square 
inch.  Notice  that  the  fractional  loss  of  power  is  the  fi*actional 
loss  of  pressure. 

If  V  is  the  voltage  and  a  the  current  in  ami)^res,  the  horse- 
power delivered  electrically  to  a  conductor  is  v  a  watts  (746  watts 
are  equal  to  1  horse-power).  The  loss  in  the  conductor  is  a'  k 
watts,  if  R  is  its  resistance  in  ohms.  Hence,  if  h  is  the  horse- 
power sent  in,  the  wasted  power  is  w  ==  746  h-  r/v'. 

X  "044  if  the  copper  conductor  is  n  miles  long  (going 


As  R  =  - 
a 


and  coming,  so  that  the  distance  is  §  ?»  miles)  and  a  square  inches 


H*  n 


in  cross-section,  w  =  32-7  — „   -•     Notice  that  the  fractional  loss 


v^  a 


of  power  is  the  fractional  loss  of  voltage. 

Exercise. — Prove  that  at  an  entering  pressure  of  7(X)  lbs.  per 
square  inch,  if  we  admit  the  following  amomits  of  hydraulic 
power,  we  have  the  following  amounts  of  waste  power.  Also  find 
the  values  in  the  table  for  a  conductor. 


H 

At  pressure  of  700  lbs.  per 

square  inch. 

Horse-power  lost  in  one  mile. 

At  700  volts. 
Horse-power  lost  in  one  mile. 

Conductor 
0'25  square  inch 
in  cross-section. 

The  Power 
sent  in. 

6-inch  pipe. 

8-inch  pipe. 

Conductor 
0*125  square  inch 
in  cross-section. 

20 

50 

100 

200 

300 

0-23 
1-84 
14-72 
117-8 

0-9 

7-4 
59 

•  •  • 

•  •  • 

0-67 

2-67 

10-68 

24-03 

0-34 

1-34 

5-34 

21-36 

48-06 

IJp  to  the  highest  usual  speeds  of  commercial  ships  we 
may  assume  without  great  error  that,  for  vessels  not  d\mmV!^«.T 
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in  form  and  character  and  going  at  the  nanal  speeds,  the 
indicated  horse-power  is  h  =  d*^  t*  ^  c,  where  d  is  the 
displacement  in  tons  and  y  is  the  speed  in  knots  and  c  is 
a  constant,  which  for  many  classes  of  Tcssel  may  be  taken  as 
not  Tery  different  from  240. 

Exercise  1. — What  is  the  indicated  horse-p«>wer  of  a  Tessel  of  1,330 
tons  moTing  at  a  speed  of  12  knots,  if  it  oheys  the  abore  rule  ? 

Ans.,  871. 
Exercise  2. — If  a  Tessel  of    1.720  tons  moTee  at    10   knots   when 
its  indicated  horse-power  is  2.620,  what  is  the  Talue  of  r  in  sach  a  class  of 
Teasel  ?  Ans„  54*8. 

The  resistaiice  to  the  motion  of  a  ship  is  considered  to  be  made 

up  of  two  parts.    1.  The  skin  friction  in  pounds,  s  ^/a  t  ",  where 

Y  is  the  speed  in  knots,  »  is  1  '83  for  Tarnished  or  painted  wooden 
models  or  clean  iron  ships,  a  is  the  wetted  area  in  square  feet, 
/  is  -009  for  ships  of  over  200  feet  long,  and  -012,  -0106,  0096 
for  ship  lengths  of  8,  20,  and  50  feet.  At  speeds  of  6  to  8  knots  in 
ordinary  Tessels  this  skin  resistance  is  about  80  or  90  per  cent,  of 
the  whole  :  at  high  speeds  it  i>  about  half  the  whole. 

2.  A  rendnary  resistance  due  to  the  f*act  that  eddies  (the 
smaller  part^  and  waTes  are  produced.  Eddy  resistance  is  thought 
not  to  be  more  than  8  per  cent,  of  the  skin  resistance  eTen  at  high 
speeds.  It  is  mainly  caused  by  bluntness  of  the  stem  of  a  TesseL 
Jn  two  perfectly  similar  ships,  similarly  loaded,  of  lengths  /  and 

L,  at  speeds  r  and  r  \/l//,  which  are  said  to  be  the  corresponding 
speeds,  the  residuary  resistances  are  proportional  to  P  and  i.'. 

The  skin  resistances  8|  and  «j  of  the  ship  and  its  model  can  be 
calculated  from  Froude's  numbers  giTen  aboTe.  Hence,  if  r  is 
the  resistance  in  pounds  of  a  ship  l  feet  long,  a  its  wetted  area  in 
square  feet,  t  its  speed  in  knots,  and  if  r  and  /  are  the  resistance 
and  length  of  a  model  which  is  exactly  similar  and  of  similar 
draught  when  the  model  is  drawn  at  the  corresponding  speed 

V  knots,  where  t  :  r  ::  v^  l  :  v^  /,  proTe  that  it  follows  from  the 
aboTe  that 


K  =  ^  r  —    009  a  t  ^'^ 


o-^^s-o 


if  the  ship  is  more  than  200  feet  long,  and  the  model  is  from  8  to 
30  feet  long. 

Example. — Before  building  a  Tessel  400  feet  long,  of  wetted 
surface  26,000  square  feet,  we  wish  to  know  r,  its  resistance,  at 
T  =  12  knots.  A  model  is  made  10  feet  long,  it  is  drawn  at  a 
speed  of  12v/40  or  19  knots  in  the  tank,  and  its  resistance  r 
is  found  to  be  0*9  lb.     We  find  r  to  be  39,720  lbs. 

ProTe  that  r  in  poimds  x  t  in  knots  -=-  325  =  utilised  horse- 
power. In  this  case  we  find  1,463  horse-power.  The  indicated 
power  will  probably  be  more  than  3,000. 

The  Tagueness  of  our  knowledge  as  to  the  probable  loss  of 
power  by  friction,  makes  any  attempt  to  calculate  r  for  the  aboTe 
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purpose  rather  useless,  and  the  better  use  of  the  tank  would  there- 
fore seem  to  lie  in  helping  to  improve  a  particular  class  of  vessel. 

The  following  great  simplification  has  recently  been  tried  by 
Colonel  English.  Suppose  an  existing  vessel  to  be  run  at  various 
speeds  and  its  indicated  horse-power  noted.  Now,  assume  that  the 
effective  horse-power  in  a  new  ship  will  be  the  same  fraction  of  the 
indicated  that  we  take  it  to  be  in  the  existing  ship — say  one-half. 
Find  the  resistance  of  the  existing  ship  at  the  speed  Vj.  We  wish 
to  know  the  resistance  of  the  new  ship  at  the  speed  Vj.  We  only 
need  to  compare  the  wave  and  eddy  resistances,  which  we  shall 
call  w,  and  Wj.  Hake  two  models,  one  of  the  existing  ship  and 
one  01  the  ship  being  designed.  Let  the  values  of  v,  d,  s 
L,  w  for  the  two  ships  and  the  two  models  be  indicated  by 
capital  and  small  letters,  the  existing  ship  and  its  model  having 
the  affixes  j.  s  is  skin  friction ;  d  is  displacement,  which  in  similar 
ships  is  proportional  to  the  cubes  of  the  lengths. 

Let    t;i  =  Vi^^y/«,     v,  =  va  (-?y/«,     and    let    Vi  =  v,; 

that  is,  make  the  models  of  such  sizes  that  Vj  and  v^  as  well  as  v^ 
and  f  J,  are  "  corresponding  speeds,"  and  yet  that  the  speeds  of  the 

two  models  shall  be  the  same.     Li  fact,  ?  =  -  ^  i  -  i  •     Now  let 

dl  Dj    VVg/ 

the  two  models  be  towed  from  the  two  arms  of  a  lever  whose 
fulcrum  may  be  adjusted  and  the  ratio  of  the  resistances,  n,  of 
the  second  to  the  first  may  be  measured.  Note  that  we  need  only 
find  this  ratio — a  much  easier  thing  to  do  than  to  find  either 
resistance.     Show  that  the  total  resistance  of  the  new  ship  is 


s,+  (iyj„w.+-a(^.-^)}. 


tt.  "Wi  j*^*Bai£-niH:-di2r: 
and  ^TEVTmE-n&gf.  \nn  j^  uros  inwL  -wnck  tittih^i 

«nc  3i»js  1  csBKi  3DKXT  ria?;. '■fcLirpt 


ankC  ji  X  ^«v-Tn<n-Tr  jir<v-  cr&riJi  zi  s  tt  -sSks  7a:s  object. 
'■'^  BSioiTi:  -tsitslj  «!?:  smn2E3  7:  -ynrr'jrV  r*i»Er  TMBt  scb^eelL 

9sxi  ^ipesiaiisi:!*^  tilt-sis.  tcvt^  j^r^nr*  -ec^j^dbl.**  aiv  noik 
Twj  *i§w:?nri»-  ir  laissiur  sPDaHliS  ts  Trr.TTC  SuafcicaXB  'will 
Toiric  liwrr  Tafz^r?  "izxk  TiffT  5:^  S-an?*  z:  s  'zao::  ^mj  slioiild 
w  *lJr?irTC  v:  riij  ULl  fjff  mfSkj^.  »ai£  -?:  ptr*  *=ki  <?si  wood. 
MflPftT  ZL  >».*T-T--£  b:  ▼  Til  Jiiui  &  a:::7crT. r-ftr iffe^  -cr  in  asttiiig 
«  ^uKZre  irm.  jb  BraSrc:*:  3lt2s:  Trr-^V  iSr*n  lai*  prcwrdes  of 
»C2l!s  «iii  r.TT^Si.  V  cazLTry  ~:ct^  "^r  acif*  iSksr  own  thin^ 
«  Z?eK  i-T^^'^'aij^  rT«r  Tc^rz.  ~:ct?  -ir^r  c^t  i&exr  thin^ 
is  cb(?psw  Ll  ihr  alfrcnarSrtfcl  Ii^crx^rry.  I  ±=d  li&ii  even  the 
dfC]^::  s:rii«i':  :<e-ifr;5  '^?  Taizi  frr  imaeiif  if  i*  is  noC  too 
wtmsk  spcoc.-f=*£  ;  »zji  if  iis  if^'riliief  ir«  z?rc  c*Lettred  awaj  bj 
soiDie  wrec?fied  rr^xTir-e  $T?c«fCL  rr  la/iccirccT  w«Trk  beiii^  ad<^pted 
br  cheap  lawr^^crr  iz5cr*t'sr:ccs.  tie  rizjiazii?iial  principles  of 
nMCcbaknics  irill  bico^cie  pan  of  iis  2i»fi:i:»I  sacMiDeffv. 

Ix  is  noc  necessary  to  ill'istn'e  •?T«rv:lir::^ ;  a  few  things 
earefuIlT  dooe  in  the  labcrstorr  are  cvcier  chan  manT.     For 

«  «•  « 

example^  let  the  triu^Ie  of  forces  be  illTisCTased  in  its  simplest 
form.  The  principle  is: — If  three  forces  act  on  a  small  bodj 
and  just  keep  it  at  rest,  then  it  we  draw  on  a  sheet  oi  paper 
three  strai^t  lines  parallel  to  the  directior-s  of  the  three  forces, 
and  let  them  form  a  triangle  in  such  a  way  that  arrow-heads 
refNresenting  the  directions  of  the  forces  150  round  the  triangle 
circuitally^  it  will  be  found  that  the  lengths  <rf  the  sides 
of  the  triangle  are  proportional  to  the  amounts  of  the  forces. 
J^.  J  9  shows  how  the  strings,  pulleys,  and  the  smooth  ring  P 


at  any  two         ^ 

the  third),  -    C 

[xiaition  of    £■ 

will   find    ^^ 
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ire  used.     I  am  in  the  habit  of 

Dsiog   three    ecale  -  pans    with 

weights  in  them,  and  I  meamire 

beforehand  the   weights  of  the 

Bcule-pans  themselves.      Put  al- 
most any  weights  in  at  random 

(only  joii  will  find  that  any  two 

iDiiat  be  greater  than  the 

tad  let  p   find   its   positioi 

eqailibrinm,  and    you 

ihe  rule  to   be  nearly  true  every 
time.     Also  for  the  same  set  of 
weights  you  will  find   that  there 
ia  a  small  region  within  which,  anywhere,  the 
centre  of  the  ring  p  may  be  placed  without  dis- 
turbing the  state  of  equilibrium  ;   this   is  owing 
to  the  friction  of  the  pulleys.     The  polygon  of 
tansee  is  also  easily  illustrated.      (See  Fig.  20.-) 

50.  Oar  one  Theory  inBufflcient. — No  n 
trials  without  finding  that  there  is  a  great 

bejond  what  his 

teacher  or  his 
book  has  taught 
hira.  A  force 
has  been  repre- 
sented by  the 
pull  in  a  string 
pas^ng  over  a 
little  pulley  with 
a  weight  at  its 
end.  He  finds 
that  as  his  pul- 
ley works  more 
easily,  and  as  its 
pivots  are  better 
oiled,  his  illus- 
tration of  the 
Uw  is  better  and 
better;  in  fact, 
lie  finds  that  the 
poll  in  a  string  is 
not  exactly  the 


^n  make  these 
to  be  observed 
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ooe  pnlkj  asd  tmr  tsrine  »xti  t«o  veigfatB, 

nlM  A  umI  b.  Fie-  -1.  »  he  ends,  be  will 

find  iliai    tltere  if  «<|Tulibriiim  «Tien  when 

ibc  TVD  Tf^^a  aT«  itM  fEKslj  eqoaL      If 

A  is  sli^tjT  eTTMcr  Uun  b.  and  be  fnrther 

isa«ases  tbr  wfiebi  erf  a  till  it  is  just  able 

to  ovtficoute  K.  ibm  ibe  difference  between. 

ibe   wii^ts   reprrsmts.    in    some   Eashion, 

wfaai  Duy    be  calM   tbe   Mction   of  the 

polkv.   If  now  be  iiK3<mBes  both  the  weights 

wbi«h  be  uses,  he  will  find  that  the  trio- 

lion  i$  j«i?pontoaal«h-  inocased,  and   he 

Ik        will  eet  to  andersmxl  whj  we  so  generallj 

A       find  in  m^ciiineTT'  that  lb«v  is  a  law,  "Mo- 

;  tfy,    tioB  is  proportunml  to  Itwd."    This  l&w 

^M&    is  not  ijniie  troe.  hot   it  is  soffieiently  true 

t.-'  hf  «■  sTfM  Taln^  u>  raginceiB.     Again, 

h«  $««s    that    this    frictton,    wfaici   is   a 

?3peri.?n«d    in   the    '-ni^im^    uvether  <rf  any   two 

surfaces,  is  a  fotvv  vhioh  alwavs  of^-ees  modon,  alwaya  acts 

agaiitsi  (be  siiYintKT  inditeiKC-.  Sappoiw. 

for   example,    thai    be    n>iii]<i    ibat    a 

vei^t  of  .i-I  ounvvs  was  just  aWe  to 

oveivonie  a  wei^hi  rf  ?  ooq^vsl  ;    he 

will  &a^  thai  a  vei^i  itf  aU>ui  4-^ 


Kill    just    be 


weight  iM  5  ouin-eis,  an»i  that  therv  is 
Miuilil-riHiu  iiiih  ,■>  <iuik«$  um  ar.v 
wei^t  vwryitu;  frvno  51  tt»  1?,  Frio- 
tioo  alwavs  helj«  the  weaker  forv-w  ^o 
{irotluee  a  InUnee. 

51.  Lav  of  WOTt— Take  -utT 
Biaehitie,  fnnu  a  siuii>Ie  pnllev  to  the 
intwi  t.»ui)i))iitte(l  luet-itani^ni.  Let  ft 
weisbt.  -v,  bans  frxwtt  a  vvt\l  ivuk.I  a 
Srot«v*d  puDev  «  ax'.e  i«  one  p*n  ot 
the  luei-bAuisiit,  btiltti-.tv  another  «eish«, 
B,  hunj!  fnutt  «iM»vt  rv-uitvi  auKitheras^e 
or  pullev  «>ii>ewher.>  else.  In  Pb:.  ".J^ 
w(^  h«ve  uiiH^iiml  tliat   the  meeJtuijm 

ia  Mclowd  in  »  bu.  aiul  ..vtW  the  i»i> 
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axles  in  question   make   their  appearance.      Now  move  the 
mechanism   so  that  A  falls   and   b  rises  steadily.        Suppose 
that  when  a  falls  1  foot  b  rises  20  feet,  then  if  there  were  no 
friction  in  the  machine  a  weight  at  A  is  exactly  balanced  by 
one-twentieth  of  this  weight  at  b.     This  is  the  law  which  you 
will  find  proved  in  books  on  mechanics.     The  reason  why  it 
is  true  is  this.     The  work  or  mechanical  energy  given  out  by  a 
body  in  falling  is  measured  by  the  weight  of  the  body  multiplied 
into  the  distance  through  which  it  falls.     It  is  in  this  way  that 
we  get  the  energy  derivable  from  the  fall  of  a  certain  quantity 
of  water  down  a  waterfall,  and  it  is  in  this  way  that  we  find 
out  whether  a   certain  waterfall  gives  out  enough  power  to 
drive  a  milL     Similarly  the  energy  given  to  a  body  when  we 
raise  it,  is  measured  by  the  weight  of  the  body  multiplied  by  the 
vertical  height  through  which  it  is  raised.     Now,  every  experi- 
ment we  can  make  shows  that  energy  is  indestructible,  and 
consequently,  if  I  give  energy  to  a  machine,  and  find  that  none 
remains  in  it,  that  there  are  no  means  there  of  converting 
mechanical  energy  into  heat  by  friction  or  into  any  other  form 
such  as  electrical   energy,   or  vice  versd,   and  no   storage   or 
unstorage  of  energy,  as  by  lifted  weights  or  the  coiling  of 
springs,  or  by  increasing  or  diminishing  the  kinetic  energy  of 
anything  (this  is  why  I  pre-suppose  uniform  velocity  in  A  and 
b),  then  all  the  energy  given  to  the  machine  must  be  given  out 
by  it.    This  is  often  what  people  really  mean  when  they  say 
that  their  machine  is  supposed  to  have  no  friction. 

Therefore  the  energy  given  out  by  a  in  falling  must  be 
equal  to  the  energy  received  by  b  in  rising;  and  as  A  falls  1  foot 
when  B  rises  20  feet,  the  weight  of  a  must  be  twenty  times  the 
weight  of  B.  If,  then,  there  were  no  friction  in  the  machine, 
and  if  a  weight  of  20  lbs.  were  hung  at  A  and  a  weight  of  1  lb. 
at  B,  we  should  find  that  if  we  start  A  downwards  or  upwards 
there  will  be  a  steady  motion  produced.  Any  excess  at  a  will 
cause  it  to  overcome  b,  the  weights  moving  more  and  more 
quickly  as  the  motion  continues. 

Now,  in  our  machine.  Fig.  22,  we  can  always  find  by  trial 
what  is  the  velocity  ratio — that  is,  the  speed  of  b  as  compared 
with  the  speed  of  A — and  this  is  usually  called  the  mechanical 
advantages  when  there  is  no  friction,  I  have  chosen  a  machine 
in  which  I  suppose  that  if  a  has  a  uniform  motion,  so  has  b. 
But  if  when  a  is  uniform,  b  is  not  uniform  in  its  motion,  then 
the  velocity  ratio  for  any  particular  position  mustbemesasvxr^ 
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during  exceedingly  small  motions,  as,  after  a  little  motion  every- 
thing alters.  Let  us  continue  to  suppose  that  the  velocity 
ratio  does  not  alter.  Now,  when  we  try  to  balance  a  weight 
at  B  by  a  weight  at  a,  we  find  that  the  above  relation  is  quite 
untrue.  Hang  a  weight  of  1  lb.  at  b,  hang  a  weight  of  20  Iba 
at  A,  there  is  certainly  a  balance ;  but  when  we  have  somewhat 
less  or  more  than  20  lbs.  at  A  there  still  is  balance.  The 
reason  for  this  is  that  there  is  friction  in  the  mechanism,  and 
this  friction  always  tends  to  resist  motion,  always  acts  against 
the  stronj^'er  influence. 

62.  Effect  of  Friction. — We  proceed  to  find  out  in  what  way 
friction  modifies  the  law  given  in  books.  Yon  must  make 
actual  eiperiments  with  some  machine  if  you  are  to  get  any 
good  from  your  reading.  Hang  on  a  weight,  b,  and  find  the 
weight,  A,  wMoh  will  just  cause  a  slow,  steady  motion.  Do 
this  every  time  when  a  number  of  different  weights  are 
placeii  at  r  Now  suppose  you  have  measured  the  velocity 
ratio — that  is,  suppose  you  find  tliat  b  rises  /our  times  as 
rnpidly  as  a  falls.  Then,  according  to  the  books,  there  would 
Ive  an  exact  IwlaniM?  if  a  were  four  times  the  weight  of  b. 
On  actual  triaK  however,  I  find  in  a  special  case  the  following 
tabl<»  of  values  : — 
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l^t  if  li^wv'  Kftd  lyvn  no  fnci Jon  iu  Ti>e  first  esqiieiimnit,  A 
>«v^M  Kax^  K^Ti  ::^0  o\>iHx^  in$to*ii  o£  :^;^  ♦,  hefioe  the  friction 
»  ^*inwirt.l^i  W  thvs  ;?i  4  ^MdTKyts.     Ft>r  ^wtx  expmment  lei 

t^»  W  ^iJr>rv  ^\5l^3r^rt  fvur  iaw«i  9t  fivaa  a  jumI  call  this 
Ai^^K»fy*r>w*   t^  frk'n:k'^.     No>*    bom    idjall    m^    <«MiipaiY   this 

51  IV  VlK^  ^  ;^M3^  >1|W.  -Ana  }»Hre  ^w  oone  to  a 
VMMr  ^  tW  |rrMi1;M4  m|»MtUMie  to  t}>^  pn^m ntl  maxL     How 

4^  ^v»  -Wk-^itM^llx  ^N-^mYvftTy^  i>»\N  iJjSyufs:  ^->wis^  ^i^hw*  defMBd  on 
/«w^  «h/*r)v<r*^  H^>*  d<^  ^i^t  f.Tw^  \^m  r:hr  law  itf  t^or  do- 
jMtfrdMMit'?     Ti  is^  n  ^mcrurr  iiw^  t;KM  ^.h^or  shooH  V a  c2as  in 
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the  community  who  have  ft  Uttie  difficulty  in  maiiipulftting 
decimals  in  arithmetic,  but  it  is  almost  a  stranger  evidence  of 
BBglected  education  that  so  many  people  should  be  ignorant 
of  the  great  usea  to  vhich  a  sheet  of  squared  paper  muy  be  put. 
A  ^eet  of  squared  paper  cau  he  bought  very  cheaply.  It  has 
tgreat  number  of  hf>nz0s£sJ  lines  at  equal  distances  e.^'ct,  Ui& 
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these  are  crossed  by  a  great  number  of  vertical  lines  of  the  same 
kind,  so  that  the  sheet  is  covered  with  little  squares.  This 
sheet  will  enable  me  first  of  all  to  correct  for  errors  of  observa- 
tion in  the  above  series  of  experiments ;  and,  secondly,  to 
discover  the  law  which  I  am  in  search  of.  A  miniature 
drawing  is  shown  in  Fig.  23,  many  lines  being  left  out  because 
of  the  difficulties  of  wood-cutting.  At  the  bottom  left-hand 
comer  I  place  the  figure  0,  and  I  write  10,  20,  etc.,  to  indicate 
the  number  of  squares  along  the  line,  0  a.  Instead  of  10,  20, 
etc.,  I  might  write  1,  2,  etc.,  or  100,  200,  etc.,  according  to  the 
scale  I  am  going  to  use.  Indeed,  on  account  of  the  friction 
being  so  much  less  than  the  weight  A  with  which  it  is  to  be 
compared,  I  number  the  squares  along  the  vertical  line  0  p  by 
1,  2,  etc.,  instead  of  10,  20,  etc.  We  can  employ  any  scale 
we  please  in  representing  any  of  the  things  to  be  compared, 
and  it  is  usual  to  multiply  all  the  numbers  of  one  kind  by  some 
number,  so  as  to  represent  all  our  experiments  on  one  sheet  of 
paper,  and  on  as  much  of  this  sheet  as  possible.  Having  sub- 
tracted four  times  b  from  A,  I  find  the  following  numbers  : — 

A. 
23-4      . 

44-7  . 
66-4  . 
86-8       . 

I  now  find  on  my  sheet  of  paper  the  point  p,  which  is  23*4  hori- 
zontally and  34  vertically,  and  mark  it  with  a  cross  in  pencil. 
Q  is  44*7  horizontally  and  4*7  vertically,  and  so  for  the  others. 
The  last  point,  w,  is  171  horizontally  and  11*0  vertically.  We 
guess  at  the  decimal  part  of  a  small  square.  The  point  P 
represents  the  two  numbers  of  my  first  experiment,  and  every 
other  point  represents  the  two  observations  made  in  one 
experiment.  Now  we  are  certain  that  if  there  is  any  simple 
law  connecting  load  and  friction,  the  points  p,  Q,  to  w,  lie  in  a 
simple  curve  or  in  a  straight  line.  You  see  that  in  this  case  no 
curve  is  needed  to  suit  the  points ;  we  assume  that  they  would 
lie  in  a  straight  line,  only  that  we  made  some  errors  of  observa- 
tion. You  must  now  find  what  straight  line  lies  most  evenly 
among  all  the  points  ;  this  you  can  do  by  means  of  a  fine 
stretched  string,  and  the  line  m  n  seems  to  me  to  answer  best. 
It  tells  me,  for  instance,  that  when  a  is  447  the  friction  is 
reaUf  4'5,  instead  of  4*7.     Take  any  point  in  the  line,  its 
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Tenick.  iiifittBir"5iit9ic  £rT>9  me  ^fae  zrrsa^  tnetion  'nrrf^^rittTuitn^ 
ior  inBooiK.   jiil     jee    uias     frictioa    •>-«»    .Y>fTMrM»fufH    -<* 

wm^.  uci  j-^nL  saclux  hope  co  andpnitanct  mncu   ainnt  :f.  Mil 
jov  aeccaZj  XA£e  grperifnenta,  and   Mtm  ^U^  <nntkr*^   :*hii^t 
Yob  wjL  gTjn  ihe  matter  all  veiy  !dmpl«»   .vlwm    .-«tii   -rv   :'nr 
joonetf :  ic j  descriptioa  of  it  is  as  mmpHrat*^   m  ,f   i    «'#*r«* 
teafhing  voa  hr  mere  words  to  walk,  or  to  tiipvrt«' 

If  at  asT  time  Toa  make  a  numti^r  'if  iittf*antir«<m«'T.»ji    .f 
two  Tuiahle  tldn^  which  have  jtome  i^(»t.inn  tn  nno  tia>t\u*r 
I^ot  them  on  a  sheet  of  squared  paper,  and  • -nr I'Tt    »v   lumir  i. 
flexiUe  strip  of  wood  or  a  raler,  to  rlraw  m  "Amv  -or  "    .i*    • 
straight  line  so  that  it  passes  nearly  rhroi)s(h    «ti     li^    ,<■»<. .t« 
If  the  line  is  straight,  the  law  rnnv^Hiffq  fh^.  ftm  *h^„rf^   **  .. 
prove  to  be  a  very  simple  one.     \xi  the  prwwmt  •»««•   f    r^^-a.-i 
that  any  increase  in  the  load  is  accompaniwl    >y  i-  ,r/.r^.i-?i/.r.^««' 
increase  in  the  amount  of  friction,     ThuA,    vf»4m    iu>   /,<wi    ^    > 
the  friction  is  2*3 ;  when  the  loa^i  is  InO.  ^Im*-  rV  rti/.r.    ..    '  ; 
That  is,  when  the  load  increases  hy  1(»0.  M»#r  fr:t<tr.r.    .^,.  -.uur^r 
by  4-9,  so  that  the  increased  friction  i«  *.iwv  .(    i^   \.s:u,». 
'049,  of  the  increased  load.     In  fact,  it  ■«  -r  tUrA,    't.-^    *-'.    ^- 
calculate  the  friction  at  any  time  fmm  ^hJr  r^i^^ 

Friction  =:  2:]  -   OtO   v. 


./.   . 


That  is,  multiply  the  load  a  in  f^ntu^pai    ."   '\  -.    --. 
the  answer  is  the  friction, 

54.  Law  of  FrictunL'  -Onr  ."i^mur  i  ;.j»i.  :-i^  4.*.*.  '.-..v^. .  -: 
equal  to  the  friction  'l-t  of  "Iut  .tia«'nn->^  ^.-^-fc-...-.  . .t.r^. ..•:-' 
with  a  constant  frai:tion«  'VHi  -rf  *i^  /jwt  -*  .  •  ^ .  .  <• 
similar  seri^  of  t^xpf^rmurnxsk  m  zr^s'.  v-  M-t  nutflLSJUK.  t  .  .:. 
watch  or  d^dt.  or  he  ic  3t  ir»s*i:  ^^'san.-^.^c*^-    wt  ^V6i>  tJif- 

ihis  sort  of  flDB^  lanr. 

If  ywt  desuL  sul  'Uier  vHr-iig^t  'jf  v-  -•>  v*  :*  ^^  .'i.  ;;»  i. 
diffafxti  kaiiii  •?£  jiiiirlmcie  ^^vt  »i_  ii^   ^ciir!  ^e*iur'>  4i.»?  tUf 

two  mCBL''^«n  i3L  "aii^  MUt«Mr  nUt-   VSX\  'Uk   ic¥'    VI..   tVUWii:.   I.*'.    '.Uf 

aoM:  H3ii5ut  iikuiL  3  lint  i:  ueariv  iujpcniaa^»i^  ^^  it*:  usx  ^»uyul^ 
to  WBcTTti: '^ut  :nima;  WiC  nucv  Old  Miaoiiiues.  suoi.  ««»  wvnvw- 
jada  or  i^waiuJc  ^{bckb.  wiiici.  iiavr  lit^n  ivuti:  ii.  usk-.  wv 
to  SOBS;  iiaaQinuAizVf;  V;  blqqt  tiiai.  lif^uiiful.  ^}HViuli^  uuuir', 
ftk&ayUtssfc mjEHdiiii<«.     1x2  lur  jaboraiorv,  now.  «A  F\\\«V»xvNx 
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there  is  an  ideal  screw-jack ;  the  weight  p  (Fig.  40)  is  not  a 
single  weight,  but  two  equal  ones  at  the  ends  of  two  cords 
which  pass  round  two  equal  grooves  and  produce  a  true  COUple 
in  turning  the  screw.  I  prefer  the  rough  old  thing  previously 
in  use,  just  as  I  prefer  the  cheap  Attwood's  machine  (Fig.  163), 
which  used  to  be  employed  in  my  laboratory,  to  either  of  the 
two  elaborate  machines  which  are  now  in  use.  The  pulley  of 
Fig.  21,  which  I  use,  is  out  of  balance  and  badly  made;  it 
gives  ever  so  much  more  instruction  than  if  it  were  so 
expensively  and  correctly  made  that  the  friction  which  one 
wants  to  measure  had  almost  disappeared.  My  laboratory 
crane  is  a  model  crane,  much  too  carefully  constructed ;  but 
my  hydraulic  jack  and  differential  pulley  block  are  the  real 
things,  made  "for  human  nature's  daily  use."  Our  object  is 
not  to  find  out  how  to  make  a  machine  with  the  most  friction- 
less  bearings;  else  we  should  find  it  instructive  enough  to 
work  experimentally  with  ball  bearings,  such  as  are  used  in 
cycles  (Art.  70),  and  with  friction  wheel  bearings.  Again, 
a  student  is  told  to  judge  with  his  eye  as  to  whether  a  weight 
A  is  falling  steadily,  with  a  uniform  velocity.  Let  him  find 
out  for  himself  how  much  of  the  steadiness  is  due  to  irregu- 
larities in  the  rubbing  surfaces  of  the  machine,  and  how  much 
can  be  altered  by  altering  the  weight.  Do  not  spoon-feed  him. 
Let  it  be  a  discovery  of  his  own  that  his  eye  is  somewhat 
defective  as  a  speed-measurer ;  he  will  be  led  to  suggest  plans 
for  more  accurate  working  if  you  refrain  from  forcing  upon 
his  attention  your  elaborate  plans.  Indeed,  your  electric  and 
other  contrivances  for  measuring  velocity  may  be  so  elaborate 
as  to  hide  altogether  from  a  student  the  main  object  of  his 
experiments;  just  as  when  a  young  student  works  with  a  200- 
ton  testing-machine,  it  is  almost  impossible  for  him  to  think 
of  the  little  specimen  of  material  which  is  being  tested,  the 
testing-machine  itself  takes  up  so  much  space. 

55.  Force  of  Friction. — T  have  in  all  this  used  the  term  ** Mo- 
tion," or  the  term  "  effect  of  friction,"  to  mean  the  difference 
between  the  weight  which  would  balance  another  through  the 
mechanism  if  there  were  no  resistance  to  the  rubbing  of 
surfaces,  and  the  weight  which  will  just  overcome  the  other 
when  there  is  such  resistance.  Observe  that  there  is  a  great 
difference  between  the  cases,  A  overcoming  B  (Fig.  21),  and  B 
overcoming  A.  What  we  have  called  friction  is  due  to  the 
rubbing  at  all  sorts  of  surfaces  in  all  sorts  of  directions,  at  all 
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sorts  of  velocitiee  under  all  sorts  of  pressures,  and  wo  are  led 
to  study  it  in  its  simplest  form,  where  at  one  part  of  a  pair  of 
Barfacea  the  rubbing  is  exactly  of  the  same  kind  and  in  the 
same  direction  as  at  another  part ;  so  that  we  may  speak  of  the 
reanltant  force  which  reBistB  motion  as  the  force  of  frictioa. 
Sxperimenta  may  be  made  upon  the  apparatus  shown  in  Fig.  24, 
vhere  A  b  represents  a  table,  the  upper  level  surfcMe  of  which 
is  wood,  iron,  brass,  or  other  material  to  be  experimented 
upon.  We  usually  experiment  on  smooth  SMrfaces.  c  ia  a 
little  slide  made  of  any  material  whose  coefficient  of  friction 
with  the  table  we  wish  to  find.  Different  weights  may  be 
placed  on  it.  The  weight  of  the  slide,  together  with  the 
weight  lying  upon  it,  is  the  total  force  (ft)  pressing  the  two 
snr&cee  together,  c  is  pulled  by  the  weight,  w,  hung  from  a 
string,  passing  over  a  pulley  working  on  very  frictionless 
pivots.  The  weight,  w,  which  will  just  cause  the  slide  to  keep 
np  a  steady  motion  on  the  table,  is  taken  as  a  measure  of  the 
fnction.  Of  course,  however,  it  really  includes  the  resistance 
of  the  pulley,  but  this  is  usually  neglected,  as  we  know  from 
previous  experiment  tliat  it  is  small.  It  is  found  necessary  to 
Bt&rt  the  slide  by  giving  a  little  jerk  to  the  arrangement,  aa 
the  friction  when  the  slide  is  motionless  is  found  to  be  some- 
*rhat  gTSftter  than  when  it  is  moving.  This  is  one  of  the  most 
instructive  experiments  which  can  be  made  in  mechanics,  and 
I  hope  that  every  reader  will  make  a  series  of  observations. 
Let  him  correct  hia  results  by  means  of  squared  paper,  and  he 
will  find  it  nearly  true  tliat  the  friction  is  a  constant  fraction 
of  the  force  pressing  the  surfaces  together.  This  fraction  is 
called  the  coeffldflnt  of  friotioQ  and  usually  denoted  V)^  )»,    1 
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give  its  value  for  a  few  surfaces,  but  a  student  liftd  better 
depend  upon  the  values  which  he  himself  arrives  at ;  they  will 
not  be  the  same ;  they  may  differ  greatly  from  these. 

Oak  on  oak,  flbrea  parallel  to  direction  ol  motion      ,         ,     048 

,,  „     porpendicular    „  „       .    .         .     0'3* 

„  „     endwise  „  „  .         .     0-19 

Metalfl  on  oak  „     parallel  „  „  .  0-5  to  0-6 

Wrought  iron  on  wrought  iron,  wrought  iron  on  cast 


A  layer  of  oil  or  other  lubricant  between  the  surfaces  will 
gtestiy  reduce  the  friction.  Figures  given  for  the  coefficient 
of  friction  when  a  Inbricant  is  used  are,  however,  very  greatly 
misleading,  bat  for  student's  exercise  work  fi  may  be  taken  any- 
thing between  '04  and  '01  for  sperm  oil,  between  not  too  gener- 
ously but  continuously  lubricated  surfaces,  lieing  twice  as  much 
for  greases  as  for  sperm  oil. 

It  is  very  interesting,  after  determining  the  coefficient  iA 
the  case  of  a  certain  pair  of  materials,  to  dlminiah  the  size  of 
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tbe  slide.  Ton  will  find  that  unless  you  diuiiuisli  it  so  uiucb 
that  the  pressure  actually  alters  the  surfaces  iii  contact  from 
being  quite  plane  you  will  get  pretty  much  the  same  result. 
You  will  also  find  that,  whether  the  motion  of  the  slide  is 
quick  or  slow,  if  your  weight  maintains  the  motion  steady 
when  it  is  slow  it  will  also  maintain  it  steady  when  quick. 

If,  instead  of  using  a  cord  and  weight,  we  move  the  slide 
by  tilting  the  table  more  and  more  from  the  horizontal  (see 
Fig.  25),  the  slide  getting  an  occasional  shove  to  start  it,  let  the 
inclination  of  the  table  be  found  in  degrees  when  the  weight 
of  the  body  itself  is  just  able  to  keep  up  a  steady  motion.    The 
tangent  of  the  angle  of  inclination  of  the  table  when  this 
occurs  can  be  found  in  a  book  of  mathematical  tables ;  it  proves 
to  be  equal  to  the  coefficient  of  friction.     This  method  of  ex- 
perimenting is  much  easier  and  is  more  exact  than  the  other, 
but  it  is  not  so  instructive  for  a  beginner.     (See  Art.  90.) 

56.  Loss  of  Energy  due  to  Friction. — In  the  simple  case 
with  which  we  began  Art.  50,  the  difference  of  pull  in  a  cord 
on  the  two  sides  of  a  pulley  was  what  we  called  the  friction 
of  the  arrangement,  whereas  we  see  that  the  friction  takes 
place  at  every  point  where  rubbing  occurs,  not  only  at  the 
pivot  but  even  in  the  fibres  of  the  cord  itself,  and  the  force 
at  one  point  may  be  very  different  from  the  force  at  another 
point.  Again,  any  force  acting  on  the  cord  has  a  greater 
leverage  about  the  axis  than  any  of  the  forces  of  friction  has. 
The  real  connection  between  the  two  things  is,  then,  this : 
what  we  have  generally  called  *'  the  effect  of  friction,''  or  *'  the 
friction  of  the  arrangement,*'  multiplied  by  the  velocity  of  the 
cord  on  which  it  is  measured,  is  equal  to  the  sum  of  all  such 
products  as  the  friction  at  any  point  in  a  rubbing  surface, 
multiplied  by  the  velocity  of  rubbing.  In  fact,  if  the  weight  a 
in  falling  causes  the  weight  B  to  rise,  the  work  done  by  A  is 
greater  than  the  work  done  on  b  by  an  amount  which  is  called 
the  work  lost  in  friction,  and  this  is  the  work  done  against  the 
forces  of  firiction  at  all  the  rubbing  surfaces. 

If  we  know  the  force  of  friction  at  any  place,  in  pounds^ 
and  the  distance,  in  feet,  through  which  this  force  is  overcome— 
that  is,  the  distance  through  which  rubbing  has  occurred — the 
product  of  force  by  distance  measures  the  work  or  energy  spent 
in  overcomii^  friction,  in  foot-pounds.  This  energy  is  all 
wasted,  or  rather,  it  is  all  changed  into  heat  and  does  not  come 
out  of  the  machine  as  mechanical  work,  the  shape  in  wY^c\v  \^ 
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Fig.  2(J. 


was  when  we  put  it  into  the  iiiachme.  And  inasmuch  as  no 
machine  can  be  constructed  which  will  move  without  friction, 
we  never  get  out  of  a  machine  as  much  mechanical  work  as  we 
put  into  it. 

57.  Friction  at  Bearings  of  Shafts. — At  almost  every 
rubbing  surface  which  you  can  consider,  the  force  of  friction  is 
different  at  every  pomt  of  the  surface,  and  it  is  generally  acting 
in  different  directions  at  different  points.  Consider,  for  example, 
a  homontal  shaft  and  its  bearing  (Fig.  26).      The  force  of 

friction  at  c,  per  square  inch  of  area  of 
rubbing  surface,  is  probably  not  the  same 
as  at  A.  A  very  little  difference  in  the 
sizes  of  the  journal  and  step  will  cause 
a  considerable  difference  in  the  pressure  per 
square  inch  at  c  or  at  A.  Now  the 
force  of  friction  at  c,  multiplied  by  the 
velocity  of  rubbing,  gives  the  work  or 
energy  lost  per  second  in  friction  at  c ; 
and  this,  added  to  the  energy  lost  at  every  other  place 
where  rubbing  occurs,  gives  the  total  loss  of  energy  per 
second  at  all  the  points.  It  is  not,  thon,  a  simple  matter  to 
investigate  the  force  of  friction  at  every  point  of  such  a 
bearing ;  and  the  rigidity  of  the  metal,  and  a  number  of  other 
important  matters,  not  to  speak  of  the  nature  of  the  lubricant, 
must  be  taken  into  account  in  investigating  the  force  of 
friction  everywhere  when  the  shaft  is  transmitting  different 
amounts  of  power.  As  we  have  already  seen,  however,  experi- 
ment shows  that  the  energy  lost  in  friction  for  a  certain  amount 
of  motion  increases  proportionately  with  the  energy  actually 
transmitted  by  the  shaft.  Keeping  in  mind,  then,  the  general 
law — **the  force  of  friction  is  proportional  to  load" — it  is  easy 
to  see  how  to  reduce  the  friction  al  loss  in  any  machine.  For 
instance,  when  a  wheel  is  transmitting  power,  the  load  on  the 
rubbing  surfaces  of  its  bearings  or  pivots  depends  on  the  power 
transmitted.  Now,  the  actual  force  of  friction  at  the  rubbing 
surface  is  about  the  same,  whatever  be  the  size  of  the  bearing ; 
but  the  distance  through  which  rubbing  occurs  when  the  wheel 
makes  one  revolution  is  less  as  we  have  a  less  diameter  of  bearing; 
in  fact,  the  force  of  friction,  multiplied  by  the  circumference  of 
a  cylindric  bearing,  is  the  energy  in  foot-pounds  lost  in  one 
revolution.  Our  rule  is,  then,  to  make  this  diameter  as  small 
aa  possible^  consistently  with  sufficient  strength.  The  wheel  of 
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a  carriage  is  made  large,  and  the  axle,  where  rubbing  occurs, 
is  made  as  small  as  possible,  because  in  this  way  the  carriage 
moves  over  a  great  distance  for  a  small  amount  of  rubbing. 
There  is  another  reason,  however,  for  the  use  of  large  wheels 
in  carriages  on  common  roads — namely,  their  requiring  a  less 
tractive  force  to  get  over  obstacles,  such  as  stones.  In  some 
machines,  where  it  is  important  that  there  should  be  very  little 
friction  at  the  bearings  of  axles,  the  axles  are  made  to  lie  at 
each  end  in  the  angle  formed  by  two  wheels  with  plain  rims. 
The  main  axle  rolls  on  these  wheels,  and  it  is  only  at  the  axles 
of  the  wheels  that  there  is  nibbing.  This  rubbing  is  a  very 
slow  motion,  and  as  the  force  of  friction  is  but  little  increased 
in  consequence  of  the  weights  of  the  friction  wheels,  the  energy 
lost  in  friction  may  be  made  very  small  in  this  way.  Every 
curious  student  is  aware  of  the  way  in  which  roUiruj  takes  the 
place  of  sliding  in  the  ball-bearings  of  cycles.  This  kind  of 
hearing  will  probably  be  greatly  used  in  oixlinary  machinery. 
The  resistance  is  as  if  we  had  a  co-efficient  of  friction  inversely 
proportional  to  the  diameter  of  the  ball  or  friction  roller, 
because  of  indentation  of  the  rolling  surfaces. 

If  you  compare  Watt's  parallel  motion  which  is  still  used 

in  some  pumping  engines  to  cause  the  piston-rod  to  move  in  a 

straight  line,  with  the  slide  which  is  now  so  common,  you  will 

see  that  there  is  very  much  less  loss  of  energy  by  friction  when 

the  parallel  motion  is  employed,  because,  whereas  in  the  slide 

the  rubbing  motion  is  as  much  as  the  motion  of  the  piston,  in 

the  parallel   motion  rubbing  onjy  occurs  at  the  pins  of  the 

arrangement.     Unfortunately,  this  arrangement  does  not  allow 

the  piston-rod    end  to  move  exactly  in  a  straight  line,   and 

produces  some  friction  between  the  piston  and  its  cylinder,  and 

between  the  piston-rod  and  stuffing-box  ;    and  it  is  also  much 

more  costly  and  less  compact  than  slides.     Hence  slides  are 

now  in  general  use. 

68.  In  a  jonmal  of  length  I  and  diameter  e;^,  if  u;  is  the  load  and 
ikw  the  force  of  friction,  at  n  turns  per  minute,  the  velocity  being 
proportional  to  nd^  the  rate  per  second  at  which  heat  is  developed 

per  square  inch  of  area  is  proportional  to  ~-  jj~ .     Calling  -    the 

pressure  p,  we  see  that  pnd  ought  to  be  constant  in  all  journals 
if  they  are  to  have  about  the  same  rise  of  temperature  above 
surrounding  objects,  because  the  giving  out  of  heat  by  a  surface 
per  square  inch  may  be  taken  as  proportional  to  this  rise  of 
temperature.     This  rulo  is  found  to  bo  somowYvut  m\H\evi^\T\^  Vv\ 
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lubricated  bearings,  because  /u  is  not  by  any  means  constant.  The 
values  of  pni  found  in  practice  are  1,000,000  to  1,500,000  in 
locomotive  crank  pins,  calculated  from  full  pressure  and  speed; 
250,000  in  marine-engine  crank  pins;  60,000  to  200,000  in  stationary 
engine  crank  pins ;  crank  shaft  bearings,  36,000 ;  railway  carriage 
axles,  300,000.  When  what  is  understood  to  be  a  constant  in 
one's  theory  varies  between  30,000  and  1,500,000,  it  strains  one's 
sense  of  humour  to  maintain  the  gravity  necessary  in  the  writer  of 
a  text  book.  It  is  evident  that  we  must  pay  more  attention  to 
mere  pressure ;  and  it  may  be  said  that  in  practice  it  is  the  rule 
not  to  greatly  exceed  200  lbs.  per  square  inch  in  shafting,  unless 
there  is  bath  lubrication,  and  then  the  limit  is  500  lbs.  per  square 
inch ;  600  lbs.  per  square  inch  in  crank  pins ;  1,000  lbs.  per  square 
inch  in  crosshead  pins. 

The  practical  engineer  has  by  processes  of  success  and  failure 
arrived  at  dimensions  in  machine  design  which  we  have  always  the 
desire  to  see  reasons  for  in  our  theory.  It  is,  however,  sometimes 
forgotten  that  a  complete  theory  must  be  a  very  complicated  one, 
and  attempts  to  deduce  (find  reasons  for)  certain  very;.useful  rules 
(sometimes  impei*tinently  called  rules  of  thumb)  from  very  im- 
perfect theory,  do  not  always  succeed. 

It  would  be  interesting*  to  find  out  why  it  is  the  universal 
practice  of  good  engineers  to  make  the  ratio  of  length  Z  of  a 
bearing  to  its  diameter  d  increase  nearly  in  proportion  to  the 
number  of  revolutions  per  minute.  It  has  usually  been  lost  sight 
of  that  these  bearings  never  occur  in  long  lengths  of  shafting — 
only  in  separate  machines  like  fans,  centrifugal  pumps,  and  dynamo 
machines.  In  long  lengths  of  shafting,  bearings,  as  their  name 
implies,  are  mainly  used  as  mere  supports;  but  in  separate 
machines  they  not  only  carry  weight — their  function  is,  especially 
in  light  machines  running  at  great  speeds,  to  keep  the  shaft  fixed 
in  direction.  If  then  there  is  any  bending  moment  m  in  the 
spindle,  due  to  centrifugal  force  through  want  of  balance,  or  due 
to  other  causes,  it  is  easy  to  show  that  the  pressure  per  square  inch 
of  bearing,  besides  what  is  due  to  steady  load,  is  proportional  to 
m/Z^^^  and  this  multiplied  by  n  is  supposed  to  be  kept  constant.  If  m 
is  proportional  to  the  twisting  moment,  or  to  the  horse-power,  or 
d^n,  we  have  a  rule  Ijd  ao  n  which  agrees  with  the  practical  one.  I 
have  myself  worked  out  such  a  rule  f or  m  as  a  very  likely  one  in 
certain  kinds  of  dynamo  machines.  In  all  probability  the  rule  for 
any  quick-speed  machine  would  turn  out  to  be  this:  that  if 
questions  of  cost  of  construction  and  space  did  not  intervene,  the 
ratio  oilio  d  ought  not  only  to  increase  with  «,  but  also  with  L, 
the  distance  between  the  main  bearings  of  the  machine.  Where 
there  is  a  possibility  of  error  in  the  allineation  of  the  two  bearings, 
we  have  a  reason  for  the  ratio  oi  I  io  d  increasing. as  the  square 
root  of  the  speed. 

Exercises. — 1.    Find  the  horse-power  necessary  to  turn  a  shaft   9" 
diameter,  and  making  75  revolutions  per  minute,  if  the  total  load  on  it 
is  12  tons  and  <p,  the  angle  of  friction,  is  such  that  sin.  ^  =  '015.     Re- 
membor  thfit  tan.  <p  =  fA.  Ans.^  2*  16. 
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i   Find  the  horee-power  absorbed  in  overc«minK  thu  friclion  uf  a 
foot-itep  bearing  4"  diameter,  the  total  load  being  if  tone,  the  mimbor 
of  TevolutionB  100  per  minute,  and  the  average  co-efficient  of  friction  '07. 
Aiu,,  05  nearly. 

3.  If  it  be  aaaumed  that  the  power  wasted  between  the  end  of  a  flat 
pi*ot  and  its  step  ia  proportional  at  each  point  to  the  product  of  the 
Telocity  and  preganTO,  what  horse-power  will  be  absorbed  by  Buch  a  pivot, 
3"  external  diameter  and  1"  internal  diameter,  when  running  at  120 
revolutioDfl  per  minute,  the  load  on  the  pivot  being  2}  tons,  and  the 
avenge  CO- efficient  ol  Mction  -OOP  Integration  gives  the  total  energy 
wasted  per  second  as  |^  «  fi  w  a,  where  qc  is  the  angulBr  velocity  in  radian* 
per  second,  w  is  the  total  load,  a  is  outside  radius  of  pivot,  and  ^  is  the 
coefficient  of  friction.  Am.,  I-635. 

4.  llie  length  of  a  journal  is  9"  and  its  diameter  6";  it  carries  a  load 
of  3  tons.  M^iat  hoi«e-power  ia  absorbed  in  friction  when  making  100 
rerolutioQS  per  minute,  the  average  co-efficient  of  friction  being  016  f 
What  number  of  thermal  unite  per  minute  will  be  conducted  away  per 
■qnare  inch  of  the  brass  P  Atu.,  0-4B ;  0'2  centigrade  heat  unit*. 

6.  A  shaft  makes  60,  revolutions  per  minate.  It  the  load  on  the  bear- 
ing be  S  tons,  and  the  dia- 
meter of  the  baring  7  inches, 
at  what  rate  is  heat  being 
generated, .  the  average  co- 
efficient of  friction  being 
■05? 

If  3  thermal  unite  escape 
per  minute  when  the  temper- 
ature of  the  bearing  is  1°  C . 
higher  than  that  of  surround- 
ing objects,  what  will  be  the 
increase  in  temperature  (sused 
by  the  heat  produced  at  the 
beariDgF       Aw.,  irSC. 

N.    Friction    and 
Speed  — Ton  will  find 


!oeipen- 
ment  with  such  a  piece 
of  apparatus  as  is  re- 

S resented  in  Fig.  28, 
esigned  to  measure  the 
friction  between  sliders 
of  different  materials 
and  the  cast-iron  sur- 
face p.  Here  we  have 
a  pulley  with  a  broad, 
smooth  outer  surface. 
On  this  surface  lies  a 
slide     made     slightly  Rg.  j?, 

concave,  to  fit  the  rim 
of  the  pulley.    On  this 

slide  we  can  hang  different  loads  w  by  the  armngement  ahowi 
in  the  flgittc,  and  the  slide  can  only  move  a  sraaU  diatwit*  v 
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any  direction  on  account  of  stops.  There  is  a  fly-wheel  to  give 
steadiness  of  motion  when  the  apparatus  is  worked  by  hand.  Sup- 
pose, now,  (hat  p  rotates  in  Ihc  direction  of  the  arrow.  Friction 
causBB  the  slide  to  move  in  the  direction  of  motion  until  it  ia 
brought  up  by  a  stop.     Now  let  weights  he  placed  in  (be  soale- 


pan  VI  nt  1  Qie  sbdo  h  Id  in  a  pos  t  on  half  way  between  the 
itops  Evideatlj  the  force  of  tnet  on  between  the  Bhde  and  p  is 
just  balanced  by  the  ne  ght  in  the  scale  pan  AV  th  this  appar- 
atus you  can  n  t  only  find  the  o  effi  ent  of  fnct  on  for  two 
rubh  ng  s  rfaces  eas  Ij  at  any  spetd  but  y  u  can  very  quickly 
vary  your  experiments,     s  is  a  speed  counter. 

To  what  extent  I  Ought  to  be  ashamed  of  the  following  facts  I 
don't  know.  They  are  instmctivB.  Successive  generations  of 
atodenta  at  Finsbury  obtained  results  from  an  apparatus  like  Kg-  27- 
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It  was  arranged  to  be  driven  by  the  college  engine  at  many 
different  speeds ;  and  there  was  a  speetl  counter.  The  slide  had  a 
much  longer  arc  of  contact  than  is  shown  in  the  figure,  because  a 
rocking  motion,  instead  of  sliding,  was  apt  to  be  set  up.  The  load 
was  applied  at  a  single  point  in  the  centre  of  the  top  of  the  slider. 
In  every  case  when  the  load  was  kept  constant  the  friction  was 
greatest  at  low  speeds ;  it  got  less  and  less  as  the  speed  increased, 
and  reached  a  minimum  value ;  after  which  it  increased  steadily  as 
the  speed  increased,  the  rate  of  increase  of  fricti<m  with  speed 
getting  less  towards  our  highest  speeds.  I  thought  those  curx'cs 
obtained  by  students  well  worthy  of  special  study,  and  several 
times  projected  an  investigation  of  my  own,  and  urged  oth(?rs  to 
take  it  up ;  but  I  was  too  busy  with  other  matters  to  give  it  much 
attention.  Now,  from  Prof.  Osborne  Beynolds's  explanation  of 
the  results  of  Mr.  Beaachamp  Tower's  experiments  one  sees  how 
very  different  the  phenomenon  is  from  what  occurs  between  flat 
sur&ces.  Air  is  b^g  pumped  by  friction  into  the  tspace  between 
the  slider  and  pulley,  and  the  pressure  underneath  the  slider  is 
greater  than  the  atmospheric  pressure,  and  varies  from  point  to 
point,  as  we  have  proved  by  inserting  little  pressure-gauges. 

We  are  about  to  use  now  another  piece  of  apparatus  (Fig.  29), 
the  slider  being  flat,  and  lyinp^  on  a  circular,  flat  horizontal 
plate,  which  may  be  kept  rotatmg  at  any  si)ecd.  The  slider  is 
parevented  horn  moying  much  by  stops,  and  friction  is  balanced, 
as  in  the  abcnre  case,  by  a  scale-pan.  The  apparatus  is  only 
now  (J[uly,  1896)  being  run  for  the  first  time.  "What  sorts  of  results 
will  be  obtained  from  it  I  do  not  know. 

69.  Although,  on  the  whole,  in  any  machine  the  average  forces 
of  friction,  do  not  seem  to  depend  much  upon  speed,  and  they  increase 
in  proportion  to.  the  load,  and  in  other  ways  seem  to  follow  the 
laws  set  down  in  Art.  56,  when  we  make  experiments  on  the 
friction  at  any  one  place  in  a  machine  we  obtain  inconsistent 
results.  So  long  as  our  theory  of  an  action  is  wrong,  our  experi- 
ments give  rise  to  what  are  called  inconsistent  results.  On  the 
hypothesis  of  Art.  56  the  mathematicians  have  built  a  science,  and 
thousands  of  examples  and  exercises  have  been  invented  to  illus- 
trate it.  The  exercises  and  examples  are  valuable  to  the  engineer ; 
but  he  must  remember  that  they  have  been  invented  by  mathema- 
ticians for  the  training  of  mathematicians,  and  he  must  exercise 
caution  in  using  the  results.  I  give  some  examples  in  Art.  58. 
Two  substances,  when  they  really  touch,  get  welded  together ;  and 
this  seizhig  seems  to  occur  in  some  journals  and  footsteps  under 
heavy  loads.  Bodies  said  to  touch  or  rub  on  one  another  are 
really  separated  by  a  layer  of  air  or  other  fluid.  A  slider  like  c 
(Fig.  24)  is  separated  n-om  the  table  a  b  by  a  layer  of  air ;  and 
the  greater  the  load,  the  less  is  the  thickness  of  air. 

Students  will  find  it  very  interesting  to  study  the  friction 
between  two  scraped  surfaces  in  the  workshop.  If  one  plate  is 
laid  down  on  the  other,  there  is  usually  very  little  friction,  because 
there  is  a  thick  layer  of  air  separating  the  surfaces.  By  putting 
on  a  load,  and  giving  small  sliding  motions,  we  can  make 
the  layer  of  air  very  thin — so  thin,  indeed,  that  wlien.  Wi'fe  \,ci^ 

2>* 
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plate  IB  lifted  the  1nt1«m  une  sticks  to  it,  and  liflB  hIbo,  partly 
becauee  there  is  u  partial  vacuum- between  thorn,  partly  also,  prob- 
ttbly,  bocnuse  of  molecular  atlTsction  seeing  that  it  occura  even  in 
a  good  vacaum.  New,  when,  through  Qie  one  plat«  having  Iain 
on  tho  other  a  considerable  time,  or  through  pressure,  we  get  the 
layer  of  air  very  t]lin,  it  is  found  that  there  is  considerable  resistance 
to  sliding.  In  fact  in  this  caae,  where  we  might  eipect  to  find  the 
phenomena  of  friction  assuming  their  simplest  fono,  we  find  what 
seem  to  be  the  most  inconaistent  results.  When  c  (Fig.  24)  slides, 
it  Huoms  as  if  fresh  air  were  being  carried  into  the  space  between 
the  surfaces,  keeping  them  apart,  and  that  tho  greater  the  velocity 


of  rubbing  tho  more  air  is  caiTied  in,  so  that  the  separation 
between  the  surfaces  is  proportional  to  the  velocity  of  rubbing. 
When  we  come  to  discuss  fluid  friction,  and  reflect  that  all  the 
friction  we  know  of  is  really  fluid  friction,  we  shall  not  be  aston- 
ished that  the  laboratory  results  from  the  rubbing  of  solids  are 
sometimes  inconsistent-looking- — we  shall  wonder  greatly  that  the 
above-mentioned  law  should  be  even  approximately  true.  But  I 
cannot  think  the  effect  merely  one  of  the  fluid,  there  is  also 
molecular  attraction.  In  any  lubricated  bearing  which  ia  not  kept 
flooded  with  oil,  the  rules  called  the  laws  of  solid  friction  are  found 
to  be  approximately  true — that  is,  we  niny  lake  the  load  on  the 
Ijearing  in  poimds,  multiplied  by  a  coefficient  /i,  as  representing  a 
foitu  of  friction :  and  this,  multiplied  by  the  distance  of  rubUng 
in  feet,  is  the  mechanical  energy  converted  int«  heat  by  friction. 
/I  is  less  as  the  temperature  is  greater,  partly  because  the  viscosity 
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of  a  fluid  diminishes  with  temperature  (see  Art.  63) ;  but  it  is  not 
only  because  of  this,  for  the  body  of  the  lubricant  also  alters  with 
temperature — that  is,  it  tends  more  to  get  squeezed  out  of  place. 
Of  course  the  firiction  depends  greatly  upon  the  nature  of  the 
lubricant,  and  the  phenomena  are  really  so  ver>'  complicated  that 
in  the  present  state  of  our  knowledge  the  reader  must  perforce  be 
satisfied  with  the  rough  general  law  that  I  have  mentioned.  That 
the  supply  of  oil,  however  small,  shall  be  continuoui,  and  not  inter- 
mittent, is  regarded  as  the  most  important  condition  in  the  lubrica- 
tion of  bearings.  The  lubricant  ought  to  suit  the  nature  of  the 
load.  Thus  great  body  is  necessary  when  the  loads  arc  great,  so 
that  the  oil  may  not.  be  squeezed  out;  and  greases  and  solid 
lubricants,  such  as  soapstone  and  plumbago,  must  be  used  for  very 
heavy  loads.  It  is  also  usual  to  cast  plugs  of  white  metal  and 
other  soft  alloys  in  recesses  of  the  step,  and  in  some  cases  to  line 
the  whole  step  with  such  a  soft  alloy.  As  for  the  detailed 
cons^niction  of  pedestals,  hangers,  a  frames,  and  other  supports  for 
shafting,  this  is  to  be  learnt  in  the  drawing-office  and  shops,  and  it 
would  be  useless  to  refer  to  it  here. 

61.  As  it  has  been  found  that  with  some  kinds  of  material  the 
statioal  friction — that  is,  the  friction  which  resists  motion 
from  rest — is  somewhat  greater  than  the  friction  of  the  surfaces 
when  fUituaUy  m/oving,  experiments  have  been  made  to  deter- 
mine whether,  at  very  small  velocities  indeed,  with  such 
materials,  there  is  not  a  gradual  increase  in  the  friction.     It  is 
known  that  at  ordinary  velocities  the  friction  is  much  the 
same  as  at  a  velocity  of  *01  foot  per  second.     We  have  reason 
to  believe  that  with  metals  on  metals  and  air  between,  there  is 
the  same   friction  at  all  velocities,  even  down  to  one-five- 
thousandth  of  a  foot  per  second^  whereas  with  metals  on  WOOd 
the  friction  increases  gradually  as  the  velocity  diminishes,  until 
when  the  velocity  is  0,  the  friction  is  what  we  call  static 
friction.    Again,  at  very  high  velocities  it  has  been  found  that 
there  is  a  very  decided  diminution  of  the  coefficient  of  friction 
,  between  a  cast  iron  railway  brake  and  the  wrought  iron  tyre 
of  a  wheel.     The  coefficient  was  '33  for  very  slow  motion,  '19 
for  a  speed  of  29  feet  per  second,  and  '127  for  a  speed  of  66 
feet  per  second.     It  has  also  been  observed  in  these  railway 
brake  experiments  that  when  a  certain  pressure  is  applied  for 
a  short  space  of  time  the  friction  diminishes.     All  such  results 
as  these,   however  interesting  they  may  be  to  the  railway 
engineer,  tell  us  nothing  about  what  I  have  hitherto  called 
friction,  because   I   have   supposed   the  rubbing  surfaces   to 
remain  unaltered,  whereas  these  railway  brakes  are  rapidly 
worn  away,  and  the  ejects  of  abrasion  and  polisbmg  «lt^  oi  ^tv 
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utterly  different  kind  from  the  effects  of  friction  of  which  I 
have  hitherto  been  speaking. 

62.  We  must  remember  that  although  friction  leads  to  waste 
of  energy,  all  the  energy  spent  in  overcoming  friction  being 
converted  into  another  form  of  energy  called  hea^  still  the 
force  of  friction  is  very  useful.      The  weight  resting  on  the 

driving-wheels  of  a  locomotive  engine  multiplied  by  the  co- 
efficient of  friction  between  the  wheels  and  rails  represents  the 
greatest  pull  which  the  engine  can  exert  upon  a  train.  Suppose 
the  weight  on  the  driving-wheels  to  he  15  tons,  and  that  the  co- 
efficient of  friction  of  wrought  iron  on  wrought  iron  is  about  0*2, 
the  greatest  pull  which  the  locomotive  can  exert  is  15  x  0*2,  or 
3  tons.  If  the  train,  including  the  locomotive  itself,  resists  with  a 
greater  force  than  this,  the  driving-wheels  must  slip ;  if  the  train 
resists  with  a  less  force  than  this,  there  is  no  slipping,  the  wheels 
simply  roll  on  the  rails.  Again,  it  is  the  friction  between 
the  soles  of  our  feet  and  the  ground  that  enables  us  to  walk ; 
friction  enables  us  to  handle  objects;  friction  enables  a  nail  to 
remain  in  wood ;  friction  keeps  mountains  from  rolling  down. 

63.  Fluid  Priction. — I  have  been  considering  the  friction 
between  solid  bodies  only.  The  friction  between  liquids  and 
solids  or  between  liquids  and  liquids  is  of  a  very  different  kind. 
If  a  man  attempts  to  dive  into  water  unskilfully,  and  falls  prone, 
you  know  that  the  water  offers  a  very  considerable  resistance 
to  a  change  of  shape.  Now  this  is  jnainly  the  resistance  that 
any  body  offers  to  being  rapidly  set  in  motion.  If  you  came 
colliding  against  the  end  of  the  most  frictionless  carriage,  you 
would  also  experience  its  resistance  to  being  suddenly  set  in 
motion;  whereas  the  constant  steady  resistance  to  motion 
which  the  carriage  experiences  when  moving  with  a  uniform 
velocity  is  called  friction.  What  I  wish  rather  to  refer  to  -is 
the  resistance  to  the  motion  of  water  in  a  pipe,  the  resistance 
to  the  steady  motign  of  a  ship. 

In  nearly  all  ordinary  cases  the  motion  is  complicated  and 
difficult  to  study.  The  simplest  motion  is  in  plane  parallel 
layers.  Imagine  two  infinite  plane  parallel  boundaries  with 
the  fluid  between  :  one  of  the  boundaries  at  rest,  the  other 
moving  with  uniform  velocity  v  in  its  own  plane.  Imagine 
the  fluid  to  stick  to  each  boundary.  If  h  is  the  distance 
between  them,  the  tangential  force  per  unit  area  required  to 
keep  up  the  motion  is  /x  v  ^  6  if  /x  is  the  coefficient  of 
Viscosity,     Theory  shows  that  jn  ought  to  be  constant  if  the 
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Fig.  30. 


motion  is  truly  in  plane  layers.  As  we  cannot  experiment 
with  infinite  surfaces,  I  thought  that  I  could  approach  the 
condition  most  nearly  with  the  apparatus  shown  in  Fig.  30. 
p  is  a  hollow  cylindric  body  supported  so  that  it  cannot  move 
sidewise,  and  yet  so  that 
its  only  resistance  to 
turning  is  due  to  the 
twist  it  would  give  the 
suspension  wire,  a.  c  c  is 
water  or  other  liquid  fill- 
ing the  annular  space  be- 
tween the  cylindric  sur- 
f  juses  D  D  and  E  E,  and 
wetting  both  sides  of  f. 
When  the  vessel  d  D,  e  e 
is  rotated,  the  water  mov- 
ing past  the  surfaces  of  f 
tends  to  make  f  turn 
round,  and  this  frictional 
torque  is  resisted  by  the 
twist  which  is  given  to  the  wire.  The  amount  of  twist  in  the 
wire  gives  us,  then,  a  measurement  of  the  viscosity  of  liquids, 
and  investigations  may  be  made  under  very  difierent  conditions. 
The  above  apparatus  was  designed  and  partly  constructed 
in  Japan  in  1876.  Experiments  made  with  it  by  Finsbury 
students  on  olive  oil  are  described  in  the  Proceedings  of  the 
Physical  Society  of  London,  March,  1893.  At  constant 
temperature  below  a  certain  critical  speed,  I  found  that  the 
friction  was  proportional  to  the  velocity,  so  that  /x  could  be 
found.  At  that  critical  speed  I  found  that  there  was  a  sudden 
change  in  the  law,  and  above  tliat  speed  the  fiiction  is  pro- 
poHional  to  a  higher  power  of  the  speed  than  1.  We  know 
that  above  the  critical  speed  the  plane  motion  which  I 
described  above  would  become  unstable,  and  eddies  would  be 
formed.     From  a  theoretical  point  of  view  it  is  curious*  that 

*  Some  experimentH  of  Mr.  D.  Baxandall,  not  yet  published,  show  that 
tlte  forces  of  friction—  that  is,  the  resultant  forces  applied  to  the  solid  bodies 
winch  fcarm  the  boundaries  of  a  mass  of  fluid  to  maintain  relative  motion— are 
strictlj  proportional  to  the  relative  velocity  at  small  speeds,  and  there  is 
always  a  eritioal  ispeed  above  which  the  friction  is  proportional  to  a  higher 
powor  of  tile  v^locaty.  We  have  tried  surfaces  arranged  like  those  of  churns, 
with  paddles  and  curiously  shaped  vanes,  and  the  law  is  always  true.  With 
mixtures  of  glycerine  and  water,  the  higher  power  of  the  velocity  above 
referred  to  depend*  on  the -propovtionB  of  glycerine  and  water. 
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the  phenomenon  should  have  been  so  marked  between  my 
cylindric  surfaces,  because  even  at  slow  speeds  cylindric  motion 
ought  to  be  unstable  inside  a  fixed  cylindric  surface — that  is,  in 
the  inner  part  of  my  trough. 

At  speeds  below  the  critical,  I  measured  /i  at  many 
different  temperatures,  and  noted  the  rapid  decrease  in  it  as 
the  temperature  increased. 

Very  interesting  observations  may  be  made  at  small  speeds 
by  immersing  similar  and  equal  heavy  discs  of  brass  in  air, 
water,  and  oil,  suspending  them  by  fine  steel  wires.  (See  Fig.  30.) 
When  the  suspension  wires  are  twisted  and  let  go,  the  bodies 
vibrate  like  the  balance  of  a  watch.  But  it  is  only  the  one  which 
vibrates  in  air  that  goes  on  vibrating  for  a  long  time  ;  the  one 
in  water  keeps  up  its  motion  longer,  however,  than  the  one  in 
oil,  showing  that  there  is  more  frictional  resistance  in  oil  than 
in  water,  and  more  in  water  than  in  air.  The  rates  of  diminu- 
tion of  swing  or  the  stilling  of  the  vibrations  tell  us  the  relative 
viscosities  of  the  fluids.  If,  by  means  of  a  pointer  or  mirror 
attached  to  the  wire,  you  observe  the  various  angular  displace- 
ments, noting  the  time  for  each,  and  then  plot  your  observa- 
tions on  squared  paper  (as  in  Art.  53),  you  will  find  what  is 
very  nearly  a  curve  of  sines  for  the  vibrations  in  air ;  and  for 
the  different  liquids  damping  curves^  which  show  the  effect  of 
friction  in  the  liquids.  Similarly,  the  rate  of  diminution  of 
swing  of  the  vibrating  fluids  in  U  tubes,  one  containing  water 
and  the  other  oil,  tells  us  about  the  relative  co-efficients  of 
viscosity  of  the  liquids. 

64.  The  motions  in  these  cases  are  not  so  simple  as  in  the  case 
which  I  considered  experimentally.  The  question  of  the  resist- 
ance to  the  passage  of  fluids  through  pipes  is  one  which  has 
attracted  much  attention,  and  the  results  of  experiments  seemed 
very  inconsistent  until  Professor  Osborne  Reynolds  considered 
the  problem.  It  was  known  that  the  pressure  difference  at  the 
ends  of  a  level  uniform  pipe  necessary  to  produce  a  certain 
flow  was  proportional  to  the  length  of  the  pipe,  and  it  was  usual 
to  say  that  the  force  of  friction  was  proportional,  as  in  all 
other  cases  of  fluid  friction,  to  the  wetted  area  ;  it  is  quite 
independent  of  the  pressure ;  it  is  proportional  to  the  velocity 
of  the  water  when  the  velocity  is  small,  but  at  high  speeds  ,it 
increases  much  more  quickly  than  the  speed.  Thus,  as  I  said 
in  the  first  edition  of  this  book,  of  water  flowing  in  a  certain 
pipe,  ''at  the  velocities  of  1,  2,  3,  etc.  inches  per  second,  the 
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friction  is  proportional  to  the  nuinlierH  1,  2,  '.i,  vU:,  wliun-iis 
&t  the  velocities  of  1,  2,  3  yards  jwr  sefiuul  the  friutioii  is  ]>ro- 
portional  to  the  numbers  1,  4,  9,  etc."  At  uniall  velocities, 
three  times  the  speed  means  three  timeH  the  friction ;  wlmreaH 
&t  great  velocities,  such  as  those  of  ships,  three  times  the  speed 
means  nine  or  more  times  the  friction.  We  see,  then,  that 
friction  in  fluids  is  proportional  to  the  speed  when  the  speed  is 
small,  to  the  square  of  the  speed  when  the  speed  is  gi'eat«r,  and 
at  still  greater  speeds  the  friction  increases  more  rapidly  than 
the  square  of  the  speed.  The  resistance  to  motion  of  a  rifle 
bullet  is  proportional  to  the  s<[uare  root  of  the  fifth  power 
of  the  speed ;  that  is,  a  bullet  going  at  fuur  times  the 
velocity  meets  with  thirty-two  times  the  fvictional  resistance 
from  the  atmosphere.  Again,  it  has  been  found  that  the 
friction  is  much  the  same  whateveT  be  the  pressnre.  Tlius 
it  is  found  that  when  the  disc  and  lii^uid  apparatus  is  placed 
in  a  partial  vacuum  or  under  considerable  pressure,  there  is 
exactly  the  same  stilling  of  tlie  vibrations. 

Tins  fact  is  illustrated  by  the  apparatus,  Fig.  31.  Water 
tends  to  flow  from  vessel  a  to  vessel  b,  through  the  long  tube. 
Whether  the  tube  is  in  the  position  shown  in  Fig.  31,  or  in 
the  position  Fig.  32,  or  is  acting  as  a  syphon,  we  find  the  same 
flow  through  it ;  the  same  quantity  of  water  passes  through  it 
per  second,  although  the  pres-sure  of  the  water  in  the  tube  in 


the  position  Fig.  32  -is  very  much 

greater  than  in  the  position  Fig.  31, 

or  again  when  the  tube  is  a  syphon. 

In  tlie  apparatus  actually  used  by 

me,  there    is   a   stopcock    in    the 

middle  of  the   tube,    and   by  nearly    closing  it  one  is   sui 

that  the  friction  occurs  at  the  place  where  the    pressure 
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greatest  in  Fig.  32.  Tiie  comparison  is  most  readily  made 
by  observing  how  long  it  takes  for  a  certain  change  of  levels 
to  take  place  in  the  two  vessels,  repeating  this  several  times 
with  the  tube  in  various  positions,  beginning  and  ending  each 
experiment  with  the  same  difference  of  levels.  Again,  fluid 
friction,  for  even  considerable  velocities,  does  not  seem  to 
dei>end  much  on  the  roughness  of  the  solid  boundary.  This 
seems  to  be  due  to  the  fact  that  a  layer  of  fluid  adheres  to 
the  solid  surface  and  moves  with  it.  Even  when  the  disc  of 
Art.  63  is  indented,  or  when  large  grooves  are  cut  in  it  we 
find  practically  the  same  frictional  resistanca 

Comparison  of  the  Laws  of  Fluid  and  Solid  Friction, 


Friction  between  Solids. 


1.  The  force  of  friction  does 
not  much  depend  on  the  velccity, 
but  is  certainly  greatest  at  slow 
speeds. 

2.  The  force  of  friction  is  pro- 
portional to  the  total  pressure 
between  two  sui-faces. 

3.  The  force  of  friction  is  in- 
dependent of  the  areas  of  the 
rubbing  surfaces. 

4.  The  force  of  fiiction  depends 
very  much  on  the  nature  of  the 
rubbing  surfaces,  their  i*oughness, 
etc. 


Fluid  Friction. 


1.  The  force  of  fric'i-n  verv 
much  depends  on  the  velocity,  and 
is  indefinitely  small  when  the  speed 
is  verv  sIjw. 

2.  The  force  of  friction  does  not 
depend  on  the  pressure. 

3.  The  force  of  friction  is  pro- 
portional to  the  area  of  the  wetted 
surface. 

4.  The  force  of  friction  at 
moderate  speeds  does  not  much 
depend  on  the  nature  of  the  wetted 
surfaces. 


66.  Molecular  theory  gives  us  the  cause  of  fluid  friction  in  such 
a  fluid  as  air.  Layers  of  fluid  at  different  velocities  are  continually 
interchanging  molecules  by  ordinary  diffusion ;  consequently,  the 
relative  motion  is  being  destroyed,  the  rate  of  loss  of  momentum 
by  one  layer  and  gain  of  it  by  the  other  enabling  us  to  state  that 
the  force  required  to  maintain  the  motion  is  proportional  to  the 
surface  of  contact  and  to  the  relative  velocity.  In  regard  to 
friction  in  gases,  the  explanation  is  complete,  the  greater  diffusivity 
at  higher  temperatures  causing  the  viscosity  to  be  greater  also. 
Indeed,  viscosity  is  proportional  to  the  square  of  the  absolute  tem- 
perature. In  the  same  way,  if  two  trains  were  passing:  one  another  and 
the  same  mmiber  of  p  issengera  jumped  from  each  train  to  the  other, 
the  trains  would  become  more  equal  in  speed ;  there  would  seem 
to  y^  a  mutual  frictional  force  between  them  proportional  to  the 
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rate  of  loss  or  gain  of  momentum  per  8ei'<>n<l.  Hut  in  litiuids  th<Te 
is  less  viscosity  at  higher  temperatures,  although  there  is  greater 
diffusi^dty.  This  is  prohtibly  due  to  the  fat-t  that  mei-o  diflfusivity 
is  all-importaut  in  gases,  the  molecules  uf  which  ex(>rt  no  forces 
upon  one  another  except  by  coUisicm  ;  wh(>n>as  in  liijuids,  although 
the  greater  diffusivaty  at  higher  temperatures  would  tend  to  nuike 
them  behave  like  gases,  in  regard  to  viscosity,  forces  are  always 
acting  between  the  molecules  which  resist  shearing  strain,  and 
these  forces  get  less  as  the  tempei-ature  increases. 

Now,  in  any  case  of  relative  motion  between  the  boimding 
surfaces  of  a  fluid,  beyond  a  certain  velocity,  motion  in  plane 
layers  becomefi  unstable  and  sinuous  motion  sets  in.  lliis  means 
that  the  suxfaces  across  which  interchange  of  momentum  ])y 
diffusion  may  take  place  become  greater  in  area ;  so  that  above 
a  certain  critical  speed  I  take  it  tibat  we  may  exi>ect  almost  any 
law  connecting  friction  and  speed.  Theory  shows  that  for  any 
given  shape  of  surface  the  critical  speed  wiU  be  less  as  the  density 
of  the  fluid  is  greater,  and  it  is  less  as  /i  is  less.  A  very  friction- 
less  fluid  is  very  unstable. 

I  believe  that  all  friction  said  to  be  between  solid  surfaces  is  to 
be  regarded  as  taking  place  in  the  fluid  which  always  s(>parates 
such  surfaces.  This  statement  seems  a  mere  truism.  It  is  like 
many  another  yet  to  be  made  by  discoverers  in  applied  physics. 
As  a  matter  of  fact,  the  above  table  showing  the  utter  difference 
in  character  between  the  phenomena  of  solid  and  fluid  friction 
quite  hid  from  everybody's  view  the  fact  that  all  friction  must  ha  a 
fluid  friction,  until  Profbasor  O.  Reynolds  opened  our  eyes.  He  has 
given  us  in  his  lectures  at  the  Royal  Institution  and  in  his  ]>a])<T 
published  in  the  Transactions  of  the  Royal  Society  the  suggestion 
that  it  is  to  some  extent  in  the  solution  of  hydrodynamic  problems 
we  must  look  for  an  explanation  of  the  curious  phenomena  of  solid 
friction.  I  have  already  mentioned  a  curious  phenomenon  often 
brought  to  my  notice  in  connection  with  the  use  of  the"  apparatus 
shown  in  Fig.  27.  Let  me  now  describe  some  experiments  madtj 
on  the  friction  of  journals.  Probably  everjbody  has  been  occa- 
sionally interested  in  carious  results  obtained  when  testing  oils  with 
the  Thnntoii  oil-tester  (Fig.  S3).  Many  of  these  will  be  found 
published  in  Mr.  Thurston's  book  on  "  The  Materials  of  Engi- 
neering," Part  I. ;  but  every  mechanical  laboi-atory  ought  to 
be  provided  with  the  apparatus,  that  students  may  study  the 
phenomena  for  themselves.  In  Him's  experiments,  made  in  1855, 
he  found  that  the  force  of  friction  was  proportional  to  the  square 
root  of  the  product  of  load  and  velocity.  In  the  experiments  of 
Mr.  Beauchamp  Tower  upon  a  steel  journal  with  a  gun-metal  cap 
only,  the  cap  being  loaded,  the  lubrication  being  practically  an 
oil  bath,  the  friction  was  found  to  be  practically  independent  of  the 
load  for  loads  so  excessive  as  from  100  to  520  lbs.  to  the  square 
inch  (the  diameter  being  4  inches  and  length  6  inches,  the 
pressure  is  taken  as  the  whole  load  di^-ided  by  24),  and  in  all  cases 
to  be  practically  proportional  to  the  square  root  of  the  velocity. 
If,  instead  of  such  excessive  lubrication  as  we  have  in  an  oil  bath, 
there  was  only  the  lubrication  due  to  an  oily  pad  pxeaeed.  a^vcv^^i 


APPLIED   HBCHANirS. 


Fig.  SI. 


the  journal  below,  the  ordinary  law  aesumed  lor  the  friction  of 
solids  wna  found  lo  be  approiimstisly  followed.  In  collar  bckringH, 
as  in  the  thruBt  bearingB  of  a  propeller  aliaJl,  hu  again  found  that 
the  ordinary  laws  of  Bolid  friction  are  fairly  well  followed,  and 
that  only  very  much  losa  proaBures  (75  Iba,  per  square  inch  at  high 
BpeedB  and  90  Ibe.  per  square  inch  at  low  speeds)  were  possible 
wilJiout  BeiainB.  TTiese  curious  phenomena  hare  been  completely 
explained   hy  ProfcsBur   (),   Rej-nolds.      They   depend  upon   the 
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caiTj'inj^  of  the  lubricant  into  the  H\tavv  ln-twci'ii  (he  st»'p  ami  (hr 
journal,  and  if  there  is  not  an  oil  Ijath  and  the  motion  is  all 
in  one  direction,  the  lubricant  leaves  the  place  whcix.*  it  in  most 
wanted  and  the  journal  seizes  at  comjiarativelv  low  pressures; 
whereas  if  there  is  such  an  irregularity  of  motion  or  n^versal  of 
motion  as  helps  the  lubricant  to  maintain  its  place,  ver>'  gri«t 
pressures  may  be  employed.  Thus  in  crank  pins  and  railway 
axles  pressures  as  high  as  400  lbs.  per  square  inch  with  8|)erm  oil 
and  600  lbs.  with  mineral  grease  have  been  used ;  and,  ind«»ed,  in 
slow-moving  steam  engines  nearly  double  these  pressures  hav(» 
been  used.  It  is  well  to  remember  that  at  the  place  when*  the 
journal  most  nearly  approaches  the  step  the  pressure  in  the  t)il 
becomes  very  great,  and  if  there  is  an  oi)ening  there  the  oil  is 
forced  out.  It  is  now  quite  common  t6  employ  a  foroe-pump  to 
puDip  oil  at  great  pressure  into  these  parts  of  the  bearings,  and  in 
consequence  much  higher  loads  on  bluings  are  ^jossible  than  used 
to  be  the  case.  In  any  case,  we  must  try  to  understand  the 
distribution  of  pressure  in  the  bearing,  so  that  in  our  endt»avours 
to  utilise  an  ordinary  syphon-lubricator  for  example,  we  shall  not 
be  attempting  iiqpossiUe  things.* 

66.  It  is  in  the  drawing-office  and  shops  that  students  will  become 
acquainted  with  the  methods  in  actual  use  for  supporting  horizontal 
shafts.  Footsteps  for  vertical  shafts,  which  give  endless  trouble  in 
many  high  ketones,  are  now  in  many  cases  water-  or  oil-borne, 
being  converted  into  the  rams  of  hydraulic  presses  ha^'ing  only 
a  very  small  range  of  vertical  motion,  or,  rather,  so  arranged  that 
the  lifting  force  of  the  fluid  shall  always  be  less  than  the  weight  of 
the  shaft. 

67.  It  is  when  great  forces  have  to  be  overcome  slowly,  and 
particularly  with  a  long  translational  motion,  that  water-pressvre 
machinery  shows  itself  most  greatly  superior  to  other  machinery, 
for  friction  seems  to  bo  nearly  independent  of  pressure.  But  if  in 
any  place  the  water  is  set  in  rapid  motion  there  is  internal  fi-iction 
and  waste  of  energy.  Where  fluids  move  so  slowly  that  the 
friction  is  proportional  to  the  velocity,  we  seldom  consider  it  in 
our  engineering  work.  At  the  valves  of  pumps  and  in  pipes  it 
is  usually,  on  the  whole,  economical  to  let  energy  be  wasted  in 
water  friction.  There  is  a  certain  relationship  between  velocity,  t', 
and  diameter,  d,  of  pipe  for  a  particulai*  fluid  which  causes  a  certain 
V  to  be  critical.  Below  that  value  of  v  the  water  flows  in  straight 
streams ;  at  that  critical  value  the  beautiful  straight  lines  which 
Professor  Reynolds  shows  coloured  with  aniline  dye  suddenly  break 
up  into  confused,  smoke-like  eddying  cloud.  Below  the  critical 
yelocily  the  total  pressure  difference — or  friction,  as  we  may  call 
it — ^required  to  keep  up  the  flow  is  proportional  to  the  velocity. 
Above  that  critical  velocity  the  friction  is  proportional  to  a  power 
of  the  velocity  which  varies  from  1  *?  to  2,  depending  upon  the 
nature  of  the  material  of  the  pipe. 

68.  The  mathematical  investigation  of  the  resistance  to  the  pas- 
sage of  a  body  through  a  viscous  fluid  is  so  difficult  that  we  have 
almost  no  results  which  may  be  relied  upon.     Without  viscosity 

*  See  p.  534. 
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there  would  be  no  resiblaiice  to  steady  motion,  whatever  the  shape  of 
the  object.  It  is  difficult  to  imagine  that  there  would  be  no  propelling 
force  on  a  sailing-boat  if  the  air  wei-e  fiictionless,  and  yet  this  is  so. 
Even  in  the  case  of  a  ship,  experiments  on  which  have  been  going 
on  continuously  since  ships  were  first  built,  our  knowledge  is  very 
incomplete.  Roughly,  we  may  take  it  that  resistance  is  generally 
proportional  to  square  of  speed.  In  the  case  of  shot  this  law  holds, 
probably  up  to  speeds  of  300  feet  per  second ;  from  400  to  1,000 
feet  per  second  the  resistance  is  possibly  proportional  to  the  2J 
power  of  the  speed.  Beyond  1,100  feet  per  second  we  may  take, 
F  being  in  pounds,  d  the  diameter  of  a  shot  in  feet,  v  the  velocity 
in  feet  per  second,  f  ^fd^  \v  —  800),  where  /=  3  for  spherical 
and  2  for  elongated  shots  with  ogee-shaped  heads.  The  velocity  is 
greater  than  that  of  sound,  and  probably  it  is  to  this  that  the 
change  of  law  is  due.  The  fact  that  even  in  the  steadiest  winds 
there  is  pulsation,  causes  scientific  speculation  about  wind  pi-essure 
to  be  difficult. 

69.  Reynolds  has  deduced  from  hydrod^-namics  the  rational 
formula 

L«^    p2-u   j,»-3   «,H/^  (1) 

as  the  loss  of  energy  per  pound  of  fluid  passing  thi'ough  a 
pipe  of  length  l  feet  and  diameter  d  feet  at  v  feet  per  second. 
(I  have  reduced  his  numbers  to  suit  the  foot  as  the  unit  of  length.) 
The  index  w  is  1  below  the  critical  velocity,  Vc  =  '039  p/d,  and  n 
varies  from  1*7  to  2  at  higher  velocities  than  the  critical,  p  is 
proportional  to  the  co-efficient  of  viscosity,  which  changes  with 
temperature.    In  the  case  of  water  he  takes 

P  -  1  ^  (1  -  -0336  d  +  -000221  0^)  .  .   .  .  (2), 
where  0  is  temperature  Centigrade. 

A=  1-917  X  10^;         B  =  36-8. 

Note  that  the  critical  velocity  depends  upon  the  temperature 
and  size  of  pipe.  Thus,  for  a  tube  Vo^^  ^^  ^^  inch,  in  diameter,  the 
critical  velocity  is  4  65  feet  per  second ;  for  a  pipe  1  inch  in 
diameter  the  critical  velocity  is  -465  feet  per  second ;  for  a  6-inch 
pipe  {d  =:  05)  the  critical  velocity  is  "077  feet  per  second.  In  all 
practical  hydraulic  cases  the  critical  velocity  is  exceeded,  and  for  a 
general  rule,  with  cast-iron  pipes  in  actual  use,  we  usually  take 
«  =  2.  In  this  case,  in  (1),  the  influence  of  p,  the  temperature 
term,  is  unfelt ;  that  is,  in  practical  hydraulic  work,  temperature 
has  no  important  influence.     The  formula  now  becomes 

lb2v7ad  or  -0007  lv^/d  .  .  .  .  (3). 

As  a  mnemonic  for  this  simple  formula,  let  the  student  imagine  that 
a  solid  prism  of  water  of  length  l  is  moved  along  a  pipe  rubbing 
all  round  its  perimeter,  the  friction  being  proportional  to  the  square 
of  the  velocity  and  to  the  area  of  the  rubbing  surface.  Thus,  if  s 
is  the  wetted  perimeter,  l«  is  the  area  and  the  force  of  friction  is  lw*  ; 
that  is,  H  p  is  the  pressure  difPei-ence  which  produces  the  motion 
and  A  is  the  area  of  cross-section,  j»a  oclm?'-^.     The  loss  of  energy  per 

pound  being  proportional  to  jo,  this  oc  lv-  '  .     Now,  a/«  is  called 

A 
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the  hydraulic  mean  depth»  in,  of  any  channel,  and  we  find  loss  of 
energy  per  pound  =  ciA^jm  .  .  .  .  (4). 

In  the  case  of  a  round  channel  full  of  water 

fn=-D*  4-  td=     d. 
4  4 

Comparing  (4)  with  (3),  the  formula  of  Osborne  Rej-nolds  corre- 
sponds to  c  =  000175. 

The  constant  in  the  formula  (3)  agrees  with  that  of  D'Ar^ 
for  small  pipes.  Reynolds  has  compared  (1)  with  D'Arcy's  experi- 
ments as  well  as  with  his  own,  from  the  smallest  sizes  of  pipes  to 
20  inches  diameter,  and  finds  that  there  is  practical  agree- 
ment. D'Arcy's  pipes  had  joints  which  somewhat  vitiated  the 
results.  Reynolds  gives  for  n  the  values  : — Lead-jointed  pipes, 
1*79;  varnished,  1*82;  glass,  1*79;  new  cast-iron,  1*88;  incrusted 
pipe,  2*0  ;  cleaned  pipe,  1  •91.  This  formula  of  Reynolds  is  rational, 
and  suits  every  imaginable  size  of  pipe,  and  I  prefer  it.  But  that 
of  D'Arcy  is  more  commonly  used  for  pipes  of  from  3  inches  to 
2  feet  in  diameter,  and  it  is  often  used  in  academic  exercises,  in 
which,  indeed,  almost  any  loss  of  energy  per  pound  of  water 
(usually  called  loss  of  h^tid)  is  expressed  as  /  x  the  kinetic  energj' 

per  pound  of  water,  or  /  x  — .    D'Arcy  gives 

f  =  -02  /l  +_i  \  - 
for  a  straight  pipe  of  length  l  feet  and  diameter  d  feet. 

70.  Resistance  to  Boiling. — When  one  wheel  or  cylindric 
body  rolls  upon  another  there  is  some  conversion  of  mechanical 
energy  into  heat.  The  power  lost  seems,  roughly,  to  be  propor- 
tional to  the  force  pressing  the  two  bodies  together,  to  the 
vdocity  of  rolling,  and  to  the  curvature  of  the  smaller  of  the 
two.  We  have  very  little  experimental  knowledge  of  the  subject. 
In  all  probability  the  power  wasted  is  proportional  to  the 
strain  energy  pei'  second  stored  in  the  material,  the  waste 
being  due  to  viscosity.  When  the  velocity  is  very  great,  as  at 
the  driving-wheels  of  locomotives,  secondary  efifects  are  pro- 
duced, waves  of  compression  and  extension  travelling  in  the 
rim  of  the  wheel  and  in  the  rail,  with  very  curious  results.  In 
some  experiments  which  I  have  made  with  great  pressures 
between  hard  cast  iron  wheels  rolling  upon  one  another,  there 
seems  to  have  been  much  local  heating  just  at  the  surfaces. 
At  the  end  of  some  months  of  work  a  quantity  of  black  dust 
had  been  produced,  and  each  particle,  when  examined  by  the 
microscope,  looked  like  a  piece  of  slag. 

Besides  energy  wasted  by  changing  strain  in  the  material , 
there  is  slipping  at  the  surfaces  in  contftQt^     ^  ^^^^cA^  N^\y^ 


86  APPLIED   MECHANICS. 

remembers  that  when  a  strut  is  compressed  it  swells,  and  when 
a  tie  bar  is  lengthened  it  gets  thinner,  can  study  the  "  creep  '^ 
which  occurs  both  here  and  in  belting,  for  himself.  Imagine 
points  one  inch  apart  upon  the  rim  of  an  iron  wheel,  and 
another  set  upon  an  unstrained  plane  indiarubber  surface. 
Now  draw  the  wheel  as  it  indents  the  surface.     As  in  Fig.  34, 

points  1,  2,  3,  and  4 
are  further  apart,  and^ 
points  6,  7,  8,  9  are 
nearer  together  than 
in  the  unstrained  con- 
dition, and  hence  the 
metal  and  indiarub- 
ber surfaces  slide 
upon  one  another.  No 


'•^mm 


Ji^^^t. . ordinary        material 

Fig.  34.  coating  seems  to  have 

much  effect  in  pre- 
venting the  sliding.  A  cast  iron  wheel  on  planes  of  cast 
iron,  boxwood,  and  on  indiarubber,  seems  to  have  frictional 
resistances  to  rolling  in  the  proportion  of  1  :  2  :  8. 

The  loss  of  energy  in  belting  is  partly  due  to  this,  partly 
due  to  energy  wasted  in  bending  and  unbending  the  belt. 
Both  the  lessened  distance  of  rolling  and  the  slip  of  a  belt 
seem  to  be  proportional  to  the  power  transmitted.  M.  Eaffard 
has  actually  used  a  dynamometer  on  this  principle.  He 
transmits  his  power,  to  be  measured,  by  means  of  a  thick 
indiarubber  belt  through  two  equal  pulleys;  the  difference 
of  speed  of  these  pulleys  is  taken  to  be  a  measure  of  the 
power.  The  slip  is  quite  noticeable  when  speed  cones  are  used 
in  driving  machines  at  various  speeds  with  variable  power,  for 
the  actual  speed  has  to  be  carefully  measured ;  calculation 
from  the  known  sizes  of  the  steps  of  the  cones  giving  in- 
accurate results. 

When  pressures  are  not  too  great,  as  in  the  ball  bear- 
ings of  cycles  and  some  machine  tools,  there  can  be  no  doubt 
whatever  of  the  ease  of  running. '  Fig.  35  shows  the  ordinary 
adjustable  ball  bearing  used  in  bicycles,  d  is  the  fork  and  H  the 
hub  of  a  wheel.  The  spindle  a  is  fixed  to  the  fork  D.  One  of 
the  hard  steel  cones  c  is  tight  against  a  shoulder  v ;  the  other 
c'  is  tightened  just  enough  to  let  the  wheel  revolve  easily,  and 
then  it  is  locked  by  the  lock-nut  K.     The  linings  of  the  shaped 
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enda  of  c  are  hai-dened  steel,  and  a  uunil>ei'  iif  ImiU  Ntwl  ImIIm 
are  placed  between.     Fig.  36  is  an  enlarged  drawing  uf  the 


b&II  and  the  linings  showing  that  the  radii  of  curvutunt  of  tlio 
ball,  cone,  and  cup  are  different ,  the  fnction  of  the  bearing 
will  be  much  lesa  than  if  the  radu  uf  curvature  were  nearly 
the  same  A  very  little  oil  getting  inaide  the  hub  finds  it« 
way  to  the  balls 


CHAPTER    V. 

EFFICIENCY, 

71.  Ifecliaiiical  Advantaffe— In  books  on  mechftnics you 
will  usually  find  that  when  simple  machines  are  described,  they 
are   only  considered  in  relation    to   their 
M-'chmtici'l  Adriinlage.     That  is,  suppose  k 
NiLiall    weight    e,    now  usually  called    Uie 
effort,  in  able  by  means  of  the  mechanism 
to  (.'ause  a.  larger  weight,  r,  usually  called 
the  TesiBtance,  to  rise,  the  ratio  of  r  to  B 
is  called  the  mechanical  advantage.    Now, 
in   nearly    all   ca«es   you    will    find   that, 
when  there  is  a  mathematical  investigation 
of  a  machine,  the  assumption  is  made  that 
there  is  no  Motion.  I  have  already 
shown    ycju   that   the    problem    of 
taking  friction   into   account  is  a 
very  difficult  one.    But,  aa  we  have 
practical  man  can  experi- 
ment on  the  effect  of 
friction ;  and,  bappUy 
for  OS,  he  obtains  re- 
sults which  are  genw- 
ally  very  simple^     Let 
the  reader  make  a  few 
experiments     himself, 
or  let  him  by  means  of 
squared  paper  find  the 
relation  between  b  and 
K  .from  the  following 
reaulta,  taken  from  a 
crane,  Fig.  37,  whose 
gearing  was  w^  oiled. 
Pig.  37.  and  whose  handle  was 

replaced  by  a  grooved 
wJieeJj  round  which  was  a  cord  supporting  e  : — 
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R. 


E. 


?!8istaiice  just 

Effort  ju8t  able  to 

Overcome.                                                   Overcome  ReHiHtance 

100  lbs 8-5  Ibe. 

200    „ 

12-8    „ 

300    „ 

170   „ 

400    „ 

21-4    „ 

500   „ 

25-6    „ 

600   „ 

29-9    „ 

700    „ 

34-2    „ 

800    „ 

38-6    „ 

We  found  that  E  fell  forty  times  as  rapidily  as  R  rose,  and 
jou  may  have  imagined  that  the  mechanical  advantage  was 
forty,  or  that  a  weight,  e,  could  lift  a  weight,  r,  forty  times  as 
great  as  itself.  This  would  be  true  if  there  were  no  friction  ; 
but  we  see  that  in  practice  it  is  not  the  case.  Plot  the  above 
values  of  e  and  r  on  squared  paper,  and  you  will  find  that,  if 
the  weight  r  is  increased  1  lb.,  e  must  be  increased  *0429  lb. ; 
and  also  that  when  k  is  0,  an  effort  e  of  4*21  lbs.  is  needed  to 
cause  a  slow  motion  of  the  crane ;  so  that  the  law  is 

B  =  4-21 +0429  R. 

Namely,  multiply  the  resistance  r  in  pounds  by  the  fraction 
"0429,  and  add  4*21  :  the  answer  is  the  effort  required  to  lift 
B.  When  you  have  worked  out  this  rule,  employ  it  in  finding 
how  much  effort,  e,  is  required  to  lift  a  ton  with  such  a  crane. 
— Anstuer,  100*3  lbs. 

The  word  power  is  generally,  but  very  unscientifically,  used 
as  the  name  of  the  force  which  I  have  called  e,  the  effort. 
Power  may,  of  course,  be  used  in  many  senses  by  newspaper 
writers,  but  when  used  by  the  engineer  it  is  a  technical  term, 
meaning  the  rate  of  doing  work.  If  a  weight  of  1,000  lbs. 
falls  100  feet  in  two  minutes,  it  does  1,000  x  100  or  100,000 
foot-pounds  of  work  in  two  minutes,  or  50,000  foot-pounds  of 
work  in  one  minute.  Now,  33,000  foot-pounds  of  work  done 
in  oTie  minute  is  called  a  horse -power,  and  hence  our  falling 
weight  gives  out  50,000  -r  33,000  or  1  -5  horse-power.  Ten 
boree-power  means  ten  times  33,000  foot-pounds  of  work  done 
in  one  minute.  The  idea,  then,  of  power  is  an  idea  of  work 
done  in  a  certain  time. 

7&  Economical  Efficiency. — Take  any  pair  of  numbers  from 
the  above  table,  say  e  =  8  5  lbs.,  when  r  =  100  lbs.  Let  us 
wppose  that  E  is  moving  at  the  rate  of  forty  feet  per  second, 
then  we  know  that  b  is  rising  at  the  n^te  qI  one  ioo\.  ^^t 
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second.  E  is  giving  out  the  power  8  5  x  40,  or  340  foot-pounds 
per  second ;  R  is  receiving  100  foot-pounds  per  second.  The 
ratio  of  the  power  usefully  employed  to  the  power  given  to  the 
machine  is  called  the  efficiency  of  the  machine,  so  that  our 
crane  has  an  efficiency  100 -=-340,  or  *294.  Sometimes  the 
efficiency  is  put  in  the  form  of  a  fraction ;  sometimes  we  say 
that  it  is  29*4  per  cent.,  meaning  that  the  machine  employs 
usefully  29*4  per  cent,  of  the  energy  given  to  it. 

Now  take  another  pair  of  numbers,  say  E  =  38*5,  R  =  800, 
and  let  e  fall  forty  feet  in  one  second,  as  before.  We 
now  get  as  our  answer  '519 — that  is,  more  than  half,  or 
51*9  per  cent,  of  the  power  given  to  the  crane  is  usefully 
employed.  We  see,  then,  that  as  the  power  given  to  the  crane 
is  greater,  the  efficiency  is  also  greater.  This  arises  from  the 
fact  that  the  friction  of  the  unloaded  crane  is  always  entering 
into  the  calculation ;  and  if  we  take  the  case  where  no  resist- 
ance, R,  is  being  overcome,  and  e  must  be  4*21  lbs.,  we  shall 
find  an  efficiency,  0,  because  work  is  being  given  to  the  crane, 
and  none  is  coming  out  usefully.  You  will  always  find  that  the 
power  usefully  given  out  is  a  certain  fixed  fraction  of  the  total 
power  given  to  the  machine,  minus  the  power  required  tc  drive 
the  crane  at  the  given  speed  when  it  is  unloaded.  Choose  some 
speed,  say  that  e  falls  forty  feet  per  second ;  find  the  total 
power  or  40  E ;  find  the  usefully  employed  power  1  x  R  for 
every  case  of  the  above  table.  Plot  your  answers  on  squared 
paper,  and  you  will  find  this  rule  :  if  Pq  is  the  power  required 
to  drive  the  crane  at  the  same  speed  when  unloaded,  if  u  is 
the  useful  power,  and  t  is  the  total  power  supplied : — 

T  =  l-761  u-hPo 

73.  In  some  machines  there  have  been  attempts  to  ap- 
portion the  loss  of  power  to  various  parts.  As  a  rule,  these 
are  very  speculative.  Roughly,  we  may  say  that  the  frictional 
loss  in  a  steam-engine  may  be  divided  in  the  following  propor- 
tions : — Crank-shaft  bearings  and  eccentric  sleeves,  1 ;  valve, 
if  unbalanced,  6;  valve,  if  balanced,  05;  piston  and  rod,  4 ; 
crosshead  and  slides,  -2  ;  crank  pin,  14  ;  total  loss  because  of 
air  pump,  0*3  to  05.  It  is  fairly  obvious  that  on  account  of 
the  great  weight  of  the  fly-wheel  and  other  parts  much  of  the 
energy  loss  in  a  steam-engine  is  the  same  whether  the  engine 
is  giving  out  much  or  little  power,  and  in  many  cases°for 
purposes  of  calculation  this  assumption  may  be  made. 
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Example  1. — From  the  following  results  of  ex|)eriiiient  with 
a  gas-engine,  show,  by  plotting  on  squared  paper  and  correcting 
for  errors  of  obsei^vation,  that  if  i  is  the  indicated  horse-power, 
B  the  brake  horse-power,  g  the  cubic  feet  of  gas  per  hour, 
including  what  is  used  for  ignition,  then 

G  =  20-3  I  -f  8,  G  =  20-4  B  -f  45,  B  =  I  -  1-8. 


I 

B 

ir6 

o 

O/I 

fi/B 

Efficiency. 

13-4 

280 

20-9 

241 

•166 

10-2 

8-4 

216 

21-2 

25-7 

•155 

vz 

6-4 

156 

21  4 

28-9 

•123 

4-6 

2-9 

104 

22-6 

37-9 

•112 

.1-8 

0 

45 

25  0 

0 

When  we  plot  the  values  of  G  and  i  and  of  g  and  b  on 
squared  paper,  we  find  points  lying  very  nearly  in  straight 
lines.  Assuming  that  they  ought  to  lie  in  straight  lines,  we 
find  the  above  laws  satisfied. 

Let  the  student  fill  in  the  columns  showing  g/i  and  g/b. 
Also  from  the  brake  horse-power,  and  knowing  that  one  cubic 
foot  of  gas  per  hour  means  an  actual  supply  of  energy  of  a 
quarter  horse-power,  let  him  fill  in  the  column  of  efficiencies. 
[The  calorific  power  of  one  cubic  foot  of  average  coal  gas  may 
be  taken  to  be  from  500,000  to  540,000  foot-pounds.] 

74.  Example  2. — Again,  taking  the  following  experimental 
results  from  an  oil-engine  (one  pound  of  oil  being  taken  to  give 
out  11,700  centigrade  heat  units  in  burning),  i  being  the 
indicated,  b  the  brake  horse-power,  and  o  the  pounds  of  oil 
used  per  hour. 


1 

B 

o 

o/i     ; 

•86 

o/b 

Efficiency. 

7-41 

6-77 

6-4 

•95 

•128 

8-33 

6.88 

6-8 

'82 

•99 

•122 

4-71 

3-62 

50 

1-06 

1^38 

•088 

0-89 

0 

31 

3-48 

■"■ 

92 


APPLIED   MECHANICS. 


Let  the  student  show  tliat  o  =  0505  i  -f  2*62,  o  =  052 
B-f31,B  =  0-98i-  -89.  Let  him  also  fill  in  the  columns 
o/i  and  o/b.  Prove  that  1  lb.  of  oil  per  hour  means  8*27  horse- 
power actually  supplied,  and  till  in  the  column  of  efficiency. 

76.  Accept  the  following  measurements.  A  steam-engine 
employed  in  driving  a  dynamo  machine  delivering  electric 
energy  to  customers,  each  load  being  kept  steady  for  four 
hours,  each  measurement  being  the  average  of  the  results 
obtained  during  the  four  hours,  i  is  indicated  horse-power ; 
B  the  brake  horse-power  measured  by  a  transmission  dynamo- 
meter ;  the  electrical  horse-power  e  is  obtained  by  multiplying 
amperes  and  volts  to  get  the  power  in  watts  and  dividing  by 
746  ;  c  is  the  coal  used  per  hour ;  and  w  is  the  weight  of  steam 
used  by  the  engine  per  hour.  The  governor  acted  upon  the 
throttle- valve,  and  not  upon  the  cut-o£F. 


I 

B 

Amperes. 

Volts. 

1 
1 

E 

w 

c 

100 

163 

1,050 

1 
100 

143 

4805 

730 

Wi 

iir> 

730 

100 

96 

S770 

544 

108 

80 

506 

100 

69 

3080 

387 

65 

43 

219 

100 

29 

2155 

218 

19 

0 

— 

— 

— 

1220 

First  plot  the  values  of  i  and  w,  i  and  B,  E  and  B,  i  and  c 
ou  Huuai'iHl  paj)er.  It  will  be  found  that  there  is  approxi- 
umtoly  a  linoiir  law  in  every  case.  See  if  you  get  some  such 
lawH  m 

w  =  800  -h  21 1 
B  =  -95  I  -  18 
k  =  -93b-10 
c  =  4-2  I  -  62 


Ni»w  piHwluoo  a  fow  more  columns  of  numbers  and  study  them. 
(Uvo  w  -}-  I  and  0  4-  i.  Give  w  -i-  b  and  c  -r-  b.  Give  w  -r-  e 
Hiul  0  .^^  K.     Also  give  w  -r  c. 

78,    Mt\ulouts   may   compare  the  above   results  with  the 

following'  Hvt^ragt^  u^easurements  made  at  an  electric  supply 

tiMhn  in  i8Dl :  *^ 
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I                               E 

w 
3,268 

K 

Average  for  7  hours. 
11  a.m  to  6  p.m. 

80-3             671 

1 

662 

Average  for  6  hours. 
6  p.m.  to  midnight. 

227-7           163-2 

7,122 

742 

Average  for  1 1  hours. 
Midnight  to  1 1  a.m. 

37             23-64 

1 

2,143 

232 

24  hours. 
11  a.m.  to  11  a.m. 

97-3             68-3 

1 

3,718 

463 

Here  it  will  be  found  that  even  when  the  averages  for  the 
24  hours  are  taken  with  the  others,  we  have  linear  laws 
between  i,  E  and  w,  w  =  1150  -f  26*25  i,  and  E  =  72  i  —  2. 
But  p  does  not  follow  a  linear  law  with  the  others.  The 
reason  lies  in  the  fact  that  a  spare  boiler  was  used  during  part 
of  the  time,  and  there  is  consequently  a  greater  consumption 
of  fuel  than  if  one  or  two  boilers  had  been  used  the  whole 
time.  Since  we  have  considered  fuel  consumption  in  the  above 
exercises,  it  may  not  be  out  of  place  to  introduce  here  some 
figures  from  the  testing  of  a  water-tube  boiler : — 


Steam  ner  hour  from 

and  at  100°  C.  per  lb. 

of  coal. 

Ck>al  per  sq.  ft  of 
grate  per  hour. 

Water  evaporated  per 
sq.   ft.  of  total  Imiler 
heatiug     Rurface     per 
hour.    This  is  not  re- 
duced to  100°  C. 

w. 

13-40 
12-48 
12-00 
10-29 

7*74 
18-6 
29-8 
66-8 

1-24 
3-20 
4-70 
8-50 

103 
233 
357 
686 

If  10  ^  steam  per  hour  per  square  foot  of  grate,  /  ^  fuel 
per  hour  per  square  foot  of  grate.  Plotting  w  and  yon  squared 
paper,  we  find  a  fair  approach  to  a  linear  law, 

«;  =  45  +  9-78/ 
%:=:^  +  9-78. 
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T7.  If  c  i>  the  t.jtal  c«*t  \n.'T  hour  when  the  useful  horse-power 
V  i^  beinsr  s^nt  out  by  an  hydraulic  or  electric  or  other  supply  com- 
l^nv  (c  include*  interwt  and  depreciation  on  first  cost,  rent,  taxes, 
Impair*,  wage*,  store*.  coaL  water,  office  expenses  and  management), 
and  if  it  is  found  that  there  is  a  simple  law  like  c  =  a  p  +  *,  where 
m  and  *  are  constants,  piove  that  the  average  cost  per  hour  is 
calculated  fn>m  the  average  power  in  exactly  the  same  way  as  the 
r«il  cost  c  in  any  hour  is  &t>m  the  p  during  that  hour.  For  \f  t  is 
time  in  hours,  and  p  is  some  function  of  the  time,  then  the  cost 
during  a  year  is.  if  t  is  the  number  of  hours  in  a  year, 

»  0  Jo  Jo 

Hence  the  average*  cost  per  hour  is  -  I  p.<//  -f-  *. 

^Jo 

1  1^ 

Now  -  I  p  y/  is  the  average  jwwer,  call  it  p^,  and  we  see  that 

^Jo 
the  average  cost  is  a  p,,  -r  b.     The  average  power  delivered  in  a; 
day  or  year,  divided  by  the  maximum  power,  is  called  the  daily  or 
yearly  load  fmctor.     If  /is  the  load  factor  and  Pj  is  the  maximum 
power,  then  average  cost  per  hour  =  a  p,  -^  y  +  ft. 
T8.  An  electrical  com^wny  has  arranged  for  a  maximum   output  of 
1,000  horse- [x^wer.     It  is  foimd  that  the  total  cost  per  hour  in  pence  c  is 
c  =  0*8  p  -^  350.    If  p  pence  is  charged  for  every  home-power  hour  sent 
out,  what  is  the  yearly  pn>fit  when  the  average  power  sent  out  day  and 
night  is  Pm  * 

An*. — Subtract  from  p  p.  the  average  cost  per  hour  to  the  company 
which  is  0-8  p,„  -r  3o0,  and  the  profit  per  hour  is  (p  -  0*8)  p^  -  350. 
The  profit  ix>r  annum  in  pounds  is  therefore  this  divided  by  36*5. 

Itrerci^. — What  charge  \yeT  horse-i)ower  hour  will  give  just  no  profit  ? 

AH9.—X  =  0-8  +  350/p„». 
Thus  if  Vm  hiis  the  following  \-alues,  we  have  the  values  of  x 


Pm     1,000  500 


115  1-50 


200  100 


2-55  i  4-30 


79.  We  have  seen  that  if  a  force  s  lb.,  acting  through  e  feet, 
•en\mit>s  a  force  r  lb.,  acting  through  r  feet,  instead  of  the  non- 


ov 


friotional  law  e  =       ....  (1),  we  find  experimentally  some  such 
law  as 

E  =  <f  R  -f  A. 

It  is  ovideut  that  the  constant  a  is  a  frictional  resistance  from  the 
ni.'it'  weight  of  the  i>arts  of  the  machine ;  a  is  always  found  to  be 
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greater  than  -.     The  work  done  by  k  in  the  distance  e  feet  is 

B^  or  «*  R  +  A  ^,  and  the  useful  work  is  r  k,  so  that  the 

r 
rK  ea 


Efl&ciency  x 


an 


It  will  be  observed  that  the  lareer  r  is,  the  smaller  is      ,  or 

an 

the  more  insignificant  is  the  term  due  to  weight  of  parts  of 

machine,  and  the  more  nearly  does  the  denominator  approach 

unity.      However    great  r   may  become,  the    efficiency  cannot 

exceed      .  -  ;  and  as  a  is  always  greater  than  -,  the  efficiency  is 

always  less  than  unity,  as  was  to  be  expected. 

1     r 
Denote  a  by  /  *    ,  where  h  is  always  less  than  1.    Then  the 

efficiency    can    never    be    greater    than    k,      U.    e   And    r    are 

feet  per  second,  then  -=-^  and  v^  represent  the  horse-powers.     Jjct 

n  €  VL  t' 

us  call  _  ^  -  the  total  horse-power  t,  and  .  ^  ^  the  useful  horse-power 
ooO  550 

u,  and  we  shall  caU  t — u  the  lost  or  wasted  horse-power  l.    Then  as 

^e       ae     nr   ,    Ae  1       ,    a«       ,  ,         Ake 

m=  r  ■  556  +  660- ■'  =  *" +  550'""^  ^^^^-MO--  •  '  <^'- 
80.  It  is  interesting  to  know,  from  such  examples  as  we  have 
studied  in  Arts.  73-76,  that  if  t  is  the  indicated  hone-power  of 
a  steam-engine,  and  u  is  the  brake  horse-power,  or  what  is 
given  out  usefully  by  the  crank  shaft,  and  if  this  shaft  drives  a 
dynamo  machine,  and  e  is  the  electrical  horse-power  given  out ;  or 
if  the  shaft  drives  a  pump,  and  e  is  the  effective  horse-power  of 
the  pump,  we  always  find  (probably  with  only  approximate 
accuracy)  a  linear  law  connecting  t  and  u,  and  u  and  e,  and 
therefore  also  connecting  t  and  e.  Furthermore,  in  a  steam- 
engine  which  does  not  vary  its  period  of  cut-off — that  is,  the 
regulation  is  by  throttling  or  the  boiler-pressure  changes— if  w  is 
the  poundage  of  steam  per  hour,  there  is  a  linear  law  connecting 
any  two  of  the  quantities  w,  t,  u,  and  e. 
If  we  write  (1)  as 

u  =  A;t-o,  orT  =  j^u-f^o, 

it  is  carious  that  in  so  many  of  our  inachines  in  which  the 
transmission  of  power  is  by  mere  shafting  k  should  be  so  much  less 
than  unity  as  it  is. 

This  occurs  because  a  mere  torque  is  very  seldom  applied  to  a 
shaft  when  power  is  being  given  or  taken.  When  the  power  is 
supplied  or  taken  off  by  a  belt,  the  power  is  proportional  to  the 
difference  of  pulls  in  the  belt,  whereas  the  loads  on  the  bearings 
and  the  friction  are  nearly  constant.  Such  kinds  of  driving  tend 
rather  to  increase  a  than  to  diminish  k.    All  spur  or  Y>Q7%\  ^%%s\A]Giik 
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tend  to  dimini'^h  i,  and  «.inly  by  tlieir  mere^  wt^sht  du  they  tend  to 
increftge  c  The  y^j^ir  efficiency  of  c>vdinary  linet»  of  shafting  is  a 
matter  to  which  lew  people  ateem  to  hare  paid  any  attention ;  and 
this  i^  I  think,  ahogedier  doe  to  the  absence  of  dysmmometer 
covplagB  or  other  means  of  fencing  upon  the  attention  the  actual 
amounts  of  power  which  aie  being-  transmitted  at  each  place. 
Electrical  engineers  have  xtry  accmate  methods  of  measuring  the 
power  given  oat  by  their  dynamos,  and  hence  they  are  concerned 
as  to  the  actual  mechanical  power  supplied  to  them.  It  was 
almost  altogether  due  to  this  that  diiect  driring  of  dynamos  from 
engines  toc^  the  place  of  indirect  methods;  and.  iivleed,  I  may 
go  further,  and  say  that  it  was  due  to  this  that  the  great  imqproTe- 
martB  have  taken  place  in  steam-engine  manufacture  and  working 
during  the  last  fifteen  years.  If  even  the  practical  engineer  is 
beginning,  therefore,  to  think  of  economy,  it  is  greatly  due  to  the 
fftct  that  electricity  is  paid  fur  at  so  much  per  unit  of  enei^; 
aldioug^  no  doubt,  mucji  is  also  due  to  the  fiict  that  economy  of 
eofld  is  very  important  in  ocean-gv>ing  steamships. 

81.  In  any  machine  in  which  a  sinall  effort,  c  overcomes  a  great 
resistance,  r,  we  usually  find  that  the  fnctional  loss  of  energy  in 
the  machine  is  almocit  altogether  dependent  upon  r.  Thus  in  the 
ineliBed  plane  (Fig.  25).  with  e  parillel  to  the  plane,  the  friction 
is  independent  of  e.  When  in  the  inclined  plane  of  small  inclina- 
tion E  is  horizcmtal,  the  friction  is  almost  altogether  dependent 
on  the  load  to  be  lifted ;  and  it  is  so  in  a  screw-jack  and  in  tbe 
differential  pulley-block.  It  is  not  so  much  the  case  in  cranes, 
unless  such  gearing  as  worm>gearing  is  employed. 

Let  us,  then,  suppose  that  the  loss  of  energy  in  the  machine  is 
altogether  due  to  r.  Then  in  the  direct  use  of  the  machine — that 
is,  B  overcoming  r— if  the  efficiency  is  only  50  per  cent.,  the  loss 
of  energy  is  equal  to  R  r  (if  r  is  lifted  r  feet),  r  r  being  also  the 
useful  energy.  Consequently,  if  we  try  by  increasing  r  to  r*  to 
make  the  machine  rever^se,  the  loss  is  always  rV;  or  the  whole 
energy  would  be  wasted  if  the  machine  could  be  supposed  to  move. 
If,  then,  the  direct  efficiency  is  equal  to  or  less  than  50  per  cent., 
the  machine  cannot  zeTerse  or  oyerhaiiL 

In  any  machine  there  is  some  loss  due  to  s,  and  also  to  the 
weight  of  the  parts  of  the  machine,  as  well  as  to  r,  and  conse- 
quently the  direct  efficiency  must  always  be  less  than  50  per  cent, 
if  the  machine  is  not  to  OTerhanL  On  the  assumption  that  the 
lost  energy,  l,  is 

where  a  is  a  constant,  due  to  the  weight  of  parts  of  the  machine, 
and  m  and  m  are  fractions,  we  have,  in  direct  working, 

E  r  —  R  r  =  L, 

Bf  —  Rr=»iRr  +  iiBe4-A, 
(««jM)Rr+A 

1  —  » 

Hence  the  direct  efficioncv  x  is  ,    ^^  ~"  "1  * *"       .     .     (n. 
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(•r    — — r 7-r-  .     Airain,  in  n'Vfi-swMl  woikin;r 

>«  4-  1  +  A/R  r 

rV—  e^  =  l. 

Kh'  —  ^e  =  HI  r'»'  4-  H  K  <•  +  A, 
R^r  (I  —  w/)  —  A 

1  +  " 

rvu  Am-  *■•*        (1— yy*)R'r  — A  , 

Ihe  revei-sed  emciency  v  =  -  ■  =       .,         .     i        ....  (2i. 

^  -^       v>r  (I  +  w)  h"/-  '  ^ 

This  is  0  or  negative  when 

",-  +  m  =  ur  >  1 . 

As  R^  may  be  made  very  great,  our  condition  of  non-re vernilnlity 

must  he  m  =  1  or  >   1,     Hence  the  direct  efficiency  must  Ik-  etnuil 

1  —  « 
to  or  less  than  „  .-  -  .     .     We  therefore  see  that  there  ia  no  gi'nenil 

2  +  a/r  r 

rule  such  as  manv  people  seem  to  believe  in — the  result  of  mis- 
leading mathematics.  We  can  hardly  call  it  a  general  rule  to  say 
that,  if  m  is  equal  to  1,  r  cannot  overcome  b,  b*»cauKe  w  ==  I  means 
that  all  r's  energy  would  be  wasted. 


£ 


n*^ 


CHAFTEt    VL 


MACXIl^iS). 


Ti^3£. — It  ii>  Ti»v  «Daid  lo  IttTe  a 


ifcv  TiciLiiifcf:  Ttf  fc>.»:ix"i  iitiiefiiia*s  z» 


i^ew  is  no  frictioD. 

fmm  »•  «  ■Mnftiwr  •«  efiMi/  to 
fiftfik   -end   iy  af,  vnleflB  it  is 
x^  ==:  ikp  ^rfcAmr  itsdf  by  the 
of  a  iptiae  fir  in  some  odier  way. 


Ret.  Ve^^  k=fi>vi]i^  the  law  itael^  it  is 
-v<eZ  fi>  kz>o^  wku  it  leads  to  in  certain 
<pe<ctal  •eac9e&  Take,  for  instance,  a 
pailer-block.  Fic-  ^.  It  is  evident 
iiere  tku  if  ^e  liav«>  thiee  polleys  in 
the  t^Qck  B.  if  die  cdfon  p  acts  through 
fir  i£!obe&.  w  wiil  only  rise  one  inch, 
and  thecenve  r  will  balance  six  times 
its  weighs  at  w  if  there  is  no  friction. 
The  mediaEiical  ad^~antage  is  therefore 
six. 

'nii>  i>  *  v-Tfcs*:  in  vhicli  it  is  It^es  dif- 
I  ^y^t    tbskzi    ;a<cul    to    tn^.-^    the    loss    of 

i  -unrrjnr  d-Jit  u-  inirtkn.     If,  when  the  pull 

1  •  '  A  ^:^.ri.  i>  F,  on  the  oT^seomiiig:  side  of  a 

'NT  t-ollry.  ikK   t«rc:<k4i  OQ   tke  Other  side  is 

^Tvn   ^y  Pi  =:  «  F^  —  *,  where  m  is  less 
tkui  1.  diBii  h  doeti  not  depend  much  on  the 
*'■::-  3!>.  wei^t  of  ;fc  sheave,  bat  nther  on  the  vis- 

cv<aty  vf  the  n>pe,  we  may  take  it  that 
Fj  =:  a  Pj  —  4.  aiid  :i^»  on.  I  :ihiill  kane  it  to  students  to  work 
i.ut  ;in  ali?vt«r^c  t-:L(«ee<t»v4i  conneetin^  w.  the  sum  of  p,,  Pj,  Pj, 
etc. ,  and  p^.  w  t^iU  include  the  wei^t  oi  the  lower  blodk.  But 
it  is  iroiHl  to  take  a  uumerii-al  example.  For  instance,  let 
Pj  :=  0*9  p^  -  3.  the  fencer*  bein^  in  poirnds^     Then 


Pa  =  0 


81 
729 


2*4 


-  3  =  0*S1       p^  -    5*7, 
:>13    -  3  =  0*729    p,  —    813, 
6561  p..  -     7*317  -  3  =    '6561  p^  —  10*32, 


590o  yI  -    9*288    -  3  =     *o905  p*  —  12-29^ 

%>315  p^  —  14*06  : 


53lo  p^  —  U-OO     -  3  = 


Hemv  w   -  4-2171  i„  -  oSoO.ur  p^  =  0*237    w    -f  12*7. 
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83.  This  is  a  fairly  g< 
of  friction.  If  we  give 
power  Pg  to  a  machine 
whoflc  efficiency  is  e^ 
if  tills  machine  gives 
power  to  another  whose 
efGciency  ia  e,  and  so 
CD,  the  power  given 
cat  by  the  last  of  a 
Beriea   of    machines    is 


Pfl  X  e. 


<  et«. 


If,  as  in  transDiitting 
power  for  a  great  dia- 
ttnoe  by  meauB  of  ropes, 

all  the  contrivances  are  the  same,  we  have  the  compomid 
Utflrest  law  of  diminution  of  power.  (See  Exercise,  page  232.) 
Students-may  find  it  interesting  to  study  a  machine  or  method 
of  transmission  of  power  in  a  manner  allied  to  what  follows 
b  Art.  91  of  this  cliapter. 

34.  Inclined  Plane. — Again,  take  the  inclined  plane, 
fig.  39  -  w  ia  u  weight  which  may  roll  down  the  plane  without 
friction,  let  uh  suppose ;  p  is  the  pull  in  a.  cord  which  just 
prevents  w  from  falling.  The  cojx]  in  parallel  to  the  plane. 
Evidently  when  w  rises  from  level  a  to  level  b  the  cord  is 
pulled  the  distance  a  b  ;  that  is,  w  multiplied  by  the  height  of 
the  plane  is  equal  to  p  multiplied  by  the  length  of  the  plane. 
Thas,  if  w  is  1,000  lbs  ,  and  the  length  of  the  plane  10  feet  for 
a  rise  of  2  feet,  then  ten  times  p  is  equal  to  3,000,  or  p  in 
300  lbs. 

Barrels  and  boilers  ore  of  ten  raised  along  an  inclined  plane, 
ropes  or  chains  held  fast  at  the  top  of  the  plane  passing  round 
the  cyliiidric  object  and  back  towards  the  top  of  the  plane 
where  force  is  applied  to  them.  In  this  ciise  p  is  evidently 
only  half  what  is  stated  above.  As  the  weight  rolls  on  tlie 
Jouble  rope  or  chain  there  is  not  much  friction.  In  Art.  90 
we  shall  consider  the  effect  of  friction  in  the  inclined  plane. 
86.  The  Screw. — Again,  suppose  there  is  no  tiicUoii  m  \jti.« 


lOi) 
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scivw  A  H,  Fi:r.  40  :  if  it  rises  it  lifts  a  weight  say  of  3,000  lbs 
Now,  if  the  ^rew  make  one  turn  it  rises  by  a  distance  equal 
to  its  pit^h:  that  IK,  th*  ^U^i^me.  (niea.sunHl  parallel  to  the  axis) 

between  two  threeuls. 
Say  that  the  pitch 
is     02    foot,    then 
when      the     screw 
makes  one   turn  it 
does   work  on  the 
weight  3,000  x  -02, 
or  60  foot-pounds. 
But   to  do  this,  P 
must  fall  through  a 
distance    equal    to 
the     circumference 
of    the    pulley    a, 
about  which  I  sup- 
pose the  cord  to  be 
wound.        Suppose 
the     circumference 
of  the  pulley  to  be 
t>  f^vu  then  p  uuihipHed  by  ^  must  l*e  W.  or  p  is  10  lbs.     The 
niK  tht^i.  fvH*  A  s^^f^e-^*   i*  \hx>--^jf.yri  mnltipfied   hy  cireum 
frevHvV  ^-^^  y,i^  i  «^wVv  r'ywtJ.V  j^jpt-sj^iitor  mnftiplied  by  pUch  of 
cfi»*#vw\     It  i*  lu^  usual  u^  iwive  a  inilley  and  a  cord  working 
a  ^r\^\v  ;  it  is  UK>ry  usual  t<^  have  a  handle,  and  to  push  or 
pull  at  ri^ht   auijw^s  to  the  handle.     Instead  of  the  circum- 
<^iviKV  of  the  pulW.  wo  sKi^iM  take*  theiu  the  eirciunfer«ioe 
of  the  eirv^le  vh>!vnl>^l  by  tin*  ivhu?  where  the  eflbrt  is  applied 
tv^  the  handle. 

ltt>,)//4x>vV.    A  $iiMiiiiHNim^B^  ^\^ii>  to  a  jnropeller  shaft  in 

\xue  rewxlutiv^i^  tV.KlW  tfonM-ivMiuds  *^  wvick  :  the  pit<^  of  the 
5«ikHV\v  is  I:?  te^^t.  What  is  the  ne«i$taiKV  u*  the  motion  of  the 
^esss5^^l?  Ausw^sr  IV*  r^t!;t*tawivv  iw  |vmiMi$  multiplied  by  12 
^ve<<  the  xvvxrk  vW^te  iu  v>w«rv»ttitn^  this  r^^tance.  and  this 
Nvork  4«u*t  W  <\\ual  to  ^vK**^^  fv\»5-^\»*itKls ;  Kence  the  resistance 
IvMhe  UN^ik>tx  v»j:  th*'  vetsset  ts  \*KK>  Hhsv  ^It  wiHild  be  more 
wMTtvet  tv*  SA\  that  this  ts  che  >«o*rk  vk^w-  |w  fVi^^-travel  of  the 
\»cs«^K  asstt^wii\^  iK^  s!i^^  v>jr  the  ^-tv^* .  ■ 

SifWW*  a^v  wsevl  ikn-  wkwxv  XHirtv**^  \Vhi»«i  us«%l«  as  in  bolts 
tv^  t^tet^  thiitAfSx  th^'  thrv^i^  acv^  Qciai^ctthir  in  siMtion.  Hie 
"""^ ""         "  thifv^i  V!S^  sbNV>fcn,  t^t  l^^j   ^j,     A  »  is  Ae  pitch ;  g  h 
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H 


^ 


Fig.  41. 


j 

r 


is  -96  of  the  pitch,  the  angle  h  b  j  being  50°  ;  the  corners  are 
rounded,  so  that  i  e  is  '64  of  the  pitch.  The  Sellers  thread 
used  in  America  has  an  angle  of  60°.  Fig.  42  shows  a  square 
thread.  There  is  less  friction  and  less  wear  with  this  form  of 
screw,  and  it  is  used  when  accuracy  of  motion  is  important. 
As  there  is  only  half  the  amount  of  material  resisting 
shearing,    the    square    thread    has    only    half    the    strength 

of  a  triangular  thread.     The  Buttress  thread 

of  Fig.  43  has   strength   and    accuracy  as  to 

motion;  it  is  used  when 

the  important   motion   is      j 

in  one  direction  only. 
A  student  has  plenty 

of  opportunity  of  examin- 
ing examples  of  the  use  of 

screws.     To  fasten  things 

together   we    have  many 

kinds  of  bolts  and   many 

forms  of  heads  and  nuts, 

and  many  ways  of  locking 

nuts.      Other    fastenings 

also,    such    as    pins    and 

keys   and   cottars,   come 

before  his  eyes  every  day      Fig.  4j.  Fig.  \\\. 

in  the  workshops,  and  he 
must  become  familiar  with  them  and  their  usual  proportions 
both  in  the  sho^^s  and  the  drawing-office.  He  must  make 
a  very  careful  examination  of  such  a  tool  as  a  good  screw- 
catting  lathe,  and  especially  of  the  mechanism  of  the  slide 
rest.  The  calculation  of  the  proi)er  change  wheels  for  the 
cutting  of  a  particular  screw  is  a  very  simple  matter ;  but  all 
80  simple  as  it  is,  he  must  work  out  some  examples. 

He  must  note  the  shapes  of  threads  of  screws  for  wood,  for 
sand  or  mud,  and  for  water;  the  use  of  screw  piles  as  the 
supports  of  structures,  the.  forms  of  screw-propeller  for  steam- 
ships and  wind-mills,  and  screws  used  as  fans  for  blowing  air. 

86.  Wheel  and  Axle. — If  a  and  b.  Fig.  44,  are  two  pulleys  or 
drums  on  the  same  axis  and  having  cords  round  them,  a  small 
weight,  p,  hung  from  a,  will  balance  a  larger  weight,  w,  hung 
from  B.  For,  suppose  that  one  complete  turn  is  given  to  the 
axis,  p  falls  a  distance  equal  to  the  circumference  of  a  whilst 
w  is  rising  a  distance  equal  to  the  circumference  oi  b.     ^^tv^^ 


102 


APPLIED    MECHANICS. 


p  X  circumference  of  a  =  w  x  circumference  of  B, 

or,  what  really  conies  to  the  same  thing, 

p  X  diameter  of  a  =  w  x  diameter  of  li .  .  .  .  (1), 

or  p  X  radius  of  a  =  w  x  i-adias  of  B. 

In  practice  A  is  often  a  handle  and  b  a  sort  of  l>aiTel  on 

which  a  chain  may  l)e  wound.    Or  the  axle  may  be  compound, 

consisting  of  two  parts,  the  diameters  d  and 

d  being  nearly  equal,  the  rope  being  coiled 

round  them  in  o|)po8ite  dii-ections  so   as   to 

form  a  loop,  upon  which  hangs  a  pulley.     In 

this  case  (I)  l^ecomes 

-  D — d, 

p  X  diameter  of  a  =  w  x       « 

Or,  again,  a  may  not  be  on  the  same  shaft 
as  the  barrel  b,  but  may  gear  with  it  through 
spur  and  bevel-gearing.  Thus,  in  a  hand 
crane,  the  handle  may  turn  many  times  for 
one  turn  of  the  l>arrel.  Also  thei-e  may  be 
H  snatch-block,  so  that  when  two  feet  of  chain 
are  coiled  on  the  barrel,  the  weight  rises 
only  one  foot.  There  is  no  mystery  about 
tooth  gearing,  and  anyone  who  has  looked  at 
a  ci"ane  knows  how  by  merely  measuring  the 
length  of  the  handle,  or,  rather,  the  circum- 
ference of  the  circle  described  by  the  handle, 
and  the  amount  of  chain  coiled  on  in  one 
revolution  of  the  barrel  (this  is  larger  than  the 
circunifeieuce  of  the  barrel  itself),  and  counting  the  number  of 
teeth  of  the  driving  and  driven  wheels,  what  is  the  velocity 

ratio,  and,  therefoi-e,  the  hypothetical  mechanical  advantage. 

1  write  for  men  who  go  about  among  machinery,  and  the  most 
illiterate  workman  knows  well  how  speeds  of  shafts  depend 
upon  numbers  of  teeth.  Also,  all  my  readers  have  seen  com- 
binations of  ban-els,  snatch-blocks,  blocks  and  tackle  and  crab- 
winches.  A  worm  and  worm  wheel,  or  other  kinds  of  screw 
gearing  may  also  be  imagined. 

Example,— T^^  handle  of  a  crab  or  crane  is  18  inches  long; 
20  inches  of  chain  are  wound  on  in  one  revolution  of  the 
barrel.  The  Imrrel  is  driven  from  the  handle  by  a  train  of 
wheels— driver  15  teeth,  follower  64  teeth;  driver  16  teeth, 
foJJower   60   teeth   (the  value  of  this   train   is  said   to  be 


Fig.  44. 
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04  iTed'  "'if  ^ '  ^  '^'**  *'''^  liind'e  uittkuH  l(i  rovolulitins  for 

oBe  of  the    barrel ;    the  chain    liftn  the  wuight  through  the 
agency  of  a  block  and  tackle,  with  3  sheaves  below. 

When  the  barrel  turns  once,  20  inches  of  chain  arc  coilttl 


— s  inclicB  or  31  inches. 


on,  snd  therefore  the  weight  i4a<»  .y — ^ 
The  handle  turns  16  times,  and  the  hand 
moves  through   16  x  36  ir  inches.      Hence 
the  velocity   ratio   of    hand    to   weight   is 

—  .i,   -      =  543.     Often  we  have  a  means 

provided  of  disengaging  the  spur  wheels, 
driver  16,  follower  CO,  and  ao  we  can  de- 
crease the    velocity   ratio   to    543  x        or 

about  149. 

87.  A  difTerential  pnlley-blook  is  shown 
ill  Fig.  46.  When  the  chain  k  is  palled, 
it  turns  the  two  pnlleys,  or  rather  one 
pulley  with  two  grooves,  u  and  c.  Now  v 
ia  a  little  smaller  than  b,  so  that,  although 
at  D  the  chain  is  lifted,  it  is  lowered  at  F. 
If  tlie  circumference  of  u  is  .2  feet  and  that 
of  c  is  1-95  feet,  then,  when  E  is  pulled  2 
feet,  D  is  lifted  2  feet,  but  f  is  lowered 
1'95  feet,  so  that  there  is  O'O.^  foot  of  chain 
lest  than  before  in  the  parts  d  and  f,  and 
the  pulley  «  rises  the  half  of  this,  or  -025 
tout.  If  K  is  2,000  11*,  then  2,000  x  -025, 
or  50,  must  be  equal  to  the  pull  k  multiplied 
%  2,  iience  b  is  25  lbs.,  or  an  effort  of 
^  lbs.  is  able  to  overcome  a  resistance  of 
2,000  lbs.  The  general  rule,  then,  for  the 
di%«ntial  pulley-block  is,  effort  b  muUi- 
flied  by  circKtn/erence  of  larger  g^-oove  B  w 
^ual  'to  resistance  R  mtdliplied  by  Italf  the  "■ 

difference  between  (Ae  circumference  of  t}ie  tioo 
gnxmeg  B  and  c.     You  will  find  that  this  rule  coniCH  to  the 
same  thing —i^^itj-i  TmiUiplUd  by  diameter  of  u  is  equal  to 
Temtanoe  m/idtijdied  by  half  the  differewx  betvxnn  tlie  di:amel>',f« 


of'  B  and  c.     Hie  grooves  »r«  fumishml  with  ridges  to  catch 
the  links  of  the  chitin,  so  that  there  :fhall  be  no  slipping. 

It  is  only  when  we  experimenUlly  roeasore  the  effort  it 
which  will  sIowIt  overcwne  the  resistance  r  in  this  pulley-block 
as  nctnttllv  nuul^.  that  we  see  how  great  is  the  frictional  waste  of 
energy.  It  is  in  consequence  of  this  that,  however  great  the  re- 
sistance K  may  be,  i(  will  not  fall,  even  when  there  is  bo  force 
exerted  at  e.  This  property  of  not  -'Offarkanling"  makes  the 
differential  piilley-bluck  the  vm-  usefal  implement  which  we 
know  it  to  be  in  a  machine  shop.  It  is  the  characteristic  of 
any  machine  which  has  a  very  ^reat  velocity  ratio  that  if  its 


efficiency  is  less  than  half,  it  will  nut  overhaul  (se«  Art.  81), 
and  lifiing   iiiacliines  which  do  not    overhaul  are  oft«tt  very 

88.  XquilibriDm  in  one  Podtioa.— In  all  the  macbinoE 
which  urehave  hi  tlierto  considered,  wevould  give  motion  without 
altering  the  IwlHiice  of  the  fi>rce8,  but  there  are  many  machines 
in  which  the  niecliitni(.-til  advantage  alters  when  motion  is  given. 
In  stich  cases  you  will  employ  your  general  principle,  but  you 
must  make  your  calculation  from  a  very  small  motion  indeed. 
For  instance,  in  the  inclined  plane,  if  the  cord  which  prevents 
the  weight  from  falling  is  not  ^mrallel  to  the  plane— say  that 
it  is  like  m.  Fig.  46— you  will  find  that  the  necessary  pull 
depends  on  the  angle  the  cord  makes  with  the  plane.  Now, 
suppose  that  the  cord  pulls  the  carriage  from  b  to  c,  evidently 
the  angle  of  the  cord  altera.  The  question  is,  what  is  p,  that 
it  may  support  iv  in  the  position  shown  in  the  figure  1     We 
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know  that  it  will  be  different  after  a  little  motion,  but  what  is 
it  now  ]  Imagine  such  a  very  small  motion  from  /;  to  c  to 
occur  that  the  angle  of  the  cord  does  not  alter  perceptibly,  and 
now  make  a  magnified  drawing,  Fig.  47.  p  has  not  fallen  so 
much  as  the  distance  b  c,  it  has  only  fallen  the  distance  b  a  (c  a 
is  perpendicular  to  b  a).  In  the  meantime  the  weight  w  has 
been  lifted  the  distance  k  c.     Hence, 

y\  xk  c  ought  to  be  equal  to  pxb  a. 

Thus,  if  you  measure  k  c  and  b  a  on  your  magnitied  drawing  to 
any  scale  you  will  find  the  relation  between  p  and  w.  Another 
way  of  finding  the  same  relationship  is  this.  We  know  that 
the  weight  of  w  acting  downwards,  the  pull  in  the  cord,  and  a 
force  acting  at  right  angles  to  the  plane,  are  the  three  forces 
which  keep  w  where  it  is.  Draw  a  triangle  whose  three  sides 
are  parallel  to  the  directions  of  these  three  forces,  Fig.  48, 
^vith  arrow-heads  circuital ;  then  x  and  y  are  in  'the  proi^r- 
tiou  of  w  and  p.     Here  we   have  used   the   principle  called 

"the  triangle  of  f  jices "  to  find  p. 

EXEKCIISES. 

1.  Find  the  forco  iwmllcl  to  the  plane  i-equii-ed  to  dniw  a  wei;i:ht  nf 
2  twt.  up  a  smooth  inclined  plane.     Heijjht  of  piano,  3  :  leng^th,  5. 

AfiH.^  1*2  cwts. 

2.  In  a  screw-jack  the  pitch  of  the  screw  is  J  inch ;  radius  of  circle 
dciscribed  by  hand,  19  inches;  find  the  velocity  nitio.  It  is  found  hy 
oxperiment  that  a  force  a  at  the  handle  of  30  lbs.  will  overcome  a  weitrht 
of  2,300  lbs.,  and  a  force  of  10  lbs.  will  overcome  a  weight  of  500  lbs. : 
what  law  connects  a  and  w  ^  When  w  is  3,000  ll)s.,  what  is  a  't  And 
what  is  the  efficiency  ? 

Ans.,  318-47  :  ^  =  bn  +  ^J '  ^"^J  ^^*^' '  ^^  1*^'^"  *'^'"*- 

3.  The  handle  of  a  lifting-jack  measures  24  inches  in  length ;  the 
pitch  of  the  screw  is  f  inch :  what  force  applied  at  the  end  of  the  handle 
would  be  required  to  raise  a  load  of  22  cwt.,  the  effect  of  friction  l>eing 
neglected '"  Ans.,  (SVlb  lbs. 

4.  Pitch  of  screw-propeller,  18  feet ;  slip,  10  per  cent. ;  sjK^ed  of  ship. 
15  knots;  find  the  revolutions  jier  minute.  What  is  the  thrust  if  the 
actual  horse-power  spent  by  the  propeller  is  2,000,  and  the  waste  by  surface 
friction  is  30  per  cent.  ?    What  is  the  torque  in  the  shaft  'r    Ans.,  93-827. 

5.  The  British  Association  rules  for  the  pitch  and  diameter  and  index 
number  of  screw-threads  for  instrument  work  are 

e;=6jp8,i9  =  (0-9)'- 
Taking  the  values  of  0,  1,  2,  3,  ....  12  for  «,  calculate  p  and  d,  and  keep 
for  reference  in  a  table.     Try  to  what  extent  the  rule  j3  =  '08  d  ■\-  -04  for 
the  pitch  and  outside  diameter  of  triangular  screws  agrees  with  the  well- 
known  Whitworth  table. 

E* 


■—  L":  ri^Tu*!--;  -.:tL  ridg««  to  cab' 

-  ::.*.-  ^r-rTv  -li"  h^  :..j  Jipping. 

-  Ti_«T- -jT^-i ._.  :^-:!«*un;  tiie  effort 

■  e.-  u>-  --^>:a- .•:  .=. :::  ;his  i>ulley-bloc 
?--—:.-*■  .T'^y.  ".i  :ii-  f  rioii'Mial  w>tgt«  ( 
Li-i:-  -^  "II- ■'^iT,  •/■■'■•rvtr  great  then 

:i  :.i;<  fi -rv-ry  ■^hir.  iLerv  is  iio  foi-c 

•;'-r-  .c  :.  -mrliailling''  makes  th 
c  ■:■-  T-/  -irr:!  i-ipl^-im-m  «-bwh  w. 
■:  .--r  "li' r       I;  i-  :;;■?  oLarii-teriatif  o 

-  1  ^-r.  Jt^-.:   -r:  ■-■::v  raiio  that  if  it 


-■"•  ifiai;  »*.!•■  ■:*  ■-■''■  'h^  i^vcvK  but- 
•-liAxin  Tmoi'ihT.i.vi:  iwii'uil*^. 


Tf  ;!««».;■.■«.  ".  T^.T  !Ty!iii*d  plane,  if 

-     It    ■-.(,:      V,     >"^      4^ TOO    wn 

n;'.fc"i.%*  .-•     '.in   kTj:)f  ih*  rtJrd 
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6.  What  muBt  be  the  differenco  in  the  diameters  of  a  compound  wheel 
and  axle  so  that  the  velocity  of  e  may  l>e  eighty  times  that  of  r,  the 
length  of  the  handle  being  2  feet!'  Am.,  1*2  inches. 

7.  The  weight  on  a  crane  is  earned  by  a  snatch -block :  the  chain  goes 
to  a  barrel  on  which  17  inches  are  wrapped  in  one  revolution.  The 
barrel  is  driven  by  wheels,  which  give  it  1  revolution  for  15  revolutions 
of  the  handle,  and  the  hand  describes  a  circle  of  21  inches  radius ;  what  is 
the  velocity  ratio?  Ans,,  232*8. 

8.  In  a  single-piu'chase  crab  the  pinion  has  12  teeth  and  the  wheel 
has  78  teeth,  the  diameter  of  the  barrel  (or  rather  of  the  chain  on  the 
barrel)  being  7  inches,  and  the  length  of  the  lever -handle  14  inches.  It 
is  found  that  the  application  of  a  force  of  15  lbs.  at  the  end  of  the  handle 
suffices  to  raise  a  weight  of  280  lbs. :  find  the  efficiency  of  the  machine. 

Ans.,  0-718. 

9.  In  the  differential  pulley,  if  the  weight  is  to  be  raised  at  the  rate 
of  5  feet  per  minute,  and  the  diameters  of  the  pulleys  of  the  compound 
sheave  are  7  and  8  inches,  at  what  rate  must  the  chain  be  hauled  ? 

AH8,f  80  feet  jter  minute. 

10.  In  a  differential  pulley  in  which  the  velocity  ratio  of  fall  to  lift  is 
fSO,  a  pull  of  7  lbs.  will  just  i-aise  a  load  of  24  lbs.,  and  a  pull  of  25  lbs.  a 
load  of  240  lbs.  Find  the  pull  required  to  lift  600  lbs.,  and  the  efficiency 
of  the  machine  when  such  a  weight  is  being  raised. 

Atis.f  55  lbs.  ;  0-36. 
89.  When  one  body  touches  another,  and  there  is  equilibrium,  if 
there  is  no  friction,  this  means  that  there  is  no  tangential  force  at 
the  siu'face.  The  force  with  which  either  body  acts  on  the  other 
has  no  tangential  component.  If,  however,  there  is  friction,  and 
we  assume  that  the  friction  is  /a  r  where  r  is  the  force  normal  to 
the  rubbing  sui'face,  it  is  evident  that  the  total  force  at  the  place 
makes  an  angle  <f>  with  the  normal  if  tan.  <f>  =  fi.  If  the  total 
force  makes  an  angle  less  than  ^,  its  tangential  component  is  less 

than  the  friction,  and  there  can  be  no 
motion.  If,  then,  two  bodies  a  o  w  and 
DOC  touch  at  o,  and  n  o  nMs  their  com- 
mon normal  at  o,  so  long  as  the  direction 
of  the  force  acting  between  the  bodies  lies 
inside  the  cone  q  o  p,  whose  axis  is  o  n, 
the  angle  r  o  x  or  q  o  n  being  ^,  there  will 
be  no  sliding  motion  or  rubbing  at  o. 
Thus,  when  the  block  lies  on  the  inclined 
pLine  (Fig.  50),  the  total  force  trans- 
mitted between  block  and  plane  is  w,  the 
vertical  weight  of  the  block.  So  long 
as  the  angle  is  less  than  ^,  there  is  no 
^'e*  4'.).  sliding.     But   the  angle  is   the  angle  of 

the  plane ;  hence  sliding  is  about  to  begin 
when  we  are  increasing  the  angle  of  the  plane,  and  it  has  become 
as  much  as  <(>. 

If  the  body  doc  is  at  rest,  and  a  o  b  moves,  touching  the  first, 
the  motion  is  one  of  sliding,  rolling,  or  spinning,  or  combinations 
of  these  three.  If  there  is  no  sliding,  so  that  o  is  momentarily  at 
rest,  the  instantaneous  motion  of  a  o  b  must  be  an  angular  velocity 
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about  some  axis  through  o.     If  this  axis  niakcs  an  angle  $  with 
le  tangent  plane,  there  is  an  angular  velocity  of  rolling  y  cos.  $ 


.W 


Fig.  50. 

about  an  axis  in  the  tangent  plane,  and  an  angular  velocity  of 
spinning  y  sin.  $  about  the  common  normal  to  the  two  planes. 

If  in  Fig.  49  the  surfaces  are  cylindric  and  the  rolling  angular 
velocity  is  ot>,  and  if  /•  is  the  radius  of  curvature  of  A  o  »  at  o,  and 
if  K  is  the  radius  of  curvature  at  o  of  the  fixed  siu-facc  i>  o  c,  and  if 
V  is  the  linear  velocity  of  the  point  of  contact,  it  is  easy  to  show 
that 


(D 


The  centres  of  cui'vature  are  supposed  to  bo  on  different  sides  of 
the  tangent  plane. 

If  in  Fig.  50  there  is  friction  between  w  and  the  plane,  and 
motion  up  the  plane  is  steadily  taking  place,  draw  r,  making  an 
angle  n  o  r  =  ^,  with  o  n  the  normal.     Let  r 
show  the  direction  of  the  pulling  force,  and  w 
of  the  weight.     Knowing  only  w  to  calculate  r 
and  R,  we  have  simply  to  use  the  triangle  of 
forces.     We  fire  given  one  side  and  the  angles 
to  find  the  other  sides.    Thus  draw  ab  repre- 
senting  w  to    scale;    and    draw  bc  and    ac 
parallel  to  the  two  unknown  forces,  with  the 
arrow-heads    going  circuitally.      Measure   b  c 
and  c  A,  and  the  forces  p  and  r  are  known. 

.  Analytieally. — Besolve  all  the  forces  horizon- 
tally and  vertically,  and  we  have  (sec  Art.  31),  if 
the  angle  p  o  d  is  a,  as  p  makes  an  angle  a-{-  B 
with  the  horizontal,  and  r  makes  an  angle  r  o  h,  which  is  the 
complement  of  (^  -{•  B), 

p  cos.  (a  +  6)  =  R  sin.  (<^  +  tf)  .  .  .  .  (1) 

p  sin.  (a  4-  ^)  +  R  cos.   <i>  4"  ^)  =  w  .  .  .  .  (2). 

As  we  TeaQjrdo  not  wish  to  know  r,  use  its  value  iiom  <^\^  m  1^1^ 
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6.  What  must  be  the  differenco  in  tho  diametei's  of  a  compound  wheel 
and  axle  so  that  the  velocity  of  e  may  be  eighty  times  that  of  r,  the 
length  of  the  hjindle  being  2  feet  ?  Ans.y  1*2  inches. 

7.  The  weight  on  a  crane  is  earned  by  a  snatch -block ;  the  chain  goes 
to  a  barrel  on  which  17  inches  are  wrapped  in  one  revolution.  The 
barrel  is  driven  by  wheels,  which  give  it  1  revolution  for  15  i-e volutions 
of  the  handle,  and  the  hand  describes  a  circle  of  21  inches  i-adius ;  what  is 
the  velocity  ratio?  Ans,,  232*8. 

8.  Ill  a  single- piu'chasc  citib  the  pinion  has  12  teeth  and  the  wheel 
has  78  teeth,  the  diameter  of  the  barrel  (or  rather  of  the  chain  on  the 
barrel)  being  7  inches,  and  the  length  of  the  lever-handle  14  inches.  It 
is  found  that  the  application  of  a  force  of  15  lbs.  at  the  end  of  the  handle 
suffices  to  raise  a  weight  of  280  lbs. ;  find  the  efficiency  of  the  machine. 

Afu,,  0-718. 

9.  In  the  differential  pulley,  if  the  weight  is  to  be  raised  at  the  rate 
of  5  feet  per  minute,  and  the  diameters  of  the  pulleys  of  the  compound 
sheave  are  7  and  8  inches,  at  what  i-ate  must  the  chain  be  hauled  ? 

Ans,,  80  feet  per  minute. 

10.  In  a  differential  pulley  in  which  the  velocity  ratio  of  fall  to  lift  is 
30,  a  pull  of  7  lbs.  will  just  raise  a  load  of  24  lbs.,  and  a  pull  of  25  lbs.  a 
load  of  240  lbs.  Find  the  pull  required  to  lift  600  lbs.,  and  the  efficiency 
of  the  machine  when  such  a  weight  is  being  raised. 

Aus.,  55  lbs.  ;  0*36. 

89.  When  one  body  touches  another,  and  there  is  equilibrium,  if 
there  is  no  friction,  this  means  that  there  is  no  tangential  force  at 
the  sui'face.  The  force  with  which  either  body  acts  on  the  other 
has  no  tangential  component.  If,  however,  there  is  friction,  and 
we  assume  that  the  friction  in  fin  where  r  is  the  force  normal  to 
the  rubbing  sui-faco,  it  is  evident  that  the  tijtal  force  at  the  place 
makes  an  angle  <f»  with  the  normal  if  tan.  <f*==fi.  If  the  total 
force  makas  an  angle  less  than  <f>,  its  tangential  component  is  less 

than  the  fi-iction,  and  there  can  be  no 
motion.  If,  then,  two  bodies  a  o  w  and 
DOC  touch  at  o,  and  n  o  n^  is  their  com- 
mon normal  at  o,  so  long  as  the  direction 
of  the  force  acting  between  the  bodies  lies 
inside  the  cone  a  o  p,  whose  axis  is  o  n, 
the  angle  pox  or  q  o  n  being  ^,  there  will 
be  no  sliding  motion  or  rubbing  at  o. 
Thus,  when  the  block  lies  on  the  inclined 
plane  (Fig.  50),  the  total  force  trans- 
mitted between  block  and  plane  is  w,  the 
vertical  weight  of  the  block.  So  long 
as  the  angle  is  less  than  ^,  there  is  no 
^'o-  '*•'•  sliding.     But  the  angle  is  the  angle   of 

the  plane ;  hence  sliding  is  about  to  begin 
when  we  are  increasing  the  angle  of  the  plane,  and  it  has  become 
as  much  as  <f>. 

If  the  body  doc  is  at  rest,  and  a  o  b  moves,  touching  the  first, 
the  motion  is  one  of  sliding,  rolling,  or  spinning,  or  combinations 
of  these  three.  If  there  is  no  sliding,  so  that  o  is  momentarily  at 
rest,  the  instantaneous  motion  of  a  o  b  must  be  an  angular  velocity 
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7  about  Home  axis  through  o.     If  this  axis  makes  an  angle  $  with 
the  tangent  i)lanc,  there  is  an  angular  vek»city  of  rolling  y  ew,  $ 


.W 


Fig.  00. 


about  an  axis  in  the  tangent  plane,  an<l  an  angular  velocity  (»f 
spinning  y  sin.  $  about  the  common  normal  to  the  two  planes. 

If  in  Fig.  49  the  surfaces  are  cylindric  and  the  rolling  angular 
velocity  is  w,  and  if  r  is  the  radius  of  curvature  of  a  o  h  at  o,  anfl 
if  K  is  the  radius  of  curvature  at  o  of  the  fixed  surface  i)  o  c,  and  if 
V  is  the  linear  velocity  of  the  point  of  contact,  it  is  easv  to  show 
that 


The  centres  of  cuivature  are  sup^wsed  to  be  on  different  sides  of 
the  tangent  plane. 

If  in  Fig.  50  there  is  friction  between  w  and  the  plane,  and 
motion  up  the  plane  is  steadily  taking  place,  draw  r,  making  an 
angle  x  o  r  =  ^,  with  o  n  the  normaL     Let  r 
show  the  direction  of  the  pulling  force,  and  w 
of  the  weight.     Knowing  only  w  to  calculate  r 
and  R,  we  have  simply  to  use  the  triangle  of 
forces.     Wo  are  given  one  side  and  the  angles 
to  find  the  other  sides.    Thus  draw  ab  reprt?- 
senting   w  to    scale;    and    draw   bc  and    ac 
parallel  to  the  two  unknown  forces,  with  the 
arrow-heads    going  circuitally.      Measure   b  c 
and  c  A,  and  the  forces  p  and  r  are  known. 

.  Analytieally. — Besolve  all  the  forces  horizon- 
tally  and  vertically^  and  we  have  (see  Art.  31),  if 
the  angle  p  o  d  is  a,  as  p  makes  an  angle  a  4-  0 
with  the  horizontal,  and  r  makes  an  angle  r  o  h,  which  is  the 
complement  of  {^  -{■  B), 

p  cos.  fa  +  ^)  =  a  sin.  (<^  +  0)  ....  (1) 

p  sin.  (a  4-  ^)  +  R  cos.   <i>  4"  ^)  =  w  .  .  .  .  (2). 

As  we  TeaQjrdo  not  wish  to  know  r,  use  its  value  itom  <^\^  m  I^IV 


106  APPLIED   MECHANICS. 

6.  What  must  be  the  difference  in  the  diameters  of  a  compound  wheel 
and  axle  so  that  the  velocity  of  e  may  be  eighty  times  that  of  r,  the 
length  of  the  hjindlo  being  2  feet?  Ans.,  1*2  inches. 

7.  The  weight  on  a  crane  is  earned  by  a  snatch-block :  the  chain  goes 
to  a  ban'el  on  which  17  inches  are  wrapped  in  one  revolution.  The 
barrel  is  driven  by  wheels,  which  give  it  1  revolution  for  15  i-evolutions 
of  the  handle,  and  the  hand  describes  a  circle  of  21  inches  radius ;  what  is 
the  velocity  ratio?  Ans,,  232*8. 

8.  In  a  single-purchase  crab  the  junion  has  12  teeth  and  the  wheel 
has  78  teeth,  the  diameter  of  the  barrel  (or  rather  of  the  chain  on  the 
barrel)  being  7  inches,  and  the  length  of  the  lever-handle  14  inches.  It 
is  found  that  the  application  of  a  force  of  15  lbs.  at  the  end  of  the  handle 
suffices  to  raise  a  weight  of  280  lbs. ;  find  the  efficiency  of  the  machine. 

Ans,,  0-718. 

9.  In  the  differential  pulley,  if  the  weight  is  to  be  raised  at  the  rate 
of  5  feet  per  minute,  and  the  diameters  of  the  pulleys  of  the  compound 
sheave  are  7  and  8  inches,  at  what  rate  must  the  chain  be  hauled  ? 

Ans.f  80  feet  per  minute. 

10.  In  a  differential  pulley  in  which  the  velocity  ratio  of  fall  to  lift  is 
30,  a  pull  of  7  lbs.  will  just  raise  a  load  of  24  lbs.,  and  a  pull  of  25  lbs.  a 
load  of  240  lbs.  Find  the  pull  required  to  lift  600  lbs.,  and  the  efficiency 
of  the  machine  when  such  a  weight  is  being  raised. 

Atis.j  55  lbs.  ;  0*36. 
89.  When  one  lx)dy  touches  another,  and  there  is  equilibrium,  if 
there  is  no  friction,  this  means  that  there  is  no  tangential  force  at 
the  siufacc.  The  force  with  which  either  body  acts  on  the  other 
has  no  tangential  component.  If,  however,  there  is  friction,  and 
we  assume  that  the  friction  is  /a  r  where  r  is  the  force  normal  to 
the  rubbing  sui-faco,  it  is  evident  that  the  tijtal  force  at  the  place 
makes  an  angle  <(>  with  the  normal  if  tan.  (f>  =  fi.  If  the  total 
force  makes  an  angle  less  than  <f»,  its  tangential  component  is  less 

than  the  friction,  and  there  can  be  no 
motion.  If,  then,  two  bodies  a  o  u  and 
DOC  touch  at  o,  and  n  o  nMs  their  com- 
mon nonnal  at  o,  so  long  as  the  direction 
of  the  force  acting  between  the  bodies  lies 
inside  the  cone  Q  o  p,  whose  axis  is  o  n, 
the  angle  p  ox  or  q o n  being  ^,  there  will 
be  no  sliding  motion  or  rubbing  at  o. 
Thus,  when  the  block  lies  on  the  inclined 
plane  (Fig.  50),  the  total  force  trans- 
mitted between  block  and  plane  is  w,  the 
.' /  vertical  weight  of  the  block.      So    long 

as   the  angle  is  less  than  ^,  there  is  no 
^'fe'-  ^'^'  sliding.     But  the  angle  is  the  angle   of 

the  plane ;  henco  sliding  is  about  to  begin 
when  we  are  increasing  the  angle  of  the  plane,  and  it  has  become 
as  much  as  <(>. 

If  the  body  doc  is  at  rest,  and  a  o  b  moves,  touching  the  first, 
the  motion  is  one  of  sliding,  rolling,  or  spinning,  or  combinations 
of  these  three.  If  there  is  no  sliding,  so  that  o  is  momentarily  at 
rest,  the  instantaneous  motion  of  a  o  b  must  be  an  angular  velocity 
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y  about  some  axis  through  o.     If  this  axis  makes  an  angle  9  with 
the  tangent  plane,  there  is  an  angular  velocity  of  rolling  7  cos.  B 


N 


Fig.  50. 


about  an  axis  in  the  tangent  plane,  and  an  angular  velocity  of 
spinning  7  sin.  $  about  the  common  normal  to  the  two  planes. 

If  in  Fig.  49  the  surfaces  are  eylindric  and  the  rolling  angular 
velocity  is  w,  and  if  r  is  the  radius  of  curvature  of  A  o  m  at  o,  and 
if  R  is  the  radius  of  curvature  at  o  of  the  fixed  siu-face  d  o  c,  and  if 
V  is  the  linear  velocity  of  the  point  of  contact,  it  is  easy  to  show- 
that 


to 


V, 


W ' 


The  centres  of  cui*vature  are  supposed  to  be  on  different  sides  ot 
the  tangent  plane. 

If  in  Fig.  50  there  is  friction  between  w  and  the  plane,  and 
motion  up  the  plane  is  steadily  taking  place,  draw  r,  making  an 
angle  n  o  r  =  4>,  with  o  n  the  normal.     Let  v 
show  the  direction  of  the  pulling  force,  and  w 
of  the  weight.     Knowing  only  w  to  calculate  r 
and  R,  we  have  simply  to  use  the  triangle  of 
forces.     We  are  given  one  side  and  the  angles 
to  find  the  other  sides.    Thus  draw  ab  repre- 
senting  w  to    scale;    and    draw  bc  and    ac 
parallel  to  the  two  unknown  forces,  with  the 
arrow-heads    going  circuitally.      Measure   b  c 
and  c  A,  and  the  forces  p  and  r  are  known, 

>  Analytioally. — Resolve  all  the  forces  horizon- 
tally and  vertically,  and  we  have  (see  Art.  31),  if 
the  angle  pod  is  a,  as  p  makes  an  angle  a  \-  B 
with  the  horizontal,  and  r  makes  an  angle  r  o  h,  which  is  the 
complement  of  (4>  +  (>), 

p  cos.  (o  +  0)  =  R  sin.  (4>  -f  fl)  .  .  .  .  (1) 

p  sin.  (o  4-  ^)  +  R  COS.   4)  +  ^)  =  w  .  .  .  .  (2). 

As  we  Te&lUjrdo  not  wish  to  know  b,  use  its  valuo  itom  i^\^  Vn  '(IV 
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6.  What  mufit  \k^  the  difference  in  the  diameters  of  a  compound  wheel 
and  axle  so  that  the  velocity  of  e  may  be  eighty  times  that  of  h,  the 
length  of  the  handle  being  2  feet  ?  Ans.j  1*2  inches. 

7.  The  weight  on  a  crane  is  earned  by  a  snatch -block ;  the  chain  goes 
to  a  barrel  on  which  17  inches  ai*e  wrapped  in  one  revolution.  The 
barrel  is  driven  by  wheels,  which  give  it  1  revolution  for  15  revolutions 
of  the  handle,  and  the  hand  describes  a  circle  of  21  inches  i-adius ;  what  is 
the  velocity  mtio?  Ans,,  232*8. 

8.  In  a  single- pm-chase  ci-ab  the  pinion  has  12  teeth  and  the  wheel 
has  78  teeth,  the  diameter  of  the  barrel  (or  rather  of  the  chain  on  the 
baiTcl)  being  7  inches,  and  the  length  of  the  lever-handle  14  inches.  It 
is  found  that  the  application  of  a  force  of  15  lbs.  at  the  end  of  the  handle 
suffices  to  raise  a  weight  of  280  lbs. ;  find  the  efficiency  of  the  machine. 

Ans.,  0-718. 

9.  In  the  differential  pulley,  if  the  weight  is  to  be  raised  at  the  rate 
of  5  feet  per  minute,  and  the  diameters  of  the  pulleys  of  the  compound 
sheave  are  7  and  8  inches,  at  what  rate  must  the  chain  be  hauled  ? 

Ans.,  80  feet  per  minute. 

10.  In  a  differential  i)ulley  in  which  the  velocity  ratio  of  fall  to  lift  is 
30,  a  pull  of  7  lbs.  will  just  raise  a  load  of  24  lbs.,  and  a  pull  of  25  lbs.  a 
load  of  240  lbs.  Find  the  pull  required  to  lift  600  lbs.,  and  the  efficiency 
of  the  machine  when  such  a  weight  is  being  raised. 

Ans. J  55  lbs.  ;  0*36, 
89.  When  one  body  touches  another,  and  there  is  equilibrium,  if 
there  is  no  friction,  this  means  that  there  is  no  tangential  force  at 
the  siu'facc.  The  force  with  which  either  body  acts  on  the  other 
has  no  tangential  component.  If,  however,  there  is  friction,  and 
we  assume  that  the  friction  is  /u  r  where  r  is  the  foi-ce  normal  to 
the  rubbing  sui-faco,  it  is  evident  that  the  total  force  at  the  place 
makes  an  angle  4>  with  the  normal  if  tan.  <l>  =  fi.  If  the  total 
force  makes  an  angle  less  than  ^,  its  tangential  component  is  less 

than  the  friction,  and  there  can  be  no 
motion.  If,  then,  two  bodies  a  o  h  and 
DOC  touch  at  o,  and  n  o  n^  is  their  com- 
mon nonnal  at  o,  so  long  as  the  direction 
of  the  force  acting  between  the  bodies  lies 
inside  the  cone  q  o  p,  whose  axis  is  o  n, 
the  angle  pox  or  q  o  n  being  ^,  there  will 
be  no  sliding  motion  or  rubbing  at  o. 
Thus,  when  the  block  lies  on  the  inclined 
plane  (Fig.  50),  the  total  force  trans- 
mitted between  block  and  plane  is  w,  the 
.' '  veHical   weight   of  the  block.      So    long 

as  the  angle   is  less  than  ^,  there  is  no 
^'o-  4''-  sliding.     But   the  angle  is   the  angle   of 

the  plane ;  hence  sliding  is  about  to  begin 
when  we  are  increasing  the  angle  of  the  plane,  and  it  has  become 
as  much  as  <(>. 

If  the  body  doc  is  at  rest,  and  a  o  b  moves,  touching  the  first, 
the  motion  is  one  of  sliding,  rolling,  or  spinning,  or  combinations 
of  these  three.  If  there  is  no  sliding,  so  that  o  is  momentarily  at 
rest,  the  instantaneous  motion  of  a  o  b  must  be  an  ang^ar  velocity 
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y  about  Home  axis  through  o.     If  this  axis  makes  an  an^^lo  B  with 
the  tangent  plane,  there  is  an  angular  velocity  of  n)lliiig  7  c<x*.  9 


N 


Fig.  50. 


about  an  axis  in  the  tangent  plane,  and  an  angular  velocity  of 
spinning  7  sin.  0  about  the  common  normal  to  the  two  plancw. 

If  in  Fig.  49  the  surfaces  are  cylindric  and  the  rolling  angular 
velocity  is  w,  and  if  r  is  the  radius  of  curvature  of  a  o  m  at  o,  and 
if  R  is  the  radius  of  curvature  at  o  of  the  fixed  sui-face  i>  o  c,  and  if 
V  is  the  linear  velocity  of  the  point  of  contact,  it  is  easy  to  show 
that 


W- 


The  centres  of  ciu'vaturc  arc  supposed  to  be  on  different  sidcn  of 
the  tangent  plane. 

If  in  Fig.  60  there  is  friction  between  w  and  the  plane,  and 
motion  up  the  plane  is  steadily  taking  place,  draw  r,  making  an 
angle  n  o  r  =  4>)  with  o  n  the  normal.     Let  r 
show  the  direction  of  the  pulling  force,  and  w 
of  the  weight.     Knowing  only  w  to  calculate  r 
and  R,  wo  have  simply  to  use  the  triangle  of 
forces.     Wo  are  given  one  side  and  the  angles 
to  find  the  other  sides.    Thus  draw  ab  repre- 
senting  IV  to    scale;    and    draw   »c  and    ac 
parallel  to  the  two  unknown  forces,  with  the 
arrow-heads    going  circuitally.      Measure   b  c 
and  c  A,  and  the  forces  p  and  r  are  known. 

>  Aoalytioally. — Resolve  all  the  forces  horizon- 
tally and  vertically,  and  we  have  (see  Art.  31),  if 
the  angle  p  o  d  is  a,  as  p  makes  an  angle  a-\-  B 
with  the  horizontal,  and  r  makes  an  angle  u  o  h,  which  is  the 
complement  of  (4>  +  (>), 

p  COS.  (o  +  (>)  =  R  sin.  (4>  +  (>)...  .  (1) 

p  sin.  (o  4-  ^)  +  R  COS.  4>  -j-  0)  =  w  .  .  .  .  (2). 

As  we  TeaQydo  not  wish  to  know  r,  use  its  value  iiom  ^\^  m  'v^V 
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of  B  a,wi  c.     The  grooves  are  fumialied  with  ridgeB  to  cateli 
the  links  of  the  chain,  so  that  there  shall  be  no  slipping. 

It  is  only  when  we  experimentally  measure  the  effort  r 
which  will  slowly  overcome  the  resistance  r  in  this  pulley-block 
as  actually  made,  that  we  see  how  great  is  the  f  rictipnal  waste  of 
enet^.  It  is  in  consequence  of  this  that,  however  great  the  re- 
sistance R  may  be,  it  will  not  fall,  even  when  there  is  no  force 
exerted  at  K.  This  property  of  not  "overhauling"  makes  the 
differential  ptiljey-blook  the  very  useful  implement  which  we 
know  it  to  be  in  a  machine  shop.  It  is  the  characteristic  of 
any  machine'  which  has  a  very  great  velocity  ratio  that  if  its 


efficiency  is  l<»s  tlian  half,  it  will  not  overhaul  (see  Art.  »1), 
and  lifting  machines  which  do  not  overhaul  are  often  very 
convenient. 

88.  Kqailibhum  in  one  Position. — In  all  the  machines 
which  we  have  hitherto  considered,  we  could  give  motion  without 
altering  the  balance  of  the  f<ircuB,  but  there  are  many  machines 
in  whioh  the  mechanical  advantage  alters  when  motion  is  given. 
In  such  cases  you  will  employ  your  general  principle,  but  you 
must  make  your  calculation  from  a  very  small  motion  indeed. 
For  instance,  in  tlie  inclined  plane,  if  the  coi-d  which  prevents 
the  weight  from  falling  is  not  parallel  to  the  plane  ~aay  that 
it  is  like  in.  Fig.  46 — you  will  find  that  the  necessary  pull 
depends  on  the  angle  the  cord  makes  with  the  plane.  Now, 
suppose  that  the  cord  pulls  the  carriage  from  6  to  c,  evidently 
the  angle  of  the  cord  alters.  The  question  is,  what  is  P,  that 
it  may  support  w  in  the  position  shown  in  the  figure  I     We 
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know  that  it  will  be  different  after  a  little  motion,  but  what  is 
it  now  ?  Imagine  such  a  very  small  motion  from  A  to  c  to 
occur  that  the  angle  of  the  cord  does  not  alter  perceptibly,  and 
now  make  a  magnified  drawing,  Fig.  47.  p  has  not  fallen  so 
much  as  the  distance  b  c,  it  has  only  fallen  the  distance  ba  (c  a 
is  perpendicular  to  b  a).  In  the  meantime  the  weight  w  has 
been  lifted  the  distance  k  c.     Hence, 

w  X  A;  c  ought  to  be  equal  to  p  x  6  tt. 

Thus,  if  you  measure  k  c  and  b  a  on  your  magnified  drawing  to 
any  scale  you  will  find  the  relation  between  p  and  w.  Another 
way  of  finding  the  same  relationship  is  this.  We  know  that 
the  weight  of  w  acting  downwards,  the  pull  in  the  cord,  and  a 
force  acting  at  right  angles  to  the  plane,  are  the  three  forces 
which  keep  w  where  it  is.  Draw  a  triangle  whose  three  sides 
are  parallel  to  the  directions  of  these  three  forces.  Fig.  48, 
with  arrow-heads  circuital ;  then  x  and  y  are  in  'the  projKjr- 
tion  of  w  and  p.     Here  we   have  used   the   principle  called 

"  the  triangle  of  forces  "  to  find  p. 

tlXEKClSEJS. 

1.  Find  the  force  iMii-allel  to  the  plane  i\'quire<l  to  di-nvr  ji  weif^fht  of 
2  twt.  up  a  smooth  inclined  plane.     Heijjht  of  plane,  .'J :  lenp^th,  o. 

Attft.^  1'2  cwts. 

2.  In  a  8crew-jack  the  pitch  of  the  sci-ew  is  |  inch ;  radius  of  <irclr 
described  by  hand,  19  inches;  find  the  velocity  nitio.  It  is  found  by 
experiment  that  a  force  a  at  the  handle  of  30  lbs.  will  overcome  a  woij^ht 
of  2,300  lbs.,  and  a  force  of  10  lbs.  will  overcome  a  weight  of  500  lbs. : 
what  law  connects  a  and  w?  When  w  is  3,000  lbs.,  what  is  A'f  And 
what  is  the  eflSciency  ? 

Am.,  318-47  :  a  =  ^  +  4J  ;  375  1^>'^-  -  '^'^  l><'i"  <'<'"^- 

3.  The  handle  of  a  lifting-jack  measures  24  inches  in  lonjifth :  the 
pitch  of  the  screw  is  f  inch ;  what  force  applied  at  the  end  of  th(?  handle 
Would  be  required  to  raise  a  load  of  22  cwt.,  th(;  effect  of  friction  Ininfi: 
neglected'-'  Ans.y  0  125  lbs. 

4.  Pitch  of  screw-propeller,  18  feet ;  slip,  10  per  cent. ;  speed  of  shij), 
15  knots;  find  the  revolutions  ])er  minute.  What  is  the  thrust  if  the 
actual  horse-power  spent  by  the  propeller  is  2,000,  and  the  waste  by  surface 
friction  is  30  i)er  cent.  ?    What  is  the  torque  in  the  shaft !"    Ans.,  93-827. 

5.  The  British  Association  rules  for  the  jntch  and  diameter  and  index 
number  of  screw-threads  for  instrument  work  are 

<;=6joS,i?=(0-9)'- 
Taking  the  values  of  0,  1,  2,  3,  ...  .  12  for  «,  calculate  p  and  d,  and  keep 
for  reference  in  a  table.     Try  to  what  extent  the  rule  j»  =  '08  ^  -f  -04  for 
the  pitch  and  outside  diameter  of  triangular  screws  agrees  with  the  well- 
known  Whitworth  table. 
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6.  What  must  be  the  difference  in  Iho  diametera  of  a  compound  wheel 
and  axle  so  that  the  velocity  of  e  may  be  eighty  times  that  of  H,  the 
length  of  the  handle  being  2  feet  ?  Am,,  1'2  inches. 

7.  The  weight  on  a  crane  is  earned  by  a  snatch-block ;  the  chain  goes 
to  a  barrel  on  which  17  inches  are  wrapped  in  one  revolution.  The 
barrel  is  driven  by  wheels,  which  give  it  1  revolution  for  15  revolutions 
of  the  handle,  and  the  hand  describes  a  circle  of  21  inches  mdius ;  what  is 
the  velocity  ratio?  Ans.,  232*8. 

8.  In  a  single-purchase  ci-ab  the  pinion  has  12  teeth  and  the  wheel 
has  78  teeth,  the  diameter  of  the  barrel  (or  rather  of  the  chain  on  the 
barrel)  being  7  inches,  and  the  length  of  the  lever-handle  14  inches.  It 
is  found  that  the  application  of  a  force  of  16  lbs.  at  the  end  of  the  handle 
suffices  to  raise  a  weight  of  280  lbs. ;  find  the  efficiency  of  the  machine. 

Ans,,  0-718. 

9.  In  the  differential  pulley,  if  the  weight  is  to  be  raised  at  the  rate 
of  5  feet  per  minute,  and  the  diameters  of  the  pulleys  of  the  compound 
sheave  are  7  and  8  inches,  at  what  rate  must  the  chain  be  hauled  ? 

Ans.t  80  feet  per  minute. 

10.  In  a  differential  pulley  in  which  the  velocity  ratio  of  fall  to  lift  is 
J50,  a  pull  of  7  lbs.  will  just  raise  a  load  of  24  lbs.,  and  a  pull  of  25  lbs.  a 
load  of  240  lbs.  Find  the  pull  required  to  lift  600  lbs.,  and  the  efficiency 
of  the  machine  when  such  a  weight  is  being  raised. 

Aus.j  55  lbs.  ;  0*36. 

89.  When  one  body  touches  another,  and  there  is  equilibrium,  if 
there  is  no  friction,  this  means  that  there  is  no  tangential  force  at 
the  siu-facc.  The  force  with  which  either  body  acts  on  the  other 
has  no  tangential  component.  If,  however,  there  is  friction,  and 
we  assume  that  the  friction  is  /u  r  where  r  is  the  force  normal  to 
the  rubbing  surface,  it  is  evident  that  the  total  force  at  the  place 
makes  an  angle  <f>  with  the  normal  if  tan.  <l>  =  fi.  If  the  total 
force  makes  an  angle  less  than  <f>,  its  tangential  component  is  less 

than  the  friction,  and  there  can  be  no 
motion.  If,  then,  two  bodies  a  o  h  and 
DOC  touch  at  o,  and  n  o  nMs  their  com- 
mon nonnal  at  o,  so  long  as  the  direction 
of  the  force  acting  between  the  bodies  lies 
inside  the  cone  q  o  p,  whose  axis  is  o  n, 
the  angle  pox  or  q  o  n  being  4>,  there  will 
be  no  sliding  motion  or  rubbing  at  o. 
Thus,  when  the  block  lies  on  the  inclined 
plane  (Fig.  50),  the  total  force  trans- 
mitted between  block  and  plane  is  w,  the 
'  /  vcriical   weight  of  the  block.      So    long 

as  the  Jingle  is  less  than  <(>,  there  is  no 
^'o-  4'*-  sliding.     But  the  angle  is  the  angle  of 

the  plane ;  hence  sliding  is  about  to  begin 
when  we  are  increasing  the  angle  of  the  plane,  and  it  has  become 
as  much  as  <f>. 

If  the  body  doc  is  at  rest,  and  a  o  b  moves,  touching  the  first, 

the  motion  is  one  of  sliding,  rolling,  or  spinning,  or  combinations 

of  these  three.     Tf  there  is  no  sliding,  so  that  o  is  momentarily  at 

rest,  the  instantaneous  motion  of  a  o  b  must  be  an  angular  velocity 
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y  about  some  axis  through  o.     If  this  axis  niakcs  an  angle  9  with 
the  tangent  plane,  there  is  an  angular  velocity  of  rolling  y  c<x*.  B 


ii 


Fig.  50. 


about  an  axis  in  the  tangent  plane,  and  an  angular  veloeity  of 
spinning  y  sin.  B  about  the  common  normal  to  the  two  planen. 

If  in  Fig.  49  the  surfaces  are  cylindric  and  the  rolling  angular 
velocity  is  w,  and  if  /•  is  the  radius  of  curvature  of  a  o  «  at  o,  and 
if  R  is  the  radius  of  curvatiu-e  at  o  of  the  fixed  sui-face  d  o  c,  and  if 
V  is  the  linear  velocity  of  the  point  of  contact,  it  is  casv  to  Hhow 
that 


« =  (     +     )  1'. 
\r       R/ 


W- 


The  centres  of  cm-\ature  ai"e  supixjsed  to  be  on  different  sides  (»f 
the  tangent  plane. 

If  in  Fig.  60  there  is  fiiction  between  w  and  the  plane,  and 
motion  up  ttie  plane  is  steadily  taking  place,  dniw  r,  making  an 
angle  n  o  r  =  4>,  with  o  n  the  normal.  Let  r 
show  the  direction  of  the  pulling  force,  and  w 
of  the  weight.  Knowing  only  w  to  calculate  r 
and  R,  wo  have  simply  to  use  the  triangle  of 
forces.  We  are  given  one  side  and  the  angles 
to  find  the  other  sides.  Thus  draw  ab  repre- 
senting w  to  scale;  and  draw  bc  and  ac 
parallel  to  the  two  unknown  forces,  with  the 
arrow-heads  going  circuitally.  Measure  b  c 
and  c  A,  and  the  forces  p  and  r  are  known. 

.  Analytioally. — Resolve  all  the  forces  horizon- 
tally and  vertically,  and  we  have  (see  Art.  31),  if 
the  angle  p  o  d  is  a,  as  p  makes  an  angle  a.-\-  B 
with  the  horizontal,  and  r  makes  an  angle  r  o  h,  which  is  the 
complement  of  (4>  +  ^), 

p  cos.  (o  +  0)  =  R  sin.  (4>  -f  a)  .  .  .  .  (1) 

p  sin.  (o  +  ©)  -f  R  COS.  4>  -f  ^)  ^  w  .  .  .  .  (2). 

As  we  reaiJr  do  not  wish  to  know  b,  use  its  value  from  ^1^  m  \^I^, 
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and  wo  find  p  sin.  (a  +  «)  +  vo».  (<^  +  $)  -  j^"*' , J*  r ^m  =  '^^'' 

oin.  \<p  -\-  v) 

w  sin.  {^  +  0)  

^*        COS.  (4>  +  6)  COS.  (a  +  0)   t-  sin.  (4>  +  6)  sin.  (a  +  ^j 
wsin.  (0  +  fl)  _^^(»4-0)  ^3^ 


COS.    j(a+0)-(f+0)j  COB.(«-<^) 

If  p  is  the  force  lequiied  to  Just  prevent  the  body  sliding  doicn 
the  plane,  it  is  necessary  to  draw  the  angle^  n  o,u  upwards,  instead 
of  downwards,  and   to   take  —  tp  for  <f>  in  the   formula.      Then 

p  =  w'5r<-'-t! (■•)• 

COS.  (o  +  <t>) 

?lx(imple  1. — If  a  =  o,  p  =--  \\  '    -'-^  for  upward  motion  ; 

cos.  4> 

sin.  (6  —  <>)  „       ,  ,  .  .     «  n       1  J 

p  =  w  —       tor  downward  motion,      p  is  0  for  downward 

COS.  ^ 

motion  when  0  =  <p.     Under  these  circumstances  the  body  will 
just  be  about  sliding  down  under  the  action  of  its  own  weight. 

When  0  =  <^,  it  takes  a  force  p  =  2  w  sin.  <f>  to  drag  the  body 
up  the  piano. 

Notice  that  when  the  body  is  pulled  up  the  plane,  if  0  is  a 
small  angle,  expanding  sin.  {<p  -]-  0),  and  dividing,  we  find  p  =  w 
(tan.  ^  cos.  0  +  sin.  0). 

Taking  cos.  0  =  1,  we  have,  since  tan.  <(>  =  fi,  p  =  juw-t-w 
sin.  0. 

Now  fi  w  is  the  force  that  must  be  exerted  if  we  have  no " 
inclination  0,  and  w  sin.  0  is  the  force  that  must  be  exerted  if  we 
have  inclination  but  no  friction.     Hence  the  rule  usually  employed 
in  calculating  the  pulling  forc<3  on  a  vehicle  (Art.  47) — namely, 

the  total  pull  when  the  inclination  is  1  in  w  (  or  sin.  0  =  -  J — is 

o(iual  to  the  pull  necessary  on  a  level  road  plus    th  of  the  weight. 

n 

It  is  only  true  when  0  is  small. 

Example  2.— If  a  =  —  6,  so  that  p  acts  horizontally,  p  =  w 

sin.  (<^  +  a)  /«  ,   ^N  *  .       ^-  sin.  {9  —  4>) 

/I   .   flv       ^'  tan.  [0  4-  4>)  for  upward  motion,  p  =  w  -     ,-    -    -v 

cos.  (<^  4-  0)  \        ^1         r  ,  cos.  (a  -  <t>) 

=  w.  tan.  {0  —  <p)  for  dowmvard  motion. 

Example  3. — If  <^  =  o,  so  that  there  is  no  fiiction,  p  =  w  ^—    . 

COS.  a 
Example  4. — Find  a  so  that  p   for  upward  motion  may  bo  a 

minimum.     That  is,  wbit  value  of  a  will  cause  ^^^'  C^  +  4>)  ^^  ^ 

COS.  (a  —  4)) 
a  minimum  't  That  is,  what  value  of  a  will  make  cos.  (a  -  4>) 
a  maximum  ?  Evidently  it  is  a  maximum  when  a  —  4>  =  0 
or  a  =  </>,  and  then  p  =  w  sin.  (<^  +  0).  This  important  result 
seems  to  be  completely  ignored  by  men  who  deal  practically  with 
traction  problems. 

£xample  5. — If  there  is  no  force  p,  what  is  the  acceleration 


APPLIED   MECHANICS.  109 

down  the   piano:-     We  must  finrt  find  what   valiu-  nf   v  nvtinix 
jyarallel  to  the  plane  would  just  Ik-  over<<nnr.     'rhi>  is  ^nvni  in 

Example  1  as  w  ^^^'  y-— J^\     Sow,  tliis  fon-e  arts  uihui  the 

eOH,  d>  * 


-,  and  acceleration  i«  forte  -^  mas**;    s<>  that  the  weehnition  is 

sin.  ($  -  0)       ^- 
ff  T— ^»      ^i  course,  when  0  =  0,  this  l>e<'onies  the  well- 
cos,  ift  ^ 

known  ^  sin.  0. 

Example  6. — When  the  nnt  of  a  square-threaded  screir  is 

turned,   the   surface   of    the   thread    is    like  an   inrline<l    jdanr, 

the  tangent  of  whose  inclination,   By   is  ---   ,   if  rf  is  th<'  nu»aii 

ira 

diameter  of  the  thread  (or  the  diameter  of  the  pitch  cylinder  of  thr 
screw).  The  nut  presses  upon  the  inclined  plane  exactly  as  in 
Example  2,  and  hence  p  =  w  tan.  (6  -f  4>)  .  .  .  .  (1)  if  i*  over- 
comes w,  the  total  weight  to  be  lifted  when  the  nut  is  tumwl ;  or 
p  =  w  tan.  {B  — ^)  .  .  .  .  (2)  if  w  overcomes  p.  If  the  length 
of  the  handle   to  which  the  real   force  a  is  applied  l)e  /,  then 

Yd 
lA  =  ^rd  or   A  =  J-r-;so  that  (1)  and  (2)  IxMoiue 

,  d 
A  =  ^j  w  tan.  (•  +  4))  .  .  .  .  (1), 

(1)  and  (2)  are  equal,  of  coui-se,  if  <f>  is  0,  ami  then 

A  =  ^  -%  w  tan.  B, 

In  this  case,  as  there  is  no  frictiouy  the  efficiency  i«   1,  and  the 

mechanical  advantajce  is  ^  == - (3)*.    The  mechanical 

^*       A        rftan.  tf  ^  ' 

advantage  from  (1)  when  there  is  friction  is  ..     ~ (a  X.  ih\  ' '  ' '  ^'^^' 

Hence  the  efficiency  when  there  i»  friction  ine  -=  - — 7^^- — :  ....  (4). 

•'  tan.(0  +  0)  ^ 

When  w  overcomes  a  the  efficiency  is  similarly  e  =  — -^ — -^  . .  (5). 

Both  (4)  and  (5)  become  1  when  there  is  no  fi-iction. 

It  is  an  easy  exercise  in  the  calculus  to  show  that  (4)  is  a 

IT 

maximum  when  ^  =  .        i  d>  .  .  .  .  (0),  an<l  that  (5)  is  a  maxiinnin 

4 

when  «  =  J  +  J-  <^  .  .  .  .  (7). 

If,  then,  a  screw  is  to  work  as  nint^h  in  one  way  as  the  other,  it 

IT 

seems  reasonable  to  use  B  =  t  ^>*'  "^''^    '*^  ^^"*  angle  of  its  mean 

4 

Spiral. 

Note  that  when  B  is  as  small  as  <^,  w  cannot  overcome  a,  and 
the  screw  wnll  not  overhaul  or  reverse,     in  this  casts  if  a.  over- 


no 
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When  a  lubricant  is  used  we  eaiinol  be 


comes  w,  c  =-         -^— . 
tan.  2  <p 

sure  that  the  here  assumed  law  of  friction  holds  ;  that  is,  /*  is  not 

a  constant.     When  a  lubricant  is  not  used  it  is  safe  to  say  that  in 

no  actual  screw-jack  does  one  find  B  approaching  ^  in  value. 

Note  that  when  there  is  no  friction  the  mechanical  advantage 

.    w  2  /  ,        ^       ^       pitch         , ,    , 

18  -  =  -— where  tan.  B  =  - — 3-  ;  so  that 

A        d  tan.  B  ltd 

W  ^  _2  Ivd       ^  2irl 

A        d  X  pitch        pitch' 
or  circumference  described  by   the  end  of  the  handle  -r  pitch,  the 
rule  given  already. 

T  have  not  considered  the  very  considerable  loss  of  efficiency 
due  to  friction  because  the  load  which  is  lifted  is  being  kept  from 
turning.  Even  the  carefully -constructed  and  well-lubricated  square- 
threaded  screw-jack  in  my  laboratory  has  an  efficiency  of  only 
about  "25  even  at  the  highest  loads.  The  ordinary  jack  used  in 
workshops  has  a  very  much  smaller  efficiency  than  this.  When 
the  screw  hits  a  triangular  thread  we  may  assume  that  with  the 

same  kinds  of  rubbing  surface  the 
eo-efficient  of  friction  has  greatly 
increased  ;  in  reality  it  is  the  normal 
pressure  on  the  thread  which  has 
increased. 

90.  When  d^  pulling  force  f,  making 
an  angle  fi  with  the  normal,  is  applied 
to  move  a  block  which  is  being  pressed 
against  a  surface,  the  tangftntial 
componeht  which  overcomes  motion 
is  F  sin.  ^.  The  normal  component 
F  COS.  fi  diminishes  r,  so  that  the  fric- 
tion is  /*  (r  —  F  COS.  i3).     Hence,  when  sliding  occurs, 

F  sin.  is  =  /u  (r  -  F  cos.  j8), 

""         ...(1). 


Fig.  52. 


or 


F  = 


sin.  i3  +  M  COS.  j8 
For  any  given  value  of  ft  it  is  easy  to  find  the  value  of  /8  which 
will  make  f  a  wininniTn-  In  fact,  the  denominator  of  (1)  is  a 
maximum  when  cos.  fi  =  fi  sin.  j8,  or  /u  tan.  j8  =  1,  or  ^  is  the 
complement  of  ^,  the  angle  of  repose. 

But  if  F  is  a  pushing  force,  we  have  f  sin.  jS  =  /*  (r  +  f  cos.  j8)  ; 

UL  R 

SO  that  F  =  -; — j^-^ ;;.    lu  tWs  casc  F  becomes  infinity 

sm.  p  —  n  COS.  j8  "^ 

if  /3  is  less  than  the  complement  of  ^.     For  an  angle  /3  which 

is  less  than  90°  the  pushing  p  must  be  greater  than  the  pulling  f. 

W^hen  one  piece  of  machinery  drives  another  at  a  sliding  contact 

this  gi-eat  distinction    between   pushing   and  pulling  must    be 

niinembtjred. 

EXERCISES. 

1.  A    weight   of   5   ewt.   resting   on  a   horizontal   plane   requires   a 

horizontal  foive  of  UK)  lbs.  to  move  it  against  friction.     What,  in  that 

case,  is  the  value  of  the  eo-effieient  of  friction  h  -4w*.,  0-18. 
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2.  A  weight  of  50  lbs«.  is  supiMH*tod  by  friction  alniir  mi  uii  incliiKil 
plane :  what  is  the  force  of  fi-iction  'r  Anglo  of  jilanc,  xin.  -\i.    Ant. .  20  11>h. 

3.  A  body  placed  on  a  horizontal  jilane  retjuirt's  a  horizontal  f<»rc<'  c<|iial 
to  one-half  its  own  weight  to  overcome  the  friction.  I  f  the  plane  l>e  gradiuilly 
tilted,  at  what  angle  will  the  body  begin  to  slide  :-  Ans.  20*-  20'. 

4.  Find  the  force  paraUel  to  the  pLmt*  requiiiHl  to  draw  a  weight 
of  40  lbs.  up  a  rough  inclined  plane  if  /4  =  -I,  the  inclination  of  the  j»lanc 
being  such  that  a  force  of  12  lbs.  acting  at  an  angle  of  1;V  to  the  plane 
would  support  the  weight  if  the  plane  were  smooth.        Ana.^  24*36  lbs. 

h.  On  a  rough  inclined  plane  it  is  found  that  a  body  is  just  support e<l 
on  it  by  a  horizontal  force  equal  to  three-quarters  the  weight  of  the  bcMly. 
Find  the  co-efficient  of  friction.    Angle  of  plane,  sin.  - 1  5.        Ana.y  ^^. 

6.  Two  unequal  weights,  Wj  and  Wj,  of  the  same  material  on  a  rough 
inclined  plane  are  connected  by  a  string  which  passes  over  a  fixeil  pulley 
in  plane.    Find  inclination  of  x^lane  when  the  system  is  in  equilibriiun. 

Atm.f  tan.     -     

Wj  —  vv., 

7.  Two  rough  bodies,  W^  and  W^,  rest  on  an  incrlined  jdane  and  are 
connected  by  a  string,  the  inclination  of  string  to  the  htuizontal  Ix'ing  the 
same  as  the  plane.  If  the  co-efficients  of  friction  are  /a^  and  m-j  resjH'ctively, 
find  the   greatest   inclination    of    the    plane   when    the    systt^m    is    in 


eqoilibriimi. 


.iw».. 


/i,  W  I  +  /ij  w., 


8.  A  plane  is  inclined  to  the  horizontal  at  24"" :  there  is  a  load  of 
1,200  Ibe.  on  it,  the  co-efficient  of  friction  being  -18.  Determint;  (1)  the 
force  required  to  just  draw  the  load  up  the  plane  ;  (2)  the  force  require<l 
to  just  prevent  it  slipping  down;  (3)  the  force  required  to  supiHU-t  it  if 
there  be  no  friction,  the  direction  of  the  line  of  action  of  the  forctj  l>eing 
in  each  case  23"*  with  the  plane,  and  above  it.  Determine  the  conesi)ond- 
ing  results  if  the  direction  of  the  force  be  parallel  to  the  plane,  and  again 
if  the  force  be  horizontal.  Obtain  also  the  least  force,  in  nmgnitude  and 
direction,  which  is  necessary  in  each  of  the  three  cases  first  ref eiTed  to : 
that  is,  for  raising,  lowering,  and  supjwrting  without  friction.  Thon^  are 
twelve  results  in  all. 

Ans.y 


E  making  23° 
with  plane. 

Effort  E  in  pounds. 

£  paraUel  to              e 
plane.           liorizoiit^d. 

685                  816 

K  a  iiiini- 
inuin. 

Upward  motion. 

692 

674 

Downwai-d  motion. 

1 
342 

291                  295 

286 

No  friction. 

530 

488                  534 

488 
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0.  A  load  of  1,200  lb«.  has  to  bo  pulled  along  a  honzontal  plaiu'. 
Dutcriuim;  in  nia«»;nitudo  and  dii-cction  the  least  force  necessary  to  do  this, 
the  co-efticieut  of  friction  beinpp  taken  0-4.  Afu.,  446  ;  21"  48'. 

10.  Determine  the  efficiency  in  the  case  of  a  scixiw  2i  inches  diameter, 
in  which  there  are  four  threads  to  the  inch,  taking  the  co-ofticient  of 
friction  04.  Am.,  0-442. 

11.  Taking  the  mean  diameter  of  the  threads  of  a  1  inch  bolt  to  be 
•92  inch,  number  of  threads  i)er  inch  8,  the  co-efficient  of  friction  reduced 
to  an  equivalent  square  thread  -17,  find  the  turning  couple  requii*ed  to 
overcome  an  axial  force  of  2^  tons.  Ans.,  '20  :  46*1  pound-feot. 


'      JOINTS   WITH   FRICTION. 

91.  When  we  know  the  resultant  of  the  loads  or  forces  on  a  pin 
or  journal,  and  the  law  of  friction,  we  can  calculate  the  resultant 

force  on  the  eye  or  step.  Thus,  if  no  re- 
presents the  resultant  load  w  upon  the  journal 
s  p,  and  thei-e  is  also  a  twisting  couple  turning 
the  journal  in  the  direction  of  the  arrow  t, 
the  joiu'iial  rides  up  in  the  step  till  p  is  the 
point  of  contact,  and  until  o  p  q  =  <f>  is  the 
angle  of  repose,  i*  q  being  a  vertical  force  equal 
to  w,  and  this  is  the  resultant  of  the  forces 
with  which  the  step  acts  on  the  journal;  /*,  the 
coefficient  of  friction,  is  tan.  o  p  q. 

It  is  usually  stated  in  books  that  the  resul- 
tant force  between  an  eye  and  pin  must  act 
through  some  point  such  as  p  in  the  sui-face  of  contact.     To  show 
that  this  is  a  mistake,  imagine  a  m  and  «  c  two  pieces  with  a  pin 
joint  at  K.     These  letters  indicate  the  centi-es  of  pins  at  a,  «,  and 


Fii,'.  53. 


0.    If  we  neglect  the  weights  of  the  pieces,  imagine  fiictionless  pins 
at  A  and  c,  then  any  force  conmiunicatcd  from  a  to  c  through  the 

fi-ictional  joint  k  is  in  the  stmight  line  a  c  ; 
for  the  resultant  force  of  the  pin  a  upon  the 
piece  A  H  acts  through  the  centre  a,  and  the 
resultant  force  of  the  piece  b  c  on  the  pin  c 
acts  through  the  centre  c.  Inmgine  the  pin 
at  R  to  be  rigidly  fixed  to  b  c.  The  force 
between  a  h  and  v  h  at  the  joint  b  must 
be  in  the  direction  a  c  ;  and  we  can  have 
so  much  friction  at  b  that  A  c  does  not 
Fig,  .05.  necessarily  act    thi-ough  any  point  of  the 
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ssurfciec  of  contact.  We  cannot,  however,  inia«j:iiic  this  hii]>[M>iiin};  if 
the  pin  and  eye  at  it  meet  only  atonejMiint  or  line  at  rijfht  ang:h>ti> 
the  jjaper ;  and  it  is  therefore  ini^Mn'tant  that  pins  and  eyt>  should  Ix- 
of  slack  fit,  and  we  shall  in  futun^  inia^jfine  Iheni  to  U-  w».  We  avoid 
unnecessary  complication  if  we  imagine  that  when  twu  piites  H<t 
through  a  pin,  the  pin  is  rifjidly  attached  to  (»ne  of  them.     Ia'I  c  i> 


Fig.  56. 

and  E  F  be  two  frictional  pins  acting  on  the  pie<*e  o  h.  Ln't  a  and 
B  he  their  centres.  Let  the  coefficients  of  friction  l>e  u  ami  b,  t»r 
the  angles  of  repose  4>  and  <pi^.  Let  the  radii  of  the  pins  In*  a  and 
B.      Describe    about   a   a   circle   with    the    radius   a   sin.   p,   «»r 

a  ...  * 

a  —r.~~^ii.  and  about  b  a  circle  with  the  radius    h 


V  I  +  a 


2i 


*/  1   +   *-•• 


These  may  be  called  the  friction  cirdes  of  the  ]>ins. 

If  there  were  no  friction,  the  equal  and  opjMjwite  forcen  at  a  and 
B  acting  on  the  pin  would  bo  in  the  direction  a  b.  They  are  r<*ally 
in  the  direction  of  a  common  tangent  to  the  two  cii*ch»s.  Th(»re 
are  four  positions  of  this  common  tangent  dei)ending  ui)on  the 
direction  of  relative  sliding  of  pin  and  piece  at  each  place. 

There  are  certain  cases  in  which  we  see  the  din)Ction  without 
trouble.      Thus  :  if  a  (Fig.  57)  is  the  centre  of  the  crosshead  <>f  a 


Fig.  57. 

steam-engiiie,  and  c  of  the  crank  shaft.  If  the  resultant  force  due 
to  the  piston-rod,  etc.,  is  v  at  a,  with  no  friction,  we  know  that  v 
sec.  B  a  c  is  the  pushing  force  in  the  connecting-rod  a  b,  and  the 
moment  of  this  about  c  is  f  sec.  b  ac  x  c  d  com,  b  a  o  =  f  x  c  d.  If,  then, 
we  had  no  friction  at  the  slide,  but  only  in  the  pins  a  and  b,  as  w(» 
see  that  both  frictions  diminish  the  turning  moment,  the  line  of 
resiBtance  touches  the  two  fi-iction  circles  dmwn  at  a  and  b  in  th(» 
manner  shown  in  the  figiu-e,  and  the  timiing  moment  on  the  crank 
shaft  is  p  X  c  e.  Happily,  in  steam-engines  tluit  are  well  attended  to 
the  friction  circles  are  so  small  that  we  may  pmctically  neglect 
them,  and  consider  the  force  between  a  rod  and  pin  to  be  truly 
through  the  centre  of  the  pin.  Should  we,  however,  as  in  the  case 
of  the  hinged  joint  of  an  arch,  fear  friction  at  the  joint,  it  is 
worth  while  rememberino-  that  whatever  be  the  loads  o\\  \i  ^^Ve^i.^^, 
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Ihu  ncccEHiii'y  ujuilibiHtiii^  foi'ccH  iit   Ihi 
liiiipjntkl  111  Ihv  (rii,ii<m  oircU    '*"  ■" 

Hit  Ihc  cvntrLw  lit  Ihv  hinjj^v 


Thus 


V  thv  frtetiutt 


U>  find  Ihc  line  nf  t'esistancv 
A  ['  H,  hut  hIhu  uther  pan- 
iiibb  (lUcs  nut  pssaisg 
througli  the  centrox  a  and  k, 
hut  touching  the  friction 
cinJea  there.  If  a  in  the 
inclinAtion  of  the  centre  line 
of  (le  arch  at  a,  and  r  ie  the 
radiuH  of  the  friction  circle 
there,  there  will  be  no  gnat 
Fig.  M,  error  in  adopting  this  rule; — 

The  line  at  rctiistancc  may 
Blart  fi'om  anv  point  liclivcpii  a'  »iiiI  a"  in  the  I'erticul  through  *, 

The  ainallcr,  therefore,  the  ludiiui  uf  Ihc  cylindi'ic  Bui-face  oi' 
hinge  of  n  hlagiKl  areh  the  butter.  AVhon  an  arch  ring  abuts  at  a 
tylindiic  Hurfacu  of  lai^  radins,  1  cannot  see  much  distinction 
"       '    n  arch  fixed  at  the  cndn,  except  that  there  may  be 


n  the  j, 


ralher  thst  the  1 


not  |iatie  oitlnide  the  joint. 
92.  Bodyturnin^  about  an  Axis. — In  Fig.  59  y/e  have  a  body  . 
which  can  move  about  an  axJH.  It  is  noted  on  by  a  number  of 
cords  exerting  forces 
which  just  balance 
one  another.  Now, 
if  you  make  this  ex- 
periment you  will 
find  that  you  must 
keep  your  finger  on 
the  body,  because  it 
is  in  such  a  state 
that  a.  very  small 
motion  either  way 
causes  the  forces  to 
no  longer  balanca 
"  Suppose,  however, 
you  were  to  let  the 
v\i!.  sn,  cord  A  be  wound  on 

a  pulley  whose  I'adiiis 
is  eqital  to  the  distance  a  o  ;  the  con]  ii  on  a  pulley  whose 
radius  is  equal  to  d  o,  and  so  on,  you  would  have  the  aiTange- 
ment  shown  in  Fig,  60,  which  differs  from  Fig.  59  in  that  a 
amaU  motion  has  no  effect  on  the  balance.     Now  what  is  the 
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L  tLis  ca««f   Su|)piii«.'  OIK'  i.'Oiii])li'li'  tuni 
©ry  coitl   Mlioi-toiis   in-  leiigtln-iis    lt\   h 


;  circumference 


wriditiuii  ui  balance 

tJistaaceeijualtotUe 
circumference  of  the 
pulley  on  which  it 
iswonad.  Let  a  and 
B  lengthen,  and  let 
c  shorten,  then  we 
know  that  the  work 
done  by  a  and  n 
must  be  equal  to  the 
work  done  against  c. 

Pull  in  A  X  cir- 
cumference of 

a'b        pulley, 

together  with 

pull    in    B  X 

circumference 

of  b's  pulley,  must  be  equal  to  pull  ii 

of  c's  pulley. 

We  might,  however,  use  the  diaiuetera  or  radii  of  the  pulleys, 
and  BO  we  see  that  in  Fig.  60  there  is  balance  if 

Pnll  in  A  X  A  0,  together  with  pull  in  b  x  bo,  equals  pull  in 

C  X  c  o. 
The  pull  in  A  X  A  o  is  really  tlie  tendency  of  a  to  turn  the 
body  about  the  axis,  and  in  books  on  mechanics  it  is  called  the 
moment  of  the  force  in  a  about  the  axis  o.  The  law  is  then, 
if  a  number  of  forces  try  to  turn  a  body  and  are  just  able  to 
balance  one  another,  tbe  sum  of  the  momenta  of  the  forces 
tending  to  turn  the  body  against  the  hands  of  a  watch  must  be 
equal  to  the  sum  of  the  moments  of  the  forces  tending  to  turn 
the  body  with  the  hands  of  a  watch.  We  sometimes  say : — 
"The  algebraic  gum  of  the  momenta  of  all  the  forces  is  zero." 
that  is,  we  regard  one  kind  of  moment  us  }/ositive  and  the 
other  as  negative.  Another  way  of  putting  the  proof  is  this  ;— 
tf  a  much  magnified  drawing  be  made  showing  a  very  small 
motion  through  tie  angle  fl,  it  will  be  seen  that  the  work  done 
by  c  being,  either  c  x  motion  of  point  of  application  waolved 
in  direction  of  c,  or  motion  of  point  x  resolved  part  of  c 
m  direction  of  motion ;  in  either  case  tliia  work  is  equal  to 
t  X  0  c  X  6,  that  ia,  moment  of  c  x  9,     Hence,  total  work  = 
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algebraic  sum  of  moments  x  0,  and  if  total  work  in  0,  then  the 
algebraic  sura  of  the  moments  is  0.  When  woi-k  is  done  upon 
a  body  in  turning  it,  observe  that  the  work  in  foot-pounds  is 
equal  to  the  moment  in  jjouitd-feet  multiplied  by  the  angle  in 
radians  turned  through.  If  a  constant  moment  m  acts  upon  a 
body  rotating  at  a  radians  per  second,  Ma  is  the  work  done 
per  second.  If  n  is  the  number  of  revolutions  per  minute, 
2  TT  n  is  the  angle  per  minute,  and  hence  M  2  tt  w  -f-  33,000  is 
the  horse-power. 

[No  doubt  the  student  has  already  become  quite  familiar 
with  the  idea  expressed  by  '*work  =  force  x  distance.'*  It 
has  just  been  shown  how,  by  the  very  simplest  transformation, 
this  expression  becomes,  in  the  case  where  a  force  is  producing 
turning  about  an  axis,  "  work  done  =  moment  x  angle  turned 
through  in  radians.''  Although  not  required  for  the  study  of 
the  portion  of  the  subject  now  under  consideration,  yet  we 
may  remind  the  student  that  at  a  later  stage  it  will  be  an 
advantage  to  him  if  he  has  accustomed  himself  to  calculating 
work  done  when  the  turning  moment  (called  the  torque)  and 
angle  turned  through  are  given.] 

98.  The  Lever. — Thus,  for  example,  a  lever  is  a  body  such 
as  I  have  spoken  about,  capable  of  turning  about  an  axis.  You 
will  find  that  our  general  rule  of  work  and  this  rule  of 
moments  will  give  the  same  result.  If  two  forces  act  on  a 
lever,  they  tuill  balance  when  their  moments  about  the  axis  are 
equal ;  that  is,  when  P,  multiplied  by  the  shortest  distance 
from  the  fulcrum  or  axis  to  the  line  in  which  p  acts,  is  equal 
to  w  multiplied  by  the  distance  of  the  fulcrum  from  the  line 
in  which  w  acts. 

If  a  nu7nber  of  forces  balance  when  acting  on  a  lever,  the 
sum,  of  the  moments  tending  to  turn  the  lever  against  the  liands 
of  a  watch  must  be  equal  to  tlie  sum  of  the  moments  teoiding  to 
turn  tlie  lever  with  the  hands  of  a  watch. 

It  must  be  remembered  that  if  the  body  acted  upon  has  its 
centre  of  gravity  somewhere  else  than  in  its  axis,  then  we  must 
consid(5r  that  the  weight  of  the  body  is  a  force  acting  vertically 
through  its  centre  of  gravity. 

Example. — The  safety  valve,  Fig.  61,  must  open  when  the 
pressure  on  the  valve  is  just  100  lbs.  per  square  inch.  The 
mean  area  of  the  valve  a,  on  which  we  assume  that  the  pres- 
sure acts,  is  3  square  inches ;  c  D  is  2  inches,  e  is  50  lbs. ,  the 
weight  of  the  lever  is  6  lbs.,  and  its  centre  of  gravity  is  6  inches 
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irwa  D ;  where  must  K  be  placed  t  All  difltances  are  measured 
horizontally.  Here,  the  upward  force  is  100  x  3,  or  300  11m., 
and  its  moment  about  s  is  300  x  2,  or  600.  The  moment  of 
the  weight  of  the  lever  is  6  X  6,  or  36.  The  moment  of  the 
we%htE  is  50  X  the  required  distance  from  D.  Hence,  600~ 
36,  or  564  divided  by  50,  is  the  answer;  11-28  inches  from 
D.    Thas  we  find  where  the  mark  100  ought  to  be  placed. 

Let  the  student  repeat  this  for  pressures  uf  90,  80,  and 
70  lbs.  per  square  inch,  stating  in  each  case  the  distance  of  the 
weight  from  D.     What  are  the  distances  apart  of  the  mcu-ks  ? 

This  is  not  the  place  to  consider  the  various  forms  of  safety 


valve  employed  by  engineers.  The  force  which  fluid  at  rest 
can  exert  against  a  valve  is  not  the  same  ax  when  the  valve  is 
upen  and  the  fluid  is  moving ;  but  it  is  very  important  that  a 
valve  should  stay  open,  allowing  the  fluid  to  escape.  This  is 
effected  partly  by  using  a  peculiar  shape  of  valve,  but  more 
uanally  by  letting  b  come  closer  to  the  fulcrum  when  the  valvt 
opens.  In  the  above  figure  the  valve  seat  i 
practice,  a  flat  seat  is  now  much  more  c 
breadth  of  the  seat  being  very  small. 

SxercMe. — A  Weighbridge  consiste  of  thre 
mechanical  advantages  help  each  other  ;  I  n 
anu  of  each  supports  the  long  arm  of  the  next.  Suppose  that 
the  weights  of  all  parts  are  arranged  so  as  just  to  be  balanced 
when  no  load  is  on  the  bridge,  and  that  the  mechanical 
advantages  of  the  three  levers  are  8,  10  and  12,  what  load 
will  be  balanced  by  a  weight  of  16  lbs.  1  Anmoer — H,400  lbs. 
Suppose  that  it  is  the  first  of  these  levers  tbat  ia  B\tex».V)\e 


conical  ;   i 
ily  used,  the 


)  levers  whose 
,  the  short 
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(that  is,  there  is  a  sliding  weight),  what  is  its  mechanical 
advantage  altered  to  when  the  load  is  16,000  lbs.  ?  An»wer — 
It  was  8  ;  it  now  becomes  increased  in  the  proportion  of  1 6,000 
to  U,400,  so  that  it  becomes  8-8889. 

Show  that  the  graduation  of  the  lever  with  the  sliding 
weight  is  in  equal  divisions  for  equal  alterations  of  the  load. 
Do  this  by  finding  the  position  of  the  sliding  weight  for 
various  loads. 

Friction  is  greatly  got  rid  of  in  weighing-machines  by  using 
steel  knife  edges  as  fulcrums  of  levers  resting  on  hard  steel  or 
agate  plates.  Students  must  examine  actual  specimens.  The 
common  chemical  balance  must  be  examined.  There  is  one 
thing  about  it  which  may  trouble  the  student.  "Why  are 
short-armed  balances  now  preferred  to  the  older  forms'?"  The 
short-armed  balance  has  less  moment  of  inertia,  and  this 
causes  it  to  be  quicker  in  its  motions,  so  that  time  is  saved. 
(See  Art.  453.)  But  there  is  much  more  to  be  said  about  it 
than  this.  Indeed,  in  this  as  in  all  other  cases,  to  thoroughly 
understand  one  machine  requires  a  knowledge  of  the  whole  of 
applied  mechanics  and  applied  physics.  I  am  not  now  dis- 
cussing any  one  machine  exhaustively.  I  was  strongly  tempted 
to  take  up  the  thorough  consideration  of  one  machine  and  call 
this  the  study  of  applied  mechanics ;  and  if  I  had  a  student 
with  a  particular  interest  in  one  machine  this  would  be  the 
very  best  way  to  put  before  him  the  study  of  applied  mechanics. 
The  method  I  have  adopted  in  this  book  is  to  illustrate  each 
principle  by  means  of  a  machine  in  which  that  principle 
happens  to  appear  most  important.  The  defect  of  the  method 
arises  from  its  causing  a  student  to  think  that  he  knows  all 
about  a  machine  when  he  only  knows  the  most  important 
principle  of  applied  mechanics  which  is  illustrated  by  it.  The 
cure  for  this  academic  training  defect  comes  when  a  student  is 
compelled  to  take  a  special  interest  in  some  one  machine,  and 
it  is  then,  in  practical  work,  that  he  really  is  learning  applied 
mechanics.  "We  can  only  partially  correct  the  defect  by  our 
numerical  exercise  and  laboratory  work  and  experience  in  the 
workshop. 

Students  looking  at  weighing-machines  ought  particularly 
to  notice  that  when  objects  to  be  weighed  are  placed  not  on 
swinging  scale-pans,  but  on  fairly  firm  platforms^  the  construc- 
tion of  the  balance  must  be  such  as  to  make  the  measurement  to 
be  independent  of  the  position  of  the  object  upon  the  platform. 
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EXERCISER. 

1.  A  iinifomi  straight  bar,  2  feet  long,  wt'i^h.N  ')  ll)s. :  it  in  iiwd  as  » 
lever,  and  an  8  lbs.  weight  is  Hii8i)cnde<l  at  one  end  :  find  the  jm  wit  ion  of 
the  fulcrum  where  there  is  equilibrium.  -iw«.,  4-o  inches. 

2.  A  lever  safety-valve  has  the  following  dimensions  : — Mean  diamrtrr 
of  valve,  3  inches;  weight  of  valve,  8  11)h.  :  distance  of  centre  of  valve 
from  fulcrum,  2^  inches;  weight  of  lever.  16  lbs. ;  distanc*'  of  its  centre  of 
^nty  from  fulcrum,  13  inches.  Find  where  a  weight  of  3.)  llw.  nnist 
be  himg  from  the  lever,  so  that  the  steam  may  blow  off  at  8.3  IIjh.  iM'r 
square  inch.  Am,,  36-4  inches  fi*om  f  ulcnnn. 

3.  A  B  c  D  is  a  rectangle,  and  a  c  a  diagonal.     In  a  c  take  a  j>oint  o, 

such  that  A  o  is  a'third  of  a  c.     Forces  of  30,  10,  and  5  act  fnmi  a  to  ii,  ( 

to  B,  and  D  to  c  respectively.     If  a  b  =  3  inches,  and  b  r  =  4  inches, 

vrite  down  the  moment  about  o  of  each  force,  with  its  propcT  sign,  and 

find  their  algebraic  sum.  .  ^^         ,«        *0        20 

^  Afnt.,  -  40  ;   +  20  :   +  — ;   -  -  • 

4.  The  diameter  of  the  safetv- valve  of  a  steani-lwiler  is  4  inches : 
the  weight  on  the  lever  is  90  lbs.,  and  distance  from  centre  of  the  valve 
to  the  fulcrum  is  2*5  inches ;  what  must  be  the  distance  of  the  point  of 
suspension  of  the  weight  from  the  fulcrum  in  order  thjit  the  valve  will 
just  lift  when  the  i>re88uro  of  steam  in  the  boiler  is  80  ll>s.  ikt  square 
inchl"  Length  of  lever,  30  inches;  weight,  12  ll)s. :  distance  of  centre  of 
graA^ty  from  fulcrum,  14  inches.  Aus.,  20*059  inches. 

5.  A  ball  weighing  4  lbs.  is  fixed  to  on(^  end  of  a  l>ar  hanging  vertical, 

the  other  end  of  which  can  turn  about  a  fixed  axis.     If  the  ImiII  1m'  pulled 

out  by  a  force  which  acts  horizontally  through  th(^  centre  of  the  ImiII, 

what  will  be  the  amount  of  this  force  necessary  to  keep  the  bar  at  rest  in 

a  position  such  that  the  bar  makes  30**  with  the  veriical  ?     If  thi*  li-ngth 

of  the  bar  be  30  inches,  what  would  be  the  force  if  ap^died  at  a  p(»int  on 

the  bar  10  inches  from  the  centre  of  the  ball  ?  .        4      _         _ 

Ans.,  jj  a/3;  2^d. 
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Fig.  rt2. 


ELEMENTARY    AXALYTICAL    AND   GRAPHICAL    METHODS. 

94.  In  Fig.  62  we  have  another  example  of  the  fact  that  when 
there  is  a  displacement  of  a  point,  o,  in  the  direction,  o  t,  and 
a  force,  p,  acts  in  the  direction  o  a,  the  angle  acq  being  called 
a,  the  work  done  is  the  displacement  multiplied  by  the  com- 
ponent of  p  in  the  direction  o  t.  This  component  is  p  cos.  a,  or 
it  may  be  defined  as  the  projection  of  o  a,  the  line  which 
represents  the  force,  upon  o  t. 

The  student  must  note  what  we  mean  by  the  projection  of 

a  line.     The   projection   of 

0  A  upon  the  line  o  T  is  o  Q. 
If  the  arrow-head  is  not 
put  upon  o  Q,  the  order  of 
the  letters  will  indicate  the 
sense  of  the  action.     Thus 

1  shall  use  q  o  to  mean  a 
sense  opposite  to  o  q.  Now  note  that  if  we  have  lines, 
o  A,  A  B,  B  c,  c  D,  and  D  E  (Fig.  63),  what  I  call  the  sum 
of  their  projections  upon  any  line  is  really  the  projection  of 
o  E.  If  I  have  a  closed  polygon,  the  sum  of  the  projections 
of  its  sides  upon  any  line  is  zero,  if  the  sense  of  every  side  is 
circuital  round  the  polygon  with  the  sense  of  all  the  rest. 
If  the  sides  are  parallel  to,  and  proportional  to  forces,  this 
means  that  the  sum  of  all  the  components  of  all  the  forces  in 
any  direction  whatsoever  is  zero. 

Now  suppose  we  have  a  body  acted  upon  by  any  number  of 

forces  in  all  sorts  of  directions 
(we  can  only  illustrate  this 
by  strings  and  weights)  ;  and 
if  the  weight  of  every  2>ortion 
of  the  body  itself  be  con- 
sidered also  acting;  and  if 
the  body  is  in  equUibrium, 
the  principle  of  work  tells 
us  that  if  the  body  receives 
a    small     fcranslational    displacement,    «,    in    any    direction 


Fig.  03. 
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whatsoever  (translation  means  tliat  every  point  moves  paiullel 
to  the  motion  of   every  other  point,  and   through  the  sann* 
distance),  then  the  total  work  done  by  all  the  forces  is  zero. 
But  the  work  done  by  any  force  is  its  component  in  tlie  direc- 
tion of  the  motion  multiplied  by  the  displacement ;  hena%  we 
see  that  the  sum  of  the  components  in  any  direction  whatsoever 
must  be  zero.     This  is  a  condition  which  must  hold  when  any 
body  is  in  equilibrium.     But  it  is  evident  that  we  have  the 
same  rule  when  we  say  that  the  forces  are  proportional  to  the 
sides  of  a  closed  polygon,  the  senses  of  the  forces  being  cir- 
cuital round  the  polygon.     If  the  forces  are  not  in  one  plane, 
the  polygon  will  be  what  is  called  a  gauche  polygon,  but  if  the 
amounts  and  directions  of  the  forces  are  given  in  plan  and 
elevation,  the  polygon  may  be  drawn  in  plan  and  elevation. 
To  give  the  analytical  rule  more  simply : — Take  three  lines 
mutually  at  right  angles  to  one  another,  o  x,  o  y,  o  z ;  project 
all  the  foi-ces  upon  o  x,  they  balance  (that  is,  the  algebraic  sum  of 
their  projections  is  zero) ;  project  all  the  forces  ujK)n  o  y,  they 
balance  ;  project  all  the  forces  upon  o  z,  they  balance.     These 
three  analytical  conditions  are  the  same  as  the  graphical  rule, 
"  the  force  polygon  is  closed." 

Perhaps,  however,  we  had  better  confine  our  attention  to 
forces  all  in  one  plane.  The  analytical  rule  is  :— The  algebraic 
sum  of  all  the  horizontal  components  is  zero,  or  the  horizontal 
components  balance ;  the  algebraic  sum  of  all  the  vertical 
components  is  zero,  or  the  vertical  components  balance. 
These  two  conditions  are  the  same  as  **  the  force  i)olygon  is 
closed." 

EXERCISE. 
Given  the  following  forces,  find  their  equilibrant  — 
Force  o  x  of  50  lbs.,  force  o  a  of  20  lbs.,  the  angle,  x  o  a, 
being  33" ;  force  m  o  of  56  lbs.,  the  angle  x  o  m  being  150' ; 
force  o  G  of  100  lbs.,  the  angle  x  o  cj  (all  angles  are  measured 
cx)unter-clockwise)  being  217' ;  force  h  o  of  70  lbs.,  the 
angle  x  o  h  being  SIS'".  Now  let  a  student  draw  these  on 
paper.  I  have  assumed  them  all  to  be  in  lines  through  a 
'  point  0,  but  this  was  for  ease  in  setting  the  question. 
The  forces  need  not  act  through  one  jx)int.  Let  him, 
by  drawing,  or  by  using  a  table  of  sines  and  cosines,  find 
the  components  of  all  in  the  direction  o  x  and  o  y,  if 
0  Y  is  perpendicular  to  o  x  (Art.  31).  I  make  these  projec- 
tions to  be — 
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ill  the  direcUuii  o  x.  In  the  ilirection  o  y 


50   COS.   0   =    50  50   sin.  0    =   0 

20  COS.  33^  ==  l(>-773  20  sId.  33^  =  10-893 

-f    66  COS.  30^  =  48-497  -     56  sin.  30'  =  -  28 

-  100  COS.  37"  =  -  79'863  -  100  sin.  37"  =  —  60181 

-  70  COS.  45"  =  -  49-497  }      70  sin.  45^  =  49497 

Al^cbi-aic  sum  =  2  x  =  —  14*09  Aljj^ubraic  sum  =  2  y  =  —  27*791 


The  Greek  letter  5*  is  used  to  me^in  "  the  sum  of  all  such 
terms  as."  I  use  x  to  mean  any  p  cos.  a,  and  Y  to 
mean  any  p  sin.  a.  We  have  found  S^i  the  sum  of  all  the 
projections  on  o  x,  and  5*^,  the  sum  of  all  the  projections  on 
o  Y  ;  ^x  and  ^y  are  the  projections  of  the  resultant  of  all  the 
forces.  Call  them  x  and  y  ;  change  their  signs  and  they  are  the 
projections  of  the  equilibrant.  Given  the  two  projections  of 
a  force,  it  is  very  easy  gi*aphically  to  lind  the  force  itself. 
Calling   it   o  r   or   ii   o,    it   is    evident   that   its  amount   is 

/ "—  .  •  Y 

V   X-  -h  y2,  and  its  direction  is  such  that  _.    =  tan.  x  o  u. 

X 

Id  the  above  case  the  resultant  is  K  o  =  31*158,  and  the 
angle  x  o  r  is  243"  7'.      The  equilibrant  is  o  r. 

The  student  nmst  get  accustomed  to  symbols  which  so 
greatly  shorten  our  use  of  language.  Our  rule  is : — If  Pj,  Pg, 
etc.,  are  forces  in  a  plane,  and  if  they  make  angles  uj,  a^,  etc., 
with  any  line,  say  a  horizontal  line,  then  Pj  cos.  oj  =  X|, 
Po  COS.  a.,  =  Xo,  etc.,  are  the  horizontal  com}K)neiit8  of  the 
forces.  The  directiafts  of  arrow-heads  must  be  noted,  and  the 
algebraic  sum  of  the  horizontal  components  is  denoted  by  x  =: 
5*1*  COM.  CI,  or  5'x.  In  the  same  way  y  ^  J*!*  sin.  o,  or  5'y, 
denotes  the  algebraic  sum  of  the  vertical  components  Yj  = 
p|  sin.  uj,  Yo  =  Pj  sin.  «.„  etc.  Then  the  resultant,  k,  of  all  the 
forces  is  the  resultant  of  x  horizontally  and  y  vertically,  and 
r3  =  x^  -f  y2,  and  if  R  makes  the  angle  a,  with  the  horizontal, 
then  tan.  a  =:  y  -f-  x.  We  have  only  found  the  amount, 
clinure  and  sense  of  n.  We  do  not  yet  know  where  it  acts. 
(The  word  clinure  was,  1  believe,  invented  by  the  late  Professor 
James  Thomson ;  the  word  direction  implies  more  than  what  we 
try  to  express  by  clinure.) 
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Similarly,  if  the  forcen  are  not  in  the  samt*  plane,  and  if  tvirh  v 
makes  the  angles  a,  fi,  and  7,  with  three  t<tandanl  lincN  at  riiifht 
angles  to  one  another  (usually  called  the  axes  of  x,  y,  and  z),  th<'n 
if  p  COS.  a  is  called  x  and  Jp  cos.  a  =  x,  if  p  (h»s.  /3  is  called  y  and 
2p  cos.  /B  =  y,  and  if  p  cos.  7  =  z  and  2p  cos.  7  -"z,  thon  u-  =  Tc- 
+  \^  +  Y*-*  and  the  cosines  of  the  angles  which  u  makes  with 
the  axes  are  x/ji»  y/'^,  and  35/^. 


95.  Any  physical  quantity  which  is  directiomil  is  called  a 
?eetor  (such  as  a  displacement,  a  velocity,  an  acceleration,  a 
force,  a  stress,  the  flow  of  a  fluid,  etc.),  ancl  may  be  represented 
by  a  straight  line.   The  lengtii  of  the  line  represents  the  quantity 
to  some  scale  of  measurement ;    the  linens  clinure  represents 
the  clinure  of  the  vector,  and  the  barb  of  an  arrow  represents 
its  sense.     It  is  easy  by  actually  drawing  lines  and  measunng 
their  lengths  to  solve  problems  which  would  otherwise  require 
a  good  deal  of  mathematical  knowledge.     This  sort  of  graphi- 
cal   calculation   having   proved   useful,   it   has   attracted  the 
attention  of  men  who  have  leisure  enough  to  make  an  elal>orate 
study  of  its  methods.     It  has,  unfortunately,  become  a  com- 
plicated weapon  with  which  these  men  can  attack  all  soi-ts  of 
prrjblems  which  are  much  more  easily  solved  in  other  ways. 

We  shall  only  use  graphical  methods  where  they  happen  to 
be  the  best  methods.     Now  a  force  is  a  vector ;  it  has  magni- 
tude, clinure,  and  sense,  but  it  is  more  than  a  vector ;  it  has 
a  fourth  quality  not  possessed  by  ordinary  vectors — namely, 
aetnal  position  in  space.     Settling  any  one  point  in  its  line  of 
application  settles  its  jx)sition  when  its  clinure  is  known.    But 
if  we  are  told  that  forces  all  act  at  a  point,  they  are  added 
exactly  as  all  mere  vector  quantities  are  added.     When,  then, 
I  speak  of    finding  the  resultant  or  equilibrant  of  forces  at 
a  point,  I  may  be  said  to  speak  of  any  vectors. 

96.  Forces  acting  at  a  Point.— The  line  a  b  (Fig.  Gl) 

represents  a  force  in  clinure  by  its  own  clinure, 
in  amount  by  its  length  to  any  scale  we  please, 
and  in  sense  by  its  arrow-head,  which  shows 
tbat  the  action  of  the  force  is  from  a  to  r 

It  would  not  be  correct  to  call  this  the  force 
B  A,  because  this  is  opposed  to  the  sense  of  the 
am)w-he^.  The  forces  a  o,  o  b,  o  c,  o  d 
(Fig.  05),  all  act  upon  a  small  body,  o,  or  their 
lines  of  action  when  produced  all  pass  through  ¥\vi  ^\. 
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Fig.  1)5. 


a  poiiit,  o,  in  a  large  rigid  body.  The  amount  of  each  force 
is  shown  by  the  length  of  the  line,  representing  it  to  some 
scale.  Now  to  add  these  forces  together  in  the  most  perfect 
manner — that  is,  to  find  a  force  called  their  resultant,  which 

shall  be  exactly  equivalent  in  its  effects 
/  to  all  the  above  forces  acting  together 
— we  draw  a  polygon  (Fig.  66).  ^Each 
side  of  this  polygon  is  parallel  to,  and 
i)ropDrtional  to  a  force  in  Fig.  65  ; 
thus,  the  side  a  corresponds  to  the  force 
A  o,  and  the  arrow-heads  agree,  and 
lastly  the  action  indicated  by  the 
arrow-heads  is  circuital.  Fig.  66  is 
always  called  the  force  polygon. 
When  it  is  unclosed,  as  it  is  in  the 
present  case,  we  know  that  the  forces 
A  0,  etc.  (Fig.  65),  are  not  in  equili- 
brium. To  keep  a  o,  o  b,  et<;.,  in  equilibrium,  a  new  foi*ce, 
called  the  equilibrmit,  must  be  introduced  corresponding  to 
the  side  E  (shown  dotted),  which  will  close  the  polygon,  its 
arrow-head  being  circuital  with  the  others.  Now  if  we 
want  the  resultant  of  a  o,  o  «,  o  c,  o  d,  it  evidently  acts 
through  o  and  corresponds  to  E,  Fig.  66,  but  with  arrow- 
head reversed.  The  resultant  of  a  number  of  forces  is  equal 
and  opposite  to  their  equilibrant. 

Prove  now  the  following  statements  by  actual  drawing  : — 

1st.  The  resultant  of  any  number  of  forces 
does  not  depend  on  the  order  in  which  they 
are  drawn  as  sides  of  the  polygon. 

2nd.  Any  lines  or  forces  whatever  which 
form  a  closed  polygon  in  any  given  oi-der  will 
form  a  closed  polygon  if  drawn  in  any  other 
order. 

3rd.  In   adding  forces  we  may  first  find 

the  resultant  of  some  of  the  forces,  and  then 

add  together  this  resultant  and  all  the  rest  of  the  forces.     The 

answer  will  always  be  the  same,  however  we  may  group  tlie 

forces  before  adding  them. 

When  the  forces  are  not  all  in  one  plane  the  polygon  must 
be  drawn  by  descriptive  geometry,  and  to  draw  it,  and  so  find 
the  resultant  or  equilibrant  as  the  closing  side,  is  an  excellent 
graphical  exercise. 


Fi;,'.  «X». 
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In  working  exercises  we  recollect  the  fact  that  the  rcHultant 

of  all  the  forces  due  to  gravity  is  called  the  weight  of  the  IhxIv 

and  acts  through  its  centre  of  gravity  (see  page  136).    This  one 

force  replaces  the  millions  which  are  due  to  gravity.     When 

we  observe  that  we  have  only  three  forces  acting  uj)on  a  b<Kly 

at  rest,  we  know  that  they  must  be  in  a  plane  and  act  through 

a  point  unless  they  are  parallel.     In  the  oixlinary  )>ooks  on 

mechanics  there  are  many  problems  which  are  easily  solved 

if  we  remember  this  fact.     Four  forces  in  equilibrium,  if  not 

all  in  one  plane,  must  meet  in  one  point  When  a  body  touches 

a  smooth  surface  we  know  that  the  force  which  there  acts  upon 

the  body  is  normal  to  the  smooth  surface.     When  a,  lx)dy 

touches  a  rough  surface  we  know  that  the  force  which  there 

acts  upon  the  body  makes  an  angle  with  the  normal,  and  the 

limiting  value  of  this  angle  when  sliding  is  about  to  occur  is 

what  is  called  the  angle  of  repose,  or  the  angle  whose  tangent 

is  fi,  the  co-efficient  of  friction  there.     It  is  astonishing  what 

a  number  of  exercises  are  easily  worked  out  if  one  will  only 

recollect  Uiese  few  general  principles. 

The  student  will  at  this  place  work  again  the  exercises  of 
page  111.  It  ought  to  be  getting  clear  to  him  that  the  most 
difficult  analytical  work  has  really  nothing  in  it  more  com- 
plicated than  these  exercises  have.  The  exercises  are  usually 
called  easy,  certainly  students  get  easily  into  the  way  of 
working  them,  and  I  am  always  sorry  to  notice  too  great 
an  ease  of  this  kind.  It  often  indicates  shallowness  of 
comprehension. 

EXERCISES. 

1.  Foree8  oA  =  30  1b«,  ob  =50  lbs.,  c o  =  15  lbs.,  d o  =  80  ll)s., 
o  E  =  150  lbs.  ;  the  angles  are  b  o  a  =5  45°,  c  o  a  =  90°,  d  o  a  =  135°, 
Ko  A  =  270°.     Find  the  resultant  analvtieally  and  gi-aphically. 

Am.,  223  lbs. 

2.  Sheer  legs  each  50  feet  long,  30  feet  apai-t  on  horizontiil  gioiind, 
nieet  at  point  c,  which  is  45  feet  veo^ically  above  the  ground  ;  stay  from 
c  is  inclined  at  40®  to  the  horizontal;  load  of  10  tons  hanging  from  c. 
Find  the  force  in  each  leg  and  in  stay.  Atis.,  7*8  tons ;  G-4  tons. 

97.  In  many  engineering  "problems,  when  forces  a,  b,  c,  d, 
etc.,  are  given,  it  is  sometimes  important  to  be  able  to 
show  graphically  the  resultant  of  a  and  b,  the  resultant  of  a,  b, 
and  c,  the  resultant  of  a,  b,  c,  d,  and  so  on.  Thus  (Fig. 
67)  A,  B,  c,  D,  etc.,  are  given  forces. 

Draw  the  unclosed  force  polygon  (Fig.  68).  Join  the  point 
0  with  each  comer  of  the  force  polygon.     From  the  point  b' 
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trtt  A  Mui  H  tnMii  (Pig.  67)  draw  a  line  b'  c'  parallel  to  the 

;  one  (Fig.  <»H)  (ouc  w  the  line  from  u  to  the   comer 

itfif  H  and  r'  im^et) ;    from  c'  draw  c'  d'  parallel  to  o  c  D, 

d  Mi  on,     'VUan  n'  c'  reprenentM  the  jiosition  and  directicm, 


and  o  II  (}  i*epitmtM\tH  to  Hoale  the  resultant  of  the  given  forces 
A  and  II.  Similarly  u'  k'  I'epreseuts  the  position  and  direction, 
niul  o  I)  K  i*t«pi*tmoutH  to  •oale  the  resultant  of  the  given  forces 
A,  m  i\  ami  u.  Note  the  arrow-heads  of  the  resultants  we 
liavo  found.     The  lino  a  «'  o'  u'  k'  f'  (Fig.  67)  is  usually  called 

a  line  of  reaisUnoe. 

9&   Wt^  liHVo  in  Art.  96  iH)ntiiuHl  our  attention  to  the  forces 
aotiu^  u|Hiii  a  hiuiUI  IkhIv,  or  forces  which  all  pass  through  one 

|H)int  if  they  act  on  a  large  body.     But  in 
Ki|jr.  t>7  and  in  our  description  we  assumed  a 
lai*5^*  \hh\\\  ami  our  forces  were  any  forces 
\vhalsiH*ver«     We  gave  it  a  small  motion  of 
translation,  and  obtained  an  important  result 
fnmi  the  ivnsideration  that,  on  the  whole,  no 
work  was  done  u^x^i  the  Ixidy.     Now,  let  us 
assume  tlia;  any  ^vint  o  in  the  body  is  fixed, 
i^x  ralher«  that  an  ttj-i^  o  is  dxed,  the  axis 
l^u^  al  ri^t  angles  to  the  plane  in  which 
all  the  tvHve^s  act  :  aKnit  thb  axis  we  assnmf 
thai  the  Univ  mav  r\4^'f^     Oomskier  the  woH 
\K^iie   by    all    th«^  torves  dorii^    any   sma 
ivHalKMi  1^ ;   il  is.  jen\     But  iW  work  dof 
bv   auv    ivHxv    12$^  ;as   we'   have  ahnMalT  ser 
•  Art.  ^:^   the  tttoohetic  ot  chie  RMrve-  mahiplf 
U\  <^   lUHMe  tuuf  ^tutt  wT  all  tibe  luoMaefics.  oe  au  tlie  Imvvcs  dU 
s»  )N  wtv*>  Jr  ;iW«e  i;>  t^^libncLiUk      l^c  JJty  i—iir 
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of  tlie  Ixxly  whatsoever  we  know  to  Ik;  it^solvable  iiitf)  a 
luotiou  of  translation  and  a  rotation  a)x)ut  sonu*  axis  o  at 
light  angles  to  the  plane.  Hence  the  law  of  work  tells  us 
that  if  any  system  of  forces  is  in  eijuilibriuni  their  coiii|k) 
nents  in  any  direction  l)alauce  one  another  and  their 
moments  about  any  axis  balance  one  another. 

In  the  numerical  exercise  Art.  94  let  the  i-espective  forces 
(only  given  in  amount,  clinure,  and  sense  as  yet)  be  at  the 
following  distances  from  a  certain  point,  which  I  shall  call  s. 
The  sign  +  means  that  a  force  tends  to  turn  the  \yody  against 
the  hands  of  a  watch,  o  x  is  at  the  distance  -f-  5  feet,  o  a 
is  at  —  2  feet,  M  o  is  at  —  7  feet,  o  <;  is  at  -f  3  feet,  ii  o 
is  at  —  4  feet.  Let  the  student  now  draw  these  forces  in  their 
proper  positions  relatively  to  s.  The  sum  of  their  moments 
is  50  X  5  -  20  X  2  -  56  X  7  -f  100  X  3  -  70  X  4,  or 
—  162  pound-feet.  This  is  the  moment  of  their  resultant, 
which  is  31*158  lbs. ;  so  that  its  distance  from  s  is  —  o-J  feet. 

99.  If  the  cliniut3  and  Hfnse  of  a  foife  r  l>e  j^fivfii,  it  is  also  m.H.'fs- 
8ary  to  give  some  iwint  thi'ough  whicrh  its  diiiM-tion  i)a.s*K*s.  ITiiis, 
let  all  the  forces  be  in  one  plane ;  let  v  umkv  an  angle  a  with  thf 
horizontal ;  let  the  co-ordinates  of  th<'  giv».>n  i)oint  Ix*  ./•  and  y 
referred  to  the  axes  of  x  and  y. 

If  p  cos.  a  is  X  and  r  sin.  a  is  y,  then  as  the  moment  <»f  v 
about  any  axis  is  ec^iuil  to  the  simi  of  the  moments  of  x  ami  y. 
taking  moments  about  tht?  origin,  the  moment  t)f  v  is  y  j:  -  x  y. 

If  K  is  the  resultant,  its  comiwnonts  are  2  x  and  2  y  :  call  them 
X  and  T.  Also,  if  x  and  y  are  the  <'c>-ordinMtes  of  a  iH>int  in  u. 
iP  Y  —  y  X  =  2  (y  ar  —  x  y). 

For  equilibrium  we  must  have  5  x  =  0  .  .  (1),  2  y  =  0  .  .  (2), 
2  (y  a?  -  x  y)  =  0  .  .  (3). 

Notice  that  we  may  have  (1)  and  (2)  true  without  Q\)  In'ing 
tiiie.  In  this  case  the  system  of  foives  i-educes  to  a  mei*e  couple 
whose  moment  about  any  point  is  2  (y  a?  —  x  y)  ;  such  a  system  is 
called  a  torque.  If  we  choose  any  i)oint  in  the  plane,  w«'  can 
replace  any  system  of  forces  by  a  single  force  thix>ugh  this  jioint, 
together  with  a  couple  whose  moment  is  th<»  sum  of  the  moments 
of  the  system  of  forces  about  this  point.  This  is  often  an 
exceedingly  important  fact  to  remember.  (See  Art.  100.)  The 
student  ought  to  work  many  numeiical  exenuses  gi-jiphically  and 
analytically. 

Example  1. — A  beam,  a  h  c  d  e,  is  sui)i)oi-ted  at  a  and  k  by 
forces  X  and  y.  The  lo<id  at  «  is  3  tons,  and  a  n  =  4  fet't :  load  at 
c  is  2- tons,  and  a  c  is  7  tout ;  load  at  n  is  2 J  tons,  and  a  d  is  9  f(M't : 
a  E  is  12  feet. 

Here  ar  -|-  y  =  3  +  2  -f  2^  =  7J  ttms.  Taking  moments  alwmt 
a,  the  moments  with  the  haniu  of  a  watch  are 

3x4  +  2x74- 2}  x9  =  48i  tou-leet. 
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Tb»'  iDtiCDrnit  ■•.^un.<  :h»-  uoi?  »4  a  vat«-L  i»  «  x  12.  uid  x 
?!-«•  ii«/  m«>TiA*:rit.  '♦^■i  L-«^  it  i«  t*  jt  A.  H»:nc«-  vur  se«x4i4i  I'^uation 
i.  IL'  y  =  4^].  y  =  4CII7  M--,  ir-.i  :hrrvf...rv  t  i>  3*4583  tcwis. 

EjMm^*^  r— W-  i>-^:*-,*.-*i  th^  wrurh:  of  th^  beam  it«elf  in 
Kjump]*;  1-  If  it>  orntrv  "f  ^rariiy  i*  4  f»T<  frt<u  a.  and  if  the 
^'-ijriit  of  th^  r*:Mm  i*  \ii\J.  .%  i..iO.  *n»i  if  t  .end  »'  .■•n/  tht-  *»</</i/iom«i/ 
••ijij»>rtiiia'  fvr">-*, 

-r*  -  /  =  \,  i  ''^  *  =  -*'         ^"^ 

Kr»M^€  :;.  —In   Ki*:.  ►;•.»  u  a  i*  \m*  *A  a  Imuu.     Cuatddering 

«>nly  tht;  (Mjrtion  uf  beam  to  the 
riidit  of  the  !«ection  at  o,  let  the 
l«4id»  duvnward.  P|.  p*.  and  r^ 
:tiid  thr  Mippcffting  foire  upward, 
vu  be  giren.  Let  the  perpendicular 
•li^tani-e^  fn»n  o  be  «i,  ««,  m^,  and 
y.  Find  a  forte  through  o,  and 
a  ^-vupkr  to  balance  the  given 
foi\x-«.  Call  the  forc«;  ».  If  it 
:«ct»  di*wnward  at  u,  ittf  amount 
mus^t  be  s  =  Q  —  pj  —  Pj  —  Pj. 
If  the  couple  in  nilled  m  and  it 
arf-ti?  t«.-nding  to  turn  the  bu*ly  o  a  round  o,  with  the  handi<  of  a  watch 

M  =  Q  ^  -  Pl  «j  —  p-  «j  —  p,  «,. 

When  we  ctjnie  to  conrdder  beams  we  shall  call  s  the  iheuiiig  foree 
and  X  the  bending  moment  at  the  s<ection  o. 

Thfr  Htudent  will  at  thi«  point  work  the  Exerciijes  1,  2,  3,  of  page^ 
1 34-5,  an  well  as  the  following : — 

1.  A  uniform  beant,  20  feet  long  and  supported  at  its  ends,  h&s  weights 
of  1,  3,  *2,  and  4  cwts.  placed  at  distances  of  2.  8,  12,  and  15  feet  respect- 
ively from  one  end.  Taking  the  weight  of  the  beam  to  be  5  c^'ts.,  find 
the  reactions  at  each  of  the  supports.  Afu,,  7  cwts. ;  8  cwts. 

2.  Draw  anv  line  o  x,  and  Imes  o  p,  o  u,  o  k,  o  s,  o  t,  making  angles  of 
28%  62%  118%  220%  and  305''  respectively  ^-ith  o  x.  C^msider  that  forces 
act  along  these  lines,  their  amounts  being  25,  34,  14, 42,  and  18  lbs.  Find 
the  amount  and  direction  of  the  force  which  balances  these.  In  doing 
this  first  determine  the  components  of  each  forct^  in  the  directions  o  x  and 
o  Y,  and  arrange  these  in  columns  as  shown  in  Art.  94. 

Ahs.,  15-67  lbs. ;  232*-2  with  o  x. 

3.  A  trap-door  of  uniform  thickness,  5  feet  long  and  3  feet  wide,  and 
weighing  5  cwts.,  is  held  open  at  angle  of  35°  with  the  horizontal  by 
uieans  of  a  chain.  One  end  of  the  chain  is  fixed  to  a  hook  placed  4  feet 
vtfrtically  over  th<j  middle  point  of  the  edge  on  which  the  hinges  are,  the 
other  end  being  fixed  to  the  middle  point  of  the  opposite  edge.  Deter- 
mine the  forwj  in  the  chain  and  the  force  at  each  hinge. 

AMs.y  2*65  cwts. ;  2*5  cwts. 

4.  A  nnifonn  beam,  weighing  2  cwts.,  is  suspended  by  means  of  two 
chains  fastened  one  at  each  end  of  the  beam.  When  the  beam  is  at  rest  it 
is  found  that  the  chains  make  angles  of  100°  and  115°  with  the  beam; 
J^nd  the  tensions  in  the  chains.  Ans.,  1  cwt. ;  1*1  cwt. 
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5.  A  B  is  a  horizontal  uniform  bar  1}  feet  long,  and  f  a  point  in  it  10 
inches  from  a.  Suppose  that  a  b  is  a  lever  that  turns  on  a  fulcrum  under 
p,  and  carries  a  weight  of  40  lbs.  at  b  ;  weight  of  lever,  4  lbs.  If  it  is  kept 
horizontal  by  a  fixed  pin  above  the  rod,  7  mches  from  f  and  3  inches  from 
A,  find  the  pressure  on  the  fulcrum  and  on  the  fixed  pin. 

Arts.,  89143  lbs. ;  45143  lbs. 

100.  When  the  forces  are  not  in  one  plane,  let  the  force  p  make 
angles  a,  j3,  and  y  with  the  three  axes  of  co-ordinates.  Let  a  point 
in  the  direction  of  p  be  a?,  y,  «.  If  p  cos.  a,  or  x,  p  cos.  /3,  or  y,  and 
p  COS.  7,  or  z  be  the  three  components  of  p,  we  can  use  x,  y,  and  z 
instead  of  p  for  all  purposes.  Positive  directions  are  the  direc- 
tions of  increasing  x,  y  or  z.  Thus  the  moment  of  p  about  any 
axis  is  equal  to  the  sum  of  the  moments  of  x,  y,  and  z  about  the 
axis.  Attention  must  be  paid  to  the  senu  of  each  force,  and 
whether  it  tends  to  turn  the  body  againtt  or  with  the  hands  of  a 
clock.  The  student  ought  to  spend  time  in  fixing  clearly  in  his 
mind  the  truth  of  the  following  statements : — The  moment  of  p 
about  the  axis  of^niszy  —  yz;  the  moment  of  p  about  the  axis 
ofyisxz  —  zaj;  the  moment  of  p  about  the  axis  of  «  is  y  a?  —  x  y. 
Hence  we  see  that  if  k  is  the  resultant,  its  components  are  S  x, 
2  y,  2  z,  and  the  sum  of  their  squares  is  k*,  which  is  therefore 
easily  calculated ;  also  each  of  them,  divided  by  k,  is  a  direction 
cosine  of  k.  Again,  if  x,  y,  and  z  be  the  co-ordinates  of  a  point 
in  R,  then 

ySz  —  5SY  =  2(zy  -  Yaf), 

«2x  -  ^2:z=:2(x2  —  zx\ 

«2y  —  ySx  =  2(Ya?-  xy). 

The  value  of  b  and  its  clinure  (the  angles  which  it  makes  with  the 
axes)  having  already  been  found,  these  equations  enable  the  posi- 
tion of  a  point  in  the  resultant  to  be  found ;  so  that  r  is  completely 
determineid. 

For  equilibrium  we  must  have  Sx  =  o,  Sy  =  o,  Sz==o, 
2  (z  y  -  Y  «)  =  o,  2  (x  «  -  z  a?)  =  o,  2  (y  a?  —  x  y)  =  o. 

Given  a  set  of  forces,  it  is  evident  that  we  can  always  sum  them 
into  a  resultant  force  acting  at  any  point  we  please  to  choose, 
together  with  a  couple  about  some  axis.  If  we  are  not  given  the 
point,  it  is  always  possible  to  reduce  any  system  of  forces  to  a 
resultant,  and  a  couple  whose  axis  is  the  resultant  force. 

101.  The  Link  Polygon. — We  shall  now  consider  graphical 
methods  of  dealing  with  forces  which  do  not  necessarily  act 
through  one  point.  Take,  for  example,  the  forces  of  1,  2,  3,  4 
(Fig.  70).  Draw  the  unclosed  force  polygon  1',  2',  3',  4'  (Fig. 
71),  with  its  sides  parallel  to  and  proportional  to  the  forces,  and 
the  arrow-heads  circuital.  Now  the  dotted  line  h  a,  with  its 
arrow  non-circuital  with  the  rest,  is  parallel  to  and  proportional 
to  the  resultant  of  all  the  given  forces.  But  this  does  not  tell 
us  where  the  resultant  force  is  situated,  although  it  tells  us  its 
direction  and  amount. 
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From  any  point,  o  (Fig.  71),  draw  a  line  to  the  junction  of 
r  and  2'  (it  is  easier  to  say  draw  the  line  o  V  2'),  o  2'  3',  etc., 
to  all  the  angles  of  the  force  polygon.  Now  construct  a  new 
unclosed  polygon,  with  its  corners  on  1,  2,  3,  4  (Fig.  70),  and 
its  sides  parallel  to  o  1'  2',  o  2'  3'  etc.  (Fig.  71),  its  last  side 
being  parallel  to  oa,  and  its  first  parallel  to  oh.  We  have 
now  found  the  point,  5  (Fig.  70),  where  the  first  and  last 
sides  of  the  link  polygon  meet.    The  resultant  of  the  forces 


Fig.  70. 

1,  2,  3,  4,  i>asses  through  this  point,  5,  and  corresponds  to 
the  closing  side,  6«,  in  direction  and  magnitude.  The  new 
polygon  is  called  the  link  polygon  of  the  forces  relative  to 
the  pole,  o.  The  position  of  A,  the  point  at  which  we  start  to 
draw  the  link  polygon,  may  be  chosen  anywhere  on  1,  and  hence 
then^  may  l>e  any  number  we  please  of  link  polygons  for  a 
given  }X)sition  of  the  pole,  o.  Again,  there  are  any  number 
wo  pletiso  of  link  polygons  conesponding  to  any  other  posi- 
tion of  o»  and  we  cjui  choose  o  where  we  please.  Any  student, 
who  studies  this  in  the  light  of  what  he  did  in  Art.  96,  will 
stH>  that  the  link  polygon  really  consists  of  a  system  of  links 
which  would  In?  in  equilibrium  under  the  given  set  of  forces 
and  the  fort*e  we  have  found  ;  and  since  the  mere  links  only 
inti\>duoo  forces  which  are  of  themselves  in  balance,  being 
equal  and  oppi^site  in  eacli  link,  the  system  of  forces  acting  at 
the  joints  must  balance. 

SupiH^o  wo  tiiid  that  when  we  are  given  the  forces  1,  2,  3, 
and  4  v^^ij?*  "-^  «»"J  '^^■»^'  di-aw  the  force  polygon  (Fig.  73),  and 
any  link  iH^lyvnMi  ^l-^sr.  7*2\  that  the:?e  arc  both  closed,  let  us  prove 
ibat  the  forces  are  in  eqnilibriiun. 

A  svstiiu  of  fv^n^t^  acting  on  a  rigid  body  is  not  affei-ted  by 
inlnuhuinc  any  imnilvr  of  fortn:*  which  separately  balance  one 
aiiolhor.  Now  lot  a  foixv  ropn^sontcd  by  the  length  of  the  line  o 
r  •'  act  at  tho  jH»int  a  in  tho  diroction  ba,  its  sense  being  shown 
hy  \\w  «n>»wh\>ad  near  a,  and  lot  an  equal  force  act  at  b  in  the 
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direction  ab,  its  sense  beinfi^  opposite  to  that  of  the  for«'e  at  a. 
These  two  forces  are  in  equilibrium  with  one  another,  and  they 
cannot  therefore  affect  the  original  system  of  forces  in  any  way. 


\' 


\ 


h~< ^ 


Fig.  72.  Fig.  78. 

Similarly,  the  forces  shown  by  the  arrow-heads  in  b c,  c d,  da  are 
introduced,  every  pair  balancing  one  another. 

Now  we  see  that  the  three  forces  at  the  point  a  are  in  equi- 
librium with  one  another,  because  they  are  parallel  to  and  pro- 
portional in  amount  to  the  sides  of  the  triangle  omn  (Fig.  73), 
and  corresponding  arrow-heads  would  run  right  round  the  triangle. 
Similarly,  there  is  equilibrium  at  every  other  comer  of  the  link 
polygon  A  B  c  D ;  hence  all  the  forces  are  in  equilibrium,  and  hence 
the  forces,  1,  2,  3,  4,  taken  by  themselves,  must  be  in  equilibrium. 

The  theorems  wliich  we  wish  students  to  prove  by  construction 
can  be  proved  to  be  generally  tme,  reasoning  from  the  fact  that  a 
number  of  forces  acting  at  a  point  can  only  have  one  resultant. 

102.  We  see,  then,  that  the  force  polygon  alone  is  sufficient 
to  find  the  resultant  of  any  number  of  forces  if  the  forces  meet  at 
a  point,  but  we  need  also  the  link  polygon  if  the  forces  do  not 
meet  at  a  point. 

Tlie  link  polygon  really  shows  that  the  sum  of  the  turning 
moments  of  the  forces  1,2,  3,  4  (Fig.  70)  about  any  point  is  equal 
to  the  moment  of  the  resultant  about  the  same  point.  The  force 
polygon  pays  no  regard  to  turning  moments  of  forces ;  it  merely 
tells  us  about  the  resultant  of  the  forces,  supposing  that  they  all 
passed  through  the  same  point. 

103.  You  ought  by  actual  drawing  to  illustrate  the  truth 
of  the  following  four  ways  of  putting  one  statement.  If  you  use 
coloured  inks  your  drawings  will  be  more  instructive. 

Ist.  The  resultant  of  any  number  of  forces  is  independent 
of  the  order  in  which  we  draw  them  in  the  force  polygon,  and 
draw  between  them  the  sides  of  the  link  polygon. 

2nd.  In  adding  forces  we  may  first  find  the  resultant  of 
some  of  the  forces,  and  then  add  together  this  resultant  and  all 
the  other  forces*  The  answer  will  always  be  the  same,  however 
we  may  group  the  forces  before  adding  them. 
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3rd.  If  the  force  polygon  of  a  number  of  forces  is  closed, 
and  if  we  can  draw  a  closed  link  polygon,  then  all  the  link 
polygons  we  may  draw  will  also  be  closed. 

4th.  If  any  other  pole  be  taken  in  Fig.  71,  and  another  link 
polygon  be  drawn  and  a  new  point  5  (Fig.  70)  is  found,  both  of 
the  points  so  found  lie  in  a  straight  line  parallel  to  6  a  of  Fig.  71. 

You  will  also  find,  and  it  is  easy  to  prove,  that  the  locus  of  the 
point  in  which  any  two  sides  of  the  link  polygon  meet  is  parallel 
to  the  line  which  closes  the  corresponding  portion  of  the  force 
pi^lvgon.  Again,  if  6  is  taken  as  pole  instead  of  o,  the  last  side  of 
the  link  polygon  is  found  to  be  in  the  direction  of  the  resultant  of 
the  forces  1»  2,  3,  4 ;  and,  generally,  any  side  of  the  link  polygon 
is  in  the  direction  of  the  r^ultant  of  the  corresponding  number  of 
the  given  forces.  Thus,  if  &  is  taken  as  pole,  4,  5  becomes  the 
resultant  of  the  forces  1,  2,  3,  4,  and  3  4  becomes  the  resultant  of 
the  forces  1,  2,  3.  It  is  evident  from  this  that  the  direction  of  the 
resultant  of  any  two  forces,  or  of  any  number  of  forces,  which  meet 
at  a  jH)int  passes  through  their  point  of  intersection. 

A  system  of  forces  may  not  reduce  to  a  resultant  force,  but  be 
equivalent  to  a  eonpie.  When  this  is  the  case  the  force  polygon  is 
chviitHl.  and  the  first  and  last  sides  of  any  link  polygon  that  may  be 
drawn  are  ^larallel  to  one  another.  Tou  may  also  find  it  worth 
your  while  to  proTe  by  construction  this  statement :  if  two  link 
iK>lyg\>ns  an*  drawn  for  two  positions  of  the  pole  o,  the  correspond- 
ing sidt^  of  the  two  polygons  meet  in  points  which  lie  in  a 
straight  line  (vEurallel  to  the  line  joining  the  two  positions  of  the 
lK>le  o. 

If  you  have  been  able  to  make  a  few  drawings  such  as  I  have 
Kvn  $|K^king  about,  and  so  take  an  interest  in  this  easy  and 
instructive  method  of  working  mechanical  exercises,  you  ought  to 
work  by  means  of  it  some  such  exercises  as  the  following : — 

104.  I.  KjYrri*t*. — In  Exercise  2  of  page  128,  draw  the  force 
lH>lyg\ni,  takinvr  the  forces  in  the  order  op,  or,  o q,  o t,  o  s,  and 
olvsiTve  that  the  resultant  and  equilibrant  are  the  same  as  before.  Obtain 
alsik  the  n^uUant  of  o  p.  o  k,  o  t,  and  the  resultant  of  o  q,  o  s,  and  show 
that  thest^  have  a  n^ultant  equal  to  the  resultant  of  the  five  forces. 

2.  pR4\v  a  line  h  k  4*7  inches  long.  On  h  k  take  points  a,  b,  c,  distant 
fnnu  H  04  inch,  l.i  inch,  and  3*3  inches  respectively.  Now  draw  ap,  bq, 
c  K  inelininl  at  angles  of  72*.  57*.  and  37*  with  h  k.  Suppose  that  a  force 
of  214  llv«.  acts  from  k  to  h,  one  of  576  lbs.  from  r  to  c,  one  of  132  lbs.  from 
Q  to  H,  and  one  of  237  lbs,  frt>m  p  to  a.  (1)  Draw  a  force  polygon  to  deter- 
mine the  amount,  olinurw  and  sense  of  the  resultant.  (2)  Take  any  pole 
o  and  dn^w  a  link  jK^lygvni  to  determine  the  lateral  position  of  the  result- 
ant. In  triving  your  answer  say  what  are  the  perpendicular  distances  of 
M  and  K  fnmi  the  n^ultant.  (3>  Draw  a  new  ^rce  polygon,  taking  the 
font's  in  a  diffeixMit  onler,  and  observe  that  the  resultant  is  the  same  as 
Wfoiv  {U»  n^g?*i>ls  amount,  clinure.  and  sense.  With  respect  to  a  new 
lH»le  o.  now  dniw  a  ^xvnd  link  polygon,  and  observe  that  the  lateral 
fHKsitlon  of  the  n^ultant  agnvs  with  that  obtained  before.  (4)  Take  the 
Hrst  fon^f*  ]H)I\\^m  and  chocse  a  new  yoVe^  and  with  respect  to  it  draw  a 
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new  link  polygon.  Obeerve  that  this  gives  rise  to  the  same  resultant. 
That  is,  the  closing  sides  of  each  link  polygon  meet  at  points,  all  of  which 
should  lie  on  the  same  straight  line.  (5)  Calculate  the  above  answers 
according  to  the  rules  of  Art.  99. 

Ans.y  (1)  1070  lbs. ;  40®  with  h  k  ;  sense  same  as  force  a  c  ;  (2)  1*3 
inches;  1*7  inches. 

105.  Example. — Given  a  set  of  forces,  find  two  forces,  one 
given  in  position,  and  clinure  the  other  to  pass  through  a  given 
point  p,  such  that  these  two  forces  will  balance  the  given  set. 
The  ingenious  student  will  find  out  how  to  do  this  himself; 
other  students  will  benefit  by  the  following  instructions. 

Draw  the  force  polygon  with  one  corner  unknown  ;  choose 
a  pole  and  begin  drawing  a  link  polygon  from  the  point  p  ;  the 
side  closing  the  link  polygon  enables  the  missing  comer  of  the 
force  polygon  to  be  found.  This  problem  is  one  of  the  very 
comrnonest  to  come  before  the  engineering  student.  Thus,  let 
any  structure  (a  roof  principal  or  a  railway  girder,  for  example) 
have  given  loads.  Let  it  be  supported  at  a  hinge  joint  at  p, 
and  upon  rollers  at  Q,  to  allow  for  expansion.  The  direction 
of  the  supporting  force  at  Q  is  known,  and  one  point,  p,  in  the 
other  supporting  force  is  known. 

106.  A  student  who  sees  the  essential  ideas  underlying  our 
methods  of  working  will  have  pleasure  in  working  curious 
problems,  such  as  the  following  exercise : — Given  a  set  of 
forces  and  given  three  points,  A,  b,  and  c.  Draw  a  link  polygon 
with  three  of  its  sides  passing  respectively  through  a,  b  and  c. 

107.  Exercise. — Draw  a  rectangle  abcd,  ab  =  5  inches,  bc=  1'8 
inch.  From  a,  along  a  b,  measure  off  lengths,  a  b,  a  f,  a  o  =  1*75,  2-8,  5-7 
inches  respectively.  From  j>  along  d  c  measure  off  d  h,  d  k,  d  l  =  1*4,  2*4, 
285  inches  respectively.  Suppose  that  forces  of  the  following  amounts  act 
onarigid  body — viz.,  1,460  lbs.  from  a  to  h,  1,085  lbs.,  from  e  to  k,  808  lbs. 
from  F  to  L.  These  are  balanced  by  two  others,  one  of  which  acts  through 
X,  a  point  in  d  a  distance  0*6  inch  from  d,  and  the  other  has  for  its  line  of 
action  y  y,  the  line  passing  through  c  and  o.  Find  the  magnitudes  of  the 
Inlancing  forces  and  the  angle  between  them.  (The  rectangle  is  intro- 
daoed  merely  as  a  convenient  way  of  settling,  without  a  figure,  the  given 
forces.)     Scale  \  inch  to  100  lbs.  Ans.,  2,860  lbs. ;  1,140  lbs. 

Eint. — You  must  first  find  the  resultant  of  the  three  given  forces,  and 
observe  where  its  line  of  action  meets  y  y  ;  this  point  of  intersection,  i, 
joined  to  x,  gives  the  line  of  action  of  the  balancing  force  through  x. 
Three  forces  now  act  at  i.  Their  lines  of  action  are  known,  and  the 
magnitude  of  one  force ;  hence  the  amounts  and  senses  of  the  other  two 
can  be  found. 

108.  Example, — Given  a  set  of  forces,  a,  b,  c,  d  ;  given  also 
three  hnes,  x,  T,  z,  as  the  positions  of  three  forces  which  are  to 
balance  our  given  set.     Find  these  three.     The  taet\iod  \i^xQ 
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is  not  so  obvious  as  the  method  of  the  last  example.  Draw 
a',  b',  c',  d',  known  sides  of  the  force  polygon.  Draw,  also, 
after  d',  x'  parallel  to  x  unlimited  in  length.  In  it  choose  o 
the  pole  and  join  to  all  known  corners  of  the  force  polygon. 
Note  that  o  x'  is  itself  two  i*adiating  lines  from  o,  because  there 
are  two  corners  of  the  force  polygon  in  it.  Now  let  the  point 
where  d  and  x  meet  be  called  a  side  of  the  link  polygon ;  the 
intercept  on  x  till  it  meets  y  is  another  side,  and  it  will  now 
be  found  that  we  have  sufficient  information  for  the  completion 
of  both  force  and  link  polygons.  As  an  example,  Fig.  74 
represents  a  ladder  whose  centre  of  gravity  is  at  g,  and  weight 
300  lbs.  A  string  fastened  to  it  at  c  in  the  direction  c  o  keeps 
it  in  equilibrium,  its  end  A  resting  on  the  smooth  wall  o  A,  and 
its  end  b  on  the  smooth  floor  o  r  Find  the  pull  in  the  string 
and  the  reactions  at  a  and  b. 

The  forces  acting  on  the  ladder  are  shown  by  the  arrows. 
Draw  Y  X  (Fig.  75)  vertically  to  represent  the  weight  of  the 
ladder.     Di*aw  w  y  horizontally  of  unknown  length.     Draw 
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X  o  parallel  to  o  c,  and  take  o  anywhere  in  this  line.  Use  o  as 
pole  of  the  force  polygon.  Join  o  y.  Now  the  link  polygon 
is  M  N  p  M,  and  drawing  o  w  parallel  to  p  M,  and  w  z  parallel  to 
B  M,  we  find  that  y  x  z  w  is  the  force  polygon.  The  lengths  of 
X  z,  z  w,  w  Y  represent  the  forces  at  c,  at  b,  and  at  A. 

The  student  will  find  it  very  instructive  now  to  introduce 
friction  into  this  problem,  and  thus  create  two  new  problems. 
(1)  If  the  pull  in  the  cord  is  just  sufficient  to  prevent  the 
ladder  from  mo^'ing.  Here  the  angle  o  b  m  ought  to  be 
90^  — 0^  where  tan.  0j  is  the  coefficient  of  friction  at  b,  and 
o  A  p  ought  to  be  90^  -|-  0^  if  tan.  ©>  is  the  coefficient  of  friction 
at  A.  (2)  If  the  pull  in  the  cord  is  just  sufficient  to  produce 
motion.     In  this  case,  o  b  m  =  90^-f  f  ^  o  a  p  =  90^  —  f^. 
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Students  ought  at  this  stage  to  work  a  great  number  of 
exercises. 

EXERCISES. 

(1)  In  Fig.  74,  A  B  =  20  feet,  o  b  =  10  feet,  b  c  =  2  feet.  The  weight 
of  the  ladder  is  300  lbs.  Find  the  pull  in  c  o  and  the  reactions  at  b  and  a. 
Il/t  =  O'l,  find  the  pull  in  the  rope;  first,  if  b  is  made  to  approach  o; 
second,  if  b  is  about  to  recede  from  o. 

(2)  A  horizontal  beam  a  f  has  loads,  at  b  of  1,000  lbs.,  at  c  of  250  lbs.,  at 
D  of  1,200  lbs.,  at  E  of  600  lbs.  If  a  b  =  5  feet,  a  c  =  9  feet,  a  d  =  15  feet, 
AB  =  18  feet,  A  F  =  24  feet,  find  the  supporting  forces  anah'tically  and 
graphically.  Ans.y  1,548  lbs. ;  1,502  lbs.  nearly. 

(3)  Draw  a  rectangle  a  b  c  d,  a  b  =  52  inches,  and  b  c  =  22  inches.  On 
AH  take  points  e,  f,  g,  h,  k,  l  distant  from  a,  09,  155,  2*7,  3*25,  425, 
and  4*75  inches  respectively.  On  bc  take  b  m  =  1*25  inch.  On  c  d  take 
N,  0,  p,  Q,  distant  from  c,  1*5,  2*85,  3*7,  and  4  inches  respectively.  On 
D  A  take  D  R  =  1  inch.  Now,  three  forces  act  on  a  rigid  body — one  of 
0*615  ton  from  f  to  o,  one  of  0-536  ton  from  h  to  p,  one  of  0'423  ton  from 
L  to  N.  These  three  forces  are  balanced  by  three  others,  whose  lines  of 
action  are,  x  x  drawn  through  b  and  o,  y  y  drawn  through  e  and  q,  and 
zz  drawn  through  m  and  k.  Find  the  magnitudes  of  these  balancing 
forces.    Scale  ^  inch  to  01  ton.     Ans.y  0*930  ton ;  0*375  ton ;  0*818  ton. 

109.  The  distance  x  of  the  centre  of  mass  (usually  called  cen- 
tre of  gravity,  but  only  few  bodies  have  true  centres  of  gravity) 
of  a  body  or  system  of  bodies  from  a  plane  is  obtained  by 
multiplying  each  little  portion  of  mass  m  by  the  distance  x 
of  its  centre  from  the  plane,  adding  together,  and  dividing  by 

the  whole  mass.  The  symbol  for  this  is  a;  .  M  =  5"  ^  •  ^  where 
M  stands  for  S  ^-  Practically  the  engineer  often  finds  the 
centre  of  gravity  by  an  experimental  method. 

The  distance  x  of  the  centre  of  an  area  (usually  called  the 
centre  of  gravity  of  the  area)  from  a  plane  (or  more  usually  of 
a  plane  area  from  a  line  in  its  plane)  is  obtained  by  multiplying 
each  little  portion  of  the  area  a  by  the  distance  x  of  its  centre 
from  the  plane  (or  line),  adding  together,  and  dividing  by  the 

whole  area.  The  symbolic  way  of  representing  this  is  a; .  a  = 
J  a  a;,  where  A  stands  for  the  whole  area. 

If  the  centres  of  the  masses  m^,  m2,  Wg,  etc  ,  are  at  the  dis- 
tances a?i,  x^j  aJs,  etc.,  from  any  plane,  let  the  sum  of  the  masses 

trti  -f  >«2  +  etc.  be  called  m,  and  let  x  =  (/«i  x^  +  m^x.2  +  etc.)  ~  m, 
or,  as  we  prefer  to  write  it,  x  =  "Z  (mx)  -f-  m.  Similarly,  taking 
distances  from  two  other  planes, at  right  angles  to  the  first,  let 
y  =  2  (»» y)  -^  M,  2J  =  2  (m  «)  -^  m.  Let  a?,  y,  z  be  the  co-ordinates 
of  a  point.  If  «^,  u^^  W3,  etc.,  be  the  distances  of  the  masses  from 
any  other  plane,  at  a  distance  a  from  the  origin,  perpendicular  to 
the  direction  (/,  w,  «),  it  is  easy  to  see  that 

Uj  =lXj  -j-  m^i  -}-  nzi  —  a\ 
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and  if  «  is  the  distance  of  the  point  already  found  from  the  new 
plane.  «  =  /jr-|-i»iy  +  ««  —  a;  and  using  the  above  values  for 
X,  y.  r,  and  re-arranging  terms,  we  find  that  w  =  2  {m  «)  -i-  m. 
We  see,  then,  that  the  above-mentioned  point  will  be  in  the  same 
position  whatever  be  the  planes  of  reference.  We  call  it  the  centre 
of  man  or  centre  of  inertia;  and  when  we  are  dealing  wdth  a 
s^-stem  so  small  that  the  forces  of  attraction  upon  it  due  to  gravity 
may  be  regarded  as  parallel  to  one  another,  we  may  call  it  the 
centre  of  graTity.  In  the  same  way,  if  the  centres  of  the  areas 
tf|.  4U.  etc..  all  in  the  same  plane,  are  at  the  distances  x^,  x^y  etc., 
fixan  a  line  in  the  plane,  and  ii  a  is  a^  -\-  a^  -\-  etc.,  the  whole  area, 
and  if  jr  is  the  distance  of  the  common  centre  of  area  (often  called 
the  centn?  of  gravity  of  the  area)  from  the  line,  then 

X  =  («,  OTj  +  «j  OTj  +  etc.)  -i-  A. 

110.  We  can  use  a  graphical  statics  method  of  finding  the 
centre  of  mass,  or  area  6.  Thus,  let  there  be  masses  or  areas, 
••^,  M^  etc.,  whose  centres  are  at  the  points  1,  2,  etc.  (Fig.  76). 
Draw  parallel  forces  11,  22,  etc,  in  any  direction  proportional 
to  ■»!,  m^,  etc.,  and  find  the  resultant  by  the  above  method. 
Suppose  M  X  to  be  the  direction  of  the  resultant.  Now 
r«pe«t  the  process,  taking  the  parallel  forces  of  the  same 
magnitudes   as   before,  but   in  a  different  direction,  and   let 

MP  be  the  direction  of  the  resultant.  Evidently 

M,  where  these   lines  meet,  is  the  centre  of 

graTity  of  the  masses  or  areas.     This  method 

may  often  prove  useful,  for  areas  especially. 

Hins.  to   find  the   centre   of  gravity  of  any 

given  area«  divide  it  into  any  suitable  number 

of  pans,  so  that  the  centre  of  gravity  and  area 

of  eadi  part  may  be  found   easily.       If    we 

divide  the  area  by  parallel  lines,  the.se  lines 

r^rv;^  may  be  drawn  equidistant,  and  the  area  of 

each  part  is  approximately  given  by  t'»e  Jength 

o£  llie   Kne  which  s^panies  it  from  either  of  its  neighbours. 

A  n^f^^tion  %rf  the  process  has  been  employed  to  determine 

tW  aMHM&t  of  UMltia  of  the  are*  about  any  given  line. 

11 L  I  do  not  advise  students  to  adopt  this  link  polygon 
iMi^tlKU  \>f  finding  oMitxvs  of  grmvity  or  of  calculating  moment 
«l  ittiNrti^  A  pripcuoal  engineer  will  always  apply  the  ordinary 
knamta  to  find  the  wntn*  of  gravity  of  an  area.  Thus,  if 
TO*  want  the  <y«itjrv^  of  gravity  of  the  figure  m  x  o  p  (Fig.  77), 
dmw  twv  parallel  Uims;^  g  h«  k  o«  toudung  the  figure  at  two 
ffffv^tv^  siieis^     iWaw  a  YuDie^  IL  v^>  at  ri^t  angles  to  g  h,  and 
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divide  it  into  any  number  of  parts,  each  equal  to  d.     Draw 
the  lines  a  b,  c  d,  etc.,  parallel  to  G  h,  so  that  they  are  at  the 
distance  d  apart,  the  distance  from  a  b  to  o  h,  or  from  Y  z  to 
K  0  being  ^  d.     It  is  evident  that  if 
K  X  p  is  a  line  parallel  to  o  H  through 
the  centre  of  gravity,  then   approxi- 
mately 

,,    ab4-3cd4-6bp4-  etc. 

6  X  =  4»  . 

^  AB  +  CD  +  EP-f-  etc. 

We  have  thus  obtained  one  line 
through  the  centre  of  gravity,  and  in 
a  similar  way  we  may  obtain  another 
such  line,  and  their  point  of  intersec- 
tion is  the  centre  of  gravity  required. 

Sometimes  we  choose  as  our  line 
of  reference,  a  line,  G  h,  which  cuts 
through  the  area ;  in  this  case  distances  on  one  side  of  the  line 
are  to  be  considered  negative ;  and  if  G  H  happens  to  pass 
through  the  centre  of  gravity,  of  course  the  sum  j  a  x  is  0. 

We  often  cut  the  shape  of  an  irregular  area  from  sheet 
sine  and  balance  it  in  two  positions  on  a  straight  edge  to  find 
the  centre  of  gravity  of  the  ai*ea. 

Mxereises. — 1.  Masses  whose  centres  are  in  a  straight  line  at  a,  b,  c,  d 
are  4  lbs.,  8  lbs ,  7  lbs.,  6  lbs. ;  where  is  the  common  centre  of  mass  if 
AB  =  0-6feet,  AC=2feet,  and  a d  ==  2 J  f eet ?         Ans.,  ao=:  1-32  ft. 

2.  A  disc  8  inches  diameter,  2  inches  thick,  with  a  hole  4  inches 


Fig.  77. 
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diameter ;  centre  of  hole,  1  inch  from  centre  of  disc ;  where  is  the  centre 
^  mass  ? ,  Ans. ,  J  inch  from  centre. 

3.  ABC  is  an  equilateral  triangle,  each  side  being  3  inches  long; 
particles  whose  masses  are  1,  2,  3  are  placed  at  a,  b,  c  respectively ;  find 
their  centre  of  gravity  by  construction,  and  note  its  distance  from  a. 
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4.  A  B  c  D  is  a  square  lamina  of  uniform  density ;  e,  f  are  the  middle 
points  of  A  B  and  b  c.  If  the  comer  of  the  square  is  turned  down  along 
the  line  e  f,  so  that  b  comes  on  to  the  diagonal  a  c,  find  the  centre  of 
gravity  of  the  lamina  under  the  new  circumstances. 

Ans.f  :^  of  the  diagonal  from  the  centre. 

5.  A  circular  disc,  8  inches  in  diameter,  has  a  hole  2  inches  in 
diameter  punched  out  of  it,  the  centre  of  the  hole  being  3  inches  from  the 
circumference  of  the  disc.  Find  the  centre  of  gravity  of  the  remaining 
portion.  Ans.y  0*0667  inches  from  centre  of  larger  circle. 

6.  A  thin  plate  of  metal  is  in  the  shape  of  a  square  and  equilateral 
triangle,  having  one  side  common;  the  side  of  the  square  is  12  inches 
long.    Find  the  centre  of  gra>'ity  of  the  plate. 

Ans.y  2  86  inches  from  centre  of  square. 

7.  Find  the  centres  of  area  of  the  areas  in  Fig.  78. 

112.  To  find  the  moment  of  inertia,  i,  of  a  great  number  of  little 
masses  about  an  axis,  multiply  each  mass  by  the  square  of  its 
distance  from  the  axis,  and  add  up.  If  the  whole  mass  is  m,  we 
often  write  m  ^-^  =  i :  and  when  i  and  m  are  known  we  can 
calculate  k\  which  we  call  the  radius  of  gyration  of  the  mass  about 
the  axis.  To  find  what  is  called  the  moment  of  inertia,  i,  of  a  great 
number  of  little  areas  about  a  line  in  their  plane,  multiply  each  by 
the  square  of  its  distance  from  the  line,  and  add  up.  If  a  is  the 
whole  area,  and  a  Ar^  =  i,  we  call  k  the  radius  of  gyration  of  ihe 
area  about  the  line. 

113.  Just  as  we  found  centres  of  gravity,  so  we  may  obtain  the 
moment  of  inertia,  i,  of  any  area  about  any  line;  or,  as  is  ofbesa. 
the  case,  suppose  we  wish  to  find  the  moment  of  inertia  of  m  n  o  f 
(Fig.  77)  about  xxp,  a  line  which  passes  through  the  centre  of 
gravity-.  Evidently  the  moment  of  inertia  about  g  h  is  approximately 
I  =  /»  (a  B  4-  9  c  D  4-  25  E  F  -f  etc.)/4. 

Students  ought  to  practise  this  method  first  upon  a  rectangle 
and  a  circle  whose  moments  of  inertia  have  been  worked  out  for 
them  by  the  calculus. 

Now,  it  is  well  known  that  the  moment  of  inertia  of  an  area 
about  any  line  is  equal  to  its  moment  of  inertia  about  a  parallel  line 
through  its  centre  of  pranfy,  together  tcith  the  product  of  the  area 
into  the  sqtiare  of  the  distance  bettceen  the  two  lines.  Hence,  the 
moment  of  inertia  about  xxpisi^  =  i  —  ox'.rf(AB  +  CD4-EF 
4-  etQ.y 

It  will  be  found  in  practice  that  this  easy  way  of  carrying  oat 

simple  ideas  is  better  than  the  compli- 
,B  catei  use  of  the  link  polygon  method 

n       for  finding  moment  of  inertia.     If  the 

area  may  be  divided  into  rectanglee 
whose  sides  are  parallel  to  and  per- 
pendicular to  the  axis,  we  need  not 
subdivide  these  rectangles.  It  must  be 
remembered  that  the  moment  of  inertia 

,,  of  any  given  area  such  as  a  rectangle 

°'  °  ^  alK»ut  any  axis  is  equal  to  the  area 

*  »*?•  ^-  multiplied  by  the  square  of  the  dis- 

tauce  of  its  centre  of  gravity  frcmi  the 


u 


D    ^ 
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axis,  plus  the  moment  of  inertia  of  the  area  a]>out  a  parallel  lino 
through  its  centre  of  gravity.  Thus  the  rectangle  a  b  c  d 
(Fig.  79)  is  known  to  have,  about  n  m  n,  the  moment  of  inertia 

A  B      B  c' 

— Tn — *-  80  that  the  moment  of  inertia  of  the  rectangle  about 


o'  o  o'  is 


AB  .  BC*  .  /BC* 


12 


-  -f-  A  B  .  B  C  .  M  O',  or  A  B  .  B  0  I        -  +  M  o'  I. 


It  is  mainly  by  the  use  of  this  rule  that  we  have  found  the 
moments  of  inertia  of  the  various  aectionB  shown  in  Table  VI.,  and 
all  these  ought  to  be  worked  out  as  exercises  by  students. 

The  student  will  find  it  good  exercise  to  take  a  few  sections  of 
angle-iron,  T-iron,  rails,  and  other  specimens  of  rolled  iron,  and 
find  by  the  above  graphical  method  the  position  of  centre  of 
gravity  of  each  section,  and  the  moment  of  inertia  of  each  area 
about  any  line  through  the  centre  of  gravity.  The  exact  forms 
ought  to  be  taken  from  real  specimens.  If  the  area  is  fymmetrieal, 
one  line  through  the  centre  of  graAdty  can  always  be  found  by 
mere  inspection. 

In  using  this  or  any  other  graphical  method,  it  is  well  to  know 
what  is  the  error  involved  in  having  each  strip  of  width  rf, 
instead  of  being  infinitely  narrower.  We  ought  to  add  to  the  sum 
in  (2)  the  moment  of  every  strip  about  its  own  central  line — that 
is,  rf'  (ab  4-  CD  4-  EP,  etc.)/i2  or  a<P/i2,  if  a  represents  the  total 
area.  It  is  easy  to  see  that  in  a  rectangle  of  depth  d,  if  we  divide 
into  strips  of  breadth  d,  the  fractional  error  is  d'/n'. 

114.  When  the  moments  of  inertia  of  an  area  about  any  three  axes 
through  a  point  are  known,  the  moment  of  inertia  about  any  other 
axis  through  the  same  point  may  be  found ;  because  if  a  distance 
be  measured  from  the  point  along  an  axis  which  is  eqiml  to  the 
reciprocal  of  the  radius  of  gyration  of  the  area  about  the  axis,  the 
extremities  of  all  such  measured  distances  lie  in  an  ellipse.  The 
principal  axes  of  the  area  are  in  the  directions  of  the  major  and 
minor  axes  of  this  ellipse.     Thus,  if  for  any  area,  m n  p  r  (rig.  80), 

the  least  moment  of  inertia  is  about  an  axis,  o  a,  and  is  — «,  and  if 

'        '  o  A^ 

the  greatest  moment  of  inertia  is  about  ob,  and  is  — 5,  then 

A  B  a'  b'  being  an  ellipse  whose  major  and  minor  axes  are  a  a'  and 

c 
B  b',  the  moment  of  inertia  about  an  axis,  o  c,  is  — s. 

OCT 

116.  To  know  the  principal  moments  of  inertia  of  an  area  is 
important  for  many  purposes.  It  is  specially  important  in  regard  to 
Btrnts.'  A  strut  will  bend  in  such  a  way,  that  the  axis  through  the 
centre  of  gravity  of  a  section,  at  right  angles  to  the  plane  of  bend- 
ing, is  the  axis  about  which  there  is  least  moment  of  inertia  of  the 
section.  The  ellipse  lets  us  see  the  moments  about  all  axes.  To  draw 
it  for  any  particular  section,  if  the  section  is  symmetrical,  as  in  sections 
<rf  Fig.  80,  we  know  that  the  axis  of  symmetry  and  the  axis  at  right 
wgles  to  it  are  the  principal  axes  ot  inertia.      If  the   aectiou  \a  tlo\. 
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a  the  cue  of  ui  uig^e-iron,  we  find  Ibe  mo 
(^  inmtw  about  Ume  mie«  ■sop,  aa.oB  of  Fig.  81,  and  w 
off  the  distanccH   i 


HP* 


Fig.  so. 
parallel  nepeotiTely  topo. 


i«p[«8ent  the  recinroralg  ol  the 
rd  gyration.  We  now  havi 
graptucn]  prablem :  given 
pinnta  roBof  an  eUipse,  bj 
centre  o  to  diav  the  ellipse. 
Huriain  thinks  the  following 
tiun  better  than  an  j  other. 

With  centre  a.  isdinB  OQ 
scribe  ■  circle,  and  tbroug' 
where   F  K  cuts  o  a,  diaw  the  i 

jw  anch  that  ^  h  :  a  r  =^  p  h 
Draw  the  ntdias  oi  perpendi 
to    oq:   through   j    draw   m 

throngh  ■(  and  H  draw  lines  ps 
>  is  oonjogate  to  o  g. 


«Tv^  .S^V  .?^^  »"  f"^  orthogonally  projected  i 
^e  and  let  ^  Boialler  figme  be  ,imilar  to  tbL,  proje 
Thw  figdre  can  be  drawn,  remembering  that  paraUel  Imee  p 
into  pamllel  lines  the  mutual  mtios  of  whose  lengths   i. 
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unaltered ;  also  that  conjugate  diameten  project  into  perpendicular 
diameters.  The  solution  given  consists  in  drawing  this  figure 
with  oq  coinciding  with  o  q,  and  then  locating  s. 

To  determine  the  principal  axes,  through  s  draw  a  line  (not 
shown)  perpendicular  to  oo,  and  on  it  take  two  points  d,  k, 
opposite  ways  from  s,  such  that  sd  =  8e  =  oq.  Then  the  axes 
of  the  ellipse  are  respectively  equal  to  the  sum  and  difference  of 
OD  and  o s,  and  the  major  axis  bisects  the  angle  dob. 

MOMENT  OF  INERTIA  OF  A  RECTANGLE. 

116.  The  moment  of  inertia  of  a  rectangle  about  the  line  oo 
through  its  centre,  parallel  to  one  side. — Let  a  b 
==h,  B  c  =  rf.  Consider  the  strip  of  area  between 
0  p  =  y  and  o  q  =  y  -f-  8y.  Its  area  is  *  .  8y, 
and  its  moment  of  inertia  about  o  o  is  &  .  y'  .  8y ; 
80  that  the  moment  of  inertia  of  the  whole 
rectangle  is 


>j-': 


y^  .d^f  or  h 


or 
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The  moment  of  inertia  of  the  area  a  b  c  about 
an  axis  o  at  right  angles  to  the  area  is  equal  to 
the  sum  of  the  moments  of  inertia  i^  and  ly,  about 
0  X  and  o  y,  axes  at  right  angles  to  one  another  Fig*  82. 

in  the  ai-ea.     For  if  a  is  a  portion  of  area  at  p,  i« 
is  the  sum  of  all  such  terms  as  a .  p  r',  ly  is  the  sum  of  all  such  terms 
as  <z .  p  q2  J  and  the  sum  of  each  such  pair  of  terms  is  a  term  a .  o  p*. 
117.  Moment  of  inertia  of  a  circle  about  its  centre.— Consider 

the  ring  of  area  between  the 
radii  r  and  r  +  8r.  Its 
area  is  2irr .  8r  more  and 
more  nearly  as  8r  is  made 
smaller  ana  smaller,  and  its 
moment  of  inertia  is  2  nr*  .5r. 
The  integral  of  this  is 
^irR^  for  a  circle  of  radius 
B.  The  square  of  the  radius 
of  gyration  is  Jr*.  Now, 
in  this  case  i%  =  ly,  each 
being  half  of  ^tR"*  ;  so  that 
the  moment  of  inertia  of  a 
circle  about  its  diameter 
is  JiTR*,  or  ^yiTD*  if  D  is  the 
diameter. 

118.  The  student  ought 
to  be  able  to  prove  the  propositions  referred  to  in  Art.  112  : — 

1.  As  to  mass  or  inertia. — To  prove  that  the  moment  of  inertia 
about  any  axis  is  equal  to  the  moment  of  inertia  about  a  parallel 
axis  through  the  centre  of  gravity  together  with  the  whole  mass 
multiplied  by  the  square  of  the  distance  between  the  two  axes. 
Thus,  let  the  plane  of  the  paper  be  at  right  angles  to  tYie  «.x£^. 


i 
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Let  there  be  a  little  mass  m  at  p  in  the  plane  of  the  paper.  Let  o 
be  the  axis  through  the  centre  of  graTity  of  the  whole  mass,  and 
o'  be  the  other  axis.    We  want  the  sum  of  all  such  terms  as 

m .  {&  F,\ 

Now,  (o'  p)*  =  (o'  o)*  -!-  o  F=  H-  2  .  o  o' .  o  Q,  where  q  is  the 
foot  of  a  perpendicniar  from  p  upon  oo',  the  plane  containing 
the  two  axes.  Then,  calling  2 m .  -o'  Py*  by  the  name  i,  calling 
S  ira  .  o  p*  by  the  name  i^  the  moment  of  inertia  about  the  axis  o 
through  the  centre  of  gravity  of  the  whule  mass,  then 

I  =  [o'o]'Xm  -\-  1^  4-  2  .  o  o' .  2  m  .  o  Q. 
But  Z  III .  o  Q  means  that  each  portion  of  mass  m  is  multiplied  by 
its  distance  from  a  plane  at  right  angles  to  the  paper  through  the 

centre  of  gravity,  and  this  is  zero.  So  that 
the  proposition  is  proved.  Or,  letting.  2  m  be 
called  M,  the  whole  mass, 

i=io  +  M.(o'o)«. 

2.  To  prove  the  proposition  abont  areas. 

Let  o  o  be  the  axis  tfc)ugh  the  centre  of 
gravity-,  and  o'  o'  a  parallel  axis.  We  want 
I,  the  sum  of  all  such  terms  as  a  (o'  p)',  and 
this  is  the  same  as2a.op^+  22a.oP.oo' 
4-  2  a  .  o  o'2.     But 

2  2a .  o  p .  o  o'  =  2  .  o  o'  2  «  .  o  p, 

and  this  is  0  from  our  definition  of  centre  of  gravity ;  so  that 

I  =  lo  +  o  o'  2  a. 


Fig.  S4. 


EXERCISES. 

1.  A  fly-wheel  has  a  rim  of  rectangidar  section,  the  outside  and  inside 
radii  being  8  feet  and  7  feet.  What  is  the  error  in  assuming  the  radius 
of  gyration  to  be  '"o  feet  ? 

Ans.,  The  true  radius  of  gyration 
is  7'516  feet,  and  hence  the  asgiumed 
radius  of  gyration  is  -21  \ieT  cent, 
wrong.  It  would  give  a  moment  of 
inertia  '4  per  cent,  wrong. 

2.  Find  the  radii  of  gyration  of 
the  sphere  of  Table  II.,  p.  251,  about  a 
line  touching  its  surface ;  the  solid 
cylinder  about  a  line  touchinfi:  its 
outside,  parallel  to  the  axis ;  the 
rod  about  a  line  at  right  angles  to  it 
at  one  end. 

3.  VThut  em^r  is  intn^ucod  in  Table  I.,  by  neglecting  the  size  of  the 
section  of  the  prismatic  nxl  ? 

4.  Two  honiogtmtHnis  sphere*!  of  weights  12  and  20  lbs.,  radii  0*2  and 
0-3  fot^t,  thoir  ooutn^s  o  iwx  nyart ;  find  the  distance  of  o,  the  centre  of 
gravity,  fi-om  o,  the  contrt^  of  the  smaller :  find  i,,,  the  moment  of  inertia 
alxnit  an  axis  thnnigh  o  at  right  angles  to  o  o  ;  find  the  moment  of  inertia 
alK>ut  o  G  itself ;  find  the  moment'  of  inertia  about  any  line  a  a  if  the 
atifclo  o  o  A  is  a.     -rl/w.,  375  inches  ;  27131  ;  131-3  ;  131-328  +  27000  sin.^  a. 


Fig.  85. 
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119.  OiTen  the  moments  of  inertia  of  a  lamina  about  a  pair  of 
axes  at  right  angles  in  the  plane  of  the  lamina,  to  find  the  moment  of 
inertia  about  any  other  axis  through  the  intersection  and  lying  in 
the  plane.  Let  the  moment  of  inertia  about  o  x  be  ix  and  the 
moment  of  inertia  about  oy  be  ly  ;  op  is  any  other  axis,  the 
angle  x  o  p  being  a.  Let  the  distance  of  a  small  portion  of  area 
at  Q  from  the  three  axes  be  called  y',  a/,  and  7 ;  then 

7  =  y'  COS.  o  —  aK  sin.  a, 
and      7*  =  y'*  cos.^  a  -|-  a?'^  sin.'  o  ~  2  a?'  y  sin.  a  cos.  a. 
Hence,  if  i  is  the  moment  of  inertia  of  the  whole  area  about  the 
new  axis,   i  =  ix  cos.*  a  +  ly  sin.'  a  —  2iry  sin.  a  cos.  a  .  .  .  .  (1), 
where  ixy  is  written  to  mean  the  product  of  inertia  about  the  axes 
X  and  y,  or  the  sum  of  all  such  terms  as  '*  portion  of  area  ^  ary." 

Now,   let  I  =  -^,      Ix  =   -^,      ly  =    -^,      Jxy  =  -4- 

When  A  is  the  area,  r,  rj,  and  r^  are  the  reciprocals  of  radii  of  gfyra- 
tion ;  but  s  has  no  name. 

If  we  take  a  point  p  in  the 
line  o  p,  such  that  o  p  =  r,  and  let 
the  co-ordinates  of  this  point 
relatively  to  the  original  axes  be 
X  and  y,  then  (1)  becomes 

J^   H-  -^  -  —^^  =  1, 

which    is    the    equation    to    an 
ellipse.      We  see,  then,  that  if  a 
distance  proportional   to  the  re- 
ciprocal of  the  radius  of  gyration  Fig-  86. 
about  an  axis  be  measured  along 

that  axis  from  o,  the  points  so  found  lie  in  an  ellipse.  When  the  point 
o  is  the  centre  of  gravity  of  the  area  this  ellipse  is  called  the  mo- 
mental  ellipse  of  the  area,  and  its  principal  axes  are  the  principal  axes 
of  inertia.  If  they  had  been  chosen  as  the  axes  of  reference,  evidently 
Jxyy  the  product  of  inertia  relatively  to  them,  would  have  been  zero. 


APPENDIX  TO  CHAPTER   VII. 

Mr.  J.  Harrison,  of  Ihe  Royal  College  of  Science,  has  been 
kind  enough  to  prepare  the  following  short  account  of  the 
general  principles  involved  in  the  graphical  study  of  forces 
when  they  do  not  act  in  one  plane,  and  readers  are  referred  to 
"Graphics,"  by  Prof.  R.  H.  Smith,  for  more  detailed  information. 
Forces  in  space  and  framed  structures  in  three  dimensions. 

Problem  1. — To  jmd  the  resultant  of  a  given  system  of 
forces  in  space,  whose  lines  of  action  all  pass  through  a  point. 

A  force  in  space  is  conveniently  defined  by  two  orthogonal 
projections  of  the  line  which  represents  it.     These  pro\ect\o\Ya 
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represent  the  components  of  the  force  respectively  parallel  to 
the  planes  of  projection. 

To  compound  the  given  system,  add  the  forces  as  vectors. 
Two  projections  of  the  gauche  polygon  representing  the  vector 
addition  are  required. 

Let  p  Q  R,  p'  4'  r'  (Fig.  87),  be  the  given  plans  and  eleva- 
tions of  the  lines  of  action  of  the  forces. 

The  plan  p  q  r,  and  the  elevation  p'  q  r  of  the  vector 
polygon  can  be  at  oBce  drawn,  since  the  lengths  of  the  sides 
are  supposed  given  as  part  of  the  data.     Then  a  line,  s,  s'. 


tlirough  the  given  point  o,  o',  parallel  and  equal  to  the  cloiii]ig 
aide  t,  »'  of  the  vector  polygon,  represents  the  required  resultant. 
Problem  2. — The  lines  of  attvm  of  a  coneurrent  system  of 
fonts  in  equiUbriutn  in  space  being  piren,  and  the  magnittuies 
«/■«//  l/te/orces  except  three,  to  find  the  Ihn 
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In  Fig.  87  the  forces  p  p',  q  q',  r  r',  are  those  given 
completely ;  the  magnitudes  of  l  l',  m  m',  n  n',  are  required. 

Compound  the  known  forces  into  a  single  force  s  s',  by 
means  of  the  vector  polygon  shown  in  plan  and  elevation. 

To  find  L  jJ,  observe  that  its  magnitude  must  be  such  that 
the  component  perpendicular  to  the  plane  of  m  N  shall  be  equal 
to  the  component  of  s  s',  perpendicular  to  the  same  plane. 

Draw  a  new  elevation  on  a  plane  perpendicular  to  the 
plane  of  m  n.  Let  s"  or  o"  a"  be  the  new  elevation  of  s.  Draw 
a"  b'  parallel  to  m"  n'',  to  meet  l"  in  b"  ;  then  o"  b"  is  the 
magnitude  of  l",  the  elevation  of  L  on  x  y ,  Project  b"  to  b. 
Then  o  b  is  the  length  of  the  plan  L. 

Draw  I  parallel  and  equal  to  o  b,  and  close  the  vector 
polygon  in  plan  by  drawing  the  lines  m,  n  respectively  parallel 


JI2 


P2 

Pig.  88. 

to  M  and  N.  The  elevation  of  the  polygon  can  now  be  drawn. 
The  true  lengths  (not  shown)  of  the  lines  /  l\  ni  m',  n  n  would 
give  the  actual  magnitudes  of  the  three  forces,  L,  M,  n. 

Problem  3. — To  reduce  two  given  forces^  acting  in  directions 
<U  right  angles  to  each  other^  to  a  single  force  and  a  couple^  the 
plane  of  the  couple  being  perpendicular  to  the  line  of  action  of 
the  single  force. 

Let  p  and  Q  (Fig.  88)  be  the  given  forces,  and  let  a  b  (=  a) 
be  the  line  meeting  both  p  and  Q  at  right  angles. 

At  b  introduce  the  forces  P^  and  Pg  as  shown,  each  equal 
and  parallel  to  p. 
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Compound  p^  and  Q  into  R^.  In  the  plane  A  B  Rj  draw  a  d, 
making,  with  a  b,  the  angle  dab  =  qbRj  =  6;  and  draw 
B  D  perpendicular  to  A  d.  Introduce  the  forces  R  and  r^,  each 
equal  and  parallel  to  R^  as  shown. 

Then  the  required  single  force  equivalent  to  p  and  q  is  R, 
and  the  required  couple  R  x  c  D. 

For  let  the  couple  p  Pg  be  represented  by  the  axis  b  n  =  p  x  a; 
resolve  this  into  b  M,  M  N,  where  M  N  is  pei'pendicular  to  B  M. 

Then  b  m  =  b  n  x  cos.  6  =  p  a  cos.  6  =  r  a  sin.  0  cos.  0  = 

RXC  D. 

And  M  N  =  B  N  X  sin.  6  =  p  a  sin.  6  =  r  a  sin.^  6  =  r  x  b  c. 

So  R  x  c  D  represents  the  component  couple  b  m,  and  r,  R^^^J 
be  taken  as  the  couple  represented  by  m  n.  Now  Rg  cancels  R|, 
and  there  remain  r  and  R  x  c  D. 

The  two  outer  lines  at  c  d  may  be  taken  to  represent  the 
couple.  The  convention  adopted  as  to  sign  is,  that  when  the 
arrow-heads  on  the  couple  axis,  and  on  the  force  line  point  the 
same  way,  as  in  the  figure,  the  tendency  of  the  forces  is  to 
produce  a  right-handed  screw  motion,  and  conversely. 

Problem  4. — To  compound  a  given  general  system,  of  forces 
in  space. 

Let  the  lines  of  action  of  the  forces  be  supposed  cut  by  any 
plane,  and  at  the  points  of  intersection  resolve  the  forces 
respectively  along  and  perpendicular  to  the  plane.  Compound 
each  of  these  two  sets.  The  system  is  thus  reduced  to  two 
fum-intersecting  forces  at  right  angles.  If  desired,  these  two 
forces  may  be  compounded,  as  in  the  last  problem. 

The  given  system  illustrated  in  Fig.  89  consists  of  three 
forces,  p,  Q,  R,  the  projections  of  the  lines  of  action  of  wliich 
on  three  planes  mutucdly  perpendicular  are  shown,  as  are  also 
the  three  projections  of  the  vector  polygon,  drawn  as  if  the 
given  system  were  concurrent. 

The  system  may  be  reduced  to  two  forces — one  in  the 
Horizontal  plane  x  Y,  the  other  vertical. 

To  find  the  former,  draw  a  link  polygon  in  plan  with 
^pect  to  any  pole  o.     Thus,  s  =  *  is  the  horizontal  force. 

To  find  the  vertical  force,  two  methods  are  available. 

(1)  Compound  the  vertical  components.  In  the  figure,  the 
elevations  of  the  components  on  z  x  are  shown,  and  their 
resultant  v'  is  found  by  means  of  a  link  polygon  drawn  with 
i^pect  to  any  pole  o,.  In  a  similar  manner  (not  shown),  the 
elevation  on  y  z  of  thff  Tesnltant  vertical  force  could  Vie  io\Mv<^^ 
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thus  oompldplT  detenDiniiig  the  Tertical  force  and  giving  the 
phm  H  of  its  Ime  of  jurtioc 

(2)  Or  thus: — On  z  x.  by  means  of  a  link  polygon  drawn 
to  any  pole  o\  find  s',  the  elevation  oi  the  line  of  action  of  the 
component  force  of  the  system  parallel  to  the  plane  z  x.  And 
similarly,  on  y  z,  find  s'.  the  elevation  of  the  component  parallel 
to  Y  z.  Let  these  intersect  the  groond  lines  respectively  in  h' 
and  A*,  projections  from  which  give  H,  the  |4an  of  the  line  of 
action  <^  the  vertical  force  required.     Its  magnitude  is  a,  d\ 

A  farther  construction  is  shown  for  reducing  the  forces,  as 
in  the  last  problem.  The  line  of  action  of  the  single  force  thus 
obtained  is  called  the  cfniral  oris  of  the  system.  The  couple 
is  equal  to  the  moment  of  system  about  the  central  axis,  and 
may  be  shown  to  be  the  minimum  couple.  There  is  no  other 
axis  about  which  the  forces  have  a  less  moment. 

Sote. — If  the  given  system  contain  couples  as  well  as 
forces,  treat  those  independently,  adding  their  axes  as  vectors. 
Resolve  this  couple  paraUel  and  perpendicular  to  the  central 
axis,  and  add  to  the  other  part  of  the  system. 

Problem  5. — To  determine  the  stresses  in  a  non-redundarU 
framed  structure  of  three  dimensions  uneler  given  loads. 

The  criterion  for  a  non-redundant  stiff  frame  in  three  dimen- 
sions, with  non-rigid  joints,  is  that  the  number  of  bars  must 
be  six  less  than  treble  the  number  of  joints.  For  this  relation 
is  eWdently  true  in  the  simplest  example — viz.,  for  a  frame  of 
six  bars  forming  a  pyramid  ;  and  in  bmlding  up  a  frame  which 
shall  be  stiff,  each  new  joint  requires  three  new  bars.  If  any 
portion  consist  of  a  plane  frame  with  redundant  members  (such, 
for  example,  as  a  plane  quadrilateral  with  crossed  diagonals), 
such  redundant  members  are  not  to  be  counted  in  applying  the 
criterion. 

Fig.  90  shows  a  derrick  crane  carried  by  a  braced  triangular 

pier. 

The  stress  diagram  for  the  frame  is  built  up  in  plan  and 
elevation,  applying  Problem  2  in  succession  to  the  several 
joints.  The  order  of  taking  the  joints  is  that  indicated  by 
the  Roman  numerals,  and  the  various  points  on  the  stress 
diagram  are  marked  «,  6,  c,  etc.,  in  order  as  they  are  found. 

If  the  pier  had  been  braced  as  shown  in  Fig.  91,  then  after 
having  drawn  the  stress  diagram  for  the  joints  I  and  II, 
thert^  would  be  no  new  joint  with  less  than  four  unknowns. 
lu  tliiscHse  the  stress  in  the  bar  marked  p  could  be  found  by 
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Fig.  91. 
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reac^TiDg  the  forces  at  the  joint  V  perpmdiciikjr  to  the  plane 
which  contaiiiS  the  other  thi«e  imknowiiSy  Q,  b,  s.  The  building 
up  of  the  diagram  would  th«i  proceed  in  the  same  order  as 
before. 

EXERCISES. 

1.  ATieTticalcniiepo«t  x«  10  f€i?thx£:h.  jib  30  feet  loo^,  stay  24  feet  long, 
meeCin^  at  a  point  c.  There  are  two  back  stays  TnaVing  angles  of  45" 
with  the  h*>nzc«tal :  they  are  in  plane*  dae  north  and  doe  west  from  the 
post.  A  weieht  of  -5  toii«  hans^  frc^n  c.  Find  the  forces  in  the  jib  and 
stays — 1st.  when  c  is  soath-eaft  of  the  post :  2nd,  when  c  is  dne  east; 
3nL  when  c  L!^  doe  eoath. 

2.  A  trip>jd  who^  vertex  is  a.  and  whose  less  are  a  b,  a  c.  a  d,  of  lengths 
8.  8<5,  and  9  IkkI  resipectively.  sostains  a  load  of  2  tCHos.  The  ends  b,  c,  D 
form  a  triangle  whi.«je  «ide:«  are  b  c  =  7  foe-t,  c  d  =  6  feet,  b  d  =  8  feet,  find 
by  graphical  eonstructiirti  the  oompretssiTe  ft>rce5  in  each  leg. 

Ams^  1  -16  ton.  0*55  ton,  0-53  ton. 

3.  Three  rope$.  each  12  feet  long,  hang  from  the  three  comers  of  a 
horizf»ital  isijecele:}  triangle,  a  b  c.  in  which  a  b  and  a  c  are  each  20  feet, 
and  Bc  is  10  feet.  The  rope$  are  joined  at  their  ends  and  support  a  load 
of  1  ton.     Find  the  poll  on  each  rope.     Am*^  0*52 ton, Oo2  ton, 0*92  ton. 
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CHAPTER    VIII. 


EXAMPLES   IN   GRAPHICAL   STATICS. 

120.  In  any  structure,  such  as  the  principal  of  a  roof  and 
many  girders  of  bridges  formed  of  many  different  bars,  if  we 
neglect  the  weights  of,  or  upon,  the  bars,  and  we  assume  that 
the  joints  are  frictionless  hinges,  it  is  easy  to  see  that  the  force 
exerted  by  any  bar  is  in  a  straight  line  between  the  centres  of 
the  hinges  at  its  ends.  For  whatever  may  be  the  many  forces 
between  a  piece  and  pin,  at  the  surface  of  the  pin,  these  forces 
must  all  be  normal  to  the  surface,  since  there  is  no  friction ; 
they  must  therefore  all  be  directed  in  radial  lines,  and  hence 
their  resultant  must  be  a  radial  line  through  the  centre  of  the 
pin.  In  this  case,  then,  the  joints  of  a  structure  only  being 
loaded  with  known  forces,  it  is  easy  to  calculate  the  pushing 
or  pulling  force  exerted  by  each  piece. 

To  illustrate  this — let  there  be  three  pieces,  whose  centre- 
lines are  a  o,  bo,  and  c  o  (Fig.  92), 
meeting  on  a  pin  whose  centre  is  o.  Sup- 
pose we  know  that  the  piece  c  o  pulls  the 
pin  in  the  dii-ection  o  c  with  a  force  of 
2,000  lbs.  We  have  then  to  find  the  two 
forces  in  the  given  directions  of  A  o  and 
B  0  to  balance  the  known  force  o  c. 

Draw  the  triangle  (Fig.   93),   whose 
sides,  c,  a,  b,  are  parallel  to  o  c,  A  o,  and 
B  0 ;  and  let  c  represent  the  force  o  c 
or  2,000  lbs.  to  some  scale,  and  let  the 
arrow-head  on  c  represent  the  sense  of  o  c. 
Then  the  lengths  of  b  and  a  represent  the 
other  two  forces  to  scale.  Put  the  circuital 
arrow-heads  on  b  and  a,  and  we  see  that 
0  A  is  a  pulling  force,  and  the  piece  o  A  is  called  a  tie-rod ;  b  o 
is  a  pushing  force,  and  the  piece  b  o  is  called  a  strut     Note  that 
B  0  is  attached  to  some  other  pin  than  o.     If  we  study  the  equi- 
librium of  the  new  pin  we  must  remember  that  B  o  pushes  it,  and 
we  raust  draw  the  riew  arrow-head  when  we  study  the  new  pin. 
It  is  very  important  that  the  student  should  illustrate  an 
important  fact  like  this  for  himself  in  the  laboratory.     Fig.  94 
shows  two  real  pieces  A  o  and  b  o  hinged  at  0.     Haii«  oii  aAi^ 


Fig.  93. 
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weight  c.  Adjust  the  ficrew  at  V  until  the  spring-balance  a'  a 
is  in  a  line  with  o  A,  so  that  it  indicates  the  pull  on  o  A.  The 
push  in  B  o  is  recorded  by  the  spring-balance  a'  b.  When 
things  are  at  rest,  open  the  parts  of  a  two-foot  rule  until  they 


Fig.  94. 

just  fit  the  angle  between  a  o  and  bo,  and  ti-ansfer  this  angle 
to  a  sheet  of  paper.  Now  do  the  same  with  the  angle  between 
B  o  and  c  o,  and  test  on  the  paper  if  the  sides  of  a  triangle 
parallel  to  a  o,  b  o,  and  c  o  really  represent,  to  some  scale,  the 
three  forces.  If  they  do  not,  speculate  for  yourself  upon  the 
discrepancy  ;  how  much  discrepancy  is  due  to  the  fact  that 
tike  forces  as  measured  are  not  truly  the  forces  at  o,  because  of 
the  weights  of  the  parts  1  How  much  is  due  to  the  fact  that 
the  rule  presupposes  a  pin  with  absolutely  no  friction  I  If  you 
are  ingenious  and  an  advanced  student,  you  will  try  a  pin  with 
much  friction,  or  perhaps  a  riveted  joint  at  o,  and  so  leam 
more  than  I  can  tell  you. 

ESEKCISES. 

1,  In  Fig.  94  the  jib ,.  x  nuikex  an  aiijtle  <•(  ih°  n-ith  the  horucoilal; 
snidi-AOB.  15°:  wiinhlBtc.  fllons:  linil  th.' f.ntwin  oa  and  ob. 

Am..  I3-G6ton,  1673  ton. 

2.  A  ihsin  fHsteni-d  »l  o  (Fig.  945  gix-a  round  s  snalrh-hlock  ate, 
Mill)  tbi-n  in-iT  a  imllpj-  at  u  in  the  aim-tion  o  a  to  the  barrel,  the  total 


APPLIED  MECHANICS. 


153 


wdght  at  c  being  5  tons ;  find  the  forces  in  o  a  and  o  b.     Dimensions 
aame  as  in  1.  Ans.,  10*76  tons ;  16*73  tons. 

3.  If  a  wharf  crane,  the  post,  tie-rod  and  jib  measure  15,  20,  and  30 
feet  respectively,  what  would  be  the  stresses  in  each  of  the  three  members 
when  a  load  of  7  tons  is  suspended  over  the  pulley  at  the  jib-head  (1) 
when  the  lifting-chain  passes  from  the  pulley  to  the  drum  parallel  with 
the  jib ;  (2)  when  the  drum  is  placed  so  that  the  chain  passes  from  jib-head 
parallel  to  tie-rod  ? 

Ans.y  7  tons;  2*3  tons;  11'67  tons;  11*2  tons;  9*3  tons;  18*67  tons. 
4.  A  contractor's  portable  hand-crane  has  a  vertical  post  a  b,  to  which 
the  jib  A  c  is  inclined  45°,  and  the  tension-rod  b  c  makes  with  a  b  an  angle 
A  B  c  of  120**.  The  back-stay,  from  the  head  of  the  post  b  to  the  extremity 
D  of  the  horizontal  strut  a  d,  is  inclined  at  an  angle  of  45"  to  a  i>.  Find 
the  counterbalance  weight  required  at  d  to  balance  a  load  of  10  tons  sus- 
pended from  the  end  c  of  the  jib.  Determiue  also  the  nature  and  amount 
of  the  force  in  the  jib  a  c,  and  in  the  rods  b  c  and  b  d.  (The  tension  in 
the  chain  may  be  neglected.) 

Ant.,  23*66  tons ;  33*46  tons  ;  27*32  tons  ;  33*46  tons. 

121.  liet  us  now  consider  the  roof-principal  shown  in  Fipj.  95. 


A    F 


Fig.  95. 


Certain  loads  are  given  acting  at  the  joints,  and  we  know 
that  the  structure  is  supported  by  two  forces  or  reactions  at  its 
two  ends.  Our  first  step  is  to  find  these  two  supporting  forces. 
They  must  be  in  equilibrium  with  all  the  external  loads. 

Now,  it  is  well  known  that  we  must  be  given  either  the 
^rectiori  or  some  other  information  about  one  of  these  support- 
ing forces,  else  the  problem  becomes  indetenninate.  It  is 
usual  to  be  told  that  one  or  other  supporting  force  is  vertical. 
This  condition  is  arrived  at  in  practice  by  having  at  one  end  of 
the  structure  a  shoe  with  rollers  resting  on  a  horizontal 
plate  of  iron. 

Tlie  notation  which  we  use  very  materially  simpVi&e^  \i\i^ 
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process  of  calculation.  You  observe  that  every  space  between 
two  forces  in  Fig.  95  is  indicated  by  a  letter.  The  line  which 
separates  the  space  A  from  the  space  B  is  called  A  B,  and  cor- 
responds with  the  line  A  B  in  Fig.  96.  A  point  is  indicated 
by  the  letters  of  the  spaces  which  meet  at  that  point.  Thus, 
A  G  H  is  the  end  of  the  roof-principal. 

Suppose  the  supporting  force  at  the  point  f  G  P  is  known  to 
be  vertical.  We  must  first  find  the  amount  of  the  force  F  G, 
and  the  direction  and  amount  of  the  force  A  G. 

Draw  the  force  polygon,  a  b  c  d  B  F,  Fig.  96.*  We  see 
that  to  close  it  we  need  two  lines  to  join  p  and  a.     Now,  one 


Fig.  96. 

of  these,  f  g,  is  vortical.  Take  o  as  pole.  Join  o  A,  o  B,  o  c, 
o  D,  o  E,  o  F  in  the  usual  way.  Draw  the  link  polygon,  shown 
dotted  in  Fig.  95,  commencing  at  the  only  known  point  of  the 
force  A  G,  namely  A  G  H.  Now,  o  g  (Fig.  96)  is  parallel  to  the 
last  side  of  it,  and  thus  we  find  f  g  and  G  A,  the  supporting 
forces  at  the  end  of  the  principal.  Having  found  the  two 
sup[x>rtin^  forces,  f  g  and  g  a,  we  proceed  as  follows : — We 
have  the  closed  force  polygon  A  b  c  D  E  F  g  A.  The  arrow-heads 
shown  on  this  force  polygon  are  not  to  be  rubbed  out  during 
the  calculation,  and  in  practice  we  mark  them  in  ink.     All 


*  In  an  actual  case  there  would  usually  be  loads  given  at  the  end  joints 
as  well  as  the  others.  In  this  first  example  I  have  only  takeb  the  loads  as 
shown. 
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other  aiTow-heads  which  we  draw  on  Fig.  96  may  require  to 
be  rubbed  out,  and  ought  only  to  be  marked  in  pencil.  We 
must  begin  our  calculation  at  a  joint  where  only  two  pieces 
meet,  and  where  one  force  which  acts  there  is  given.  Now 
at  the  joint  A  G  H  we  know  the  force  A  g.  In  Fig.  96  draw 
AH  and  G  H  parallel  to  the  pieces  A  H  and  g  h  of  Fig.  95. 
Put  arrows  on  the  sides  of  the  triangle  g  A  h  circuital  with 
the  arrow  on  G  A.  Now  we  see  by  the  arrows  that  the  piece 
A  H  pus/ies  the  joint  with  a  force  rej)resented  to  scale  by  the 
length  of  the  line  A  h  (Fig.  96).  We  know,  then,  that  A  H 
is  a  strut,  since  it  ptishes,  and  we  know  the  total  pushing  force 
in  it.  Similarly,  H  G  is  a  tie,  and  the  total  pulling  force  in  it 
is  represented  by  the  length  of  the  line  H  G  in  Fig.  96. 

We  now  rub  out  the  arrows  which  we  are  supposed  to  have 
drawn  in  pencil  on  the  lines  A  H  and  H  G  (Fig.  96),  and  proceed 
to  the  joint  A  B  I  H.  It  must  be  remembered  that  although  the 
pieces  A  h  and  B  i  are  in  the  same  straight  line,  we  regard 
them  as  two  separate  pieces. 

We  know  the  force  A  b,  we  also  know  that  the  force  with 
which  the  piece  A  H  pushes  the  joint  (we  have  already  found  it 
to  be  a  strut,  therefore  it  pushes  both  joints  at  its  ends)  is 
represented  by  the  length  of  the  line  A  H  (Fig.  96).  Draw, 
then,  HI  and  bi  (Fig.  96)  parallel  to  the  pieces  h  i  and  b  i 
(Fig.  95).  We  have  thus  a  polygon  a  b  i  H.  The  force  A  b 
(Fig.  96)  tells  us  how  to  pencil  aiTow-heads  circuitally 
round  this  polygon.  When  we  do  this  we  find  that  the  piece 
B I  pushes  the  joint  with  a  force  represented  by  the  line  b  i 
(Fig.  96),  so  that  b  i  is  a  strut.  Also  i  h  is  a  strut,  in  which 
the  stress  is  represented  by  the  line  i  h  (Fig.  96).  We  pro- 
ceed in  this  way  from  joint  to  joint,  always  taking  care  to  rub 
out  our  pencilled  arrow-heads  when  we  proceed  from  one  joint 
to  the  next.  The  lengths  of  the  lines  in  Fig.  96  give  the 
magnittides  of  the  forces  in  the  pieces  of  the  structure.  It 
is  easy  to  prove  that,  if  no  mistake  is  made,  no  discrepancy 
will  appear  when  the  drawing  is  being  finished. 

If  in  Fig.  96  the  points  k  and  i  were  found  to  coincide, 
this  evidently  means  that  the  piece  k  i  is  unnecessary  in  the 
structure.  If,  again,  we  find  that  we  cannot  close  one  of  our 
little  polygons  in  Fig  96,  we  ought  to  proceed  to  new  joints, 
and,  possibly,  when  we  again  consider  the  joint  with  which  we 
had  diflficulty,  we  shall  be  able  to  close  its  polygon.  If  we 
still  find  difficulty,  it  must  be  caused  by  two  or  mote  *^o\xi\», 
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and  the  pieces  connecting  these  are  evidently  unnecessary  to 
the  structure.  If  we  find  in  Fig.  96  two  points  with  the  same 
letter,  we  evidently  require  to  add  a  new  piece  to  the  structure, 
which  will  exert  a  force  represented  by  the  distance  between 
these  two  points. 

'^       No  explanation  in  writing  will  enable  the  student  to  master 
this  beautiful  method  of  determining  the  forces  in  structures. 

He  must  select  structures,  apply  loads  to  the  joints,  and  calcu- 
late the  various  forces  for  himself.  When  he  has  made  four 
such  calculations,  he  will  know  nearlv  all  that  can  be  said  on 
the  subject     (Figs.  99  and  101  show  two  examples.) 

122.  £oo&. — It  is  not  my  object  here  to  describe  the  con- 
struction of  a  roof  or  a  bridge.  For  such  information  the 
student  must  examine  real  structures  and  good  drawings' of 
roofs  and  bridges  for  himself. 

Suppose,  for  instance,  that  he  finds  a  roof,  somewhat  like 
his  own,  to  weigh — including  possible  snow,  etc. — 40  lbs.  per 
square  foot  of  horizontal  area  covered.  Suppose  his  principals 
are  to  be  placed  8  feet  apart,  the  span  being  50  feet,  then  each 
principal  has  to  support  about 

8x50x40,  or  16,000  lbs. 

Now,  if  Fig.  97  is  the  shape  of  his  principal,  as  A  b,  b  c, 
c  D,  and  D  E  are  all  equal,  we  may  suppose  that,  however  the 

roof  covering  may  be  sup- 
ported by  the  principals,  the 
piece  of  rafter,  a  b,  or  any 
other  of  the  divisions,  sup- 
ports 4,000  lbs.  The  joint  b 
Fig.  97.  gets  half  the  load  on  a  b  and 

half  the  load  on  B  c ;  conse- 
quently the  load  at  the  joint  b  is  taken  to  be  4,000  lbs., 
and  similarly  for  c  and  d.  The  joints  a  and  e  have  2,000  lbs. 
each. 

When  the  above  vertical  loads  have  been  given  to  the  joints, 
we  have  to  consider  wind  pressure  on  one  side  of  the  roof.  If 
we  suppose,  as  we  reasonably  may,  that  40  lbs.  per  square  foot 
is  the  greatest  pressure  of  wind  ever  likely  to  occur  on  a  surface 
at  right  angles  to  the  direction  of  the  wind,  then  the  normAl 
pressure  per  square  foot  on  roofs  of  the  following  inclinations 
may  be  taken  from  the  following  table,  which  is  obtained  from 
experiment. 
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TABLE   I. 

Normal  Pressure  of  Wind  against  Roof*. 


I  of  Roof 

Normal 

Angle  of  Roof. 

Normal 

FreHsure. 

PresMure. 

5°        .     .     . 

.     .       60 

50^         .     .     . 

.     .     381 

10°        .     .     . 

.     .       9-7 

60°         .     .     . 

.     .     400 

20^        .     .     , 

.     .     181 

70°         .     .     . 

.     .     400 

30°        .     .     . 

.     .     26-4 

80^        .     .     . 

.     .     400 

40°        .     .     . 

.     .     33-3 

90°        .     .     . 

.     .     400 

\ 


Fig.  W. 


Thus,  if  the  portion  of  one  slant  side  of  the  roof  between  two 
principals  has  an  area  of  240  square  feet,  and  if  the  inclination 
of  the  roof  is  30',say,  then  240  x  264,  or  6,3361bs., 
has  to  be  supported  by  each  bay.     Transfeiring 
this  to  the  joints,  we  see  that  at  b  (Fig  98),  in 
case  the  wind  pressure  is  upon  the  side  A  B  c,  we 
have  the  vertical  load  x  b,  or  4,000  lbs,  due  to 
weight  of  roof,  snow,  etc.,  and  also  Y  b,  or  one 
half  of  6,336  lbs.,  normal  to  the  roof,  and  due 
to  wind.     Complete  the  parallelogram,  and  evi- 
dently z  B  is  the  load  at  the  joint  b  which  we  must  use  in 
our  calculations. 

The  student  will  find  that  if  a  roof-principal  can  only  be 
supported  by  a  vertical  force  at  a  certain  end,  the  stresses  in 
the  structure  are  greatest  when  the  other  side  of  the  roof  is 

acted  on  by  the  wind. 

123.  Many  joints  in  a  real  structure  are  usually  stiff  joints, 

80  that  many  pieces  may  really  be  subjected  to    bending,   as 

well  as  to  direct  compressive  or  tensile 

stresses.  A  general  method  of  taking 

stiffness  of  joints  into  account  is  quite 

unknown ;  but  when  we  discuss  bend- 
ing we  shall  see  pretty  clearly  wliat  is 

the  effect  of  a  stiff  joint,  and  in  some 

cases  we  shall  be  able  to  make  calcula- 
tions on  the  subject.  It  may  generally 

be  assumed    that    the   strength  of  a 

structure  is  greater  if  the  joints  are 

stiff  than  if  they  are  merely  hinges. 

This  is   not    always   the    case,   and, 

from    the   indeterminateness    of    the 

problem  of   finding  the  stresses  in  a 

structure  whose  joints  are  stiff,  many 

^rge  bridge    trusses   are   made  with  F\g,\w. 
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nearly  all  their  joints  hinged.  In  roof-principals  the  joints 
are  often  made  stiff,  rather  for  the  purpose  of  stiffening  the 
whole  structure  than  for  the  sake  of  strength.  We  shall 
presently  see  the  distinction  between  stiffness  and  strength 
in  structures.  In  a  roof  all  joints  of  struts  are  usually  made 
stiff.  What  we  shall  now  say  is  of  more  importance  in  bridges 
than  in  roofs. 

If  two  or  more  pieces  of  a  structure  are  in  a  straight  line 
with  one  another  at  joints  where  they  meet,  it  is  usual,  for 
strength,  to  make  the  joints  between  them  quite  rigid.     Thus, 


Fig.  102. 

the  pieces  A  H  and  B  i  of  Fig.  95,  or  a  b  and  b  c  of  Fig.  97 
ought  to  form  one  bar.  But  this  is  only  useful  when  the 
pieces  in  question  are  struts,  and  our  reason  for  the  continuity 
of  the  pieces  is  that  a  strut  is  stronger  wlien  its  ends  are  fixed 
than  when  its  ends  are  not  fixed.  Thus  the  piece  B  i  (Fig.  95) 
will  resist  a  greater  thrust  if  it  is  continuous  with  A  H  and  c  K 
than  if  it  were  hinged  with  these  pieces.  (See  Art.  372.)  It  is 
not  good  in  all  cases  to  fix  the  end  of  a  strut  by  rivets,  etc., 
instead  of  a  hinge ;  because  the  benefit  due  to  fixing  an  end 
may  be  more  than  counterbalanced  by  the  evil  eflfects  of  bending 
introduced  to  the  strut  through  the  joints  by  a  tendency  to 
change  the  angle  which  the  strut  makes  with  the  piece  to  which 
it  is  fixed.  The  common-sense  of  the  engineer  will  always 
enable  him  to  decide  as  to  the  judiciousness  of  fixing  the  end 
of  a  strut. ' 
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124.  Sections  of  Structures. — It  is  often  of  considerable  im- 
portance to  find  immediately  the  forces  in  pieces  of  a  structure 
which  are  not  near  the  ends.  If  we  can  draw  any  sui-face 
which  will  cut  through  the  . 

pieces  in  question,  we  can  I 

calculate    the    stresses    in       ,    M ;^T^---^       1 

these   pieces  directly,  sup-  d"/^^  I        J^^^^Hv 

posing  the  pieces  are  only       e y-'-'-f, ^=^^^^-— J.\v 

three  in    number.      Thus,       c'''''  '^"^""^ 

the  section  ace  (Fig.  103) 
cuts  the  pieces  b  A,  b  c,  and  pj    ^^3 

D  E.     Now,  not   only  the 
whole  structure,  but  every  part  of  it  is  kept  in  equilibrium. 
What  forces  keep  the  part  a  H  £  in  equilibrium  1     They  are 
the  known  forces  at  B,  f,  and  H,  together  with  three  unknown 
forces  whose  directions  are  B  A  a',  B  c  c',  and  d  e  e'.     Given 
the  directions  of   three   forces   which   equilibi*ate  a   numl)€r 
of    known   forces,    we  know   that   they   may  be  determined 
in  magnitude  by  the  link-polygon  method  (Art.  101).      Some- 
times the    link-polygon   method    is   more    troublesome   than 
the  following  : — To   find   the   push  or   pull  in  d  e  e'.     We 
know  (Art.  98)  that  the  moment  of  the  force  in  e  e'  about 
the  point  B  is  equal   to  the  sum  of  the   moments  about  b 
of  all  the  external   forces   (for  the   forces   in    the  directions 
A  a'  and   c  c'  have   no   moment  about   b,   since   they  pass 
through   it).     Let  the  algebraic  sum  of  the  moments  of  the 
external  forces  be  actually  calculated,  multiplying  numerically 
each  force  by  its  perpendicular  distance  from  b.     This  sum, 
divided  by  the  perpendicular  distance  from  b  to  e  e',  will  give 
the  force  in  e  e'.     If  the  algebraic  sum  gives  a  moment  tending 
to  turn  the  structure  about  B  against   the  direction  of   the 
hands  of  a  watch,  the  force  in  E  e'  is  a  pulling  force  acting 
from  E  towards  e',  and  therefore  the  piece  d  e  is  a  tie.     The 
^gineer  ought  to  practise  this  common-sense  way  of  applying 
our  fundamental  principles.     He  will  regret  it  if  he  fetters 
himself  to  graphical  statics  methods  of  working. 

It  wiU  be  observed  that  if  we  wish  to  know  the  forces  at 
any  section  of  any  loaded  structure,  we  must  consider  that  the 
parts  of  the  structure  on  any  one  side  of  this  section  are  in 
equilibrium.  Thus,  if  A  and  B  are  the  two  parts  of  the  structure, 
consider  the  equilibrium,  say,  of  B.  Now,  b  is  kept  in  equili- 
Wuni  by  the  external  forces  or  loads  which  act  on.  B,  «^\\d.  \i^ 
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Fig.  104. 


the  forces  which  act  on  b  at  the  section.  Of  course,  it  is  A 
which  causes  these  forces  to  act  on  B  through  the  section ;  but 
in  calculations  concerning  them  we  do  not  need  to  consider  A 
or  the  loads  on  a. 

126.  Loaded  Links.— Let  a  c,  c  d,  d  b,  and  e  b  be  four 
links  hinged  together  at  c,  D,  and  E,  and  supported  somehow  by 

hinges  at  a  and  b,  and, 
neglecting  the  weights  of 
the  links  themselves,  let  x^ 
y,  and  z  be  forces  acting  at 
the  three  joints,  so  as  to 
make  the  links  take  the 
positions  shown  in  Fig.  104. 
Take  any  point,  o  (Fig.  105), 
and  draw  lines  o  rri^  on^op, 
and  0  q  parallel  to  the  links, 
and  from  any  point,  m,  in 
0  m,  draw  m  n  parallel  to 
the  force  z,  np  parallel  to 
the  force  y,  and  p  q  parallel 
to  the  force  x:  then  it  is 
easy  to  prove  that  the  lengths 
of  the  Hues  m  n,  np,  and  p  q  are  proportional  to  the  forces  «,  y, 
and  Xy  and  the  tensile  forces  in  the  links  are  proportional  to  the 
lengths  of  the  lines  o  m,  o  n,  o  p,  and  o  q.  For  it  is  evident  that 
the  three  forces  at  e,  keeping  the  joint  in  equilibrium  as  they 
do,  must  be  proportional  to  the  sides  of  the  triangle  omh.  If 
you  put  arrow-lieads  on  o m  and  on  circuital  with  the  one 
already  on  m  n,  you  will  see  that  the  bars  b  e  and  d  E  do  not 
puah  tJu*  joint  B ;  they  ptill  it  and  are  tie-bars.  Thus,  then, 
the  lengths  of  the  lines  in  Fig  105  represent,  to  some  scale,  all 
the  fortva  acting  at  the  joints,  c,  d,  and  e. 

All  so  easy  as  it  is  to  prove  that  the  above  proposition  is 
conx>ct,  it  is  woll  to  illustrate  its  truth  in  the  laboratory. 
1^4  A«  i\  i\  K,  B  Ih'  a  string  fastened  to  a  vertical  board  at  A 
mui  n,  witli  li>ads  u*,  y,  and  z  applied  at  c  and  D  by  means  of 
strings  jvissing  over  pulleys.  The  string,  instead  of  being 
fastojuni  at  a  and  B,  may  there  pass  over  pulleys  with  balancing 
woi^htii.  l^*t  the  vertical  board  be  covered  with  ptkper ;  wit£ 
a  pin  prick  (xunts  on  tlie  (vaper  showing  the  directions  of  the 
jfttriujj  every  \vhei\\  and  tmn^rringthe  paper  to  another  board, 
liiuJ  what  is  the  pull  in  ac,  cp,  dk,  and  a  a     We  have  no 
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actual  test  of  the  pulls  in  c  d  and  d  e,  unless  an  ingenious 
student  can  introduce  very  light  si)ring  l)alances  whose  own 
weights  are  negligible. 

The  student  may  compare  this  construction  with  exactly 
the  same  construction  in  Art.  97.  He  will  see  that  in  Fig.  104 
the  resultant  of  the  forces  e  b  and  z  is  in  the  direction  d  e  ;  the 
resultant  of  the  forces  £  b,  ^  and  y  is  in  the  direction  c  D  ;  the 
resultant  of  the  forces  E  B,  s,  ^  and  j;  is  in  the  dii*ection  a  v. 
Fig.  104  shows  ihe  positwiis^  and  Fig.  105  shows  the  amauntH  of 
these  successive  resultants,     b  e  d  c  a  is  what  we  calhnl  a  line 

of  resistance. 

126.  Loaded  Chain. — If  we  want  to  find  the  pull  in  ever}' 
part  of  one  chain  of  a  suspension  bridge,  and  to  draw  the 
shi^  of  the  chain,  it  is  first  necessary  to  know  the  weight  of  the 
bridge  at  every  place.     This  weight  is  probably  supported  by 
two  chains,  so,  as  we  have  only  one  chain  to  deal  with,  we  only 
take  half  the  weight  of  the  bridge.    We  shall  suppose  that  there 
is  no  long  girder  or  other  support  for  the  bridge  but  the  chain. 
It  is  *usual  to  suspend  the  supporting  beams  of  the  roadway 
from  the  chain  by  vertical  iron  rods,  placed  at  equal  horizontal 
distances  from  one  another.     We  may  imagine  the  roadway  to 
be  as  heavy  at  one  place  as  another,  so  that  the  pulls  in  all  the 
rods  will  be  the  same.     Suppose  thei*e  are  ten  ixxls,  and  in  each 
a  pull  of  20  tons.    Draw 
ten  equidistant    vertical 
lines  (Fig.  106)  to  repre- 
sent the  rods.     We  must 

get    another    condition 

before  we  can  draw  the 

cbain.      Let   it  be   this,  that  the 

cbain  in  the  middle,  where  it  is 

borizontaJ,  shall  be  capable  of  with- 
standing a  pull  of  200  tons.     Now 

draw  o  H  horizontally  (Fig.  107), 

and  make  its  length  on  any  scale 

represent    200   tons.     Make   h  a 

aiMl  H  B  on  the  same  scale  represent 

eadi  100  tons  (if  your  chain  is  to 

be  symmetrical),  and  divide  them 

up,  80  that  each  portion  represents  20  tons — that  is,  the 
▼ertical  load  communicated  to  the  chain  by  each  tie-rod. 
Now  join  o  with  each  point  of  division   in  A  B,    S^iy^^ 


Fig.  IW. 


0-«r»» 


H 
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that  p  (Fig.  106)  is  one  point  of  support  of  the  chain,  draw 
p  a  (Fig.  106)  parallel  to  o  a  (Fig.  107),  a  c  pai-allel  to  oc, 
c  (i  imrallel  to  o  i>,  and  so  on  till  you  reach  the  point  Q, 
which  I  suppose  to  be  on  the  same  level  as  p.  Of  course, 
the  pointer  of  support,  p  and  v»  n^ay  ^  anywhere  on  the 
lines  a  p  and  m  g.  It  is  quite  evident  from  what  you  have 
alrt'ady  learnt  that  the  pull  in  any  part  of  the  chain  is 
n^presenttni  by  the  length  of  the  line  from  6,  which  is  parallel 
to  it  in  Fig.  107,  and  it  is  also  evident  that  tiie  chain  will  take 
tiiis  sliapo  without  any  tendency  to  alter.  Note  that  when  all 
the  Kviuls  on  a  chain  are  vertical,  the  horizontal  component  of 
any  of  the  slopuig  forces  is  the  same  as  that  of  any  other,  being 
o  li.     This  is  always  called  the  hoiiiontal  pull  of  the  chain. 

187.  We  l)^<:Hn  by  assuming  a  pull  of  200  tons  in  the  part /A, 
when^  the  chain  is  horizontal.  We  might  have  assumed  a  pull 
of  ;KX>  tons  iwjh  :  this  would  have  caused  the  chain  to  hang  in 
a  flatter  curve.  Assuming  a  pull  of  100  tons  iny'A,  we  should 
have  obtaineil  a  irreater  dfiierence  of  level  between  p  and  h. 

It  will  Iv  found  that  in  the  present  case,  where  the  load  is 
sup(H>S(xl  to  W  um/ornkly  diMribuled  along  the  horizontal,  the 
links  wv>uUl  iust  oiivumscribe  the  curve  called  a  paxahola. 
With  anv  other  disinbution  of  load  thev  will  fit  some  other 
curve  than  a  paraK>la^  but  in  any  case  you  know  now  how  to 
draw  the  slm^v  of  such  a  ohaiiu  and  to  determine  the  pull  in 
any  ^^rt  of  it, 

1^  Arthei  Rib< — If  instep  of  a  hanging  chain  you  wanted 
to  us<^  a  thin  arv^htxi  rib  to  suj^x»rt  your  roadway,  then  if  you  have 
uuinervnis  vertical  n>i$  bv  which  to  haniBT  voor  load  to  the  rib, 
ami  it  the  distribution  of  the  load  is  known,  you  can  draw  the 
our\e  of  the  rib  in  exao:iv  the  same  wav,  but  it  will  now  be 
\\xi\\e\  u^'waulss  of  vvur^\  With  uni&Nrm  horizontal  distribu- 
tion of  vour  Ivvid  vou  will  ^^  ^  paimbdlie  rili.  The  difference 
Ivtw^vn  the  t  >* <^  cas^^s  is  ;his  :  a  siijfht  inequality  in  your  loads 
or  a  t«*iu[y\r*r\  Alteration  wiU  only  cause  the  chain  to  take  a 
^Ujihtlx  dirtVr^nxt  |vv^:io:i  tv>r  tht*  time,  and  it  will  get  back  to 
itvs  v>ld  slia^v  x^  hev,  :lie  ^va  lx>didir.g  is  rv^umed  to :  whereas  the 
ai\  U  is  in  a  sta:e  ^>Jf  uasuble  eqaililaiiim.  and  as  it  is  very 
thiux  s\^  tli,-^t  ;;  v*ar,v,o;  r^t^i^t  aiiy  Wi^iing.  a  slight  change  of 
Uv^diuji  >^t't  \K-r\  ^u^AUnarty  alter  ii*  sluipe  and  it  will  get 
d*vM4\\\x\K  S\u-h  A  r,b  vMT  >^rH*  k«  stnits  is  either  stayed 
\Mth  n\uniivu5^  dia^^wal  pi«c«S  v>r  eise  it  is  made  very 
iiMMBM\A  s\*  tha^  s^KHxU  \K\^  tu>e  like  r  A  ^  (inverted)^  which 
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is  supposed  to  pass  everywhere  along  its  axis,  deviate  a  little 
from  this  position,  the  rib  may  resist  altei-ation  of  shajM*  hv 
refusing  to  bend. 

129.  The  load  carried  by  an  arch  may  either  l>e  hung  from 

it  by  means  of  tie-rods,  or  else  it  may  rest  on  the  top  of  the 
arch,  the  weight  being  carried  from  the  different  parts  l)y  means 
of  struts  or  pillai-s  of  iron,  stone,  or  brick,  or  the  arch  may  l>e 
levelled  up  to  the  roadway  by  means  of  a  solid  mass  of  masonry, 
or  merely  by  one  or  two  pillars  of  masonry,  the  roadway  Wing 
carried  on  little  arches  from  one  to  the  other ;  or  there  may  be 
a  filling-in  of  earth.     It  is  rather  difficult  in  a  stone  or  brick 
bridge  to  say  exactly  what  is  the  load  on  every  portion  of  the 
arch,  but  it  is  guessed  at,  and  a  curve  or  line  of  resistance,  such 
as  p  A  Q,  Fig.  106  (inverted),  drawn.     It  is  shown  in  Art.  3G8, 
that  in  a  stone  or  brick  arch  it  is  dangerous  to  have  the  arch 
80  thin  that  the  line  p  A  Q  (inverted)  passes  anywhere  outride 
the  middle  third  of  the  arch  ring.    Thus,  in  Fig.  108  we  have  a 
section  of  a  stone   arch,   the 
various  stones  or  vofjtssolrs,  as 
they  are  called,  being  separ- 
ated  by  joints  of   mortar  or 
cement.      Now    divide    each 
joint  into   three   equal   parts 
and  draw  two  polygons,  m  in  in 
and  n  n  n,  marking   out   the 
middle  third   of  every  joint. 
Let  us  suppose  we  know  the 
weight   which    each   voussoir 
supports,    including    its    own 
weight  (it  is  usual  to  consider 
the  arch  as  one  foot  deep  at 
right  angles  to  the  paj)er),  and 
let    these     weights     be     the 
weights  w^y   Wgy   etc.,   shown 
in  Fig.  108.     I  have  taken  a 
case  in  which  these  loads  are 
symmetrical  to  right  and  left 
of  the  crown.     Now  draw  the 
force  polygon,    Fig.   109 ;     it    happens    to    be    all     in    one 
vertical    line,  the  forces   being    all    vertical.     And   now  we 
come  to  the  drawing   of   our  line  of   resistance,  but  we  are 
stopped  at  the  outset  by  not  ifnowing   what   ia  t\ie  XJdlTM^ 
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at  the  crown  of  the  arch.  The  pull  at  the  middle  of  our 
susjKJiisiou  bridge  chain  was  quite  definite,  but  the  thrust 
at  the  crown  of  the  arch  may  be  what  we  please,  and  the 
arch  will  remain  stable  if  the  link  polygon  which  we 
draw  never  passes  outside  the  middle  third  of  any  of  the 
joints.*  Suppose  we  draw  any  symmetrical  link  polygon 
to  begin  with,  by  bisecting  a  A;  in  h  (Fig.  109),  draw  H  o 
horizontal,  and  take  o  anywhere  we  please,  o  u  will  be  the 
thrust  in  the  crown  of  our  arch,  if  this  link  polygon  is  the 
correct  one.  Join  o  a,  o  1  2,  o  :^  3,  etc.  Start  from  any  con- 
venient point  in  w^^.  Fig.  108,  say  E,  within  the  space  which 
contains  the  middle  thirds  of  all  the  joints.    Draw  e  d,  Fig.  108, 


Fig.  110. 

parallel  to  o  4  5,  Fig.  109 ;  draw  d  c,  c  B,  b  a,  A  p,  in  succes- 
sion parallel  to  the  corresponding  lines  in  Fig.  109,  and  so  also 
for  E  F,  etc.,  to  K  Q.  If  any  of  the  lines  so  drawn  passes  out- 
side the  space  ?/i  7n,  n  n,  we  must  choose  some  other  point  E  to 
begin  at,  and  if  we  find  that  no  choice  of  e  will  allow  the  link 
polygon  to  lie  altogether  within  the  space  m  m,  n  w,  then  we 
must  choose  another  pole,  o,  in  Fig.  109,  until  at  length  we  find, 
as  in  the  figure,  a  link  polygon,  P  E  Q,  which  cuts  within  the 
middle  third  of  every  joint.  The  lengths  of  the  lines  in 
Fig.  109  tell  us  the  forces  acting  at  the  joints  of  Fig.  108. 
Thus  o  a.  Fig.  109,  is  the  force  pa.  Fig.  108,  the  resistance 
of  the  abutment  of  the  bridge.  Again,  the  length  of  o  4  5  is 
the  force  acting  in  the  direction  e  d  between  the  stones  e 
and  D. 

130.  Professor  Fuller  has  made  the  work  of  drawing  such  a 
link  polygon  very  easy.     In  case  the  loads  are  all  parallel  to  one 

♦  It  is  obvious  also  that  the  link  polygon,  wherever  it  crosses  a  joint, 
must  make  an  angle  so  near  a  right  an^le  with  the  joint  that  there  can  be  no 
wUppiug  or  rupture  by  shearing  there. 
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another,  it  can  be  shown  that  if  a  niiml)er  of  link  polygons  are 
drawn  in  Fig.  108  for  different  lengths,  o  ii,  Fig.  109,  then  the 
vertical  distances  between  the  points  a,  ij,  c,  d,  etc.,  are  in  the 
same  proportion  in  all  the  link  polygons.*  Beginning  with  the 
first  load  iv^,  draw  (Fig.  110)  a  1'  2'  3'  4'  5'  e,  the  half  of  any 
link  polygon  corresponding  to  p  a  b  c  D  e  in  Fig.  lOS.  Divide  the 
horizontal  a  s  into  any  number  of  equal  parts ;  1  choose  mix. 
Erect  perpendiculars  at  a,  1,  2,  3,  4,  5,  s.  Draw  horizontal 
lines  AST  and  from  1 ',  2',  3',  etc. ;  draw  any  inclined  straight 
line  of  convenient  length,  E  T ;  draw  vertical  lines  from  t,  1 ", 
2",  3",  etc.  From  the  points  where  the  verticals  a  a',  1  1,2  2', 
etc.,  cut  m  m  and  n  n,  draw  horizontals  to  cut  the  correspond- 
ing verticals  from  t  1",  2",  3",  etc.  Join  the  points  so  found  by 
the  curves  ni  m  and  n  n  ;  then,  just  as  the  straight  line  e  t 
represents  a  link  polygon,  m  m  n  n  represents  the  area  bound- 
ing the  middle  third  of  all  the  joints,  and  any  link  polygon  will 
be  represented  on  the  right  hand  side  by  a  straight  line.  Now 
draw  a  straight  line  lying  altogether  within  the  space  m  /// "  n  n". 
If  you  can  draw  several,  then  draw  that  one  which  is  steepest ^ 
in  this  case  c  t.  Project  this  over  to  the  left  hand  side,  and 
you  will  find  that  you  have  the  link  polygon,  which  supposes 
the  least  thrust  at  the  keystone.  The  corresponding  force 
polygon  has  its  o  H  less  than  the  o  H  of  a  e  in  the  proportion 
8  c  to  s'  E.     The  proof  of  this  is  easy. 

In  the  figure  the  poHsible  line  a'  s' t'  iw  so  closf;  to  a  s t  that  it  is 
not  shown.  The  proposition  that  the  line  of  reslHtancc  must  lie 
within  the  region  of  middle  thirds  will  be  dealt  with  in  Art.  368. 
Fig.  109  shows  the  amounts  of  thrust  between  the  voussoirs,  and  it 
is  worth  while  comparing  these  forces  with  the  areas  of  th(»  joints. 
In  Art.  368  the  strength  of  such  joints  is  more  pai-ticularly  studied. 
It  is  also  worth  while  to  consider  whether  the  line  of  resistance 
may  not  be  made  to  pass  outside  the  region  of  middle  thirds  by  a 
]K)8sible  unsymmetrical  load. 

But  we  cannot  give  a  proof  of  the  j)roposition  on  which  the 
whole  work  depends.  If  any  line  of  resistance  may  be  dra\^^l  to 
pass  inside  the  region  of  middle  thii'ds,  the  arch  is  stable ^  and  the 
steepest  of  such  lines  is  the  actual  line.  We  hav(^  a  lecture  model 
in  which  a  number  of  rounded  blocks  oi  wood  c  d  e  f  g  h  u 
represent  voussoirs,  the  fixed  jMirts  a  and  «  being  abutments.  "NVc 
can  load  these  voussoirs  in  all  soi-ts  of  ways.  When  the  loailing  is 
changed,  the  voussoii'S  will  be  seen  to  n)ll  on  one  another  into  new 

*  -See  Art.  349.  Proof.  Each  link  polygon  is  really-  a  diagram  of  bending 
naoment,  supposing  the  loads  were  acting  on  a  horizontal  beam,  and  the  ucale 
of  each  diagram  is  proportiooa]  to  the  length  of  O  H. 
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drawn.  Each  side  of  it  shows  the  reanJtnnt  of  the  forces 
acting  at  every  joint,  and  the  length  of  the  corresponding  lint? 
in  Fig.  113  shows  its  amount.  Thus  the  resultant  of  the 
forces  acting  at  the  joint  s  T  is  shown  by  the  position  of  the 
line  B  K,  and  its  amount  is  shown  by  the  length  of  the  line  o  t 
in  Fig.  113. 

If  we  see  that  any  of  the  sides  of  the  link  polygon  passes 
outside  the  middle  third  of  the  corresponding  joint  between 
two  stones,  we  know  that  part  of  that  joint  will  be  subjected 

/F 


Fig.  112. 


Fig.  113. 


to  tension,  a  condition  to  which  we  suppose  that  a  common 
masonry  joint  ought  not  to  be  subjected.* 

The  student  ought  to  work  examples  in  which,  besides  the 
force  F  acting  on  the  top  stone,  there  are  forces  acting  on  the 
other  stones,  due,  say,  to  the  pre88ure  of  water  (Art.  173),  or 

to  the  pressure  of  earth  (Art.  293). 

132.  To  retui-n  to  the  hangfing  chain.  If  j:h(^  total  weipfht  of  a 
chain  and  all  the  vertical  loads  upon  it  is  w,  and  if  it*  ends  arc  sup- 
iwrted  at  two  points,  a  and  b,  and  at  these  points  it  makes  angles 
a  and  /3  with  the  horizontal,  the  tensions  there  are  represented  by 
the  two  sides  of  a  triangle,  which  are  ixii-allel  to  the  directions 
there,  the  third  side,  n^presenting  w,  hcing  a  vortical  line.  Lf^t 
the  student  sketch  examples. 

*  In  many  cases  it  will  be  found  well  to  magnify  all  the  liori7x>ntal 
components  of  all  the  forces,  magnifying  the  horizontal  <iimensions  of  all  the 
stones  in  the  same  proportion.  In  this  way  the  points  in  which  each  side  of 
the  link  polygon  cuts  each  joint  may  be  found  more  accwT^teV^. 
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The  tcnHion  t  at  a  is  e\-idently  w  cc».  /i/sin.  (o  +  B),  and  the 
toiiHion  at  B  it*  w  co«.  o/sin.  (o  +  $). 

If  at  «  the  chain  is  horizontal,  then  t  at  a  is  w/tdn.  a,  and  the 
ti-nwon  at  «  is  w  cot.  o.     Call  this  t^. 

If  X  is  horizontal  distance  of  any  ]K>int  in  the  chain  from  b 
(where  the  chain  is  horizontal)  and  y  is  vertical  height  above  b  ;  if 
th(!  load  on  the  chain  between  b  and  any  \xnnt  a  is  tcx  where  w  is 
the  load  iht  unit  length  of  horizontal  projection  of  the  chain  [here 
I  aHHiime  that  the  load  is  uniformly  spread  horizantaNif,  and  this  is 
nearly  the  case  in  any  verj'  flat  chain  or  tel^raph  wire],  then,  as 
iKjfore,  if  a  is  the  angle  of  inclination  of  the  cluun  at  a,  we  have 

T„  =  ux  cot.  a ;  or,  in  the  language  of  the  calculus,  t^  -^  =  irx ; 

and  it  follows  that  the  8hai)e  of  the  chain  isy  =  J—  ar2....(l), 

a  parabola  with  vertical  axis  whose  vertex  is  at  b,  the  lowest  pomt. 
driven  the  heights  of  the  two  points  of  support  of  such  a  chain 
above  its  lowest  jwint,  and  also  the  horizontal  distance  between 
them  and  ?r,  it  is  easy  to  calculate  the  value  of  t^  and  everything 
else. 

EXERCISE. 

In  a  suspension  ln-idge  of  800  f(»et  si)an  and  80  feet  dip,  the  weight  of 
the  platfoi-m,  chains,  and  rods,  etc.,  is  2\  tons  per  foot  run,  what  will  be 
the  horizontal  tension  in  each  of  the  two  chains,  and  the  tension  in  each 
at  the  i>oint  of  suppoi-t  at  the  piers  ?  Afis.,  1125  tons  ;   1212  tons. 

133.  In  a  telegraph  wire  of  sjwn  /,  the  points  of  support  being  at 
the  same  level,  if  the  dip  (wupi>osed  to  be  small  compared  with  /)  is  <7, 
the  weight  of  wire  Ix'ing  w  or  irl  neai'ly,  it  is  easy  to  show  that  the 
tension,  which  I  shall  here  call  i»,  is  irP/Sa  or  wl/Sa  at  the  lowest 
l)oint,  and  the  tension  elsewhere  is  not  much  greater.  Now  sup- 
l>ose  *,  the  whole  length  of  a  wire,  to  }ye  b  {I  -\-  kB  -{-  fip)  where 
h  is  its  length  at  the  lowest  temperature,  and  this  we  shall  call 
the  zero  of  tempeiiiturt?,  under  no  tension,  0  being  the  temperature 
('entigi-ade  at  any  other  time  above  the  zero,  k  the  coefficient  of 
exi>ansion,  and  /8  a  constant  easily  determined  when  one  knows 
Young's  moduliw  for  the  material  and  the  cross-section  of  the  wire, 
just  as  n-  is  known  fi-om  the  material  and  cross-section.  If  a  is  the 
dip,  find  the  tension  p,  and  find  the  length  of  the  wire.  The 
length  of  a  immbolic  cmve  is  easily  found  by  integration,  but 
,p  +  2  y2  3  y.  p^ygg  th(,  length  from  the  origin  to  any  point  with 
si^cient  accuracy  for  such  purposes  as  the  jnesent.  [Check 
this  statement  when  vou  have  leisure.!     So  that  length  of  wire  is 

If  ft,,  is  the  dip  at  the  zero  of  tempei-ature  w(>  are  led  to  the 
result 

J  n        I  N  (  i8//7         8  ,  ) 

''  =  ^'*"-'*M8-^.  +  3(«  +  «")j---0) 

wluav  a  =  alK  a„  =  aJL 

If,  now,  the  si>an  /  and  iv  (the  weight  per  unit  length  of  a  wire) 
are  given,  and  if  r^  be  taken  as  the  greatest  pull  to  which  the  wire 
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ought  to  be  subjected,  this  ^*ill  l)e  at  the-  h»west  trmiKTHtiin*, 
which  we  here  call  zero.     Then  a,,  =  ir//8  py. 

Choose  now  Komo  f^reater  value  of  a,  and  fn»m  thin,  >»y  (1), 
calculate  0,  and  note  also  that  r  =  «7/8o;  w>  that  it  is  i-asy  tn 
make  out  a  table  showing  a  and  p  for  various  temiK'nitun's. 

This  calculation  may  be  regarded  as  a  mere  rxenisi*  for 
students,  and  yet  there  inay  be  occasion  for  its  us<»  in  practice. 

The  linesman  who  puts  up  telegraph  wire  jwys  ver>'  little 
attention  to  the  result  of  such  a  calculation.  He  gives  such  a  dip 
to  his  wire  as  seoms  good  to  him,  making  it  somewhat  h^ss  in 
winter  than  he  would  in  siunmer.  However  much  he  may  have 
killed  the  wire  already,  it  will  permanently  stretch  a  little  mt>re  if 
a  xevy  cold  night  comes,  without  real  hurt  to  its  material. 

If  a  chain  is  uniform,  and  is  load(^  only  with  its  own  weight, 
and  if  we  desire  an  exact  answer  instt^d  of  the  above  ai>i)roximate 
answer  for  flat  chains  or  ^Tres,  we  let  w  =  tea  where  w  is  the 
weight  of  unit  length  of  the  chain  and  *  is  the  length  of  chain 
from  B,  its  lowest  jwint,  to  any 'point  a.     Then  t„  =  tc«  cot.  a 

(-       —  -  \ 
♦•  c  )      where 

e   +  r       / 

ir  c  =  T„,  and  c  is  the  vertical  height  of  «  aliove  the  origin.     ITiis 

curve  is  called  the  catenary. 

As  we  have  t  =  t^  tan.  a,  it  is  easy  to  find  t.     It  is  also  easy 

to  tind  8  in  terms  of  x  and  y.     The  properties  of  this  curve  gi^•e 

very  easy  exercises  in  the  calculus,  and  so  they  are  well  known. 


o* 


CHAPTER  JX. 

HYDRAULIC     MACHINES. 

134.  Hydraulics. — Hydraulic  machines  are  very  wonderful 
to  people  who  observe  their  action  for  the  first  time.  Ancient 
drawings  show  armies  of  slaves  dragging  on  ropes  to  lift  a  single 
weight.  Three  hundred  years  ago,  Fontana  raised  an  obelisk  at 
Rome  with  40  capstans,  worked  by  960  men  and  75  horses.  A 
few  years  ago  a  similar  obelisk  was  raised  in  London  by  four 
little  100-ton  hydi^aulic  jacks,  each  of  which  can  be  worked  by  one 
man.  Large  modem  guns  would  be  almost  impossible  to  work 
with  any  other  machinery.  If  you  go  to  any  large  docks  you 
will  see  how,  by  the  manipulation  of  a  few  handles,  a  boy  can 
remove  heavy  objects  rapidly  from  ships  and  place  them  on  the 
dock  by  means  of  an  hydraulic  crane.  Visit  any  large  steel 
works,  and  you  will  see  great  armour-plates  and  Bessemer 
converters  and  their  ap)>liances  passed  about  nearly  as  readily 
as  small  objects  are  moved  by  blacksmiths  and  moulders.  Tlie 
steam-hammer,  powerful  as  it  is,  is  giving  place  to  hydraulic 
forging  and  squeezing  machinery,  because  the  new  forces  are 
enormously  greater,  and  their  effects  can  be  more  uniformly 
distributed  over  large  masses  of  metal,  leaving  them  more 
homogeneous.  Visit  the  Victoria  Docks,  and  you  will  see 
vessels  of  3,000  tons  raised  out  of  the  water  on  a  floating  grid- 
iron and  towed  off  for  repairs.  Visit  the  River  Weaver,  in 
Cheshire,  and  you  will  see  sections  of  a  canal  rising  and  falling 
50  feet  with  canal  boats,  which  are  no  longer  delayed  for  hours 
in  floating  through  a  flight  of  locks.  Instead  of  bringing  great 
iron  gii-ders  near  a  riveting-machine,  we  now  take  little  riveting 
machines  to  the  girder,  and  work  them  in  any  position  through 
small  flexible  pipes  from  a  distant  steam-engine  and  pumps. 

135.  Hydraulic  Press. — An  hydraulic  press  is  a  machine 
which  enables  large  weights  to  be  lifted  or  great  pressures 
exerttnl,  but  in  which,  instead  of  level's  and  wheels,  we  use  water 
to  transmit  the  energy.  In  Fig.  114  we  have  rams  of  large 
and  small  cross  sections  a  and  a  squai*e  inches,  and  weights 
(uogUvting  thoir  own  wt^ights)  R  and  E.  Because  the  vessel  c  is 
lull  of  water  which  cannot  escape  past  the  rams  on  account  of 
two  leather  collars  or  other  packing  at  d  and  g,  the  velocity 
vnt'io  iHA^a.    Thus  if  A/a  is   100,  and  if  a  falls  through  100 
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Pig.  114. 


inches  it  displaces  a  x  100  cubic  inches  of  water.  We  assume 
that  the  water  cannot  escape,  and  that  all  the  i-ooni  needed  is 
procured  by  the  lifting  of  a;  then  A  must  lift  one  inch  to  make 
the  necessary  room. 

In  actual  specimens,  instead  of 
one  large  vessel  c,  we  usually  have 
vesseLs  round  A  and  a  slightly  larger 
than  themselves,  called  a  press  and 
pump-barrel  with  a  pipe  connecting 
them.  The  friction  at  a  leather  collar 
is  sometimes  as  little  as  one  per  cent, 
of  the  weight  on  the  ram,  and  some- 
times as  much  as  5  per  cent.  Notice 
that  the  amount  of  the  axial  force  r 
which  may  be  exeiiied,  neglecting 
friction  and  weights  of  water,  does  not 
in  any  way  depend  upon  the  shape  of 
the  end  of  its  ram,  or  where  it  is,  or  the  direction  of  the 
ram's  motion. 

136.  The  internal  construction  of  an  hydraulic  press  is  shown 

in  Fig.  115.     Three  men  press,  each  with  a  force,  say,  of  60  lbs., 

on  the  end  of  the  lever  g,  whose  mechanical  advantage  is,  say 

20,  and  hence  the  plunger,  Ea,  is  pressed  downwai-ds  with  a 

force  of  3,600  lbs.     Just  consider  for  an  instant  what  is  the 

condition  of  things  before  E  moves.     There  is  a  ram,  r,  which 

carries  a  heavy  weight,  the  weight  to  be  lifted.     Observe  that 

this  ram  is  wanting  to  fall,  but  it  can  only  fall  into  the  vessel  D. 

Now  the  space  between  the  vessel,  or  press,  and  the  ram,  and 

all  the  space  in  the  tubes,  t,  is  filled  with  water  which  has  no 

means  of  getting  away.     It  might  get  away  by  the  little  valve 

F,  but  that  valve  can  only  open  upwards,  and  the  more  the 

water  tries  to  escape,  the  more  it  really  closes  the  valve,  just  as 

a  closely-packed  crowd  in  a  panic  keeps  an  inward-opening 

door  closed,  by  which  they  might  otherwise  escape  from  a 

theatre.     There  is  no  escape  for  the  water  on  the  pump  side ; 

there  is  just  as  little  on  the  other  side,  for  you  see  that  the 

water,  if  it  escapes  into  the  the  space  n,  finds  that  it  has  still 

.  to  get  past  the  leather  collar,  which  is,  however,  so  placed  and 

shaped  that  the  greater  the  water  pressure  the  tighter  the 

leather  fits  the  ram.     Fig.  117  shows  such  a  leather  collar. 

There  is  then  no  escape  for  the  water,  and  when  this  is  the  case, 

no  matter  what  weight  is  placed  on  the  top  oi  t\i©  tmtl/yV* 
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cannot  fall.  The  falling  of  the  ram  would  mean  some  escape 
of  the  water ;  but  aa  there  is  no  eacajw  for  the  water,  the  ram 
will  fall  no  more  than  if  it  were  supported  on  some  quite  rigid 
material. 

1S7.  I  have  been  supposing  that  a  certain  quantity  of  water 
will  absolutely  refuse  to  occupy  a  smaller  space,  but  this  is  not 
quite  correct.  We  know  that  if  it  were  air  that  filled  the  apace  N, 


instead  of  water,  and  there  were  no  escape  for  it,  the  ram  would 
fall  when  a  greater  weight  was  placed  on  it ;  for  altJiougb  the 
air  cannot  escape,  it  is  contented  to  occupy  a  smaUer  bulk. 
I  have  been  supposing  that  this  does  not  occur  in  water,  and 
that  water  will  refuse  to  go  into  a  smaller  Space,  whatever  the 
pressure.  This  was  an  old  notion  which  people  deduced  frun 
the  famous  Florentine  experiment.  A  hollow  globe  of  gold 
was  quite  filled  with  water,  and  waH  hermetically  setded.  It 
was  then  lieaten  to  diminish  its  cubic  contents,  and  the  result 
WHS  that  dro|>s  of  water  made  their  appearance  on  the  surfoee, 
having  oosed  out  through  the  ]>orea  in  the  gold  rather  tiian 
submit  to  tJiF!  lessening  of  the  total  bulk. 
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I  am  told  that  a  lecturer  at  Chatham  subject^Ml  the  water 
inside  a  ca8t-iron  shell  to  so  much  pressure  that  it  came  through 
the  pores  of  the  iron,  and  appeared  as  a  tine  spray  or  mist  on 
the  outside,  and  soon  afterwards  the  shell  burst,  or,  rather,  fell 
gently  in  pieces.  But  with  a  piezometer  it  is  easy  to  show 
that  water  and  all  other  substances  will  submit  to  a  diminu- 
tion of  their  bulk  when  subjected  to  a  pressure ;  and  we  find 
that  this  diminution  for  water  is  1 -20,000th  of  its  total  bulk 
for  a  change  of  pressure  of  one  atmosphere,  or  l-70th  of  its 
volume  for  a  pressure  of  2  tons  per  square  inch,  such  as  we 
find  in  hydraulic  presses — that  is,  70  cubic  inches  become  (59. 
Now  this  diminution  in  bulk  is  far  too  insignificant  to  be 
of  much  practical  impoiiance  in  hydraulic  machines,  and 
we  may  take  it  for  granted  that  whatever  weight  we  place 
on  the  ram,  it  will  not  perceptibly  fall,  because  the  water 
refuses  to  become  smaller  i^  bulk,  and  because  it  cannot 
escape  anywhere. 

We  understand  that  it  tries  to  get  away  ;  it  is  tryiny  to 
burst  the  thick  cast-iron  press ;  it  is  trying  to  burst  the  })ipes 
and  the  pump.  Before  it  will  burst  the  pump,  it  will  oi)en  the 
safety  valve  H,  and  escape  ;  but  we  can  assume  for  the  present 
that  the  pressure  never  reaches  the  bursting  pressure  of  the 
arrangement. 

Now  the  labourer  acts  on  the  lever,  forcing  down  the 
plunger  s  a.  The  water  in  the  pump-barrel  is  j ust  like  the  water 
in  the  press ;  it  tries  to  escape,  it  tries  to  burst  the  pump-barrel, 
it  resists  the  motion  of  the  plunger.  It  tries  to  escape  through 
the  valvas  f  and  h,  and  it  will  open  the  valve  f,  and  pass 
through,  if  the  labourer  acts  sufficiently  on  his  lever  ;  but  if  the 
water  passes  through  f,  the  ram  a  r  must  rise,  however  great 
the  weight  may  be  that  is  pressing  it  down.  The  question  is, 
then,  what  force  on  the  plunger  e  a  is  sufficiently  great  to  cause 
motion — that  is,  to  cause  the  water  to  pass  through  the  valve 
F,  and  so  make  the  ram  A  R  rise  1 

Suppose  that  the  plunger  ^avA  one  square  inch  in  section, 
and  that  one  inch  more  of  its  length  is  forced  into  the  pump  ; 
evidently  the  metal  takes  up  the  place  of  an  equal  bulk  of  water, 
or  one  cubic  inch.  This  cubic  inch  of  water  has  found  one 
cubic  inch  of  room  for  itself  somewhere  else.  As  we  suppose 
no  greater  compression  of  the  water,  and  no  yielding  of  the 
sides  of  the  press,  it  is  evident  that  one  cubic  inch  of  the  ram 
must  leave  the  press  to  give  the  water  the  space  it  ia>3L^\.\w?^. 
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Now,  if  the  ram  in  100  square  inches  in  section,  then  1-lOOth 
of  an  inch  of  its  length  contains  one  cubic  inch  in  volume.  H 
the  ram  lifts  through  the  distance  1-1 00th  of  an  inch,  it  will 
therefore  leave  one  cubic  inch  of  room  behind  it. 

We  ai"e  not  concerned  with  the  shapes  of  the  ends  of  the 
plunger  and  ram  ;    we  know  that  if  one  more  inch  of  the 
plunger  enters  the  water,  1-lOOtli  of  an  inch  of  the  ram  must 
leave  the  water ;   tliat  is,  the  relative  speeds  of  plunger  and 
nun  are  as  one  inch  to  1-1 00th  of  an  inch,  or  as  100  to  1.   The 
plunger  must  move  100  times  as  quickly  as  the  ram,  and  by  the 
law  of  work,  if  thei-e  was  no  friction,  a  foi-ce  of  one  pound  on 
the  plunger  would  balance  a  force  of  100  pounds  on  the  ram. 
We  know  the  mechanical  advantage,  then,  if  there  were  no 
friction,  in  the  portion  of  this  machine  from  plunger  to  ram,  if 
we  know  how  many  times  greater  is  the  area  of  the  ram  than 
the  area  of  the  plunger. 

138.  Different  expeiimenters  give  different  results  as  to  the 
loss  of  energy,  and  therefore  of  mechanical  advantage,  in  friction, 
liankine  states  that  there  is  -20  per  cent,  of  loss.  Mr.  Hick 
found  results  less  than  one-tenth  of  this.  It  is  known  that  in 
accumulatoi^  the  pressure  which  is  great  enough  to  lift  a 
load,  l)eing,  say  1,010  lbs.  per  square  inch,  if  the  pressure  is 
reduced  to  990,  the  same  load  will  fall ;  thus  only  one  per  cent 
of  the  energy  seems  to  be  wasted  in  friction  at  the  leather 
collar,  when  the  motion  is  slow.  It  is  probable  that  there  is 
always  less  than  20  per  cent,  of  loss  of  energy  altogether  in  large 
hand-worke<l  presses.  As  an  instance  of  this  gi-eater  eflSciency 
of  hydraulic  machines,  a  platform  weighing  12  tons  had  to  be 
lifted,  and  a  little  hydraulic  jack  was  placed  under  one  corner, 
a  screw  jack  under  the  other.  One  man  was  told  off  to  work 
the  hydraulic  jack  and  three  men  to  the  screw  jack.  The  man 
at  the  hydraulic  jack,  with  one  hand  in  his  pocket,  would  pump 
a  few  strokes  and  then  quietly  wait  a  little,  whereas  the  three 
men  were  hard  at  work  all  the  time. 

My  students  in  Japan  used  to  employ  a  little  hyditiulic 
press  to  crush  bricks,  stones,  and  wood,  and  it  was  roughly 
assumed  that  the  friction  at  the  glands  was  insignifioant.  Of 
coui^se,  we  only  made  this  assumption  when  we  wanted  rapidly 
to  get  a  rough  idea  of  the  relative  strengths  of  materials  to 
resist  crushing.  Still,  it  was  a  sort  of  thing  that  we  should 
not  have  been  able  to  do  with  any  other  except  a  lever 
machine,  and    I  am   inclined  to  think  that  there   is   more 
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curacy  with  many  lever-testing  maohineB  than  there  was 

1  my  hydraulic  press. 

'xample. — A  three-ton  hydraulic  jauk,  like  fig.  1 1 G,  not  in 

good  order,  wae  examined  in  my  laboratory  ;  weights  A 
;  hung  at  the  end  of  a  lever,  and  we  calculaW  r  the 
valent  weight  which  the  Jack  l  was  actually  siipjwrting. 

hftodle  was  replaced  by  a  wooden  sector,  to  which  the 
ht  B  gave  a  slow  motion,  after  one  or  two  strokes  linil 

made  by  tlie  experimenter  to  get  things  into  a  st^-ady 
ition.  Th»  weight  b,  which  would  slowly  overcome  «. 
1  B    being   not«d,    the    experiment   was    repeated    niany 


1  with  other  toads,  and  the  values  of  r  and  b  tabulated 
plotted  on  squared  paper.  We  found  the  result : 
-024  R  -I-  2-2  where  b  is  the  effort,  in  pounds,  applictl 
le  end  of  tlie  handle,  and  r,  in  [Wunds,  is  thi^  load  on 
jack,  not  including  the  weight  of  the  ram  itself.  The 
lanical  advantage  of  the  lever  was  14-75;  the  ram  wns 
^hes  in  diameter  and  the  pump  plunger  1  inch,  so  that  the 
velocity  ratio  was  14-75  x  4,  or  59.  If  there  had  l)een 
iction  the  effort,  b^,  would  have  l)een  r  -;■  59 ;  hence  the 


59 


■  (-024  R  -I-  3-2)  = 


1-42  r  +  130 


R  is  3  tons,  or  6,720  lbs.,  the  efficiency  is  0-69. 
o  doubt  that  the  loss  of  energy  mainVy  owi'ita\!i'3 


solid  friction,  and  so  we  are  led  to  ask,  where  does  friction 
occur  in  the  hand- worked  hydraulic  press  t     It  occurs  at 

1.  The  rubbing  surface  at  the  fulcrum  of  the  lever.     This 

is  the  friction  of  solids. 

2.  The  rubbing  surfaces  of  the  two  glands;  one,  that  of  the 

plunger,  the  other,  that  of  the  ram.     Here,  ;^ain,  we 

have  friction,  as  if  between  solids. 
3    Eierywhere  iii  the  water  where  there  Ls  motion.     This 

18  fluid  fViction,  which  IS  quite  different  from  that  of 

solids. 
139    Fig^   117,  117a,  ihow  "itaions  of  the  leather  collar 
used  in  presses     It  ismailefiom  the  best  leather,  softened  in  hot 


v.-atei,  ind  pressed  between  caat-iron  moulds  to  its  present 
shape,  the  pleasure  gradually  increasing.  It  is  then  left  for 
several  days  under  pressure  tu  the  mould.  When  it  is  in  itR 
place  in  the  press  the  water  gets  behind  the  leather,  and  presses 
it  tightly  gainst  the  ram.  The  fnction  seems  mainly  to  occur 
at  the  part  a,  and  increases  as  the  pressure  of  the  water 
increases.  There  does  not  seem  to  be  much  friction  aA  the 
portion  between  A  and  b,  and  the  efficiency  of  the  press  is 
but  little  altered  by  making  a  b  greater  or  less.  It  is, 
however,  asserted  by  some  makers  of  presses  that  the  dis- 
tance A  B  is  of  importance ;  but  I  ratlier  think  that  this  is 
on  account  of  deterioration.  The  part  b  a  is  constantly  being 
in  states  of  tension  and  compression,  and  is  liable  to  crack. 
When  the  leather  deteriomtes,  much  time  is  wasted  in 
renewing  it 
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140.  Hemp-packillg  is  invariably  used  instead  of  the  leather 
collar  at  low  pressures ;  some  manufacturers  never  use  hemp 
or  cotton  when  the  water  has  a  greater  pressure  than  700  llw. 
per  square  inch,  but  others  use  hemp  to  2,000  lbs.  per  scjuai-e 
inch. 

Our  subject  is  too  large  to  allow  me  to  enter  into  many 
details  as  to  the  advantages  and  disadvantage's  of  leather, 
india-rubber,  and  gutta-percha  for  packing  pur]X>ses.  There  is 
a  great  divergence  of  opinion,  and  \  l)elieve  that  much  of  the 
evidence  against  one  or  another  material  is  luised  on  the  bad 
preparation  of  the  materials  against  which  the  evidence  is 
given. 

141.  In  Fig.  117b  you  will  see  the  form  of  india-rubber  cup 
used  in  hydraulic  plungers,  jacks,  and  bears.  It  is  mould(Kl  in 
the  form  shown,  and  is  fastened  to  the  end  of  the  ram  by  means 
of  a  screwed  bolt  and  metal  washer,  as  shown  in  the  figures. 
The  water  pressure  keeps  it  tight  against  the  cylinder  at  tiie 
edge,  and  this  is  where  the  friction  occurs. 

The  quasi-solid  friction  between  lubricated  leather  or  hemp 
or  rubber  and  metal,  follows  the  laws  of  solid  friction,  and 
we  have  now  described  what  friction  of  this  kind  occui-s  in 
hydraulic  presses.  The  remaining  source  of  loss  of  energy  is 
the  fluid  friction. 

The  flow  of  water  even  in  the  narrow  passages  jmst  the 
valves  may  be  very  slow,  and  therefore  the  fluid  friction  may 
be  as  small  as  we  please.  So  small,  indeed,  is  the  fluid  velocity 
that  when  oil  is  used  the  loss  of  energy  is  much  the  same. 
Probably  honey  or  tar  would  not  give  very  different  results ; 
but  the  more  viscous  mixtures  of  tar  and  pitch  would  be 
unsuitable,  because  in  these  the  fluid  friction,  at  even  such 
small  velocities  as  we  have  to  consider,  would  be  considei-able. 
Even  solid  pitch  would,  however,  act  as  a  fluid,  and  might  give 
the  same  mechanical  advantage  as  water  if  we  made  only  one 
stroke  of  the  plunger  in  a  month. 

142.  In  applying  the  law  of  work  to  our  machines,  equating 
the  energy  given  to,  and  the  energy  given  out  by,  each  machine, 
we  assume  no  store  of  energy  in  the  machine.  In  the  press,  even 
if  we  disregard  the  compression  of  the  water  and  the  elastic 
yielding  of  the  press,  we  must  remember  that  the  ram  itself  is 
lifted,  and  also  that  some  water  is  lifted  in  level.  The  lifting 
of  the  ram  is  easy  to  take  into  account ;  consider  it  part  of  the 
weight  to  be  lifted.      In  ordinary  presses  it  is  oi  ivo  ^^^X. 
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conBequence.  But  when  the  dead  weight'  of  the  ram  and  other 
things  is  greater  than  the  weight  lifted  usefully,  as  in  ware' 
houae  and  hotel  hoists,  it  cannot  be  neglected,  and  it  ia  usually 
easily  balanced.  In  very  high  hoists  the  weight  of  water 
which  changes  its  level 
becomes  important.  (See 
Art.  169,) 

143.  Fig.  118  shows  a 
section  of  a  lifting*  jack 
witli  its  rajYi  r  lifting  any 
weight  which  may  rest  on 
J  or  I,  Notice  how  the 
ram  r  fits  the  press  h,  and 
is  made  water-tight  by  the 
india-rubber  dish  L.  A 
handle  or  lever  is  attached 
at  H,  and  when  worked 
causes  great  pressure  on 
A  projection  or  cam  k, 
which  communicates  with 
the  plunger  \\  of  the 
pump,  and  gives  it  a  down- 
ward motion,  pressing  the 
water  in  the  pnmp-cham- 
l)er  through  the  valve  T., 
and  the  passage  in  R  to 
the  press  m,  which  re.9ts 
on  the  ground,  A  small 
pressure  on  the  lever  thus 
forces  more  and  more 
water  into  the  press,  and 
necessitates  the  upward 
movement  of  the  ram  R. 
The  upward  motion  of  the 
"^^  ----  —  lever     causes     a  .  partial 

'''y-  "^-  vacuum     in     the    pump- 

chamber  as  the  plunger 
V|  is  withdmwn,  and  the  pressure  of  the  air  and  liquid  in 
the  cistern  c  overcomes  the  resistance  of  the  spring  on  the 
inlet  valve  v,,  wliich  is  really  a  part  of  the  pump  plunger, 
and  thus  effecte  a  passage  for  the  water  into  pump-chamber. 
Diiiiag  t/teiJowiiward  stroke  the  previously-described  operation 
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u  repeated.  If  we  want  to  lower  the  weiglit  we  open 
the  lowering  screw  s,  and  allow  the  water  to  return  from  the 
press  X  to  the  cistern  c,  the  ram  falling. 

144.  The  pnnching-bear,  shown  in  section  iu  Pig.  119,  u 
similar  in  construction.  The  plunger,  pump,  lalves,  etc.,  are  much 


The  upper  part  of  the  stout  r 


n  the  last 
terminates  in  an  iudia- 
rnhber  dish,  which  in 
fiistened  by  thewashei' 
and  a  bolt  passing 
tiirough  the  middle 
of  the  washei'  into  the 

As  we  work  the 
top  lever  A,  the  ram 
r  holding  the  punch 
is  piessed  down  by 
water  through  a  valve 
arraugement  exactly 
similar  to  that  in  the 
lifting  jack. 

145.  We  are  now 
well  aware  of  the  way 
in  which  the  water  in 
these  machines  acts. 
It  is  nearly  incom- 
pressible, and  tries  to 
find  an  outlet  in  every 
direction.  Consider 
what  occurs  from  par- 
ticle to  particle  of  the 
water.     Esch  particle 

presses  on  all  its  neighbours,  because  they  all  press  in  upon 
it,  and  it  presses  equally  in  every  direction. 

Wherever  the  water  comes  in  contact  with  a  solid  surface, 
it  presses  normally  againtit  the  Xui-face.  Thei-e  can  be  no  such 
thing  as  oblique  pressure  in  water  when  the  water  is  at  rest,  for 
oblique  pressure  means  a  force  partly  along  the  sui'face,  and 
this  would  imply  some  frictional  i-esistance  to  sliding,  which  we 
know  cannot  occur  in  water  at  rest.  It  is  evident  from  our 
discussion  of  the  hydraulic  press  as  a  machine  in  which  there 
is  00  store  of  enetgy,  that  on  every  square  mc\i  oi  thft  *a\i& 
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surface  touched  by  the  water  there  must  be  the  same  force 
acting,  the  water  tending  to  escape  everywhere  ;  and  when  we 
consider  the  whole  case  mathematically,  we  find  that  every  little 
interface  separating  any  two  portions  of  water  is  acted  on  by 
this  same  pressure  per  square  inch 

146.  We  shall  be  perfectly  safe  in  all  our  notions  of  fluid 
pressure  if  we  consider  each  particle  of  water  to  be  a  very  small 
being,  greased  all  over,  so  that  it  cannot  possibly  resist  sliding 
past  its  neighbours.  It  can  press  normally  against  a  wall  or 
against  any  surface,  but  there  cannot  possibly  be  a  tangential 

or  frictional  pressure  between  it  and  a  wall, 

because  it  is  well  greased.     All  the  water   is 

trying   to   escape,  and   the   total  pressure   on 

any  surface  is   evidently   proix>rtional  to  the 

number  of  water  particles  pressing  against  the 

surface.     Hence,  if   we  have  a   piston  a   and 

a  piston  b  (Fig.  120),  the  total  pressures  on  A 

and  B  are  simply  proportional  to  the  areas  of 

the  cylindric  tubes  in  which  they  can  move. 

Evidently  it  is  of  no  importance  whether  the 

inner  surface  of  a  piston  has  projections  or  not. 

Thus  there  is  the  same  total  vertical  pressure  on  piston  M  and 

on  piston   n,   Fig.    121,   if  the  cross-sectional  areas  of  their 

cylinders  are  the  same. 

Everything  depends  on  this:  will  they  leave  the  same  empty 
space  behind  them  if  each  of  them  moves  one  inch] — and  we 


Fig.  120. 


F)<'.  121. 


know  that  in  each  case  the  empty  space  is  simply  the  volume 
of  one  inch  of  length  of  the  cylinder. 

147.  In  the  same  way,  although  the  end  of  the  ram  may 

be  curved,  as  in  Fig.  122,  and  is  therefore  being  acted  on  by  a 

series  of  pressures  normally  to  the  curved  surface,  as  in  the 

figure,  it  is  easy  to  show  that  the  resultant  action  of  these  is  in 

the  direction  a  b,  and  is  really  the  aame  as  if  the  ram  had  a 
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flat  end.     Evervone  of  tbese  forccK  has  a  horizontal  t^ndt-ncv, 
more  or  lesE,  and  when  we  leave  out  of  account  theat-  horizontal 
actions,  we  get  the  Hame  prr,'*™/  rranlt  for  all 
shales  of  ends. 

Yon  will  tinderstand  this  better,  perhapn, 
if  we  consideF  a  vessel,  a,  b,  c  (Fig.  123),  to 
be  filled  with  fluid  at  such  a  gTt«t  ])re»ture 
that  we  can  n^lect  the  pressure  due  to  the 
fluid's  own  weight.  We  are  assuming  now 
that  we  can  do  this  in  the  hydraulic  press  and 
in  stetun  boilers.  The  pressure  on  the  surface 
everywhere  is  shown  by  the  arrows. 

It  is  evident  that  the  total  horizontal  forcu  on  the  curve«l 
surface  A  c  B  is  exactly  equal  and  opposite  to  the  total  hori- 
zontal force  on  the  flat  surface  a  b,  because  if  there  were  on 
the  whole  more  force  on  one  than  the  other,  the 

D  vessel  would  move  bodily,  an  idea  which  is  alisurd. 
Hence,  when  we  wont  to  tind  the  total  horisontal 
force  on  the  curved  surface,  we  never  dream  of 
c  j^oing  into  the  long  calculation  which  yon  might 
think  necessary,  for  it  is  simply  eijual  to  the  area 
in  square  inc/ieg  of  lite  Jlal  aiirfiicf.  a  b,  intJtiplied 
B  hy  lite  pressure  per  square  inch, 

fig.  123.  148.  Suppose  we  want  to  tind  the  horizontal  bnrst- 

ing  tendency  of  the  egg-ended  boiler  h  n,  Fig.  124, 
that  ia,  say,  the  force  tending  to  burst  it  by  direct  pull  of  the 
iron  at  the  section  a  b — ^we  do  not  trouble  ourselvr       -'"-  '^'- 
ihftpe   of    the   boiler  anywhere   ex- 
cept at  A  B  itself.    The  bursting  force 
U  the  inside  area  of  a  b  in  square 
inches,  multiplied  into  the  pressure 
per  square  inch.  The  area  of  the  iro 
in  the  section  a  b  is  exposed  to  this 
pull.     These  are  the  two  important 
tuts  to  be  remembered.     Consider 
any  section  whatsoever  of  a  boiler, 
or  ram,  or  pq»e.       R^nember  that 
the  fluid   |Vresenre  is  calculated  over 
resistaiic«  of   the  iron    is   only    ealci: 
Kctitmal  area  of  the  metaL 

Thus,  if  we  want  to  find  the  tendency  to  bnrBt  along  such 
*  lection  as  A  B,  we  take  the  total  inside  area  of  the  section 


c 
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multiplied  by  the  pressure,  and  this  is  equal  to  the  stress 
in  the  iron  all  along  this  section,  multiplied  by  the  whole 
sectional  area  of  the  iron. 

In  a  cylindric  boiler  or  press,  which  is  everywhere  of  the 
same  thickness,  it  is  easy  to  show  that  if  we  neglect  the  effect 
of  the  ends,  the  tendency  to  burst  laterally  is  twice  as  great 
as  the  tendency  to  burst  endwise. 

Thus  in  the  endwise  bursting,  if  p  is  the  bursting  pres- 
sure in  pounds  per  square  incli,y  the  tensile  strength  of  the 
material  in  pounds  per  square  inch,  r  the  radius  of  the  boiler, 
and  t  the  thickness  of  metal,  the  total  force  tending  to  produce 
bursting  is  the  area  of  the  circular  cross  section,  3*14  r^,  multi- 
plied by  ;?,  and  the  total  force  resisting  fracture  is  the  circum- 
ference of  the  circular  cross  section,  6*28  r,  multiplied  by  t  and 
by  f.     Hence — 

3-14  r2j9  =  6-28  r/^, 

or  the  bursting  pressure  p  =  2ft-^r. 

Again,  if  a  boiler  is  I  inches  long,  the  total  force  tending  to 
burst  the  boiler  laterally  is  the  area  I  times  the  diameter  of  the 
boiler,  multiplied  by  jt?,  oy  2  rl  p,  and  the  total  force  resisting 
fracture,  if  we  neglect  the  ends,  is  the  area  of  the  iron  2  I  tj 
multiplied  by^!     Hence — 

2  rip  =  2  Itj, 

or  the  bursting  pressure  p  =ft  -^  r. 

Hence  it  would  take  twice  as  much  pressure  to  burst  the 
boiler  if  we  assumed  it  to  burst  endwise.  We  always  calculate 
the  strength  of  a  pipe  or  boiler  on  the  second  assumption 
therefore,  and  we  have  the  rule  : — The  bursting  pressure  in 
pounds  per  square  inch  is  equal  to  the  tensile  strength  of  the 
metal  in  pounds  per  square  inch,  multiplied  by  the  thickness 
of  the  metal  in  inches,  divided  by  the  radius  of  the  boiler  or 
pipe  in  inches. 

149.  When  the  press  is  thick,  as  we  find  it  in  an  hydraulic 
machine,  it  is  rather  more  difficult  to  calculate  the  burating 
pressure,  because  the  tensile  strain  is  not  distributed  uniformly 
over  the  section  at  which  there  is  a  tendency  for  rupture  to 
occur.  The  inside  portions  of  the  metal  near  the  water  are 
subjected  to  more  pulling  forces  than  the  outer  portions. 

The  mathematical  part  of  this  subject  will  come  before  us 
in  Art.  275.     The  subject  is  important  and  needs  to  be  intro- 
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duced  here  also.  The  result  of  the  mathematical  inveiitigatioii 
is  this : — N^lecting  the  strength  of  the  ends,  the  Imrstiug 
pressure,  multiplied  by  the  sum  of  the  areas  of  the  outer  and 
inner  circles  of  the  cross  section  of  the  cylinder,  is  equal  to  the 
tensile  stress  which  the  metal  will  stand  multiplied  by  the  area 
of  the  metal  exposed  in  such  a  cross  section.  This  rule  you 
will  find  applicable  to  thin  cylinders  as  well  ;  it  is  the  same 
rule  as  the  one  already  given  for  thin  cylindei-s.  You  see  that 
if  the  fluid  pressure  is  equal  to  the  tensile  strength  of  the  metal, 
no  thickness  of  the  cylinder  can  prevent  its  bursting. 

The  investigation  might  perhaps  have  some  use  if  iron 
when  it  leaves  the  foundry  had  all  through  its  thickness  the 
same  qualities,  and  a  peifect  absence  from  strain.  It  is  good  to 
remember  that  an  iron  casting  when  it  leaves  the  foundry, 
although  not  quite  so  curiously  strained  as  a  Prince  Rupert's 
drop  or  toughened  glass,  is  yet  in  a  stat<»  of  strain  which  we 
know  very  little  about. 

The  above  investigation  shows  that  in  a  thick  cylinder  thert^ 
is  an  exceedingly  great  difference  in  the  tensions  <»f  the  inner  an<l 
outer  portions  of  the  metal  of  a  gun  or  hydraulic  press.     For 
the  purpose  of  producing  a  more  uniform  stat<;  of  stress,  the 
inside  portions  of  the  metal  are  often  chilled  ;  that  is,  the  metal 
in  the  inside  is  very  quickly  cooled  after  it  is  cast.    The  result 
is  that  these  portions  are  virtually  in  a  state  of  great  compres- 
sion, and  hence,  when  the  regular  strain  occui-s  through  water 
pressure,  there  is  a  considierable  tensile  yielding  in  the  inner 
portions  of  metal  before  the  bursting  tensile  stress  is  reached 
there ;    and  hence,  with  a  proper  amount  of    chilling,   it  is 
possible  to  have  the  tensile  stress  in  the  metal  nearly  uniform 
when  fracture  is  ready  to  occur.     In  such  a  case  as  this,  the 
calculation  of  the  bursting  pressure  of  a  press  is  just  the  same 
as  if  it  were  thin.     We  shall  return  to  this'subject  in  Art.  275. 
It  will  sometimes   surprise  a  student  to  see   how  much 
pi'essure  is  withstood  by  a  wooden  pipe  wound  round  its  outside 
with  hoop-iron,  or  a   hollow  cylindric   masonry  or  concrete 
reservoir  with  strong  tightened  chains  or  rings  of  iron  on  its 
outside.     [The  engineer  need  not  fear  deterioration  of   iron 
imbedded  in  cement.     My  brother,  who  has  great  experience, 
tells  me  that  burying  even  one  end  of  a  bar  of  iron  in  cement 
has  the  power  of  preserving  all  of  it  from  ordinary  weathering 
or  galvanic  action.] 

150.  Cast  steel  is  now  getting  common  for  the  cylinders  of 
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small  jacks  and  bears.  The  large  presses  used  in  wai*ehouses 
are,  however,  still  made  of  loam-moulded  cast  iron,  as  all  presses 
used  to  be  in  my  apprenticeship  days.  But  in  a  great  deal  of 
large  press-work  cast  steel  has  come  largely  into  fashion,  its 
tensile  strength  being  so  much  greater  than  the  strength  of  cast 
iron  as  to  make  a  most  extraordinary  difference  in  the  outside 


Fig.  125. 


sizes  of  the  cylinders.  Thus,  for  example,  in  a  certain  cotton* 
press,  the  use  of  steel  enabled  three  cylinders  to  be  placed  side 
by  side  in  a  space  which  would  only  have  allowed  one  to  be 
used  if  it  had  l)een  made  of  cast  iron. 

Fig.  125  is  a  drawing  of  an  hydraulic  press,  which  gives  a 
fairly  good  idea  of  the  press  used  in  warehouses  for  bales  of 
linen  and  Manchester  goods,  linen-yarn,  etc.  The  ram  is  usually 
about  10  inches  in  diameter,  and  the  working  pressure  of  the 
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water  from  2  to  3  tons  per  square  inch.  As  the  area  of  the 
cross  section  of  the  ram  is  78  square  inches,  this  ine^ns  a  total 
pressure  of  upwards  of  230  tons.  When  useil  for  packing  hay, 
for  expressing  oil  from  seeds,  and  fcr  other  purposes,  alterations 
are  made  in  the  shape,  length  of  standards,  and,  indeed,  in  the 
size  of  all  the  parts.  In  expressing  oil,  for  example,  there 
would  be  an  alteration  in  the  arrangement  of  the  table  or 
platten  and  the  head.  Sometimes  the  table  becomes  a  ))iston, 
fitting  into  a  cylinder  attached  to  the  head.  Usually,  liowever, 
the  arrangement  is  what  you  see.  If  yarn  has  to  \>e  pressed,  it 
is  placed  in  a  great  oak  box,  bound  with  iron,  running  on 
wheels.  It  is  run  in  between  the  columns.  The  pumps  work, 
a  movable  bottom  of  the  box  rises  up,  the  pressure  on  the  yam 
gets  greater  and  greater,  and  when  about  230  tons  is  the  total 
force,  the  yam,  very  much  diminished  in  bulk,  is  tied  up,  the 
i-am  descends,  the  great  box  is  i-olled  out,  and  another  loosely- 
filled  one  is  rolled  behind  it  to  undergo  the  same  process. 

For  warehouse  use  the  pumps  are  often  worked  by  hand, 
but  even  thirty  years  ago  I  remember  that  oixlei's  were  gene- 
rally for  pum{)s  worked  by  power ;  that  is,  driven  from  shafting 
and  worked  by  cranks.  In  this  case  it  was  common  to  attach 
a  series  of  these  presses  to  one  set  of  pum|>s,  all  the  presses 
in  a  warehouse  being  fed  from  a  long  pii>e,  each  having  its 
separate  valve. 

151.  You  will  see  that,  although  in  hydraulic  jacks  for  lifting 
heavy  weights  the  weight  on  the  ram  is  the  same  during  the 
whole  of  any  operation,  this  is  not  the  case  in  baling  presses?. 
Thus,  for  example,  in  the  Indian  cotton  trade,  governecl  as  it  is 
by  the  Suez  Canal  regulations,  it  is  necessary  to  press  cotton  so 
compactly  that  it  is  like  a  piece  of  oak,  and  it  can  be  planed  up 
like  oak. 

During  the  early  part  of  the  operation  the  pressure  on  the 
raoa  is  therefore  small,  becoming  A'ery  great  towards  the  end  ; 
and  it  is  the  greatest  pressure,  of  course,  which  decides  the 
relative  sizes  of  plunger  and  ram.  If  the  ram  wei-e  made  to 
rise  quickly  at  the  beginning,  and  more  slowly  towanls  the  end. 
It  is  obvious  that  there  would  not  only  be  a  slaving  of  time,  but 
a  more  r^ular  doing  of  work. 

In  hand  presses  it  is  usual  to  change  the  fulcrum  of  the 
lever,  so  that  a  labourer  may  work  more  ra})i(lly  at  the  begin- 
^ng.  It  is  also  common  to  use  a  large  pump  plunger  in  the  early 
part  of  a  pressing  operation^  changing  it  to  a  8))iall  otve  ».\>  XX\^ 
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end  ;  or  to  use  two  of  equal  size,  throwing  one  of  them  out  of 
gear  towards  the  end  of  the  operation  ;  or  to  use  water  from  an 
accumulator  (Art.  152)  in  the  early  part  of  the  operation, 
finishing  with  water  from  an  intensifier  (Art.  152). 

In  an  early  form  of  COtton  baling  machine,  instead  of  using 
one  large  I'am,  three  were  used.  At  first  only  the  centre  press 
was  connected  with  the  pumps,  and  of  course  it  rose  quickly ; 
meanwhile  the  other  two  were  filling  with  water  from  a  tank, 
but  the  pressure  of  the  water  in  them  was  insignificant.  As 
the  operation  proceeded  one  of  the  side  presses  was  discon- 
nected from  the  tank,  and  was  fed  from  the  pump.  The 
operation  proceeded  more  slowly  now,  as  the  pump  had  to 
supply  two  presses  instead  of  one;  but  the  possible  total 
force  was  doubled.  Towards  the  end  of  the  operation  the 
third  press  was  disconnected  from  the  tank,  and  was  connected 
with  the  pump;  the  operation  proceeded  more  slowly  StiU, 
although  the  pump  might  be  working  at  much  the  same  speed 
as  in  the  beginning.  But  the  possible  total  force  was  just 
three  times  what  it  would  have  been  with  only  one  ram. 

In  a  later  form  there  are  twelve  pump  plungers  attached 
directly  to  the  cross-heads  of  the  steam-engines.  At  the 
beginning  all  twelve  are  working,  as  the  pressure  is  small. 
Then  as  the  pressure  gets  greater,  one  set  of  four  pumps  is 
detached,  so  that  they  do  not  pump  water  into  the  press,  but 
merely  pump  water  back  to  the  cistern  from  which  they 
draw  it.  Thus  eight  pumps  are  now  pumping,  forcing  into  the 
press  less  water  than  the  twelve  did  before ;  but  as  they  have 
the  whole  steam  piston  force  acting  on  them,  they  are  able  to 
force  the  water  in  against  a  very  much  greater  ram  pressure. 
Later  on  in  the  operation  four  more  pumps  cease  to  act. 

A  further  improvement  is  to  be  noticed.  The  head  or 
platten  is  made  with  two  long  columns  attached  to  its  under 
side,  hanging  down.  When  the  first  operation  is  finished,  the 
bottoms  of  these  columns  are  just  above  the  base,  and  may  be 
locked  firmly,  so  that  the  head  cannot  fall  back  again.  Now 
the  finishing  stroke  is  made;  two  19-inch  rams  are  pressed 
downwards  on  the  upper  end  of  the  bale  with  a  much  greater 
pressure  than  it  was  possible  to  apply  with  the  bottom  1 1-inch 
ram. 

Other  forms  of  cotton-press  are  used.  Sometimes  fewer 
pumps  are  used,  and  two  bottom  presses  and  rams,  instead  of 
one  with  larger  rams,  for  pressing  downwards  from  the  top  of 
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the  press  to  iinish  the  operation.  In  some  cases  the  finishing 
pressure  operation  may  be  performed  when  the  bottom  vaui  is 
being  withdrawn,  so  that  one  bale  is  being  finished  in  the 
upper  part  of  the  press  when  the  box  is  being  filled  with  cotton 
for  a  new  bala  Diagrams  have  been  obtained  giving  the 
nature  of  the  pressures  to  which  a  cotton  bale  is  subjected. 
In  one  which  is  before  me,  when  the  lower  ram  has  risen  1 1 
feet,  the  fbrce  is  only  8  tons ;  but  in  another  foot  the 
force  increases  to  16  tons;  in  another  foot,  to  33  tons  ;  and 
in  another  to  59  tons.  The  upper  rams  begin  to  operate  when 
the  total  force  is  about  160  tons;  but  on  moving  through  3 
inches,  they  have  to  exert  200  tons ;  three  inches  further,  300 
tons ;  three  inches  further,  500  tons  ;  and  three  inches  f ui-ther 
—that  is,  when  the  bale  was  finished — they  were  exerting  a 
force  of  900  tons. 

We  see,  then,  that  capability  of  working  very  rapidly  when 
the  forces  are  small,  and  working  very  slowly  when  the 
forces  are  great,  on  the  supposition  that  the  steam-engine  is 
always  working  at  the  same  speed — these  are  the  important 
things  to  be  looked  for  in  hydraulic  presses. 

152.  There  are  hydraulic  power  companies  now  in  many 

towns,  whose  4-  and  6-inch,  and  other  sizes  of  pipes  are  laid  along 

the  streets  like  gas-pipes,  so  that  any  customer  may  be  sup[)lied 

with  pressure   water    to   work    pressing,    lifting,   and   other 

machinery,  paying  merely  for  the  amount  of  water  used.     The 

force-pumps  are  usually  worked  directly  from  the  cross-heads  of 

steam-engines ;  they  must  be  capable  of  delivering  the  maxinmm 

supply  required  by  customers.    If  the  area  of  the  pump  plunger 

is  a  square  inches,  the  pressure  p  lb.  per  square  inch,  the  force 

on  the  plunger  must  be  a  p  lbs.     As  there  ought  always  to  ))e 

a  fly-wheel  on  the  engine,  it  is  the  average  effective  pressure  of 

the  steam,  minus  frictional  forces,  which  is  determined  by  this. 

If  the  length  of  a  stroke  is  I  feet,  and  there  are  7i  effective 

strokes  per  minute,  the  horse-power  expended  in  the  pump  is 

pkn  -^  33,000.    Usually  there  are  three  pump  plungers  working, 

80  that  the  flow  of  water  shall  be  more  nearly  uniform.     There 

is  also  always  an  accumulator,  or  heavy  weight  w,  of  perhaps 

112  tons,  resting  on  the  top  of  a  ram,  of  20  inches  diameter, 

its  press  communicating  freely  with  the  hydraulic  mains.     In 

such  a  case,  the  pressure  in  the  accumulator  would  be  800  lbs. 

per  square  inch.     When  there  is  a  small  demand,  w  will  be 

seen  to  rise,  its  press  taking  the  surplus  supply.     WV\«g.  t\i^ 
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demand  is  great,  w  will  be  seen  to  fall,  its  press  jiroviding  for 
the  extra  demand.  Very  often  the  engines  will  be  seen  work- 
ing fast ;  w  will  be  wen  rising.  When  w  i-eaches  n  certnin 
height  it  acts  on  a  lever  which  shuts  olf 
yteam  from  the  engineN ;  ihese  work  less 
rapidly,  and  w  will  be  seen  to  fall.  When 
w  descends  far  enongh  it  moves  a  lever,  and 
admits  more  steam.  The  total  store  of  energy 
in  w  lifted  is  often  not  more  than  half  a 
minute  maximum  i^tipply,  yet  it  is  sufficient 
for  regulation.  In  the  above  case  the  maxi. 
mum  store,  if  the  maximum  lift  is  12  feet, 
is  112  X  2,240  X  13  foot-pounds.  The  same 
answer  will  be  obtained  if  we  remember 
that  eveiy  pound  of  water  means  a  store  of 
2-3  X  KOO  foot-poundH.  Or,  again,  every 
cubic  foot  means  a  store  which  is  numeri- 
cally equal  to  the  pressure  in  pounds  per 
square  foot.  When,  as  on  board  ship  and 
elsewhere,  a  great  weight  would  be  incon- 
venient, an  intensifler  (Fig.  126)  is  used.  If 
water  from  a  tank  at  the  pressure  p  communi- 
cates with  one  side  of  a  pist-on  a  of  are*  a,  it 
acts  just  like  a  weight  of  the  amount  p  A.  c 
lulator,  whose  ram  «  is  so  much  smaller  than  the 
piston  that  the  pressure  p  in  the  accumulator  is  that  necessary 
in  the  hydraulic  mains  n  e  When  a  tank  of  water  is  not 
available  for  a,  the  pressure  of  Kteam  is  employed. 

Example.  — If  we  wish  to  get  700  Iba  presaui-e  froni  a  ram 
5  inches  diameter,  and  we  have  a  supply  from  a  tank  88  feet 
high,  what  size  of  piston  is  needed  in  the  intensifierl  Hei-e 
p  is  88  -f.  2-3.  or  38-3  lbs  per  square  inch.  (See  Art  410.) 
The  total  force  needed  is  700  x  5^  x  7854,  or  13,744  lbs. ; 
so  that  the  area  of  the  piston,  or  large  ram,  18-13,744  -=-  383, 
or  359*13  square  inches  ;  or  it  is  21-4  inches  in  diameter. 

Exerrisi'. — A  press  has  two  stuffing  boxes  in  line,  and  a 
verticnl  rod  protruiles  through  lioth,  the  lower  end  being  the 
smaller.  The  diiLinetei-s  bein^  S  inches  and  5  incheH,  and  the 
water  pi'essui-e  1,400  lbs.  ]M!r  htquai'e  inch,  what  is  the  load  on 
this  differential  accumulator?  If  it  may  rise  10  feet,<what  is  its 
store  of  energy,  and  what  is  its  store  of  water  in  cubic  feet,  and 
iugaUonsi  Ana.,  42,882  lbs.;  428,820 fooHbe.;  2-127;  13-26. 
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1&3.  Fr«saure  water,  as  sold  by  the  hydraulic  com|>aiiiea, 
would  be  cheaper  if  a  better  load  factor  (avtragu  output  -r 
miuttiuuiii  output  from  the  central  Gtutioii)  fxiHted,  nn  thf 
ei^^es  could  work  continuously.  They  charge  iiliout  id.  |)er 
home-power  per  hour,  and  the  cost  of  production  is  alx>ut  06 
pence.  The  cost  of  the  actual  power  given  out  by  the  motors 
used  by  custouiera  varies  greatly. 

Bxereise. — ^At   a   pressure   of   800  IbM.    jwr  snuarc    indi, 


wliat  is  the  charge  for  1,000  gallons  of  water  at  2d.  per 
horne-powor  hour)  Am.,  £4  13s,  r>d. 

154.  A  Wftter-preSBiiTe  engine  may  be  looked  upon  as  the  in- 
verse of  a  reci|)rocatiug  pump.  If  we  neglect  the  ^ocks,  which 
W  always  due  to  imperfect  conatruction,  when  a  water-pressure 
engine  or  pump  works  at  a  certain  speed,  the  Iosh  of  energy  by 
hiction  in  the  engine  seems  to  be  the  same  ut  high  and  at  low 
pi'essnre,  and  hence  there  is  greater  efficiency  at  high  pressure. 
In  all  cases,  wherever  kinetic  energy  is  produced  in  water,  it 
u  almost  altogether  wasted  except  in  turbines,  and  to  some 
extent  in  certain  punching- machines. 

Fig.  127  ahowsone  of  the  simplest  forms  of  engine.  Water 
eoters  the  arrangement  by  the   pipe  a  when  the  cock   b   is 
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opened  by  means  of  the  handle  n.  There  are  three  rams  here, 
in  oscillating  presses,  gearing  on  the  same  crank  pin;  but  I 
mean  to  confine  my  attention  to  one  of  them.  The  supply  of 
water  enters  at  a,  and  finds  its  way  to  the  space  f,  by  means 
of  a  passage  in  the  framework  of  the  machine.  There  is 
another  passage  leading  to  the  exhaust  spaces  G,  and  allowing 
water  to  flow  from  these  spaces  through  the  discharge  pipe  Q. 
By  reversing  the  handle,  f  may  be  made  the  exhaust  space, 
and  G  the  supply  space,  and  when  the  handle  is  in  the  middle 
position  it-acts  as  a  brake,  so  that  by  means  of  this  handle  we 
can  make  the  engine  work  in  opposite  directions,  or  stop  it 
altogether. 

Water  enters  at  L,  and  fills  the  space  J,  and  it  presses  on 
the  ram  c,  causing  it  to  leave  more  empty  space  behind  it. 
You  know  now  how  to  calculate  the  force  with  which  the 
plunger  is  being  pressed.  The  plunger  cannot  go  out  without 
turning  the  crank,  H  K.  Observe,  too,  that  as  there  is  no 
connecting  rod,  the  cylinder  j  turns  just  like  the  oscillating 
cylinder  of  certain  steam-engines.  When  the  crank  reaches  its 
dead  point,  the  plunger  can  go  out  no  further ;  but  when  this 
happens  the  orifice  L  is  just  ceasing  to  let  water  enter  from  p, 
and  is  beginning  to  let  the  water  escape  into  g.  As  three 
plungers  act  on  the  same  crank  pin,  the  crank  does  not  stop 
anywhere,  and  as  it  moves  on,  the  plunger  c  comes  back  again, 
driving  the  water  from  j  through  L  into  G  and  away  by  q. 

This  is  all  exceedingly  simple.  The  quantity  of  water  used 
in  one  stroke  of  c  is  simply  the  volume  of  c  which  leaves  J  in 
one  stroke,  assuming  that  the  water  can  come  in  quite  freely. 
Each  pound  of  this  water  has  a  certain  amount  of  pressure 
energy,  which  it  gives  up  to  the  plunger,  and  which  you  may 
take  to  be  the  pressure  energy  in  F  minus  the  pressure  energy 
in  G.  This  is  only  true  if  we  assume  that  the  water  has  no 
kinetic  energy  where  it  is  in  contact  with  the  plunger ;  but  as 
the  plunger  is  itself  moving,  we  know  that  we  are  here  making 
a  small  error.  This  is  the  same  as  saying  that  the  pressure  on 
the  plunger  is  less  than  the  pressure  in  the  mains.  We  are 
also  assuming  no  loss  by  friction  at  the  passage,  l,  which  is 
again  an  error. 

Neglecting  friction,  if  p  is  the  total    pressure  difference 

between  the  supply  and  exhaust,  and  a  is  the  area  of  cross 

section  of  the  plunger,  then  j)  a  is  the  force  upon  it  in  |X)unds. 

///  is  twice  the  length  of  the  cpank  in  feet,  and  there  are  n 
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revolutions  per  rainute,  each  plunger  gives  out  plan  -;-3;l,0CHi 
home-iiower,  and  the  three  plnngera  give  out  thn^e  tiiiiPH  tliiK. 
Notice  that  this  engine  is  aimoHt  too  Hiinplc;  tlitiii'  w  I'lm- 
Biderable  wire-drawing,  anil  therefore  lotut  uf  ]irt'SHUi-i-  clui^  t<i 
friction  at  the  valves. 

155.  Fig.   128  is  a  aection  of  another  three-throw  wnt^-r- 


presBure  engine.  The  pistons  in  the  three  cyliiiilers,  ABC,  are 
trunked  and  connected  to  one  crank-pin,  i>,  o  being  the  centi-cof 
tke  crank-shaft.  The  method  of  packing  is  clearly  shown.  The 
water  prewes  only  on  one  side  of  each  piston,  and  as  lietweeii 
the  rods  and  crank-pin  only  pushing  forces  act,  the  beaiing  is 
only  on  a  small  portion  of  the  circuniference  of  tho  pin.  It 
can  easily  be  imagined  how  the  pressure  water  is  admitted  to 
each  cylinder  at  the  end  of  the  stroke  of  its  piston,  and  how  it 
IS  allowed  to  escape  at  the  other  end.     The  engine  wVW  iiiwV 
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from  any  position,  and  the  flow  of  water  to  it  is  fairly  regular, 
l>ecause  three  cylinders  are  used. 

156.  It  is  evident  to  anyone  who  has  studied  air-  and 
steam-engines  that  water- pressure  engines  may  be  of  a  very 
great  number  of  shapes. 

In  most  engines  of  this  kind  the  work  to  be  done  per  stroke 
may  be  very  different  at  different  times,  and  yet  the  pressure 
water  used — that  is,  the  energy — is  always  the  same,  and  so  there 
is  considerable  loss.  One  method  for  remedying  this  evil  is  to 
shorten  the  crank  as  the  work  being  done  is  less. 

Another  method  which  has  been  suggested  is  that  of 
admitting  pressure  water  for  less  than  the  whole  stroke,  simply 
taking  water  from  the  discharge-pipe  for  the  remainder.  When 
engines  have  a  fixed  sort  of  duty,  there  is  no  need  for  any 
adjustment. 

The  common  construction  of  water-pressure  engines  will  be 
readily  understood  if  you  understand  the  construction  of  the 
steam-engine.  Remember,  however,  that  the  velocity  of  water 
ought  never  to  be  great  in  the  engine  or  pipes.  Wire-drawing 
leads  to  serious  loss  by  friction  in  the  steam-engine ;  it  is  far 
more  serious  in  water-pressure  engines.  In  these  the  valves 
ought  to  be  quite  open,  giving  a  very  large  passage  for  water 
to  flow  through  almost  immediately.  Hence,  although  the  slide 
aiTangements  of  Fig.  127  are  allowable  in  small  engines,  they 
cannot  be  used  in  large  economical  engines  working  constantly. 
Remember,  too,  that  all  frictional  losses  are  made  much  greater 
by  quick  motion,  and  by  reversals  of  motion,  and  hence  that  it 
is  very  important  to  have  a  long  stroke  of  piston  or  plunger. 

Lastly,  remember  that,  although  there  ought  to  be  no  waste 
space  between  steam-piston  and  cylinder  at  the  end  of  the 
stroke  (very  little  clearance),  this  is  of  almost  no  importance 
in  water-pressure  engines,  because  of  the  incompressibility  of 
water. 

157.  We  have  described  (Art.  136)  the  force-pump  used  by 
hydraulic  engineers.  All  force-pumps  are  much  the  same  in 
principle,  but  in  ordinary  force-pumps  for  water  (see  Art.  406), 
and  for  use  in  feeding  boilers  there  is  usually  less  trouble  with 
the  valves  and  packing  than  there  is  in  hydraulic  pumps. 
Students  will  pay  attention  in  Chap.  XXIII.  to  the  blow 
caused  by  sudden  stoppage  of  the  flow  of  water.    ^ 

Direct-acting  steam-pumps  are  much  used  in  draining  mines. 
Sometimes  water-pressure  engines  have  been  used  instead  of 
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steam — that  is,  water  from  an  accumulator  on  the  surface  goes 
down  the  mine  to  a  water-pressure  engine  which  drives  a  pump; 
the  mine  water  and  the  exhaust  water  of  the  engine  are  sent 
to  the  surface.  In  such  a  case,  pressures  are  very  great,  and 
the  effects  due  to  sudden  stoppage  of  flow  in  pipes  may  pixxluce 
damage  unless  the  valves  are  so  arranged  that  when  they  close 
or  open  the  general  circulation  is  not  much  affected. 

The  common  lift-pomp  is  described  in  Art.  406.  Its 
form  as  an  air-pump  is  usually  described  in  books  on 
the  steam-engine,  and,  indeed,  it  is  in  such  books  that 
pumping  machinery  more  naturally  finds  a  place  than  in 
books  on  applied  mechanics.  In  Art.  433  we  find  that  in 
a  stream  line  the  total  energy  of  one  pound  of  fluid  remains 
constant  if  there  is  no  friction ;  a  pump  adds  to  this  8toi*e  ;  a 
turbine  or  water-wheel  takes  away  from  this  store ;  friction 
also  diminishes  the  store,  converting  mechanical  energy,  into 
heat 

158.  What  now  are  the  conditions  under  which  trans- 
mission of  power  by  hydraulic  action  is  most  suitable  ? 

Ist.  Intermittent  action,  because  the  accumulator  is  so 
nearly  perfect,  giving  out  energy  simply  in  proportion  to  the 
quantity  of  water  used,  and  yet  allowing  an  engine  of  small 
power  to  be  storing  continually. 

2nd.  Action  requiring  not  a  very  great  quantity  of  power. 

3rd.  Action  of  a  comparatively  slow  kind,  the  water  never 
being  allowed  to  flow  so  fast  that  its  store  of  kinetic  energy  is 
great,  since  the  kinetic  energy  is  nearly  all  wasted ;  slow  action, 
with  considerable  force. 

4th.  Action  which  is  gi'eatly  continuous  in  one  direction, 
not  requiring  much  stoppage  or  reversal  of  the  water  motion. 

You  will  see  from  this  that  the  conditions  required  in 
pressing  machinery,  cranes,  hoists,  and  lifts  are  better  satisfied 
by  hydraulic  transmission  of  power  than  they  can  be  by  any 
other  method  of  power  transmission  which  is  known  to  us. 

159.  In  Fig.  1 29  we  have  one  specimen  of  a  hydraulic  crane, 
whose  action  it  is  very  easy  to  understand.  Suppose  water  at 
700  lbs.  pressure  per  square  inch  admitted  to  the  cylindric 
space  A,  and  that  the  space  b,  on  the  other  side  of  the  piston, 
although  filled  with  water,  has  only  a  comparatively  i^mall 
pressure,  and  communicates  with  a  low-lying  tank ;  neglecting 
the  small  pressure  in  b,  we  see  that  the  piston  is  pushed  for- 
ward with  a  force  of  700  x/  ^bs.  if  a  is  the  area  ol  \\\ft  \»\sX.otv 
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in  square  inches.  Now  the  motion  of  the  piston  is  multiplied 
eight  times  by  the  chain,  which  passes  over  blocks,  each  contain- 
ing four  sheaves,  attached  at  M  and  N.  The  block  at  N  gets 
the  motion  of  the  piston,  and  the  chain  at  p  must  be  drawn  in 
eight  times  more  quickly  thaii  this.  You  know  that  the  pull 
in  the  chain  may  be  one-eighth  as  much  as  the  total  force  on 
the  piston,  and  it  can  therefore  lift  through  eight  times  the 
distance  a  weight  of  one-eighth  the  amount,  or  700  A  ^  8  lbs. 


^^\^^\^^^^^^^^^^^^^^^'^S^'»^^s^^^^^ 


Fig.  121». 


This  is  tlie  original  form  of  Lord  Armstrong.  Whatever 
defect  there  is  lies  in  the  use  of  chains  passing  over  numerous 
sheaves  giving  rise  to  a  great  amount  of  friction.  Cranes  require 
so  little  horse-power  to  work  them,  however,  that  mere  economy 
of  coal  is  barely  worth  considering,  and  the  risk  of  accident,  which 
might  b(}  done  away  with  very  greatly  by  direct  hydraulic  action, 
is  not  important  either.  You  see  that  if  A  and  B  both  receive 
pressure  water  there  is  less  water  used  than  before;  for  although 
as  much  comes  into  A  as  before,  b  is  sending  water  back  to 
the  pump  or  into  A.  In  fact,  the  total  pressure  on  the  pistoi 
is  700  lbs.  multiplied  by  the  difference  between  the  areas  of  tb 
two  sides  of  the  piston  exposed  to  pressure — that  is,  the  mei 
area  of  cross-section  of  the  thick  piston-rod.  Hence,  we  can  woi 
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Uiis  crane  so  that  it  lifts  heavy  loads  orlightloads— thatitt,  itis 
double-powered.      Unfortuoately,  however,  when  working  any 


lieavf  load,  it  is  consuming  as  much  energy  as  if  it  were  lifting 
the  heaviert  load  it  is  capable  of  lifting.  When  lifting  on  its 
second  power,  and  lifting  a  light  load,  it  is  using  as  mvicK  e&ftt^ 
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as  if  it  were  lifting  the  heaviest  load  .this  second  power  is 
capable  of  lifting. 

Thus,  let  us  suppose  it  lifting  eight  tons  to  a  height  of  20  ft., 
and  that  one  cubic  foot  of  water  is  used  in  the  operation.  Then, 
on  the  same  power,  suppose  it  to  be  lifting  four  tons  to  the  same 
height,  it  still  uses  one  cubic  foot  of  water,  and  in  both  cases 
there  is  the  same  energy  used  for  the  pumps.  Of  course,  by 
a  combination  of  cylinders,  it  would  be  possible  to  vary  the 
work  expended  as  the  load  varied,  but  the  expedient  is  not 
of  a  very  practical  character. 

Such  a  crane  as  this  has  usually  another  cylinder  and  chain 
for  turning  it  round.  In  many  cranes  the  action  is  more  direct ; 
a  two-sheaved  pulley-block,  or  one  with  a  single  sheave,  or 
even  no  pulley-block  at  all,  being  used.  (See  Fig.  130.)  In 
many  cases  loads  are  pushed  up  on  the  top  of  a  ram,  in 
others  they  are  pulled  up  by  a  piston  rod  directly;  in  fact, 
there  is  an  endless  variety  in  the  arrangements,  but  the 
principles  of  the  hydraulic  press  parts  are  the  same  in  all. 

«  160.  Now,  supposing  it  is  easy  to  get  a  supply  of  pressure- 
water,  what,  besides  cranes,  hoists,  and  pressure-engines,  can 
be  worked  by  means  of  it  1  All  forging  and  welding  machines, 
which  with  moulds  and  dies  properly  shaped  and  pressed 
together  with  enormous  steady  force,  seem,  for  objects  of 
settled  shapes,  to  be  a  very  great  improvement  on  any  method 
of  hammering ;  stamping  machines,  for  all  sorts  of  purposes ; 
and  bending  machines,  for  joggling  and  bending  angle-irons, 
rails,  and  beams. 

Students  must  examine  such  bending-machines  for  them- 
selves, and  notice  how  the  travel  of  the  press-block  is  deter- 
mined by  tappets,  which  open  and  close  the  valve  for  water 
supply  at  any  point  in  the  stroke  we  please.  By  means  of  such 
a  bending-machine  any  number  of  curves  may  be  made  identi- 
cally the  same.  In  many  punching,  forging,  stamping,  and 
shearing  machines  we  also  have  the  inlet  and  exhaust  valve 
worked  by  hand  or  foot  levers,  the  stroke  being  regulated 
with  great  nicety  by  tappet  motions.  Thus,  in  a  riveter,  a  short 
ram  of  eight  inches  in  diameter  may  be  used.  Used  with  an 
accumulator  and  pumps  of  its  own,  the  pressure  is  usually 
1,400  lbs.  per  square  inch  ;  so  that  the  total  force  available  is 
31  tons. 

Next  we  have  tools  which  are  easily  portable.  In  Fig.  131 
the  ram  gets  a  motion  about  its  centre,  its  axis  and  line  of  action 
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Wng  an  arc  of  a  circle.  By  thia  compact  uTnngemeiit  wu  do 
awftj  with  cocnectmg-rods  and  many  other  complications,  and 
ve  get  a  great  increase  in  stiffness.  Instead,  then,  of  bringing 
work  weighing  many  tons  to  a  machine,  we  bring  a  littlo 
machine,  weighing  5  cwt.,  to  the  work;  we  can  puuch  holes 
and  tiiiish  the  riveting  •  that  is,  we  can  dnish  most  of  it — for 
there  must  always  remain  rivets  in  difficnit  positions  which 


require  to  be  done  by  hand — with  no  other  intermediate 
gearing  between  this  little  riveter  and  the  steam-engine  than  a 
muJl  jointed  pipe,  the  two  forms  of  the  universal  joint  which 
are  Hsed  being  made  water-tight  by  leather  collars.  Instead  of 
a  jointed  pipe,  a  pipe  formed  iuto  a  spiral  forms  a  good  yielding 
connection.  It  is,  perhaps,  in  looking  at  these  little  riveters, 
rather  than  in  any  other  examples,  that  you  will  be  struck  by 
the  simplicity  of  hydraulic  working.  The  flexible  pipe  trans- 
mits power  more  faithfully  than  huge  beams  and  cog-wheels 
would  do. 
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161.  The  machines  which  I  have  described  are  well  suited 
to  hydraulic  work.  A  punching,  or  shearing,  or  stamping,  or 
riveting  machine,  driven  by  shafting,  repeats  its  stroke  at  regular 
intervals,  and  the  workman  cannot  arrest  a  stroke.  He  wastes 
time  in  waiting  for  a  stroke,  but  when  a  stroke  is  being  made, 
and  he  sees  that  his  plate  has  been  wrongly  placed,  or  has  shifted 
its  position,  he  must  just  as  patiently  watch  the  inevitable 
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completion  of  the  stroke.  With  the  hydraulic  punching- 
machine,  on  the  contrary,  the  workman  can  stop  the  motion 
at  any  instant,  even  if  the  punch  has  made  its  mark  on  the 
surface  of  the  plate.  He  can  start  instantly  from  a  condition 
of  rest ;  he  has  not  to  wait  till  he  pulls  the  belt  on  to  the  fast 
pulley,  or  starts  the  donkey-engine,  and  he  knows  that  when 
there  is  no  stroke  being  made  there  is  no  power  being  wasted. 
Then,  again,  all  the  shafting  and  other  machinery  of  a  large 
shop  have  not  to  be  set  in  motion,  or  varied  in  their  motion, 
to  punch  a  five-eighth  inch  hole.  A  man  wastes  just  the  same 
energy  in  punching  this  one  lioVe  aa  li.  it  -w^te  one  of  a  hundred 
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he  was  punching.  Suppose;  again,  that  a  man  careh-ssly  puts 
a  l^inch  plate  under  a  punch  arranged  for  a  five-eighth  iucli 
plate.  The  sudden  blow  of  an  ordinary  punching-ruachine, 
with  its  flj-wheel,  would  produce  a  fracture  somewhere.  In  a 
hydraulic  machine  there  is  a  simple  stoppage.  Think,  too,  of 
the  strength  of  roof  and  columns  needed  to  carry  shafting ;  of 
the  trouble  in  the  use  of  overhead  cranes  when  thei*e  are 
many  shafts  and  belts ;  and,  above  all,  think  of  the  noise,  in 
comparison  with  the  invisibility  of  pressure  mains,  and  the 
dead  silence  of  hydraulic  tools.  Observe,  too,  that  these 
hydraulic  machines  need  but  little  foundation. 

The  diagrams  of  Figs.  132, 133,  and  134  (p.  198),  showing  the 
water-pressure  in  the  cylinders  of  various  tools  at  Toulon  during 
their  stroke,  are  exceedingly  interesting.     Fig.   132  shows  a 
curve  from  a  punching-machine.     The  pressure  is  not  ecpial  to 
that  in  the  accumulator,  unless  the  tool  has  so  much  resistance 
to  overcome  that  it  is  moving  very  slowly  indeed.     The  sudden 
rise  shows  what  occurs  when  the  punch  is  just  beginning  to  act 
on  the  plate.     In  practice  you  must  understand  that  this  early 
part  of  the  diagram  has  no  existence ;  Mr.  TweddelVs  tappet 
motion  prevents  such  waste.     The  area  of   each  diagram  is 
roughly  the  amount  of  energy  utilised.     The  area  of  the  rect- 
angle in  Fig.  134  shows  the  energy  taken  from  the  accumu- 
lator.    In  all  these  diagrams,  then,  it  must  appear  to  you  that 
there  is  a  large  amount  of  waste.     This  is  greatly  reduced  by 
the  tappet  motion,  and  in  any  case  it  is  very  much  greater  in 
such  tools  when  driven  by  shafting. 

Fig.  133  shows  a  diagram  from  a  plate-shearing  machine. 
The  imiformity  of  the  pressure  is  due  to  the  angle  which  the 
edges  of  the  shears  make  with  one  another. 

The  riveting-machine  diagrams  are  most  interesting. 
Neglecting  the  useless  part  of  the  stroke  in  Fig.  134,  we  see 
the  rise  of  pressure,  E  F,  due  to  the  setting  up  of  the  rivet,  f  h, 
the  clinching  of  the  rivet  and  closing  of  the  plates.  The  sudden 
stoppage  of  motion  of  the  water  gives  a  blow,  shown  by  the 
pressure  becoming  half  as  much  again  as  the  accumulator 
pressure,  and  we  rely  on  this  blow  as  perfecting  the  filling  of 
all  cavities. 

162.  In  Fig.  135  two  rams,  A  and  a,  are  equal,  one  carrying 
a  ^n  which  is  to  be  quickly  lifted  and  lowered,  the  other  a  a 
counterweight.  As  it  is  not  convenient  to  vary  the  counter- 
weight, and  as  there  is  really  balance  only  in  one  ^osvtioiv  ^ot 
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3  this : — A  and  a  have 
two    presses    communicating 
\i^  means  of  a  amall   pipej 
and  E,  which  ia  greater  than 
R,  ia  partly  supported    on  a 
amall  extra  ram  of  area  a'  in 
IS  of  its  own,  which  may 
either  be  made  to  communi- 
cate   with     the     other     two 
pressea,  or  with  a  neighbour- 
ing tank  where  the  pressure 
is   small.     In  the  one  case, 
iri         £  rests  on  what  is   practic- 
p^        ally  a  ram  of  area,  a  +  a', 
rig.  laa.  and  it  is  lifted ;  in  the  other 

case  on  a  ram  of  area  a,  and 
it  falls.  The  supply  of  pressure  water  to  a'  is  effected  by 
means  of  a  pump  and  accumulator.  When  pressures  are 
already  very  great,  change  of  pressure  due  to  rise  and  fall  of 
a  ram  is  not  very  important,  but  in  long  rams  it  is  often 
important. 

163.  In  most  of  the  machines  which  we  have  dcBcribed, 
although  water  usually  changes  its  level  during  the  action, 
this  change  of  level  has  been  so  amall  as  to  be  negligible. 
But  in  nearly  all  lifting  operationa  we  have  to  consider  the 
work  done  in  the  lifting  of  water  as  the  ram  rises. 

We  all  know  the  conditions  required  in  an  ordinary  hotel  or 
chamberB  hoist;  those  conditions  are  absolutely  the  aame  for 
warehouse  hoists,  because  a  hoist  which  carries  goods  occasion- 
ally carries  men  in  charge  of  these  goods.  Long  ago,  I  had 
some  designing  and  carrying  out  of  mill  hoistS,  in  which  the 
cage  was  lifted  by  a  rope  passing  over  an  elevated  pulley, 
driven  from  the  main  shafting  of  the  mill,  and  stopped  at  any 
point  of  ascent  or  descent  by  automatic  diaeng^ng  apparatus 
which  also  braked  the  pulley.  The  cage  was  balanced  by 
counter- weights,  as  a  window  is  balanced.  Our  greatest  trouble 
was  in  the  arrangement  of  safety  apparatus,  which  would  stop 
the  cage  in  falling  should  the  rope  break.  Now,  it  is  well 
known  that  such  safety  apparatua  can  never  be  thoroughly 
depended  upon,  however  ingenious  its  design  may  be,  because 
the  ordinary  working  of  the  hoist  does  not  keep  the  safety 
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apparatns  in  action ;  imtnunity  from  accidents  mosL-ii  ii  ut  l« 
neglected,  and  wben  an  accident  does  happen  it  wj||  n<>i  work. 

Thet«  is  nothing  so  safe  aa  a  hoiitt  whose  rapid  motion  ■• 
resisted  by  a  considerable  amount  of  friction.  Bui.  iiiifor- 
tnnately,  if  the  friction  is  that  of  solids  on  one  nnutbtr.  tlier>> 
m  ae  mnch  ftictional  resistance  to  the  ordinan-  workini;  r>f 
Che  hoiat  as  there  is  wben  an  accident  oociin,  and  h<^Dce 
ttssnrance  of  safety  by  friction  means  trvmendoiis  loss  of 
power  at  all  times. 

Now,  you  remember  that  the  frictional  resiKtance  of  water 
was  of  quite  a  different  kiad.  There  is  almost  no  resistance 
to  tbe  flow  of  water,  if  the  flow  is  slow.  There  is  only  a 
moderate  loss  of  power  in  the  ordinary  use  of  a  hydraulic  hoist ; 
but  the  motion  'cannot  become  too  ra]rid  for  safety,  for  I  he 
frictional  resistance  is  exceedingly  great  at  high  njiecis. 

Although,  therefore,  serious  accidents  canimt    Ix-  whullv 
prevented — water  may  lejik  away  by  valves  and  Ii'h(v  tlif  i-a;^ 
wholly  unsupported,  for  eJtample — yet  there  is  iimn:  "safity 
possible  with  hydraulic  than  with  othei' 
hoists. 

164.  In  a  great  many  hyilraulic 
hoists  the  action  is  precisely  the  same  as 
in  Armstrong's  ciuiies.  Fig.  136  shows 
such  a  construction,  used  by  Armstrong 
himself,  a  is  a  pressure  cylinder,  with 
its  ram  carrying  at  b  the  movable 
block  with  shea  VPS,  which  pull  the 
chain  or  wire  rope,  m,  k.  'ITiere  is  a  loss 
of  effect,  due  to  the  altering  weight  of 
the  chain,  as  the  cage  rises  or  falls 
Hus  difficulty  may  be  got  nd  of  by 
letting  the  ram  move  vertically,  w  hen 
the  altering  weight  of  the  ram  itaelf 
may  be  made  to  balance  the  alter 
mg  weight  of  the  chain.  All  such 
hoists  as  this  cau  be  readily  balanced, 
so  that  the  dead  weights  may  balance 
at  all  points  in  the  ascent  and  de 
loent       They    are,    however,    subject  ^*s  '*i- 

to  the  nsks  inseparable  from  the  use 

of  chains  or  ropes,  and  must  be  regaided  as  unsatisfactory 
for  tlua  reason       That  the  lifting  of  eveiy  load  means  the 
H* 
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expenditure  of  the  same  amount  of  energy  is  not  a  considera- 
tion of  any  importance  in  these  hotel  hoists.  Of  course, 
there  is  a  slightly  greater  speed  when  the  load  is  small,  as 
the  water  pressure  is  capable  of  lifting  the  heaviest  probable 
loads ;  but  you  know  enough  already  about  water  friction  to 
see  that  the  increase  of  speed  must  be  insignificant.  This  con- 
dition is  the  same  for  all  hydraulic  hoists  hitherto  constructed. 
Very  often  we  use  a  direct  acting  hoist.  Here  the  ram  moves, 
pushing  the  cage  up  directly.  When  the  pressure  of  water  is 
very  considerable,  say  200  lbs.  per  square  inch,  and  the  lift  is 
not  too  high,  this  form  of  hoist  is  good;  for  although  rather 
wasteful  of  power^  it  is  exceedingly  simple.  The  press  is 
sunk  so  far  beneath  the  basement  that  there  is  room  for 
the  whole  length  of  the  ram  when  the  cage  is  in  its  lowest 
position. 

165.  It  is  necessary  now  to  consider  the  diminution  of 
lifting  force  as  a  ram  rises,  and  we  return  to  Fig.  135.  • 

Let  the  total  load  upon  the  ram  of  area  a,  including  its 
own  weight,  be  called  r,  and  let  the  total  load  on  the  ram  of 
area  a,  including  its  own  weight,  be  called  E,  and  for  easier 
calculation  assume  the  ends  of  the  rams  to  be  flat  and  horizontal. 
When  a  is  just  about  to  descend,  let  the  end  of  A  be  A  feet 
above  a.  When  e  falls  one  foot  we  found  how  high  b  must  rise 
if  we  could  only  neglect  the  weights  of  the  water.  But  we  shall 
now  consider  the  weight  of  the  water,  and  take  the  areas  a 
and  A  to  be  in  square  feet,  and  the  forces  R  and  E  to  be  in 
pounds. 

When  a  falls  a  viery  short  distance,  x  feet,  further  displacing 
ax  cubic  feet  of  water,  or  62*3  a  x  lbs.  of  water,  this  water  is 

lifted  through  li  feet.     Now  a  will  rise  a?   x  —  feet,  and  the 

work  done  by  e  in  falling  being  e  a;,  is  equal  to  the  work 
R  X  OJ  -    done  in  lifting  k,  and  also  to  62*3  ax  A,  the  work 

done  in  lifting  the  water.  Writing  this  down  algebraically, 
we  find — 

E  B  ^  ^  ^  • 

-  =  -  -f    62-3  A, 

or  the  pressure  at  the  end  of  a,  which  is  E  -r  a^  is  greater  than 

that  at  A,  which  is  R  -^  A,  by  the  amount  62*3  A  lbs.  per  square 

foot.   We  £nd  this  to  be  an  incieaae  of  2, 1 1 6  lbs.  per  aquare  foot, 
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or  14-7  Ibe.  per  square  inch,  or  one  atmosphere  ae  it  iu  i-alloil, 
for  every  34  feet  of  diiference  of  level. 

When  a  ram  rises  34  feet,  if  the 
SDpplj  pi'essnre  to  the  press  remains  the 
same,  the  liftiog  force  on  the  ram 
diminishes  14-7  lbs.  per  square  inch, 
and  for  a  68  feet  rise  the  diminution 
of  pressure  would  be  twice  as  much. 
These  changes  of  pressure  are  not  very 
important  when  we  are  dealing  with 
pressures  in  the  prriss  of  200  or  300  lbs. 
per  square  inch,  but  they  may  be  very 
important  at  lower  press  pressures, 
and  in  some  cases  we  make  the  supply 
pressure  increase  as  the  ram  rises. 
Notice  that  you  may  look  upon  the  phe- 
nomenon in  two  seemingly  diflereiit 
ways.  You  may  either  say  to  yourself, 
"As  a  stone  is  lighter  when  sur- 
rounded by  water,  so  this  ram  is  lighter 
when  it  is  at  the  bottom,  for  more  of  it 
is  surrounded  by  water  in  the  press"; 

or  you  may  put  it  in  this  form,  "The 

pressure  on  the  bottom  of  the  ram  must 
just  balance  the  weight  of  ram,  cage, 

etc, but  as  tlie  bottom  of  the  i-aui  rises, 

this  means  that  we  ought  to  have  a  con- 
stant pressure  at  the  bottom  of  the  ram 

wherever  it  may  be,  and  consequently 

a  gradually  increasing  pressure  ia  the 

cylinder  everywhere  as  the  i-am  rises," 

Now,  I  do  not  care  which  of  these  two 

views  you  take,  but  you  must  not  mix 

them,  and  say  that  "not  only  does  the 

ram  get  heavier,  but  it  needs  a  greater 

pressure  at  its  lower  end  as  its  lower 

end  rises."      I  prefer  always   to   say, 

"The  ram  appears  to  get  heavier  just 

in  proportion   to   the  amount   it    has 

been  raised,  and  this  must  be  balanced 
by  increasing  the  pressure  of  the 
sitpi^y  water." 
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iber  that  ouv  supply  water  iu  the  direct- 
acting  hoiat  is  at  a  constant  pressure, 
and    yon    uiU    see    that    it    is  quite 

!  impossible,      willi      such      a      simple 

arrangement,  to  have  perfect  uniform- 
ity of  action,  altliough  it  is  approxi- 
mated to  more  and  more  neai-ly  as  the 
pressure  is  greater  In  this  kind  of 
iioist  it  IS  usual  to  let  the  water  escape 
from  the  cyhiider  to  a  discharge  cistern 
considerably  above  the  cylmder,  so  that 
in  it<i  descent  tlie  ram  and  cage  may 
not  fall  too  rapidly  Here,  again,  .we 
have  the  same  want  of  uniformity  of 
action,  sini.e  the  apparent  weight  of 
the  ram  gets  less  a^  it  falls. 

166  Tlie  usual  practice  has  been  to 
nearly  balance  the  dead-weight  of  ram 
and  cagfl  by  a  weight,  as  in  Fig.  137 
(p  201),  so  o-s  not  to  leqiiii'e  too  high 
I  lift  in  the  discharge  pijje,  ond  to  so 
ariaiigc  that  the  varying  weight  of  chain 
shalljust  balance  the  apparent  change  of 
weight  of  ttie  mm  It  is  evident  tliat 
if  the  tarn  rises  one  foot,  the  counter- 
weight increases  by  the  weight  of  two 
feet  of  chain  ;  hence,  the  weight  of  two 
feet  of  the  chain  ought  to  be  equal  to 
that  of  water  occupying  the  volume  of 
one  foot  length  of  the  I'am.  Unfortu- 
nately, these  chains  and  counterweights 
destroy  the  simplicity  and  absolute 
safety  of  the  hydraulic  hoist.  If  the 
ram  were  to  breiik  near  its  upper  end, 
the  cage  would  be  drawn  violently 
upward  by  the  chain  The  upper  part 
of  the  ram  is  in  tension,  and  the  lower 
pait  in  compression 

It  IS  obvious  then,  that  there  must, 
for  a  complete  and  perfect  hydraulic 
lift,  be  such  a  regulation  of  the  pressure 
of  the  w&ter  as  it  enters  the  oyUiuler 
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of  a  hoist  that  the  only  force  to  be  overcouie  shall  be  the 
variable  weight  placed  in  the  cage,  whether  that  of  passengers 
or  goods,  together  with  the  necessary  friction.  The  hydraulic 
balance  hoist  satisfies  this  condition.  It  can  be  worked  with 
either  high  or  low  pressure  water ;  the  ram  is  always  in  com- 
pression, supporting  the  load,  and  no  part  of  the  machinery  is 
above  the  cage,  and  there  is  no  part  of  the  machinery  likely  to 
break  in  such  a  way  as  to  cause  an  accident. 

This  hydraulic  balance  lift  is  shown  in   Kig.  138  (p. 

204).     The  hydraulic  cylinder,  ram,  and  cage  are  as  usually 

made,  except  that  the  ram  is  somewhat  smaller  in  diameter. 

Its  size  is  determined  by  the  strength  required  to  carry  the 

load,  and  not  by  the  working  pressure  of  water  available.    The 

lift  cylinder  is  in   hydraulic  connection  with  a  second   and 

shorter  cylinder,  e,  below  which  there  is  a  cylinder,  c,  of  larger 

dimensions.     There  is  a  piston  in  each,  connected  by  th<^  rod. 

The  capacity  of  the  annular  space  e  below  the  upper  piston 

18  equal  to  the  displacement  of  the  lift  ram.     The  annular  ai*ea 

of  the  lower  piston  is  sufficient,  when  subject  to  the  working 

pressure  of  the  supply  water,  to  overcome  friction  and  lift  the 

net  load ;  and  the  full  area  of  the  upper  piston  is  sufficient, 

when  subjected  to  the  same  pressure,  to  balance  within  a  small 

amount  the  unalterable  weight  of  the  ram  and  cage. 

Assuming  the  cage  at  the  bottom  of  its  stroke,  the  valve 
is  opened  by  a  man  in  the  cage  pulling  on  a  rope,  by  a  syst(3m 
of  levers,  and  pressuie  water  is  admitted.  The  pressures  on 
the  two  pistons  cause  them  to  descend,  forcing  water  from  the 
annular  space  to  the  hoist  cylinder.  The  hoist  ram  ascends, 
and  in  doing  so  gets  heavier,  but  the  pistons  are  descending, 
and  the  total  pressure  on  them  is  getting  greater  just  in  the  same 
proportion.  When  the  ram  reaches  the  top  of  its  stroke  the 
valve  is  closed  and  the  lift  stops.  Now  open  the  exhaust  valve, 
which  lets  the  water  pass  away  from  c — only  from  c,  re- 
member— and  the  weight  of  the  ram  and  cage  presses  the 
water  from  the  lift  press  into  e,  causing  the  pistons  to  rise. 

To  make  good  any  possible  leakage,  provision  is  made  for 
admitting  pressure  water  under  f,  and  so  raising  it,  the  lift 
ram  being  at  the  bottom  of  its  stroke,  that  water  will  flow  into 
the  space. 

167.  We  see  that  the  hydraulic  hoist  has— (1)  The  great 
element  of  safety  from  the  absence  of  possible  breakage  of  chains 
or  ropes.     But  in  some  forma  it  is  not  without  a  don^et  oi  SX.i 
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own — namely,  the  danger  that  when  the  cage  is  remaining 
caught  in  a  fixed  elevated  position  for  a  time,  the  cylinder 
may  be  emptying  of  water  through  a  leakage  of  the  valves. 
(2)  That  the  expenditure  of  energy  depends  very  little 
upon  the  dead  load.  But  there  is  still  the  drawback  that 
every  load,  however  small,  requires  the  same  expenditure  oi 
energy  as  the  greatest  load  which  the  hoist  can  lift.  This 
drawback  is  common  to  all  hydraulic  hoists  such  as  I  have 
been  describing. 

168.  You  can  now  have  no  difficulty  in  understanding  the 
construction  of  all  warehouse  and  hotel  lifts.  The  hydraulic 
principles  involved  in  all  lifts  are  the  same,  but  with  largei^ 
weights  to  be  raised  there  are  peculiarities  of  construction 
which  ought  to  be  studied  from  actual  drawings  of  such  lifts, 
as,  for  example,  the  pair  of  lifts  at  the  Seacombe  Pier,  on  the 
Mersey,  to  take  carts  and  waggons  from  the  floating^  landing-- 
stage to  the  high  level.  Tiie  height  of  lift  is  32  feet,  and  the 
net  load  20  tons.  Here  we  have  simply  direct  acting  rams  and 
presses  sunk  in  the  river-bed,  the  presses  being  surrounded  by 
cast-iron  protecting  cylinders.  In  this  case  there  is  no  attempt 
to  balance  the  increasing  weight — that  is,  the  displacement  of 
the  ram  as  it  rises.  Each  cage,  or  platform,  is  supported  on 
one  ram,  and  the  designer  has  to  take  care  that  the  weight  of 
any  waggon  shall  be  so  carried  on  the  top  of  the  ram  that  no 
part  of  the  structure  is  unduly  strained.  The  waggon  rests  on 
a  platform,  which  can  slide  on  the  bottom  of  the  cage,  so  that 
although  the  cage  rises  vertically,  the  platform  may  everywhere 
be  in  the  position  in  which  it  would  be  on  the  landing-stage,  if 
the  landing-stage  rose  and  fell.  The  landing-stage  is  attached, 
as  we  know,  by  girders^  which  do  not  alter  in  length,  so  that 
it  does  not  rise  and  fall  vertically,  but  really  in  arcs  of  circles. 
In  this  case,  the  lift  is  of  a  variable  amount,  depending  on  the 
height  of  the  tide.  There  is  a  connecting  valve  between  the 
two  presses,  so  that  a  descending  load  in  one  lift  may  i*aise  a 
less  load  in  the  other  when  necessary. 

169.  This  idea  of  having  two  lifts  side  by  side,  so  that  the 
lowering  of  one  may  cause  the  rise  of  the  other,  you  will  under- 
stand better  in  the  original  example  of  its  use,  the  canal  lift 

of  Messrs.  Clark  and  Standfield,  on  the  River  Weaver,  in 

Cheshire.     Figs.  139  and  140  show  the  canal  and  the  river, 

one  50  feet  above  the  other.     We  want  to  raise  or  lower  canal 

boats  from  the  one  to  the  other,  awd  we  want  to  avoid  the 
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expenditure  of  water,  and  the  delay  which  occurs  when  there 
u  a  chain  of  locks. 

There  ape  two  great  wronght-inm  troughs,  each  75  feet  long 


snd  15j  feet  wide,  each  being  carried  on  the  top  of  a  ram  3  feet 
m  diameter.  Now,  when  I  U^W  you  this,  you  will  at  once  hop 
how  incomplete  ray  descrij>tion  is.     Each  tremend«\m  ttovk^Vi 


is  carried  easily  by  one  ram  acting  at  its  centre.  Yon  can,  in 
your  imagination,  go  into  all  the  detaili^  of  girder' work  necessary 
for  the  safe  carrying  of  such  a  load  in  such  a  manner.  The 
weight  of  each  trough,  with  the  water  and  barges  iu  it,  is  240 
tons,  and  this  gives  a  pressure  of  about  one  quarter  of  a  ton 
per  square  inch  in  the  press.  At  each  end  of  each  trough  there 
is  a  gat€, 

When  the  trough  is  up,  and  gat«  a  is  lifted,  the  troa||^ 
forms  part  of  the  aqueduct.     A  barge  floats  into  it  from  the 
canal,  and  the  gate  is  closed  again  ;  also 
the  aqueduct  end  is  itself  closed  with  a 
gate,     ffow  the  trough  is  lowered  con- 
taining the  har^e,  and  when  it  reaches 
the  lower  level,  gate  B  is  Iift«d,  when, 
of  course,  the  trough  really  forms  part 
.  of  the  river.    You  must  describe  to  yo«r- 
res  how  this  press  is  sunk — how  we 
have    a   tunnel    which    enables    us    to 
mine  the  packing  of  the   cylinders, 
how  these  great  columns  are  firmly  sup- 
ported, so  that  we  may  have  guides  to 
prevent  the  tUting  of  the  troughs.     All 
this  is  constructive  detail  which  you  can 
read    about  in   the   Proceedings  of   the 
Institution  of    Civil    Engineers.       You. 
P^B-  •*•■  might   fear  also  that  the  joints  of  the 

gates  at  the  end  of  the  trough  might  be 
leaky,  and,  above  all,  that  the  joint  of  the  trough  with  the 
aqueduct  end  might  be  leaky ;  but  even  from  the  figure  you 
can  see  how  perfectly  these  difficulties  can  be  got  over. 

Suppose  I  have  a  boat  in  any  vessel  of  water,  and  1  koov 
that  the  water  is  at  a  certain  level,  and  I  take  out  this  boat 
and  put  in  another  boat,  and  add  water  or  take  it  away  until 
the  level  is  just  what  it  was  before.  You  know  that  the  weight 
of  boat  and  water  is  always  the  same.  The  total  weight  simply 
depends  on  the  level  of  the  water.  The  weight  of  the  boat 
alone  is  always  equal  to  that  of  the  water  it  displaces,  and, 
therefore,  the  trough  tilled  to  a  certain  height  with  water,  if 
there  is  no  boat,  will  juat  weigh  the  same  as  if  there  is  a  boat 
in  it  and  the  water  is  at  the  same  level  as  before. 

Now,  suppose  that  the  trough  h  is  part  of  the  canal,  and 
there  is  or  is  not  a  barge  in  it,  and  suppose  that  n  is  down, 
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and  is  in  communication  with  the  river,  and  there  is  or  is 
not  a  barge  in  it.      Now  close   the  gates.     Suppose   there 
is  five  feet  of  water  in  ic,  and  that,  if  there  is  not  four  feet 
six  inches  of  water  in  n,  we  let  water  into  or  out  of  it  from 
the  river  till  the  water  is  at  this  leveL     Now  let  the  valve  be 
opened ;  water  will  flow  from  one  press  tp  the  other,  for  m 
is  heavier  than  n,  and  m  will  fall,  causing  n  to  rise.     Sup|)08e 
the  lifts  were  very  high  indeed,  it  is  evident  that  this  fkdl- 
ing   will  not  stop  till  m  is  well   below  the   level  of  m  ;  in 
fact,  till  the  lightening  of  the   ram  m,  as  it  displaces  more 
water,  and  the  increased  weight  of  ram  n  as  it  leaves  the  water 
in  its  press — till  these  two  added  together  are  equal  to  the  real 
difference  in  the  loads  of  m  and  k.     In  the  present  case,  the  lift 
is  not  great  enough  for  such  an  effect  to  occur.     But  as  soon  as 
M  enters  the  river  it  gets  very  much  lighter  in  weight.    Indeed, 
as  soon  as  it  sinks  six  inches  into  the  river,  the  weights  of  M 
and  N  are  equal,  so  that  leaving  out  of  account  the  displace- 
ments of  the  rams,  k  cannot  be  raised  any  further  by  the  falling 
of  M.     There  is  exact  balance,  and  no  further  motion,  then, 
when  N  and  M  have  still  more  than  four  feet  six  inches  further 
to  travel.     The  valve  is  now  closed  ;  there  is  no  further  com- 
munication between  the  presses.     The  press  of  K  is  put  in 
communication  with  an  accumulator,  which  lifts  n,  pressing  it 
home  at  its  water-tight  joint  with  the  aqueduct.     The  water  in 
N  is  six  inches  lower  in  level  than  it  ought  to  be,  however. 
Water  is  allowed  to  pass  from  the  aqueduct  through  a  valve 
into  the  space  between  the  two  gates  of  the  trough  and  of  tlie 
aqueduct,  when  the  latter  are  easily  lifted ;  the  former  are  also 
emij  lifted  now,  and  water  passes  freely  into  n,  as  it  is  now 
part  of  the  aqueduct,  and  the  barges  can  be  taken  off  into  the 
caoaL     Meanwhile  we  have  left  M  still  resting  in  great  part 
on  its  ram.       The  water  fi*om  its  press   is   now   allowed  to 
escape,  and  m  sinks  in  the  river,  its  river-gate  is  lifted,  and 
the  barge  is  taken  out. 

Twelve  siphons  in  m  were  put  in  working  order  during  its 
itaBttersion,  and  when  it  is  being  lifted  again  they  empty  it 
doim  to  the  level  of  their  free  ends,  which  are  adjusted  to  leave 
^actly  four  feet  six  inches  of  water  in  m.  Thus  there  is  an 
automatic  adjustment  of  the  water-levels  in  m  and  n,  so  that 
whatever  be  the  weights  of  the  floating  barges  they  contain, 
the  total  weight  is  always  the  same  for  every  operation. 

The  waste  in  an  operation  comprises,  first,  six  inches  de^tVv 
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of  water  in  one  of  the  ti-onghs.  The  falling  of  this  50  feet  is 
1,800,000  foot  pounds.  Secondly,  the  accumulator  raises  H  four 
feet  six  inches,  and  as  the  weight  of  N  is  about  240  tons,  the 
waste  here  is  2,419,200  foot-pounds.  The  total  waste  is,  then, 
about  4,219,200  foot-pounds. 

Now,  suppose  the  same  operation  were  performed  down  a 
flight  of  ordinary  canal  locks,  under  favourable  circumstances, 
they  would  require  that  14|  feet  depth  of  water  of  the  area  of 
one  lock  should  fall  50  feet,  or  there  would  be  an  expenditure 
of  51,500,000  foot-pounds,  or  twelve  times  as  much  as  with  the 
lift.  If,  however,  a  canal  has  a  plentiful  supply  of  water,  Ma 
is  not  of  such  great  importance  as  it  seems.  It  becomes  of 
great  importance  when,  as  in  the  present  case,  there  is  but  a 
small  supplyof  water.  The  advantage  of  such  a  system  as  the 
present  is  rather,  in  my  opinion,  in  the  fact  that  the  operation 
is  finished  in  eight  minutes,  whereas  in  a  similar  ascent  or  de- 
scent, but  by  means  of  a  flight  of  locks,  at  Kuncorn,  the  opera- 
tion of  letting  one  barge  through  requires  one  hour  and  a  half. 

170.  We  are,  however,  more  interested,  just  now,  in  the 
hydraulic  question,  the  saving  of  energy,  the  saving  of  water 
from  the  canal,  and  accumulator  energy,  and  so  we  may  consider 
a  somewhat  similar  canal  lift  which  has  been  constructed  at 
Fontinette,  Belgium,  to  replace  a  flight  of  five  locks,  with  a  total 
fall  of  43  feet.     The  troughs  are  of  double  the  length,  and  are  of 
greater  depth  than  the  last.     Each  ram  is  six  feet  six  inches  iu 
diameter,  and  there  is  the  improvement  that  we  have  what  are 
called  compensating  reservoirs.     Water  flows  from  one  of  them 
to  the  descending  trough,  thus  increasing  the  weight  of  it,  just 
in  proportion  as  its  ram  becomes  immersed  in  its  press ;  and 
water  flows   back   again   from   the   ascending  trough  to  ihe 
reservoir,  just  in  proportion  as  its  ram  comes  out  of  its  press. 
Thus  the  ram  displacement  is  balanced.     But  there  is  a  further 
improvement :    the  descending  trough  does  not  descend  into 
water,  for  this  made  it  get  light  too  soon ;  it  descends  into  a 
dry  chamber,  and  only  becomes  a  portion  of  the  lower  canal 
when   the   gates  are  lifted.     Thus   the  falling  of  one  trough 
can  lift  the  other  all  the  way  to  the  upper  level,  and  the 
accumulator  is  only  needed  to  supply  leakage  from  the  presses. 
A  single  operation  causes  a  loss  of  20  tons  of  water  from  the 
upper  level,  or  less  than   2,000,000   foot-pounds   of  energy 
altogether,  and   yet   the  troughs  have  more  than  twice  the 
capacity  oi  thone  at  Anderton. 
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171.  We  have  noticed  here  one  of  the  methods  adopted  for 
balancing  the  change  doe  to  disphioement  of  rams.  Bat 
many  other  methods  hare  been  adopted  to  suit  special  cases, 
in  which  the  idling  of  an  aocnmalator  ram  causes  the  rise 
of  another  ram.  Thns,  for  example,  we  let  a  ram  rise  verticallj 
above  the  accnmnlator,  passing  water-tight  into  a  tank  of  water. 
Its  increased  apparent  weight  (it  is  always  covered),  as  the 
accumulator  ram  descends,  compensates  for  the  displacement 
effects  of  all  the  other  rams  in  the  arrangement.  Again,  we 
may  have  a  tank  of  water  as  part  of  the  load  of  the  accumu- 
lator, and  its  water-level  is  kept  the  same  as  that  of  a 
neighbouring  fixed  tank,  by  means  of  a  siphon,  so  that  the 
weight  increases  as  the  accumulator  ram  sinks.  By  properly 
shaping  this  tank  we  are  able  to  get  any  variation  of  pressure 
that  is  wanted  during  an  operation,  for  such  purposes  as  cotton- 
pressing,  etc.  It  ia  easy  to  see  that  we  have  here  a  means  of 
balancing  accurately  the  dead  weight  of  any  platform  and  its 
ram,  which  has  to  be  raised  and  lowered,  at  every  point  during 
an  operation,  by  the  use  of  an  ordinary  accumulator. 

172.  Another  very  important  improvement  in  lifts  is  this. 
Suppose  that  a  bridge  has  to  be  lifted  by  rams  at  its  ends. 
Suppose  the  presses  of  these  rams  are  connected  with  an  ac- 
cumulator, they  are  not  likely  to  rise  equally  faist,  and  the 
bridge  would  be  tilted ;  indeed,  one  of  them  may  not  rise  at 
all,  and  the  other  may  be  rising  quickly.     Again,  suppose 
we  have  a  separate  accumulator  for  each  separate  press,  so 
that  there  is  no  water  communication  between    them,    great 
care  has  to   be   taken   at  the  valves   to   make  the   ends   of 
the  bridge  rise  equally  fast.     This  difficulty  is  got  over  hy 
having  two  presses  and  two  rams  on  the  accumulator.     Now, 
let  each  accumulator  press  be  connected  with  each  bridge  press. 
The  frame  carrying  the  accumulator  weight  is  guided  so  that 
it  cannot  tilt ;  each  equal  ram,  therefore,  falls  the  same  amount 
AS  the  other,  and  the  equal  bridge  rams  must  rise  one  as  much 
as  the  other. 

When  a  large  structure  has  to  be  lifted,  the  lifting  presses 
^ch  get  this  synchronous  action  are  so  distributed  in  sup- 
porting the  structure  that  there  is  no  tilting  of  it  possible. 

Fig.  141  shows  an  hydraulic  grid.  The  strong  girder, 
^th  its  projecting  ribs,  rests  on  the  ends  of  a  number  of  mms, 
^hose  presses  are  sunk  in  the  bed  of  the  dock  or  tidal  river. 
The  keel  of  a  vessel  is  brought  directly  over  it,  and  ^ecwT^  \w 
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position  by  the  bilge  blocks,  ajid  side-shoring  frames;  the 
presses  are  worked,  and  the  raros  lift  the  grid  aad  the  vesael 
above  the  level  of  high  water.  Now  a  number  of  atrute,  which 
were  previoualy  held  up  horizontally,  are  liberated,  and  hang 
from  the  grid  alongside  the  rams ;  on  lowering  the  rama,  the 
lower  ends  of  these  struts  fit  into  the  tops  of  the   presses, 


forming  a  support  for  the  grid,  and  the  rants  are  withdrawn 
into  their  presses. 

There  are  only  a  few  guide  columns  needed  for  the  grid  to 
slide  against  as  it  rises  and  falls,  because  the  presses  ahe 
arranged  in  three  equal  groups  on  the  above-mentioned  princi- 
ple, supplemented  by  an  automatic  safety  valve,  which  lets  the 
water  escape  from  a  press  when  its  ram  has  risen  more  than 
the  others.  Hence  the  grid  must,  when  rising  and  falling, 
remain  pei-fectly  level. 
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EXERCISES. 

1.  Hydraulic  jack;  velocity  ratio  of  levur,  30;  nini,  2{  iiuhes 
diameter ;  pimm-plunger,  I  inch  diameter.  If  it  is  ox]K'riineiitally  found 
that,  E  being  enort  on  handle,  w  the  weight  lifted,  there  iH  a  Htnii^ht-line 
law  connecting  e  and  w ;  and  if,  when  w  =  1,606  ITm*.,  k  =  10  11>h.  ;  wh«'n 
w  =  6,805  IhB.,  E  =  60  Ibfl. ;  show  that  w  =  305  +  130  e.  If  whon 
w  =  7,000  lbs.  the  pressure  of  the  water  is  found  by  a  ])n'8Hure-gaii^(;  to 
be  1,932  lbs.  per  square  inch,  what  is  the  loss  by  fnction  at  the  l(«tth<T  r' 
Assuming  the  same  percentage  loss  at  the  two  leathers,  what  is  tlw  law 
connecting  e  and  the  force  p  with  which  the  lever  a(;tK  on  thr  plunpT  'r 

Ant,^  9*1  per  cent ;  p  ^  41  +  17.5  e. 

2.  A  steel  hydraulic  press  13  inches  internal  diain<>t<T  in  3  inches 
thick.  What  is  the  greatest  tensile  strefw  when  there  is  a  fluid  pr»-ssur<^ 
of  22  tons  per  square  inch  P  Ant.,  7*6  tons  per  stpiare  inch. 

If  a  steel  pipe  is  1  inch  in  diameter  inside,  and  the  p^*eatost  tensile  stress 
is  to  be  5  tons  per  square  incb  when  there  is  a  fluid  pressure  of  3  tons  \h}t 
square  inch,  what  is  the  thickness  of  the  metal  ?  Ann.,  ^  inch. 

3.  In  an  accumulator  the  average  pressure  is  to  l)e  700  \\m.  jkt  squan^ 
inch  ;  ram,  12  inches  diameter.  What  is  the  necessary  weight  ?  If  the 
ram  rises  10  feet,  what  energy  is  stored  up  ?  Neglect  change  of  pressure 
due  to  lifting.  If  the  pressure  is  found  to  tiuctuiite  between  720  and 
680  lbs.  per  square  inch  between  slow  lifting  and  slow  falling  of  the 
weight,  what  is  the  force  of  friction  'f  If  the  pressures  are  settled  for  a 
position  half-way  up,  what  is  the  real  fluctuation,  taking  friction  and 
change  of  level  into  account  ? 

An*,,  78,400  lbs.  ;  784,000  ft-lbs. ;  1  ton;  2,484  lbs. 

4.  In  a  three-cylinder  single-acting  prt^ssure  engine  like  that  shown  in 

Fig.  128  each  piston  is  4  inches  diameter  and  3  inch  stroke  ;  the  avenige 

acting  pressure  is  700  lbs.  per  square  inch.     What  is  the  indicated  hors<»- 

power  at  50  revolutions  per  minute,  assuming  an  average  Ixick-pressure 

due  to  friction,  etc.,  of  200  lbs.  per  square  inch  *r     The  coil  of  a  roi>e  on  a 

drum  on  the  crank-shaft  is  18  inches  diameter ;  what  is  the  aventge  ])ull 

in  the  rope  if  the  brake  horse-jwwer  is  0*7  of  the  indicated  'r    If  the  pull 

is  to  be  only  300  lbs.,  what  ought  the  stroke  to  be  altered  to  ? 

A-ns.,  7-14  ;  700  lbs.  1*3  inch. 

5.  The  area  of  the  piston  of  a  hydraulic  cnmc  is  90  stjuare  inches  on 
one  side  and  40  on  the  other  ;  it  pushes  a  three-sheave  i)ulley-block.  If 
the  water-pressure  is  700  lbs.  per  square  inch,  what  weights  can  be  lifted 
—(1)  when  pressure- water  is  admitted  on  one  side  only,  (2)  when  ad- 
uiitted  on  both  sides.  Take  the  efficiency  of  the  hydraulic  parts  as  0-9, 
and  of  the  pulley  and  crane  parts  as  0*4.  If  the  full  loads  in  the  two 
^onds  of  working  are  being  lifted,  what  work  is  done  per  cubic  foot  per 
pound,  and  per  gallon  of  water  ? 

Aru,,  1,680  lbs. ;  3,780  lbs. ;  36,290  ft.-lbs. ;  6,826  ft.-lbs. 

6.  A  hydraulic  punch  has  a  ram  8  inches  diameter ;  |-inch  holes  are 
l>^g  punched,  eacn  requiring  a  force  of  70,000  lbs.  What  is  the  water- 
PWBBure  ?  Tins  water  comes  from  a  steam  intensifier ;  the  area  on  which 
the  steam  acts  is  300  square  inches ;  the  area  of  the  ram  is  30  square 
belies.    What  is  the  pressure  difference  of  the  steam,  neglecting  friction  ? 

An8,y  1,393  lbs.  per  square  inch ;  139*3  lbs.  per  square  inch. 

7.  In  a  pipe  from  which  a  press  is  supplied,  the  pressure  is  in  one  case 
*00  lbs.  per  square  inch  and  in  another  it  is  100  lbs.  per  squaxe  mch  \  thft 
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end  of  the  ram  of  a  hoist  is  70  feet  below  the  level  of  the  pipe,  and 
gradually  rises  to  be  10  feet  above  the  pipe.  What  is  the  change  of 
pressure  j'  If  the  rams  are  3  and  6  inches  in  diameter  respectively,  what 
are  the  lifting  forces  at  the  bottom  and  top  ?  What  are  the  fractional 
changes  in  the  two  cases  P  If  chains  go  from  the  cages  vertically  over  a 
pulley  to  a  counter- weight,  what  ought  to  be  the  weight  of  the  two  chains 
per  foot  of  their  length  ? 

An8.,  34-8  lbs.  per  square  inch ;  3,043  lbs. ;  2,797  lbs. ;  3,687  lbs. ; 
2,703  lbs. ;  8  per  cent.,  28  per  cent.,  3-OG  lbs.,  12-23  lbs. 

8.  Show  that  if  a  tamk  has  water  in  it  to  the  same  level,  whether  there 
are  floating  objects  in  it  or  not,  its  total  weight  is  the  same.  If  the  weights 
of  two  tanks  (with  rams)  are  160  and  144  tons,  and  they  rest  on  rams  a 
and  B,  each  3  feet  diameter,  what  are  the  pressures  at  the  bottoms  of  the 
rams  ?  If  the  presses  communicate  with  one  another,  what  is  the  difference 
of  levels  of  the  bottoms  of  the  rams  when  there  is  balance  ?  Disconnect 
the  presses ;  connect  the  press  b  with  an  accumulator  whose  lum  is  21 
inches  diameter,  its  end  being  now  30  feet  below  the  end  of  b.  What  is 
the  load  needed  for  the  accumulator  if  b  is  to  be  lifted  another  5  feet  ? 

9.  The  areas  of  vertical  cross-sections  of  the  inmiersed  part  of  a  ship  at 
intervals  of  10  feet  are  a  square  feet,  given  in  the  following  table.  Find 
approximately  the  weight  Wj  of  water  displaced  between  every  two  neigh- 
bour sections.  The  weight  of  the  portions  of  the  ship  bounded  by  the  same 
sections  are  W2  ;  what  are  the  resultant  loads  Wg  —  Wi  acting  downward  on 
the  ship  between  every  two  sections  ?   Draw  a  curve  showing  these  values. 


A 

0 

9,800 
23,000 

30 

33,000 
37,000 

75 

55,000 
47,0«)0 

100 

■      ■ 

62.000 
54,000 

100 

62.000 
57,000 

100 

96 

90 

78 

40 

12,0««) 
30000 

Wi 

61,700 
56,000 

59,000 
53,00C 

52,000 
47,000 

'  37,000 
39,000 

10.  Fifty  rams,  each  of  14  inches  diameter,  begin  to  lift  a  gridiron 
from  the  bottom  of  a  harbour,  and  so  lift  a  ship  which  was  floating 
directly  above.  The  plane  areas  in  square  feet  bounded  by  the  water-line 
of  the  vessel,  after  the  following  nimibers  of  feet  of  lift,  are  shown  as  the 


Lift  in  feet.' 

0 

1 

3 

6 

9 

12 

15 

18 

21 

24 

600 
848 

27 

200 

858 

30 

A 

P 

4,050 
260 

4,090 
283 

4.120 
350 

4.100 
450 

3,970 
547 

3,400 
637 

3,000 
717 

2,200 
780 

1,400 
824 

0 

800 

numbers  a.  If  the  total  apparent  weight  of  the  gridiron  is  taken  to  be 
constant  at  860  tons,  find  the  pressure  in  the  presses  for  every  position, 
and  comi)aro  with  the  answers  given  in  the  table. 

173.  Force  due  to  Pressure  of  Fluids. 

Exercise  1. — Prove  that  if  ^,  the  pressure  of  a  fluid,  is  constant, 
the  resultant  of  all  the  pressure  forces  on  the  plane  area  a  is  a^, 
and  acts  through  the  centre  of  the  area. 

2.  The  pressure  in  a  liquid  at  the  depth  h  being  why  where  w 
is  the  weight  of  unit  volume,  what  is  the  total  force  due  to  pressure 
on  any  immersed  plane  area  ?  Let  d  e  (Fig.  142)  be  the  surface  from 
which  the  depth  h  is  measured,  and  where  the  pressure  is  0.     Let  b  c 
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be  an  cdgfc  view  of  the  area  ;  imagine  its  ]ilam>  iinNluct-fl  to  cut  the 
level  Huiiace  of  the  liquid  c  in  i>.  Tict  tho  angle  k  d  c  Ih'  calktl  a  : 
let  the  distance  d  p  be  called  x,  and  let  d  q  be  call«*d  x  -^  tr:  and 
let  the  breadth  of  the  area  at  right  angles  to  the  pap<Y  at  p  lie 
called  z.  On  the  strip  of  area  z .  ix  there  vs  the  pressure  wh  if  A  is 
p  H,  the  depth  of  p,  and  A  =  j;  sin.  a  ;  so  that  the  jiressurc  fun-e  on 
the  strip  is  wx .  sin.  a .  c .  Sj*,  and  the  whole  fortv  is 

^c 
T  =  u?  sin.  a  I        x  .  z  ,dx  .  .  .  ,  (1). 


JT>C 
D  n 


Also,  if  this  resultant  acts  at  a  ]X>int  in  the  area  at  a  distance  x 
from  D,  taking  moments  about  d, 

F  X  =  IT  sin.  a  I        x- .  z  ,  dx  ,  .  .  .  (2). 


(  DC 
A  X'.Z, 

J  DB 


("•dc 
X ,  z  .dx  =^  AX,  if  A  is  the  whole  area 
,    D  B 
and  X  is  the  distance  of  its  centre  of  gra^nty  from  n.     Hence  the 
ayerage  pressure  oyer  the  area  is  the  pressure  at  the  centre  of 
grayity  of  the  area.       <^^  ^ 

Obser^-e  in  (2)  that  I        x- .  z  .  dr  -^  i,  the  moment  of  ineitiii  of 

J  l>  H 

the  area  about  d.     Letting  i  ^  it*  a,  where  k  in  ealltnl  th«'  nulius 
of  gyration  of  the  area  aliout  n,  we  see  that 

F  =  IT  sin.  o  .  a  «,  F  X  =  <r  sin.  a  .  a  k^. 

Hence  x  =  k'-fx.  .  .  .  (3),  the  distance  from  D  at  which   the 
resultant  force  acts. 

Example. — If  i)  b  =  0  and  the  area  is  rectangiiLir,  of  <-unHtant 
breadth  b,  then 


I 


pDC  ^ 

==  i  I        x^ .  dx  =  -li  c*, 

Jo  ^ 


H 


E 


r 


and  A  =  ft.Dc;    so    that 

A:^  =  J  D  c'*,  also  a;  =  J  D  c. 

Hence  x  =  f  dc;  that  is, 

the  resultant  force  acts  at  }  of  the  way  down  the 

rectangle  from  d  to  c,  and  the  average  pressure 

is  the  pressure  at  a  point  halfway  down. 

It  is  an  easily-remembered  relation  that  w(» 
find  in  (3).  For  if  we  have  a  <*ompound  pendu-  ^'>K•  ^^-■ 
lum  whose  radius  of  gyration  is  A*,  and  if  ^  Ih 
the  distance  from  the  point  of  support  to  its  centre  of  gravity, 
and  if  X  is  the  distance  to  its  point  of  percussion,  we  have  the  very 
same  equation  (3).  Again,  if  x  is  the  length  of  the  simple  pen- 
dulum, which  oscillate  in  exactly  the  same  time  as  the  com- 
pound one,  we  have  again  this  same  relation  (3).  These  are 
merely  mathematical  helps  to  the  memory,  for  the  three  physical 
phenomena  have  no  other  relation  to  one  another  than  a  mathe- 
matical one. 
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EXERCISES. 

1 .  Find  the  whole  pressure  of  water  upon  a  vertical  dam  10  feet  deep, 
30  feet  wide.  What  would  be  the  pressure  of  water.'of  the  same  depth 
against  a  dam  inclined  at  45*"  P  Atu.y  93,760  and  132,200  lbs. 

2.  A  water- tank  is  13  feet  square  and  4  feet  6  inches  deep.  Find  the 
pressure  upon  one  of  the  sides  when  the  tank  is  full.  Am.,  8,226*56  lbs. 

3".  In  the  vertical  plane  side  of  a  tank  which  holds  water  there  is  a 
rectangular  plate  whose  depth  is  1  foot  and  breadth  2  feet,  the  upper  edge 
being  horizontal,  and  8  foot  below  the  surface  of  the  water.  Find  the 
pressure  on  the  plate.  Ans.y  1,062*5  lbs. 

4.  A  rectangular  tank,  5  feet  square,  is  filled  with  water  to  a  height  of 
7f  feet.  A  rectangular  block  of  wood  weighing  312*5  lbs.,  and  having  a 
cross-section  of  5  square  feet,  is  placed  in  the  tank,  where  it  floats  in  the 
water  with  this  section  horizontal.  How  much  does  the  water  rise  in  the 
tank,  and  what  is  the  increase  in  pressure  on  a  vertical  side  of  the  tank  ? 

Am.,  2f  inches,  489  lbs. 

5.  A  sluice-gate  is  6  feet  broad  and  8  feet  deep,  and  the  water  rises  3 
feet  on  one  side  above  the  lower  edge,  and  7  feet  on  the  other  side.  Find 
the  resultant  pressure  and  centre  of  pressure  for  each  side  of  the  gate. 
What  is  the  resultant  of  these  and  its  position  7 

Am.,  1,682  lbs.,  9,158  lbs. ;  2  ft.  and  4|  ft.  below  surface;  7,476  lbs., 
4- 36  ft.  from  surface. 

6.  A  vertical  wall,  10  feet  high  and  2  feet  thick,  weighing  153  lbs.  per 
cubic  foot,  has  to  suppoit  the  pressure  of  water  (weighing  623  lbs.  per 
cubic  foot).  How  high  may  the  water  rise  against  one  side  of  the  wall 
without  causing  the  resultant  force  at  the  base  to  pass  outside  the  outer 
edge?  Ans.,  5*65  feet. 

7.  A  rectangular  opening  a  b  c  d  is  made  in  the  outer  vertical  face  of  a 
reservoir  embankment  and  closed  by  a  door,  hinged  along  the  lower 
horizontal  edge  A  b.  Find  the  pressure  to  be  applied  at  the  upper  edge 
CD  of  the  door,  in  order  to  ehut  against  the  pressure  of  the  water. 
Breadth  of  door,  3  feet;  depth,  4  feet;  depth  of  upper  edge  below  sur&ice, 
8  feet.  Am.,  3,489  lbs. 

8.  In  a  hydraulic  jack  the  ram  is  5  inches,  and  the  pump  plunger  | 
inch  diameter ;  the  leverage  for  working  pump,  10  to  1 ;  what  is  the 
velocity  ratio  ?  Experimentally  we  find  that  a  force  of  20  lbs.  lifts  8,200 
lbs. ;  what  is  the  efficiency  ?  Ans.,  444) ;  92^  per  cent. 

9.  Water  at  750  lbs.  per  square  inch  acts  on  a  piston  8  inches 
diameter ;  the  velocity  is  multiplied  by  8  by  a  four-sheaved  pulley  block ; 
what  weight  may  be  lifted  by  the  chain  if  the  efficiency  of  the  mechanism 
is  55  per  cent.  ?    In  a  lift  of  40  feet,  how  many  gallons  of  water  are  used  ? 

Am.,  2,592  lbs. ;  87. 

174.  Whirling  Fluids.— If  fluid 
rotates  like  a  rigid  body  about  the 
vertical  axis  o  o  (which  is  in  the 
plane  of  the  paper)  with  the  angu- 
lar velocity  a  radians  per  second,  at 
a  point  p  let  there  be  a  particle  of 
weight  w  lbs. ;    let  o  p  =  a?  feet. 


U) 


Fig. 


The  centrifugal  force  is  —  a'a?  in  the 
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the  tangent  of  the  angle  i 


ciUed  llnet  of  force.  Let  the  point  (■  be  y  feet  above  some  datviiii 
level,  and  lot  ua  find  the  equation  to  the  line  of  force  whicli  pasHCd 
thwiighp.     ThealopBof  the  ciu've  rfy/rfx  is -Ian.  dtf,  (Fig.  143}, 

'^  %^  -  3i''     ««   ll^t  i'=  -  UoK-X  +  e....il),   where 


If  there  k 
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it«  slope  is  positive,  being  tan.  v  p  d,  or  -^^  =  —  a: ;    so  that  the 

if 

equation  to  the  curve  is  y  =^  -^    x^  -\-  c,  where  <?  is  a  constant, 

depending  upon  the  datum  level  from  which  y  is  measured.  This 
is  a  parabola,  and  if  it  revolves  about  the  axis  oo  we  have  a 
paraboloid  of  revolution.  Any  sm-face  which  is  everywhere  at 
right  angles  to  the  force  at  every  jjoint  is  called  a  level  surface,  and 
we  see  that  the  level  surfaces  in  this  case  are  imraboloids  of  revolu- 
tion. These  level  surfaces  are  sometimes  called  equi-potential 
surfaces.  It  is  easy  to  prove  that  the  pressure  is  constant  every- 
where in  such  a  surface,  and  that  it  is  a  surface  of  equal  density ; 
so  that  if  mercury,  water,  oils,  and  air  are  in  a  whirling  vessel,  their 
surfaces  of  separation  are  paraboloids  of  revolntion. 

The  student  ought  to  draw  one  of  the  lines  of  force  and  cut  out 
a  template  of  it  in  thin  zinc,  o  o  being  another  edge.  By  sliding 
along  o  o  he  can  draw  many  lines  of  force.  Now  let  him  cut  out 
a  template  for  one  of  the  parabolas,  and  with  it  draw  many  level 
surfaces.  The  two  sets  of  curves  cut  each  other  everywhere 
orthogonally.  Fig.  144  shows  the  sort  of  result  obtainable  where 
aaj  bbf  cc  are  the  logarithmic  lines  of  force,  and  a  ▲,  b  b,  c  c  are 
the  level  paraboloidal  surfaces. 

175.  The  engineer  seldom  deals  with  other  volumetric  forces 
than  those  due  to  gra^'ity  and  centrifugal  force.    By  dealing  in  this 

way  with  centrifugal  force  he  is  able  to 
treat  a  rotational  problem  as  a  statical  pro- 
blem Whatever  be  the  system  of  volumetric 
forces,  we  are  supposed  to  know  the  lines 
of  force  in  the  fluid  and  a  series  of  level 
or  equi-potential  surfaces  cutting  these 
lines  at  right  angles.  In  Fig.  145,  if  a  b  c 
and  a'  a'  &  be  lines  of  force,  and  b  b  and 
c  c  be  two  level  surfaces  ;  if  f  is  the  force 
on '  the  fluid  at  o  per  unit  volimie  and 
B  0  =  5« ;  if  the  pressure  at  b  b'  ia  p  and 
at  c  c'  it  is  J?  +  Spj  consider  the  equilibrium 
of  the  prism  whose  end  of  small  area  a  is 
at  B  b'  and  other  end  of  equal  area  is  at  c  c'  (we  take  the  ends  of 
equal  area  because  we  afterwards  assume  a  and  Us  to  be  smaller 
and  smaller  without  limit).  EWdently,  as  the  volume  is  a .  8»,  the 
volumetric  force  is  f  .  a .  8«,  and  we  have 

pa  ■\'  ¥a  .98  =  {p  ■\'  9p)  a  .  ,  .  ,  (1). 
Hence        f  .  5«  =  9p,     or    p  ==  dp/ds  ....  (2). 

Example  1. — If  gravity  alone  acts  and  8»  is  called  8 A,  so  that  h 
is  measured  vertically  downwards  from  a  towards  c,  and  we  take 
F  =  t<?,  the  weight  of  a  cubic  foot  of  fluid,  to  be  constant,  being 


Fig.  146. 


62*3   lbs.   per    cubic  foot  for  water,   then 


dp 

dh 


=  w 


(3),   or 


p  =  wh  -f  •  where  r  is.  a  constant.     If  we  measure  h  from  a  level 
where  we  take  the  presswxe  to  \>e  p^,  tVieiv  c  =  p^  and  p  ^  p^  =  wh. 
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Example  2. — Take  tr  to  1k>  varial»U»,  sjiy  //•       ep^  a  rulr  that  hohis 

for  gases  at  constant  temperature,  then  (3)  liei-omi-.-*  f.  =  ep,  or   -    --^ 

e .  dhfOT  log.  p  ^=  eh  -{-  c  where  c  i«  a  conBtant. 

Let  p=Po  where  A  =  o,  then  c  =  log.  p^^  and  wo  have  loj?. 
p/Po  =  ch  .  .  .  .  (4).  The  actual  value  of  e  depends  u^Km  the 
constant  temperature  supposed  to  be  maintained. 

Example  3. — Take  w  to  ho  \-ariable,  nay  w  =  ep^i'"  where 
y  =  1*414  for  air,  being  the  ratio  of  the  spei-ific  heati*.  Thin  is 
the  law  which  is  much  more  likely  to  hold  in  a  maw  of  pin  than 
the  constant  temperature  law. 

Then  ^  =  ep^f,  oTp-^t  .  dp  =  e  .  dh,  or  p^  -  ^if/{l  -  1/7)  = 

eh  +  c.  It  is  easy  to  show  that  this  leads  to  the  result  that  the 
temperature  increases  in  proportion  to  the  increase  of  depth  in  the 
atmosphere. 

Example  4. — In    our    whirling    fluid  it   is    easy,   since   p  = 

w  a/  1  +  o*aj*/^*  and  ~        ^  1  +  ff^/a^x^  to  find  from  (2 .  the  law 

uX 

of  y,  if  one  knows  how  to  integrate.  Take  the  Himph-r  cas*',  in 
which  a?  is  so  great  that  the  lines  of  force  may  be  regarded  as 
horizontal,  and  the  level  surfaces  vertical  circular  cylinders.  Then 
letting  Bs  be  called  8a;,  x  being  the  radius  of  the  path  in  which  a 
particle  revolves, 

•    p  =  -€^x.  and  -o'a?  .  dx       dp. 

9        9 

too,         m.  *  • 

(1)  If  w  is  constant,  ^   sc-  =  p  -\-  c  where  c  is  some  constant. 

fffgfl 
Let  p     Pq  where  x  =  Xq,  and  we  have  j;  —  Po'^  o"  i^  ~  '0*)  •  •  •  • 

{2)Jiiv      ^,then   ^-  =  -Ji;     ' '^i'^  or   2^  =  ,"  (i  _,)  +  ^' 

or  -5^ 2^ pi  -  »  -jV     '• 

If  we  take  »  =— where  y  =  1*414  for  air,  and  the  easily  foimd 

y 

value  of  c  for  any  given  conditions,  we  can  find  the  increase  of 
pressure  due  to  centrifugal  force  in  a  mass  of  whirling  gas,  as  in 
the  wheel  of  a  fan  when  it  is  not  delivering  much  fluid. 
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CHAPTER   X. 

MACHINERY    IN    GENERAL. 

176.  Mechanism. — When  the  power  of  a  steam-engine  is  dis- 
tributed through  a  factory,  the  distribution  is  performed  by 
means  of  shafts,  spur  and  bevil  wheels,  belts  and  pulleys,  and 
other  kinds  of  gearing.  As  we  are  writing  for  men  who  have 
observed  such  transmission  of  energy,  it  is  no  part  of  our  object 
to  describe  here  what  can  be  seen  in  any  workshop.  Perhaps 
no  study  is  more  useless  from  books  alone  than  the  study  of 
mechanism ;  whereas  it  is  very  useful  and  easy  if  we  examine  the 
actual  thing,  or  make  a  skeleton  model  or  a  Skeleton  drawing. 

At  the  same  time  it  is  necessary  to  read  books,  l^e 
present  book  deals  with  the  kinetics  of  mechanism ;  but  there  is 
another  part,  a  preliminary  part,  and  students  must  read  some 
book  giving  descriptions  of  contrivances  and  the  mere  kine- 
matics of  the  subject.  We  give  a  short  sketch  of  certain 
important  principles  here,  and  in  Chap.  XXVI.,  because  they 
are  necessary  for  the  proper  understanding  of  our  own  division 
of  the  subject. 

177.  Velocity  Ratio. — In  any  machinery  the  velocity  of  a 
point  may  be  calculated  when  the  velocity  of  any  other  point 
is  known.  The  number  of  revolutions  per  minute  made  by  a 
shaft  tells  us  the  velocity  of  any  point  on  any  wheel  or  pulley 
fixed  on  the  shaft ;  the  circumference  of  the  circle  described  by 
such  a  point,  multiplied  by  the  number  of  revolutions  per 
minute,  is  evidently  the  distance  moved  through  by  the  point 
in  one  minute.  Now,  when  one  shaft  drives  another  by  means 
of  spur  or  bevil  wheels,  or  by  two  pulleys  and  a  strap,  it  is 
evident  that  the  number  of  revolutions  per  mmute  made  by  one 
of  the  shafts,  multiplied  by  the  number  of  teeth  of  the  wheel, 
or  by  the  circumference  or  diameter  of  the  wheel  or  pulley,  is 
equal  to  the  number  of  revolutions  per  minute  made  by  the  , 
other  shaft,  multiplied  by  the  number  of  teeth,  or  by  the  cir- 
cumference or  diameter  of  the  other  wheel  or  pulley.  This  is 
evidently  true,  supposing  that  the  strap  does  not  slip  on  the 
pulley.  Hence  the  rule — to  find  the  speed  of  a  shaft,  driven 
from  another  by  means  of  any  number  of  wheels  and  pulleys, 

multiply  the  speed  of  the  drimug  %haft  by  the  prod/act  of  the 
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diameters  or  numbers  of  teeth  in  all  the  driving  wheeh  or 
pulleys,  and  divide  by  tJte  product  of  the  diameters  or  numbers 
of  teeth  in  all  the  driven  wheels  or  pulleys.  By  the  diameter  of 
a  spur  wheel  we  mean  the  diameter  of  its  pitch  circle.  Two 
spar  wheels  enter  some  distance  into  one  another,  and  tlie 
circle  on  one  which  touches  the  circle  on  the  other  (the  dia- 
meters of  these  circles  being  proportional  to  the  numbers  of 
teeth  on  the  wheels),  is  called  the  pitch  circle.  The  circum- 
ference of  the  pitch  circle,  divided  by  the  numl)er  of  teetlj, 
gives  the  pitch  of  the  teeth. 

178.  Shapes  of  Wheel  Teeth. — We  know  that  if  two  spur 

wheels  gear  together,  however  badly  their  teeth  are  formed,  so 

long  as  a  tooth  in  one  drives  past  the  line  of  centres  of  a  t/ooth 

in  the  other,  their  average  speeds  follow  the  above  rule.     But 

if  we  want  the  speed  ratio  at  any  instant  to  l)e  the  same  as  at 

any  other  instant,  it  is  necessary  to  form  the  teeth  in  a  certain 

way.     The  curved  sides  of  teeth  ouglU  to  be  cycloidal  cin'ves. 

The  proof  of  this  is  not  very  difficult ;  it  is  given  in  Art.  462. 

It  is  not  usual  to  employ  these  cycloidal  curves,  for  it  is  found 

that  certain  arcs  of   circles  approximate  very  closely  to  the 

proper  curves.     The  method  of  drawing  rapidly  the  curved 

tooth  of  a  wheel  you  will  find  taught  by  every  teacher  of 

mechanical  drawing,  you  will  find  described  in  a  great  nunil)er 

of  books,  and  you  will  see  it  in  use  in  the  workshop.*     You 

must  remember  that  no  study  of  books,  and  I  may  also  say,  no 

fitter's  or  turner's  work  that  you  may  engage  in,  will  make  up 

for  want  of  the  experience  which  you  would  gain  by  actually 

drawing  to  scale  a  spur  or  bevil  wheel,  a  bracket  or  pedestal 

with  brasses,  and  a  few  other  contrivances  used  in  machinery. 

A  worm  and  worm-wheel,  that  is,  a  screw,  every  revolution 

of  which  causes  one  tooth  of  a  wheel  to  be  driven  forward,  is 

sometimes  used  when  we  wish  to  drive  a  shaft  with  a  very  slow 

speed.     If  the  worm-wheel  has  30  teeth,  it  evidently  makes 

one- thirtieth  of  the  number  of  revolutions  of  the  driving  shaft. 

179.  Skeleton,  Drawings. — When  we  consider  the  relative 
motions  of,  say,  a  piston  and  the  crank  which  it  drives,  wa 
come  to  something  which  it  is  not  so  easy  to  state  without  some 
little  knowledge  of  mathematics.  It  is  the  same  with  all  sorts 
of  combinations  of  link  work,  and  with  cams.  Even  a  good 
knowledge  of  mathematics  is  only  sufficient  to  give  one  a  rough 
general  idea  of  the  relative  motion  in  such  cases ;  and  for  the 

*  Considt  ProfesBor  Unwin's  "  Machine  Design  "  on  t     teeth  ot  wUeeU. 
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study  of  any  special  case  tbere  is  nothing  so  good  as  a  skeleton 
drawing  or  a  model.  I  give  one  example  of  the  use  of  skeleton 
drawings— a  crank  and  connecting- 
rod.  LetAandB(Fig.  146)betheendB 
of  a  connecting-rod.  As  A  moves 
from  a,  to  c  and  baek  again,  b  de- 
scribes the  complete  circle,  b^  d  by 
Set  off  equal  distancea,  &,  b^h^B,R  hf, 
etc.,  and  make  h^  a,,  b^  a^,  etc.,  equal 
to  the  length  of  the  connecting-rod. 
Then  the  points  a^  a^,  etc.,  and  b■^  b^, 
etc.,  show  in  a  very  good  way  the 
relative  motions  of  A  and  B.  When 
you  have  finished  this  exercise,  work 
others  in  which,  with  the  same  length 
of  crank,  you  have  longer  or  shorter 
counecting-rods.  You  will  get  some 
such  results  as  are  shown  in  the  upper 
jiart  of  the  figure.  In  every  case,  il 
we  imagine  tlie  crank  to  revolve  uni- 
formly, the  motion  of  A,  the  end  of 
the  connecting-rod,  is  ahovm ;  the 
distance  from  any  one  point  to  the  next 
is  passed  over  by  a  in  the  same  in- 
terval of  time.  Simple  Harmonie 
Uotion  (see  Chap.  XXV.)  is  the  name 
given  to  the  motion  of  the  piston- 
rod,  when  we  imagine  the  connecting- 
rod  to  be  iulinitely  long  ;  or  rather,  as 
we  make  the  connecting-rod  longer  and 
longer,  we  get  more  and  more  nearly 
to  this  sort  of  motion.  You  see,  then, 
that  by  skeleton  drawings  I  mean 
drawings  which  show  successive  poai- 
tiuns  of  the  different  paits  of  a 
mechanism  whose  motions  we  want  to 
study.  You  will  find  that  an  ecoen- 
tric  and  its  rod  may  be  regarded  as 
a  crank  (the  length  of  a  crank  is  the 
xis  about  which  the  eccentric  is  revolv- 
ing and  its  true  centre),  and  a  very  long  connecting-rod  (the 
length  of  the  connecting-rod  being  the  length  of  the  eceentric 


distance  between  the  a 
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rod  measured  to  the  true  centre  of  the  disc).     The  advantage 
derfyable  from  skeleton  drawings  will  be  more  obvious  if  you 
consider,  in  the  above  case  of  a  crank  and  a  connecting-rod, 
that  A  need  not  be  the  cross-head  at  the  end  of  the  piston- 
rod  j  it  may  be  the  end  of  a  lever,  and  so  move  in  the  arc  of 
a  circle ;    it  may  l)e  a  slide  moving  in  a  slot  of  any  curved 
form.     One  of  the  most  instructive  cases  of  skeleton  drawing 
is  a  link-motion.     Taking  any  good  drawing  of  a  link-motion 
to  start  with,  find  the  relative  motions  of  piston  and  of  slide 
valve  for  various  positions  of  the  link.     In  the  study  of  the 
motion  of  a  slide  valve  it  is  much  too  usual  to  assume  that  the 
piston's  motion  is  what  is  shown  in  Fig.  146  as  simple  harmonic 
motion.     The  reason  of  this  lies  in  the  ease  with  which  it  can 
be  stated  in  mathematical  language ;  but  it  is  incorrect. 

180.  In  this  early  part  of  our  work  we  wish  to  conline  our 
attention  to  energy  and  power  calculation  in  the  simplest  mech- 
anisms ;  the  transmission  of  power  by  rotating  shafts  :  and  the 
kinematic  principles  involved  are  very  simple.  In  Chap.  XXVI, 
we  have  something  more  to  say  about  mechanism  in  general. 

EXERCISES. 

1.  Two  parallel  shafts,  whose  axes  are  to  he  as  nearly  as  possible  2  ftft 
6  inches  apart,  are  to  be  connected  by  a  pair  of  spur  wheels,  so  that  while 
the  driver  runs  at  100  revolutions  per  minute,  the  follower  is  required  to 
run  at  25"  revolutions  per  minute.  Find  the  diameters  of  the  wheels  and 
also  the  number  of  teeth  on  each,  if  the  pitch  is  1 J  inches. 

uifis,,  48  inches,  12  inches ;  120  teeth,  30  teeth. 

2.  A  main  shaft  carrying  a  pulley  of  15  inches  diameter  and  rimning 
at  60  revolutions  per  minute  conununicates  motion  by  a  belt  to  a  i)ulU'y 
of  12  inches  diameter,  fixed  to  a  countershaft.  A  second  pulley  on  the 
ooimtershaft  of  8J  inches  diameter  carries  on  the  motion  to  a  re\'oI\in^ 
Bpindle  which  is  keyed  to  a  pulley  of  4J  inches  diameter.  Find  the 
number  of  revolutions  per  minute  made  by  the  last  pulley.      Au«.,  150. 

3.  On  the  crank-shaft  of  an  engine  there  is  a  pulley  2  feet  6  inches  in 
diameter.  By  means  of  a  belt  this  drives  a  pulley  25  inches  in  diameter  on 
a  Second  shaft,  on  which  is  another  pulley,  24  inches  in  diameter,  which 
drives  another  pulley,  15  inches  in  diameter,  fixed  on  a  thii*d  shaft.  On 
this  shaft  is  a  pulley  25  inches  in  diameter,  which  driNes  one  of  10  inches 
diameter  on  a  fourth  shaft.  On  this  shaft  is  another  pulley,  20  inches  in 
diameter,  which  drives  a  pulley  8  inches  in  diameter  fixed  on  a  dynann» 
shaft.  If  the  engine  runs  at  100  revolutions  a  minute,  what  will  be  the 
speed  of  the  dynamo  J.  Ans.j  1,200  revs,  per  minute. 

4.  In  a  screw-jack  where  a  worm-wheel  is  used,  the  pitch  of  the  screw 
is  1-inch,  the  number  of  teeth  is  20,  and  the  length  of  the  le^er  which 
works  the  worm  is  12  inches.     What  is  the  velocity  i-atio  ?    Ans. ,  2ilS'l. 

5.  A  wheel  of  40  teeth  is  turned  by  a  winch  handle  14  inches  long, 
and  gears  with  a  rack  having  teeth  of  1  inch  pitch.    It  the  aititi  of  the 
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wheel  ia  fixed,  vhut  ia  the  travel  of  the  raiJt  for  two  turns  of  the  haniUe  f 
Am.,  SOiachG!>. 

6.  The  hihle  of  a.  driUing-machuio  is  raised  by  a  worm-wheel  in  com- 
biimtioQ  with  a  rack  and  piniua.  The  handle  which  works  the  worm  is 
12  inches  long,  the  worm  wheel  haa  30  teeth,  and  the  pitch  circle  of  the 
rack  pinion  is  4  inches  in  diameter.  What  is  the  lift  of  the  tahte  for  one 
turn  of  the  handle?  If  the  table  and  accessories  weigh  500  lbs.,  what 
weight  on  the  table  would  be  balanced  by  a  force  of  1 2  lbs.  applied  at  the 
handle,  if  43  per  cent,  of  the  force  applied  be  tost?    jln<.,  0-42  inch  688  lbs. 

T.  II  the  two  wheels  in  the  back-gear  of  a  lathe  have  63  toeth  each, 
and  the  pinions  23  teeth,  what  is  the  reduction  in  the  Telocity  ratio  of  the 
lathe  spindle  due  to  the  back-gear  ?  Ant.,  635  ;  1. 

8.  The  slide-rest  of  a  screw-cutting  luthe  moves  along  the  lied  H 
inches  while  the  leading  screw  makes  56  revolutions.  What  is  the  pitch  ot 
the  screw  thread?  Ant.,  J  inch- 

9.  It  is  desired  to  cut  a  screw  of  |  inch  pitch  in  a  lathe  with  a  leading 
screw  of  4  threads  to  the  inch,  using  four  wheels.  If  both  screwa  be 
right-handed,  what  wheels  would  vou  employ  ? 

10.  It  is  required  to  cut  a  left-handed  screw  of  5  threads  t«  the  incb  in 
a  lathe  Qtted  with  a  ri^t-handed  guide-screw  of  J  inch  pitch.  Show 
how  the  change  wheels  might  be  arranged,  and  state  the  numbers  of 
teeth  on  them. 

181.  How  a  Shaft  transmits  Power. — I  have  refused  to 
describe  for  jou  what  you  may  aee  for  youraelvea  at  any 
time  in  woikshopa — how  spur  and  bevil  wheels  and  belts 
transmit  power ;  how  there  are  arrangements  for  disengaging 
such  gearing,  and  stepped  cones  for  giving  change  of  speed 
when  belts  are  used ;  how  shafts  are  carried  near  walls 
or  columns ;  how  machine  tools  work,  and  a  htindred  other 
matters  about  which  a  little  obser- 
^^^B^  vation  and  drawing   are  of   more  im- 

Jj^HIS  portance  than  a  large  amount  of  read- 

^^^^^^^^^^^^mi      ^S-     ^^^  there  are  some  matters  con- 
^^^^^^R^^^H     nected    with    machinery     of     great 
^^^^^^H^^^^^^     interest  to   you  which   you  are   not 
^^^KK  likely  to  observe  unless  I  direct  yonr 

^^tB^  attention   to  them.      When   a   shaft 

Fig.  147.  transmits   power  it  is  in  a  state  of 

strain ;  it  is  in  a  twisted  condition. 
The  twist  is  not  perceptible  to  the  eye,  of  course,  but  methods 
have  been  arranged  to  show  it  to  the  eye,  and  measure  it ;  and 
it  is  found  that  the  twist  in  a  shaft  w  proportional  to  the  horse- 
power transmitted  by  tlie  shaft  divided  by  the  number  of  revolu- 
tioTts  per  miniite.'  Now  to  explain  what  I  mean  by  a  tjoisl.  het 
a  strt^bt  line  be  drawn  along  the  shaft  when  power  isnot  being 
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tniumitted,  then,  if  power  be   tnnsmiueil,    tlie   nhaft    vill 

receive  a  iwUt,  and  this  line  will  bemiae  a  i^irml  line.     The 

indinBtiou,  at  any  point,  of  the  ii(iiral  line  to  iu  old  imtition, 

is  a  measure  of  the  twist.*     When,  inslend  of  Uie  ordiiwni- 

Owpling,  Hg.  147,  in  which  the  two  halvoi  are  «)nu«ted  hv 

meauB  of  bolts,  we  use  one.  Fig.  U)f,i  in  which  the  two  lialv»i 

are  connected  by  meauB  of  spiral 

springs,  these  springs  get  extended 

when   the  shaft  traustnita  power. 

The  yielding  of  the  springs  cannot 

be  observed  unless  we  make  some 

arrangement  like  that  shown,  where 

the   motion  of    a   relatively  to  c 

causes  the  arm  e  to  move  and  bring 

the  bright  bead  b  towards  the  axis. 

If  everything  is  made  dead  black 

except  the  bead  it  will  be  seen  de-   ' 

scribing  a  circle  of  greater  or  smaller 

ladius,  and  a  scale  with  a  sliding 

pointer  enables  us  to  measure  ac- 

euratoty  the  distance  moved  inwards 

by  the  bead.     Tlie  readitig  on  the 

teaU  Tiailtiplied  by  the  nutiiber  of' 

revobUvma  of  the  »}iaft  per  minute 

Idkueat  once  the  hor*e-poioer  actu-  i^^.  h,. 

<^ pawing  Uvrfnigk  t)ie  coupling.l 

At  Finabury,  the  scale  comes  out  from  a  wall,  the  shaft  is 
about  ten  feet  above  the  floor  ;  the  observer  stands  ou  a  ladder 
with  a  gas-jet  behind  bim.  It  is  quite  easy  to  avoid  error  due 
to  parallax,  and  to  read  with  a  vei'y  considerable  amount  of 

*  The  beat  measure  of  the  tinit  is  thii  auele  of  the  apinkl  dirUled  bj  the 
ndJM  of  Ihe  thaft,  and  the  quotient  U  caUed  Hie  aii'jie  o/ticM.  See  Art.  294. 

t  ArrtoQ  and  Perry'a  Ih^iftmometer  Coupling. 

I  The  total  moment  of  the  foroei  of  theajiringB  in  i>ound-fe8t,  or,  tu  it  hui 
°wn  called  b;  Profeuor  Jamee  Tbomaon,  the  torqar,  multiplied  b;  the  angular 
•elontjinradianaperminnte,  divideilbj  33,000,  ia  the  horsc-powBr.  Supj«ae 
[bat  when  one  of  the  lengths  of  shafting  ta  held  faat  we  nndthepoeitionof  the 
bM  when  we  hang  weights  on  levers  or  round  pullef  a  of  wheela  fastened  to 
tiB  other  length  :  a  torque  of  52'5  pound-feet  will  cause  the  be&d  to  move 
'■^iall;  inwards  by  a.  diatonce  which  we  oall  Ul  on  uuc  scale  ;  a  torque  of  lOTi 
P°'>lld-f<^  cauaea  the  bead  to  move  inwardi  a  djatance  which  we  call  '02  on 
°0i  mle,  and  ao  on.  Sueh  a  eonpling  ought  to  be  graduated  b;  actual  experi- 
"ft.  We  generailf  have  done  it  statioallv,  and  it  is  tlien  neoeaaary  to 
•^inate  friotion  by  vibraHon,  tc.  In  actual  practieo,  friction  ia  eliminateil, 
"«iiae  of  the  oonbnoal  vibnition  of  the  parte. 
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accuracy.    It  is  exceedingly  interesting  to  watcli  the  IhmiI  when 
the  loads  ai-o  Biiil<leiily  alt«ved. 

It  is  a  preat  pity  that  there  should  nut  be  at  lea«t  one  uuch 
dynamometei'  uoupling  on  every  length  of  shafting  in  factories. 
We  have  it  from  a  man  who  hax  made  careful  measurements 
that  the  loss  of  power  in  ordinary  shafting  is  very  great  indeed. 
If  the  fact  were  continually  before  our  eyes  great  improve- 
ments would  certainly  be  effected.  This  is  a  function  of 
measurii^  instruments  (keeping  defects  prominently  before  nt) 
which  is  very  important.  Mechanical  engineers  are  largely  in 
the  habit  of  treating  indicated  horse-power  of  an  engine  as  if  it 
were  the  actual  power  given  out  by  the  engine.  Steam-engine 
construction  has  improved  enormously  of  late,  mainly  became 
electricians  have  been  able  to  measure  electrical  power  with 
great  accui-acy,  and  so  the  mechanical  losses  of  power  were 
brought  prominently  into  notice. 

188.  BeltB.— If  the  pulley  a,  Fig.  149,  is  driven  from  b  by 
means  of  a  belt,  you  must  remember  that  there  is  a  pull  in  the 
part  of  the  belt  m,  as  well  as 
in  the  part  n.     These  two 
pulls   are    generally    pretty 
;   great,  as  you  know,  but  if 
I  you  t'Oiild  measure  tiiem  ac- 
curately you  would  find  that 
there  is  more  pull  in  v,  else 
hk-  I*!'-  A  would  not  turn.     It  is  the 

diference  of  lhe»e  pulln  which 
You  may,  perhaps,  tinderstend  this  better  from 
Fig.  150.  The  pull  in  a  M  is  the  weight  of  m,  say,  20  lbs.  The 
pull  in  A  N  is  the  weight  of  N,  say,  50  lbs.  If  N  falls  two  feet, 
M  rises  two  feet,  and  tlie  work  done  upon  the  pulley  and  which 
it  transmits  through  the  shaft  somewhere  else  is  50  x  2,  or  100 
foot-pounds,  minas  30  x  2,  or  40,  the  difference  being  60  foot- 
pounds. In  fact,  it  is  the  difference  of  pull  in  the  two  cords, 
30  lbs.,  multiplied' )iy  the  space  passed  over  by  the  cord,  2  feet ; 
i-esult,  60  foot-pounds. 

T/ie  fwrae-povvr  given  by.  a  belt  to  a  pulley  it,  than,  the 
diference  of  jml/  in  tlir.  belt  on  the  tvm  sides  of  the  pulleg, 
inultiplieil  by  tlie  apeeil  of  the  belt  in  feet  per  tniHute,  divided 
by  33,000. 

This  is  only  a  particular  case  of  the  genei-al  rule.  If  u  ia 
t/ie  sum  of  the  motnenis  of  a  number  of  force*  tending  to  ea/ute 
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rotatioH,  aboiU  the  aj^^  in  fmAm^^-/"*'.  -r*. 
odocity  in  ra€liaiig  f^r  fM»iw<t/<^.  rjwf*   Kk 
pounds  Iter   miuiU^,   to   tJLaf  m^  -=-  '..';.•••.• 
power ....  (1). 

Example. — In  oar  dyiiaiiioii»ef«^  <xmKiL^  d  ".ii«r»-  kr-  ::■!• 
springs,  each  exerting  a  force  ol  1»»  iwL  .  ti^-  .>-jfcrj>r    i  '^r- 
axis  of  each  spring  from  the  axis  k4  tLt 
the  taming  momoit  is  4  x  1^>  x  '>'7.  «r  44^^ 
the  shaft   makes   150   revolatioiAa    (^er   aur.^ir:.    i^j;*  u 
150  X  2r,  or  942  radiana  per  minute:  azid  hrzy:^.  44"^   >    '^i 
-r  33,000  =  12-8  hmw-power. 

Example. — An  ofdinary  Maagt  eonpling  Kk.^  yi\  '•>>.  ^* 
0*7  foot  from  the  axis ;  what  forc»-  l«  n:si»tr«i 
by  each  bolt  (it  tends  to  hreak  Lj  ^hemnL,^. 
Art  281),  when  60  horse-power  ia  bein^  tra?."^ 
mitted  at  120  revolutions  per  minat«-  *  Aujf*nf^f, 
— ^If  p  is  the  force,  6  f  x  0-7  Ls  the  inoit^r.* 
in  pound-feet;  this,  multiplied  by  li!««  x  I'-r 
-T-  33,000,  is  equal  to  60:  and  heiicn".  r  =  33,«»:' 
X  60  -T-  (6  X  0-7  X  120  x  2y),  or  F=02'i  \\r^. 

When  we  know  the  maximum  hor5*-j^K>w»rr 
at  the  minimum  speed  (oljserxe  that  torque  or 
taming  moment  depends  u)ion  power  -f  speed). 
we  can  calculate  the  maximum  f  for  each  )ioIt. 
and  onr  knowledge  of  the  strength  of  materials 
(Art.  284)  enables  us  to  say  if  the  b<^»lt  is 
strong  enough. 

The  general  rule  appears  in  many  special 
forms,  of  which  we  now  liave  one  example  in 
belting ;  and  just  as  it  enables  us  to  c;ilculate 
the  strength  of  bolts  in  a  flange  coupling,  or 
the  size  of  the  shaft  itself  (Art.  296),  or  tells 
us  how  to  order  the  springs  of  a  dynamometer 
coupling,  so  it  here  teUs  us  how  to  find  the  proin^r  size  of 
a  belt.  We  have  here  (n— m)  v  -t-  33,000  =  h,  the  horse- 
power. The  greatest  pull  in  the  Ijelt  is  x  lbs.,  and  it  is  this 
which  determines  how  strong  the  Wit  must  be.  Hence,  we 
niust  answer  the  question  : — 

If  it  is  the  difference  of  pull  that  produces  turning,  why  is 
there  so  great  a  pull  even  in  m,  Fig.  149,  as  we  usually  tind  I 
Refer  again  to  Fig.  150.  If  we  want  the  difference  between  M 
and  N  to  be  30  lbs.,  why  not  make  m  have  no  weight  at  all^  aivd 
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!J  may  then  be  only  30  lbs.  1  Evidently  we  should  not  b 
to  get  friction  enough,  and  the  weight  n  would  fall,  ci 
the  cord  to  slidfi  on  the  pulley ;  in  fact,  the  friction  be 
the  cord  and  pulley  must  be  more  than  30  lbs.,  ehe  thei 
be  Blipping ;  iind  to  produce  this  friction  it  is  necessary  ti: 
a  weight  at  h  as  well  as  at  N.  If  we  allowed  the  cord 
round  more  of 
pulley,  the  neci 
friction  might  bi 
duced  with  a 
weight  at  u.  1 
an  idea  of  the  fr 
between  a  cord  i 
pulley,  arrange  a  p 
or  other  round  c 
p,  as  in  Fig.  151. 
it  tii-mly,  Pla 
weight  at  M,  say 
Now  place  weigl 
the  scale-pan  at  n, 
the  cord  just 
slowly.  Say  wt 
3  lbs.  to  be  neoe 
The  difference  be 
N  and  M,  or  2  lbs., 
friction.  Now  put 
the  former  weight 
you  will  find  that 
twice  the  former  N  will  just  cause  slipping,  so  that  the  fr 
is  doubled.  In  fact,  we  have  our  old  law,  "  friction  is  pi 
tioned  to  load."  But  now  let  U8  see  how  friction  depen< 
the  amonnt  of  l&pping  of  the  cord.  In  your  first  exper 
measure  the  cord  actually  in  contact  with  the  post  v.  Su 
it  to  be  4  inches  ;  now,  keeping  m,  1  lb.,  let  the  cord  lap 
more  of  the  jiost  P,  say  8  inches  this  time,  and  find  the  w 
N,  which  will  just  produce  a  slow  sliding.  You  will  fi 
to  be  9  Iba.  If  the  cord  touches  on  12  inches  of  the 
P,  you  will  find  that  27  lbs.  at  N  will  be  necessary  to  s 
overcome  the  friction.  It  is  only  by  actually  trying 
experiment  for  yourself  that  you  will  get  a  clear  idea  ol 
rapidly  the  friction  increases  with  the  amount  of  lappinj 
is  on  this  account  that  one  man  can  check  the  motion  < 
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largest  vessel   by  simply  coiling   a  rope  a   f(^w    tiinc»s    round 
a  post. 

The  apparatus,  Fig.  151,  is  so  airanged  that  any  re(juired 
amount  of  lapping  may  be  given  to  the  cord  roun(i  the  fixed 
post  p.  In  an  actual  experiment,  the  fixed  weight  M  was  50 
grammes.  By  means  of  the  pulleys  the  amount  of  lapping 
round  p  wiis  varied,  and  weights  were  plactnl  in  n,  in  each  case 
just  sufficient  to  overcome  the  friction  and  raise  m  slowly,  as 
above  described.  The  following  are  the  results  of  the  wliole 
series  of  experiments  : — 


Number  of  tiiiie«  the  curd    '^*';.!l*^iSl!.SS\^'?l      ?/"     I^^KHiithins  of  tl.e  ratio  of  n 
laiis  ruuiiU.  "^        weighfif  m  ^"  ^'• 


i  HO  0-2041 

}  105  0-3222 

1  150  0-4771 
li  200  0-G021 
n  255  0-7070 
l|  330  0-8105 

2  400  0-9031 

2  J  500  1-0000 
2J  700  1-1461 
2i  1,000  1-3010 

3  1,150  1-3617 
31  1,500  1-4771 


Plotting  the  first  and  third  columns  on  squared  paper,  we 
find  that  a  straight  line  passes  nearly  through  all  the  points. 
From  this  line  we  deduce  the  equation — 

n  =  2-2  log  ^, 

vHere  n  is  the  number  of  times  the  coixl  laps  round.  From 
this  it  is  easy  to  show  that  the  coefficient  of  fiiction,  ^,  between 
the  cord  and  the  pulley  is  -166. 

You  must  then  rempmber  that  the  tension  in  m.  Fig.  149,  is 
necessary  to  produce  as  much  friction  as  will  prevent  slipping. 
K  ever  the  excess  pull  in  N  is  greater  than  the  friction,  there 
^'ill  be  slipping.  If  the  l)elt  slij)s,  there  is  energy  wasted, 
vhich  you  can  calculate  if  you  know  the  foi'ce  of  friction,  aiul 
Daultiply  by  the  distance  thi^ough  which  slipping  occvvr^. 
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183.  The  law  is  this.  If  ft,  is  the  coefficient  of  friction  between 
the  cord  or  belt  and  the  ])iilley :  if  /  is  the  length  of  the  cord  or  belt 
which  touches  the  pulley,  say  in  inches :  and  r  the  I'adius  of  the 
pulley  in  inches,  then 

N  / 


Lo^'e 


M 


^^ 


N  and  M  beinfj^  the  1)u11h  in  the  bolt  or  cord  on  the  two  sides  of  the 
l^ulley.     Ijr  is  the  anp^le  of  lapping  stated  in  radians. 

This  rule  is  aiiived  jit  mathematically  in  the  following  way. 

liOt  A  i*  Q  B  be  the  Yjiaxi 
QL  of  a   i)ulley  touched 

by  the  belt  ma  p  q  b  k. 
Iimigine  the  pulley 
fixed,  and  slipping 
occurring  because  the 
tension  at  n  is  greater 
than  at  m.  Let  the 
angle  a  o  v  \yc  called  9. 
Let  the  tension  in  the 
l>elt  at  r  be  t.  Wc 
study  what  occiurs  at 
the  i)lace  v  q,  and  we 
givatly  magnify  p  q 
in  Fig.  153.  What 
are  the  forces  acting 
up(»n  the  shiat  piece  of  belt  pq:  Wc  have  a  pull  x  +  5 Tata, 
and  a  pull  t  at  p,  and  forces  acting  radially  fi'om  the  i)ulley, 
their  njsultant  being  x :  wc  have  also  friction  whose  amount 
is  ju  X  if  /i  is  the  coefficient  of  friction,  and  this  friction  is  what  wc 


Fig. 


152. 


*33r 
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overcome  by  the  excess  tension  5t.  To  find  x,  assume  5t  =  o, 
and  no  friction  (it  will  be  found  that  these  terms  Txjcome  le«8  and 
less  important  as  the  distance  p  u  is  made  less  and  less).  Let  the 
angle  a  o  <i  be  called  B  -[-  86,  so  thjit  p  o  u  =  hd.  The  three  forces 
T,  -  X,  T  iK'ing  in  equilibrium,  let  them  Ik)  reprosentod  in  diroction 
and  sense  by  the  sides  of  the  triangle  shown  in  Fig.  154,  and  it  is 
evid<mt  that  x  =  t  .  56.  Hence  the  force  of  friction  is  /t  .  t  .  5tf, 
which  is  overcome  ])y  5t.     When  slipping  is  just  occurring, 

n  .1  .he       5t  .  .  .  .  (1) : 

or  rjither,  T)ecause  the  theory  is  true  only  when  Z9  is  thought  to  be 
snmller  and  smaller  without  limit, 

^^=^T....(2). 

Thiti  is  an  example  of  the  com\W)\vivd  iutei-est  law.     "  The  rate  of 
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increase  of  t  as  tf  incieasos  iH  proportional  to  t  it«<'lf."  In  any 
elementary  book  on  the  calculus  it  is  shown  that  (2)  in  tho  same  as 

log.  T  =  /id  -I-  constant. 
Putting  T  =  M  when  $  =  o,  and  t  =  N  when  d  =  xo  h,  wi- 
find 

log.  N  —  log.  M  =  /i  .  A  O  B  .  .  .  .  (3). 

This  is  the  rule  given  above.  Assuming  that  th<.*n'  U  a  constant  fi, 
and  that  we  know  its  ^^llue,  this  rule  enables  us  to  design  }n'\\n  and 
ropes  to  be  strong  enough  to  transmit  a  given  amount  of  hors**- 
power  H  at  the  belt  velocity  v  fet^t  per  minute.  For  wt*  have 
already  used  (x  -  m)  v  -t-  33,000  =  h  .  .  .  .  (4).  If  the  angle 
Ao B  be  called  9  for  shortness,  it  is  easy  to  deduc<?  from  (3)  and  (4) 

N  =  ^-?^*-*/(^'-l)....(4,. 

This  is  the  tension  in  the  belt  where  it  is  greatest,  and  it  is  fn^m 
this  value  that  we  calculate  the  strength  oif  the  lK?lt.  Thus  if  b 
and  t  are  the  breadth  and  thickness  of  the  Ix'lt  in  inches,  and  if  / 
is  the  safe  load  jKjr  square  inch  of  so<;tion  for  the  material,  wc 
make  btf  equal  to  the  calculated  n.  We  take /about  330  lbs.  jmt 
square  inch  in  leather  belting,  and  this  leads  to  the  easily 
remembered  rule,  giving  bt  in  square  inches, 

bt  =  ^-^^- e/i«/(eMtf  -  1) (5). 

184.  In  a  gi'eat  number  of  cases  the  least  angle  of  lapping 
when  one  shaft  drives  another  by  belting  is  f  ths  of  the  circuni- 
fei-ence,  and  jjl  may  be  taken  as  0*3  ;  and  so  we  are  led  to  the 
common,  easily  remembered  shop  rule,  bt  =  200  h  -^  v  .  .  (6). 
It  is  to  be  I'emembered  that  b  is  the  breadth,  t  the  thickness  of 
the  belt  in  inches;  H  is  the  horse-power  transmitted,  v  the 
velocity  of  the  belt  in  feet  per  minute ;  jj.  the  coefficient  of 
friction,  and  6  the  angle  of  lapping  in  radians. 

Leather  belting  is  seldom  more  than  4  feet  wide,  even  in 
America,  where  the  widest  belting  is  employed.  A  shujle 
leather  belt  is  about  a  quarter  of  an  inch  thick,  and  the 
material  will  stand  a  pull  of  from  700  to  1,200  lbs.  per  inch  of 
its  width,  before  breaking.  A  single  belt  at  an  ordinary  laced 
joint  may  be  tak«n  to  stand  a  greatest  working  pull  of  about 
one- third  of  the  strength  of  the  leather.  An  ordinary  laced 
joint,  with  splice,  has  about  twice  the  strength  of  an  ordinary 
grip-fastened  joint,  and  not  quite  twice  that  of  a  butt  laced 
joint.  Many  engineers  take  80  to  90  lbs.  per  inch  of  width  of 
a  single  belt  as  the  usual  pull  on  the  tight  side. 

Strips  from  the  best  parts  of  the  tanned  hide  are  cemented 
at  long  splices  to  form  belts  ;  vulcanised  indiarubber  alone,  or 
with  intelrmingled  canvas  cotton,  and  various  ot\\fet  k\wd^  ^i 
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waterproof  belting  are  used.  There  is  always  slipping  or 
creeping,  so  that  it  is  not  quite  accurate  to  take  the  velocity 
of  the  belt  as  being  equal  to  that  of  the  pulley.  (See  Art.  70.) 
Belts  are  in  use  which  are  made  of  a  great  number  of  little 
links  of  thick  leather  on  wire  pins,  forming  a  chain.  Hemp  and 
cotton  ropes  are  now  often  used,  instead  of  belting.  Many  V 
grooves  in  the  rim  of  a  drum  receive  each  its  own  rope,  which 
is  usually  lying  wedged  in  the  groove,  with  not  much  tension 
when  there  is  no  motion,  except  what  is  due  to  its  own  weight, 
the  span  being  20  to  60  feet.  As  in  belts  conveying  a  con- 
siderable amount  of  power,  the  tight,  or  N  side,  is  underneath, 
as  this  gives  more  lapping.  The  strengths  of  ropes  and 
chains  are  given  in  Art.  266,  but  in  rope-driving  our  ability 

necessitates  some  such  rule  as  (see  Art.  183) 

N  —  M  =  8  ^2^ 

when  g  is  the  girth  of  the  rope  in  inches,  and  N  and  m  are  in 
pounds.  The  wedging  of  the  ropes  in  grooves  causes  the 
coefficient  of  friction  to  be  virtually  of  its  usual  value  divided 
by  the  sine  of  half  the  angle  of  the  groove,  and  as  this  is 
usually  45°,  we  take  /x  to  be  about  0*6,  and  sometimes  more. 
Splices  are  about  10  feet  long.  The  speed  is  usually  about 
4,000  feet  per  minute.  The  bending  and  unbending  of  the 
rope  is  what  seems  to  shorten  its  life,  which  is  usually  one  of  a 
few  years.  There  is  probably  considerably  more  waste  of 
energy  by  friction  than  when  toothed  gearing  is  used. 

With  wire  ropes  (stmnds  of  wire  round  a  hempen  core)  the 
wedging  in  grooves  is  much  more  hurtful,  and  hence  reliance 
is  placed  upon  greater  velocities,  even  to  6,000  feet  per  minute. 
Under  usual  conditions  the  life  of  a  rope  is  one  of  less  than  a 
year.  In  calculations  of  the  tensions  due  to  the  weights  of 
ropes,  we  may  take  it  that  the  hanging  cui-ve  is  practically 
parabolic  (see  Art.  133).  The  bottoms  of  the  gi'ooves  on  the 
pulleys  are  usually  of  leather,  wood,  or  gutta-pei-cha,  and  /lc 
may  then  be  taken  as  0*25.  Each  relay  being  about  1,000 
yards,  we  may  take  its  efficiency  as  about  95  per  cent. 

Exercise, — If  there  are  nine  relays,  what  is  the  total 
efficiency  1     Answer. — 0*95  raised  to  the  9th  power,  or  0*63. 

At  Oberursel  a  rope  is  used  whose  diameter  is  0*6  inch,  of 
3G  wires  each  OOG  in  diameter;  pulleys,  12  feet  in  diameter, 
placed  400  feet  apart;  94  horse-power  is  transmitted  3,000 
feet,  the  rope  travelling  at  4,400  feet  per  minute. 

185,  CAain  Oearing. — The  use  oi  ^tic^des  and  bicycles  has 
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caused  a  very  great  development  in  this  nnn-sli))]>in^f  c^^i-tain, 
and  efficient  method  of  transmitting  power.  It  is  \ikv\y  to 
have  a  very  large  further  development  for  lar^e  |>ower8  in 
factories  on  account  of  its  success  for  small  power,  not  merely 
in  cycles,  but  in  electric,  motor,  tramcar  and  locomoti\e  work. 
No  tension  is  needed  on  the  slack  side. 

EXERCISES. 

1.  A  pulley  of  3  feet  diameter  receives  10  hoix-i)OWtr  at  l')0  nvolii- 
tions  per  minute;  find  the  difference  of  pull  iK^twtH'ii  n  and  m.  If  the 
lapping  is  0*4  of  a  circiunference,  and  /i  =  0*25,  find  n/m.     Xow  find  n. 

-//«.,  233-4  Ibn. :  x=.>Oi:i  lbs. 

2.  Use  the  ahove  workshop  nile  to  find  the  hit?fidth  of  a  sin;rl<'  hell 
(t  =  0*4  inch,  say)  to  ti-ansniit  20  horse-power  at  a  veltM-ily  of  1,300  h^'i 
per  minute.  An*.,  1.V4  inehrs. 

3.  A  roiKJ  is  wrapped  thi'eo  times  round  a  i)OMt,  and  a  weight  of  12  11»*. 
is  hung  from  one  end.  Find  the  least  pull  applied  at  the  other  end  neres- 
^ar^'  to  raise  this  weight  if  ft  =  '3.  vThat  weight  would  Tk*  re<|uinKl  t(» 
jiwt  prevent  the  12  Ihs.  from  slipping  down  ?     Am.,  3,440  llis. :  0042  Ih. 

4.  The  pulley  on  an  engine  shaft  is  5  feet  in  diameter,  and  it  inakrs 
100  revolutions  per  minute.  The  motion  is  transmitte<l  fi*om  this  jnill<  y 
to  the  main  shaft  by  a  belt  running  on  a  i»ullev,  and  the  difTennrr  in 
tension  between  the  tight  and  slack  sides  of  the  Tm'U  is  11.)  Hjh.  What  is 
the  work  done  per  minute  in  overcoming  the  resistance  to  motion  of  tin* 
main  shaft  ?     AVhat  is  the  horse-power  transmitttKl  *r 

Ans.,  180,714  ft.  llw.  :   ViT. 

.).  50  harse-power  is  being  ti-ansmitted  by  a  Ix'lt  moving  at  a  »]tvv(\  (tf 

70  feet  iHiT  second.    What  width  of  belt  will  ho  required  if  its  thickness  is 

0*6  inch,  assuming  the  maximum  working  stress  to  be  330  \\tn.  jht  siiuarc 

inch,  and  the  tension  on  the  tight  side  being  double  that  on  the  slack  side  r 

Aiift.,  8  inches. 

6.  A  pulley  3  feet  6  inches  in  diameter,  and  making  l.)0  revolutions  a 
minute,  drives,  by  means  of  a  belt,  a  machint*  which  a)>sorl)H  7  horse- 
power. What  must  be  the  width  of -the  belt  so  that  its  gi-eatest  tension 
"hall  be  70  lbs.  per  inch  of  width,  it  being  assumed  that  the  tensicm  in  the 
drimg  side  is  twice  that  on  the  slack  side  Y  Ans.,  4  inches. 

7.  A  rope  pulley,  carrying  20  ropes,  is  16  feet  in  diameter,  and  ti-jins- 
mits  600  horse-power  when  running  at  90  revolutions  pr  minute. 
Taking;!  =  0*7  and  the  angle  of  contact  180*",  iind  the  tensions  on  the 
tight  and  slack  sides  of  the  rope.  Autf.,  24(5  l])s. :  272  lbs. 

186.  Transmission  and   Absorption  Dynamometers. — I 

l^ave  already  described  to  you  an  instrument  which  allows  us 
to  measure  the  horse-power  transmitted  by  a  shaft.  I  am  in 
the  habit  of  employing  a  somewhat  similar  arrangement  for 
Dtteasuring  the  power  titinsmitted  by  a  belt  to  any  machine.  Ft 
is  shown  in  Fig.  155,  and  is  easily  understood  from  the  descrip- 
tion of  Fig.  148.  I  can  take  it  near  any  machine,  and  drive  the 
Machine  through  it,  using  two  belts  instead  of  one.  g  is  a 
loose  pulley.    A  belt  drives  H,  which  drives  the  plate  li  t\iTOW^ 
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four  spival  springt;  k.  The  plate  E  is  keyed  to  a  shaft  carried 
on  the  frames  c  and  D,  and  the  pulley  p  is  keyed  on  the  shaft. 
Alielt  from  F,  thei-efore,  will  drive  any  machine.  When  much 
tor<|iie  ig  acting,  the  springs  B  become  extended,  causing  h 


relative  motion  of  e  and  ii,  and  this  motion  is  shown  by  the 
bright  bead  A,  at  the  end  of  the  levei  I  a  approaching  the 
axis  of  rotation.  A  fixed  scale  attached  to  the  frame  c 
allows  the  motion  of  a  to  lie  nieasuiel 

In  Fig.  1 59,  allowing  the  Froiule  or  Thomej  croft  Dynamo-' 
meter,  the  pulley  D  drivea  the  ^vdley  f  by  a  belt  which  paasM 
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also  round  the  two  pulleys  A  and  h.     Thetw  pullvyii  an;  on  a 
frame  a  b  l,  wbicb  is  pivoted  at  k.     Tins  tension  n,  on  the  tight 
aide,  is  greater  than  m,  and  a  measurable  force  p  must  bo  ex- 
erted to  ke^  the  frame  in  the  posititm 
shown.    Evidently  2  s.  a  =  2  m.  a  +  p.  i. 

P.6 
so  that  N— ii=g-- 

This  tratiamimoQ  dynamometer  is 
specially  useful  when  small  powers  are 
to  be  measured  in  the  laboratory.  In 
the  Hefner-AIteneck  form,  tiie  long 
and  nearly  horizontal  belt  driving  a  pulley  itasses;  i 
guide  puUeya  D  and  c  on  a  suspended  and  Itslaiiced  friLiiii-. 
When  the  angle  made  by  the  slack  jAtts  mm  is  the  sunii! 
m  that  made  by  the  light  parto  n  n,  a  meastiraltle  force  y  is 
required  to  maintain  the  frame  in  itis  syronietrical  position. 

Exercise.— It  the  fmgle  between  m  and  m  is  1  HO  —  ft,  and 
there  is  the  same  angle  between  x  and  n,  and  th<;  pull  p  in 
symmetrical,  show  that  r  =  (n  -  m)  9  if  0  is  small.  Tn  truth, 
|'  =  (n  — m)  2  8ini  fl. 

187.  Absorption  Dynamometers  ai-c  used  I 
]iower  given  out  by  st«am-, 

or  gas-,  or  oil-engines,  or  _> 

electric   or  other  motorB. 

They  measure  the  power, 

ixmaumiDg  it  as  they  do  so. 

One  of  Profesaor  James 

ThomBon's    forms,   as  ar- 

Knged  for  measuring  the 

power  given  out  by  a  small 

electro  -  motor,    is    shown 

in  Fig.  157.      The  motor 

Jriveti  the  grooved  pulley 

1,  and  the  pulley  B  turns 

along  with  A.  A.  cord  hangs 

'•fping  round  part  of  b, 

toJ  carries  at  its  one  end 

a  acsle-pan  u,  containing  a 

^eigbt.    The  other  end  k' 

is  polled   by  means  of  a 

PKW  of  metal  fastened  to  the 

liM  ft  weight  M  always  acting  upon  it. 


ml  two 


i  measure  the 
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Evidently  the  cord  is  pulled  with  a  weight  M  at  one  end,  and 
a  weight  n  at  the  other.  If  now  there  is  slipping  between  the 
cord  and  b,  the  friction  is  measured  by  the  difterence  of  the 
weights  N  and  M.  If  M  is  100  lbs.  and  N  is  400  lbs.  the 
friction  is  300  lbs.  If  the  pulley  has  a  circumference  of 
2  feet,  and  makes  80  turns  per  minute,  the  amount  of  slipping 
is  X  80  2,  or  1 60  feet  per  minute,  and  the  work  done  against 
friction  is  160  x  300,  or  48,000  foot-pounds  per  minute — 
that  is,  1  '45  horse-power.  In  this  case  all  the  power  is  wasted 
in  friction,  and  this  is  called  an  Absorption  Dynamometer 
because  it  measures  the  power  but  absorbs  it  in  doing  so; 
whereas  the  coupling  of  Fig.  148  and  the  dynamometer  of 
Fig.  155  are  called  Transmission  Dynamometers,  because  they 
measure  the  power  transmitted  through  them  whilst  working 
any  machines. 

Should  we  try  to  use  merely  a  cord  or  belt  with  two 
different  weights  n  and  m  at  its  ends  (as  in  Fig.  158)  as  an 
absorption  dynamometer,  the  cord  or  belt  slipping  on  the 
pulley,  we  should  find  that,  after  adjusting  the  weights,  when 
we  leave  them  hanging  on,  one  of  them  will  gradually  overcome 
the  other  till  it  touches  the  floor,  and  after  that  we  are  ignorant 
of  N  —  M.     In  fact,  the  co-eflScient  of  friction  gradually  alters. 

In  Fig.  157  this  is  antomatically 
counteracted  by  a  change  in  the 
amount  of  lapping.  Sometimes, 
instead  of  the  lighter  weight  M,  we 
have  used  a  spring  balance  and  a 
dash-pot  to  still  the  jerky  motion 
which  occurs,  but  in  this  case  we 
must  take  readings  of  the  changing 
values  of  m  ;  and  again,  it  is  usually 
very  important  during  a  test  to  keep 
N-M  constant.  We  have  met  with 
quite  wonderful  success  by  adopting 
the  following  very  simple  expedient : 
— A  B  is  a  grooved  pulley,  and  a  cord 
with  scale-pans  hangs  round  it  as  in 
Fig.  158.  At  p  there  is  a  knot  in 
the  cord,  or  an  excrescence  of  any 
kind  which,  when  it  is  drawn  up 
by  the  gradual  falling  of  n,  will  just  slightly  jam  itself 
in    the  groove.     When  measuring  the   power  from  a   three- 
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quarter  hoi*se  electnc  motor  we  have  kept  the  same  weights  m 
and  N  in  the  scale-pans  for  an  hour  at  a  time,  a  slow  ^nth;  rise 
and  fall  taking  place  now  and  again.      Before  we  discoveriHl 
the  value  of  the  knot  we  went  to  great 
trouble  in  having  a  thick  rough  cord  from 
p  to  Q  spliced  to  a  thinner  one,  so  that 
when   N  fell    a  greater  lapping  of  the 
rougher  cord  made  up  for  a  lessening  of 
the  friction  on  the  smoother  one,  but  as  a 
matter  of  fact  the  knot  is  excellent.    We 
have  used  the  same  expedient  with  a  can- 
vas belt  on  a  large  drum  when  measuring 
26  horse-power ;  here  a  leather 
lace  passed  carelessly  a  number 
of  times  through  the  belt  in- 
troduced sufficient  resistance 
at  p  to  prevent  N  falling. 

In  all  these  cases  so&py 
,  water  is  kept  trickling  over 
the  rubbing  surfaces  to  carry 
off  the    heat,   for    all    the 
mechanical  energy  which  we 
measure    is   converted   into 
heat.     The  water  ought  to 
be  soapy,  because  when  pure 
water    acts   as  a   lubricant 
there   is    considerable,    and 
seemingly  spasmodic,  varia- 
tion in  the  friction.    A  break 
on  the    principle    of    n,    a 
weight,  and  m,  the  pull  of  a 
>i{Mring  balance,  is  sometimes 
used  even   for  as  much  as 
50  horse-power,  n  being  at- 
tached to   two  ropes   going 
abont  three-quarters  of  the 
vay    round      an     ordinary 
pnlley,  and  kept  apart  on  the 
smooth  rim  by  distance  pieces 
of  wood  which  fit  the  edges 
^  the  rim,  one   rope   com- 
pleting the  round  so  as  to 
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come  between  the  fii*8t  two  on  leaving,  M  is  then  an  upward 
pull,  and  N  downward. 

Fig.  1 60  shows  a  bi-ake  which  may  be  used  for  large  powers, 
and  we  have  used  it  with  satisfactory  results.  It  consists  of 
blocks  of  wood  on  hoop  iron,  forming  a  brake  strap,  the  two 
ends  of  which  d  and  E  are  fastened  to  the  lever  d  H,  a  small 
angular  change  in  the  position  of  which  produces  great  increase 
in  tightness.  A  load  w  lb.  is  hung  on  at  c  and  a  spring  balance 
acts  at  H.  The  pull  in  the  spring  balance,  vy  lb.,  is  usually 
small.  It  is  evident  that  w.R— ?^ris  a  moment  in  pound 
feet  which,  multiplied  by  the  angular  velocity  in  radians 
per  minute,  and  divided  by  33,000,  gives  the  horse-power. 
Lastly,  Froude's  liquid  dynamometer  may  be  employed  up  to 

very  high  powers ; 
the  heat  is  devel- 
oped in  a  consid- 
erable mass  of 
water  which 
keeps  cool.  For 
the  latest  and 
best  form  of  this, 
students  are  re- 
ferred to  a  paper 
by  Prof,  Reynolds 
in  the  Transac- 
—  tionsof  the  Royal 
Soc,  May,  1897. 
If  any  student  has  trouble  in  seeing  why  we  assume  a 
virtual  surface  of  rubbing  coinciding  with  the  centre  of  the  rope 
in  Fig.  158,  let  him  return  to  the  consideration  of  Fig.  149. 
Here  it  is  obviously  the  velocity  of  the  centre  of  the  rope  ihsA 
is  taken,  and  we  calculate  this  from  angular  velocity  and  virtual 
diameter  of  the  pulley.     Now  suppose  the  pulley  of  Fig.  149 

to  be  at  rest  and  the  rope  slipping ;  the 
same  amount  of  power  is  now  wasted 
that  used  to  be  given  to  the  shaft ;  there 
will  be  exactly  the  same  forces  of  fric- 
tion and  waste  through  friction  if  the 
pulley  moves  and  the  weights  do  not. 

Generally,   let   A  b  be   a  revolving 
wheel   with  centre  o,  and  let  forces  f, 
w  and  w  Ireep  the  brake  block  p  q  r  from  moving  with  the 
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Fig.  160. 


Fig.  161. 
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wlieel.       Let  there  be  no  other  forc«*  actiiiir  on    th«-    l»i-nk»- 
block  which  exercises  moment  a)x>ut  o. 

How  much  power  is  being  wasted  at  tlir  rubbin;;  snrfatvs  .' 
It  is  the  sum  of  all  the  forces  of  friction  multiplie<i  by  their 
respective  rubbing  distances  (we  need  not  hen*  .s|>eak  of  {rounds, 
feet,  <!^c.,  or  the  weight  in  which  power  is  nieasurefl).  But  thi.s 
is  the  same  as  the  sum  of  all  the  moments  aliout  o  of  all  th<* 
forces  of  friction  multiplied  by  the  an^^ular  velocity,  and  the 
sum  of  the  moments  of  the  forces  of  friction  is  nieasunMl  bv 
w.o  p -f- p.o  R  -  tr.og.,  because  the  block  is  in  equilibrium 
under  the  action  of  the  forces  of  friction  and  w,  f  and  w  (s**** 
Art.  98). 

188.  Exam2)le, — In  an  Ajrrton-Perry  Coupling,  the  bri*,dit 
bead   does   not   begin   to   move   inward    till  a  certain  horse- 
power is   reached.     If  a   radial    motion   of  10   inchc'S  corre- 
sponds   to    a    lengthening    0*1    inch    of    each     sprin<; :     if 
there   are  eight   springs,    whose    axes    are    10    inches    from 
the    centre,    and    the    shaft    runs    at    200    i-evolutions    per 
minute ;  if  the  maximum  horse-power  is  250,  and  if  it  is  to 
alter  from  200  to  250  for  an  18  inch  motion  of  the  l)ead,  how 
ought  the  springs  to  Ije  ordered  ?     If  f  is  the  pull   in  rath 
spring  at  H  horse-power,  8  x  F  x  10  -i-  12  in  ]>ound  feet,  multi- 
plied by  200  X  2  ir  -r-  33,000  gives  h,  or  f  =  3-94  h.     Hence  the 
range  of  pull  in  each  spring  is  from  3*94  x  250,  or  985  lbs.,  to 
3-94x200,  or  788  lbs.,  and  for  this  the  bead  has  a  i-ange  of  18 

0*1 
inches;  and  therefore  each  spring  will  yield  by  IS  x        ,  or 

0*18  inch.  Thus  the  spring  yields  01 8  inch  for  a  difference 
of  pull  of  985-788,  or  197  lbs.,  and  will  therefore  yield 
985x0*18-4-197,  or  0-9  inch  for  the  maximum  pull.  \\e 
therefore  order  eight  springs,  each  of  which  has  a  greatest  work- 
ing pull  of  985  lbs.,  and  is  then  to  have  an  axial  lengthening 
H  inch.  It  will  also  be  necessary  to  tell  the  spring-maker 
^hatthe  exact  length  of  the  spring  is  to  be  between  the  end 
pins,  and  possibly  its  outside  diameter.  It  is  usual  to  arrange 
^justable  stops  to  keep  the  springs  stretched,  so  that  they 
shall  not  elongate  for  any  force  less  than  788  lbs.  When  the 
spnngs  are  long  we  use  diametral  wires  to  prevent  any  action 
Que  to  centrifugal  force,  and  in  some  cases  of  very  fluctuating 
loads  we  have  used  dlsh-potS. 

Example, — The    middle  of   a  key    is  2   inches    from    the 
centre  of  a  shaft ;  the  key  is  the  only  fastening  of  a  wheel 
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which  makes  100  revolutions  per  minute,  and  gives  out  10 
horse-power.  What  is  the  force  transmitted  by  the  keyl 
A7i8wer. — The  force  is  f  if  f  x  2  -f-  12  (the  moment  in  pound 
feet),  multiplied  by  100  x  2  tt  -7-  33,000  =  10.  That  is, 
F  =  3,016  lbs. 

Example, — A  G-feet  drum  at  150  revolutions  per  minute 
drives  through  a  Hefner  Alteneck  Dynamometer.  A  spring 
balance  registers  f  as  o  when  no  }X)wer  is  being  transmitted, 
and  registers  it  as  60  lbs.  when  we  know  that  25  horse-power  is 
being  transmitted.  Find  6  if  (n  —  m)  0  =  P.  We  know  that  the 
velocity  of  the  belt  is  6  tt  x  150,  or  2,827  feet  per  minute ;  so 
that  N  -  M  is  25  X  33,000  ^  2,827,  or  292  lbs.  Hence,  6  is 
60  -T-  292,  or  0*206  radians,  or  11-8  degrees. 

Example. — A  dynamo  machine  going  at  420  revolutions 
per  minute  is  supported  on  knife  edges.  The  driving-belt 
causes  the  machine  to  tilt,  and  the  tilting  tendency  is  prevented 
by  a  weight  w  of  15  lbs.  suspended  from  an  arm  5  feet  from 
the  axis,  measured  horizontally.  Find  the  horse-power  given  to 
the  machine.  The  machine  gives  out  39*2  amj^eres  at  98  volts. 
What  is  its  efficiency?  Answer. — The  turning  moment  is 
15  X  5  pound  feet,  and  therefore  the  horse-power  is  15  x  5  x 
400  X  2  7r  -r. 33,000,  or  5-71.  The  electrical  horse-power 
given  out  is  39*2  x  98  -^  746  =  5-15.  The  efficiency  is  there- 
fore 5-15  -:-  5-71,  or  0-902,  or  90*2  i^er  cent. 

Example. — A  brake  block  is  kept  at  rest  by  certain  forces, 
500  lbs.  acting  at  2  feet  from  the  axis,  30  lbs.  acting  at  8  feet 
from  the  axis,  50  lbs.  acting  at  — 5  feet  from  the  axis  (we  mean 
here  that  the  moment  of  this  last  force  is  opposite  to  the 
others).  The  shaft  makes  120  revolutions  per  minute.  Find 
the  horse-power  consumed.  The  moment  is  500  x  2  4-  30  x  8 
—  50  X  5,  or  990  pound -feet  This,  multiplied  by  120  x  2  jt 
-J-  33,000  gives  22*6  horse-power. 

Example. — The  following  readings  were  taken  when  testing 
an  electric  motor.  Find  the  electric  power  supplied  and  the 
mechanical  power  given  out  in  each  case.  The  knot  dynamo- 
meter was  used ;  each  string  was  found  to  be  almost  exactly 
6*1  inches  horizontally  from  the  centre.     If  n  is  the  number" 

6*1 
of  I'evolutions  \yQr  minute  (n  —  m)  x  x  2  tt  x  n  -f-  33,000 

1  ^ 
=  11,  or  (n  -  m)  n  -T-  10,000  =  n  nearly.      The  student  will 
remembei'  that  1  ampeii*  x  1  volt  =  1  watt,  and  746  watts  =  1 
lior»e-po\yei\ 
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EXERCISES   ON    BRAKES. 

1.  In  an  Aj^rton  and  Perry  knot-brako  (Fig.  1.38)  the  centn'S  of  th»* 

cords  to  N  and  m  lie  respectively  6  and  6*2  inchcH  horizontally  fit>iii  o  (it 

is  usual  to  take  these  distances  equal  and  (x^ual  to  the  nidiuH  of  the  cii-clc- 

of  the  centre  line  of  the  cord  on  the  pulley,  but  verj-  eaivful  nu'UHurcnu'nt 

will  detect  slight  differences  due  to  stiffness  of  conl  and  (.>fF(H't  of  knot). 

The  weights  are  n  =  30  lbs.,  m  =  5  lbs.     The  pullc^y  makes  400  re  vol  u- 

ticms  per  niinute;    find  the  horse-power.      Here   wc   hjid   InitltT   takr 

moments,  as  the  distances  arc  unequal.   The  moment  in  (30  x  6  -.-  12)  — (5 

X  6-2  H-  12),  or  12*42  pound-feet.     The  speed  is  400  x  2  ir,  or  2,514  radians 

per  minute,  and  1242  x  2,514  -^  33,000  =  0-86  horse-power. 

2.  In  a  rope-brake  on  a  flywheel  of  8  feet  diameter,  the  ropt-s  lieing  1 
inch  thick  (so  that  the  moment  due  to  friction  is  uh  if  thr  roiM*  had  no 
thickness,  but  the  wheel  is  8*083  feet  in  diameter),  the  load  is  500  lbs. 
The  pnll  in  the  spring  balance  varies  from  10  to  20  Uw.  durinj?  thr  test. 
The  wheel  makes  106  revolutions  per  minute  ;  find  the  horsi»-power.  Thr 
velocity  of  the  virtual  wheel  is  8*083  »  x  105  feet  per  minute,  and  this, 
nmltiplied  by  490  or  480,  di>'ided  by  33,000,  gives  a  power  varyin*::  from 
39^6  to  38*8  horse-power. 

3.  The  power  of  an  engino  is  tested  by  passing  a  belt  over  the  fly- whei»l, 
^hich  is  5  feet  in  diameter.  One  end  of  the  belt  is  securetl  to  a  spring 
Unce,  and  a  weight  of  300  lbs.  hangs  on  the  other  end.  AVluit  is  the 
brake  horse-power  when  the  balance  registi'rs  180  lbs.  and  the  fly-wh»*el 
'nakes  150  revolutions  per  minute  'f  ^lus.,  SI. 

4.  In  Exercise  3  the  pull  in  the  spring  balance  gradually  alters  during 
the  test  to  200  lbs.  This  is  due  to  a  change  in  /i,  the  co-etticirnt  of 
friction.    Find  the  two  values  of  /i.  Am,.  0159  ;  01 29. 

If  the  extreme  tensions  300  lbs,  and  180  lbs.  were  maintaim^d  (ron- 
^t,  as  in  the  James  Thomson  dynamometer  (Fig.  157),  and  the  lapping 
vas  ISC'*  to  begin  with,  what  would  it  be  at  the  end  'f  Ans.,  222^ 

•1  The  diameter  of  a  steam  cylinder  is  8  inches,  the  length  of  crank 
3  inches,  the  number  of  revolutions  per  minute  is  150,  and  the  mean 
effective  pressure  of  the  steam  is  35  lbs.   Find  the  indicated  horse-power. 

The  same  engine  is  tested  by  a  brake  (like  Fig.  160)  on  the  crank 
'baft,  E  being  2^  feet,  w  being  310  lbs.,  w  being  15  lbs.,  and  r  being 
H  ^.  Find  the  brake  horse-power  and  the  working  efficiency  of  the 
engine.  Am.,  2^;  202;  0.84. 

6.  Find  the  horse-power  given  out  by  a  stetim-engine  driving  a 
Froude  dynamometer  which  discharges  TOO  gallons  of  water  per  hour 
^th  a  rise  of  temperature  of  18*5  CVntignide  degrees.  Ans.,  Si'l. 
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CHAPTER  XI. 

KINETIC      ENERGY. 

189.  We  sometimes  assume  that  our  readers  know  quite 
well  the  fundamental  principles  of  mechanics,  and  then,  again, 
we  assume  that  they  do  not.  We  hope  that  they  agree  with 
us  that  we  are  ri^t  in  proceeding  in  this  way. 

When  a  weight,  A  Fig.  22,  in  falling  lifts  a  weight  b  by 
the  use  of  a  machine  inside  the  box  c,  let  us  consider  the  store 
of  energy  at  any  instant.  The  store  of  energy  consists  in — 
first,  the  potential  energy  of  A — that  is,  the  weight  A  in  pounds, 
multiplied  by  the  distance  in  feet  through  which  it  is  possible 
to  let  it  fall  to  some  datum  level ;  second,  the  potential  energy 
of  B,  which  is  the  weight  of  b  multiplied  by  the  distance  through 
which  it  is  possible  to  let  b  fall ;  third,  the  energy  of  motion^  or 
kinetic  energy,  of  everything  which  is  moving — namely,  A,  B, 
and  the  parts  of  the  mechanism.  We  are  supposing  that  there 
are  no  other  weights  which  can  fall  or  rise,  and  that  there  are 
no  coiled  springs  or  other  stores  of  energy  in  the  luechanism. 
Now,  if  A  is  just  heavy  enough  to  maintain  a  steady  motion, 
the  kinetic  energy  remains  the  same ;  so  that,  whatever  energy 
is  given  out  by  a  in  falling  is  in  part  being  given  as  potential 
energy  to  b,  and  is  in  part  being  wasted  in  friction.  But 
suppose  A  to  be  heavier  than  this,  then  there  is  more  potentiie^ 
energy  being  lost  by  a  than  is  being  stored  by  b  or  wasted  in 
friction,  and  it  must  be  stored  up  in  some  other  form.  The 
surplus  stock  shows  itself  in  a  quicker  motion  of  everything; 
it  is  being  stored  up  as  kinetic  energy. 

190.  We  have  now  to  consider  an  important  question. 
When  a  certain  amount  of  potential  energy  (measumble  in 
foot-pounds)  disappears,  and  becomes  kinetic  energy,  how 
quickly  must  all  the  parts  of  the  machinery  move  to  store 
it  all  upl  This  problem  is  very  troublesome,  because  every- 
thing in  Fig.  22  is  in  motion  in  a  different  way ;  some  parts 
of  the  mechanism  are  moving  slowly,  others  quickly.  It  is, 
however,  easy  to  find  out  how  much  kinetic  energy  a  small 
body  has  if  we  know  its  weight  and  its  speed.  Let  there  be 
a  small  ball  hung  from  the  point  o,  Fig.  162,  by  a  silk  thread, 

so  that  when  it  vibrates  we  can  call  it  a  simple  pendulum. 
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Now,  you  know  that  when  it  reaches  the  end  of  its  swing  at  a 

it  is,  for  a  very  shoi*t  interval  of  time,  motionless,  and  luis  no 

kinetic  energy.     It  falls  from  A  to  B ;  and  as  thei*e  is  almost 

no   friction,  we  may  suppose  that   the 

potential  energy  which  it  loses  in  falling 

through  the  vertical  height  fi'om  A  to  B 

is  all  stored  up  as  kinetic  energy  when 

the   ball   reaches  b.      The  body  has  a 

certain  velocity  in  feet  per  second  when 

it  reaches  b,  and  it  is  on  account  of  its 

having  this  velocity  that  we  say  it  has  a 

store  of  kinetic  energy.     If  the  vertical 

height  from  b  to  A  is  A  feet  and  the 
weight  of  the  body  is  w  lb.,  we  have 
to  A  foot-pounds,  which  it  had  at  A,  con- 
verted into  kinetic  energy  at  b.  Now 
comes  the  question.  We  know  that 
this  kinetic  energy  is  proportional  to  w, 
but  how  does  it  depend  upon  the  velocity  ]   C 

It  evidently  does  not  de^iend  on  the 
direction  of  the  velocity  at  b,  and  some 
mathematicians    would    say    that    this 
shows  that  it  must  depend  upon   an  even   power  of   r,  but 
^  is  metaphysicflL 

Now,  experiment  shows  that  when  a  body  falls  freely  at 
I^ndon  without  friction,  its  velocity  when  it  has  fallen  freely 
without  friction  at  any  place  through  distances  proportional  to 
0, 1,  4,  9,  16,  25,  36,  &c.,  is  proportional  to  the  numl)ers  0,  1, 
2)3,  4,  5,  6,. etc.  Experiment  shows  that  these  numbers  are 
quite  independent  of  whether  we  measui*e  in  feet  or  centi- 
Dietres  or  yards,  in  minutes  or  seconds.  Hence  we  say  that 
*he  velocity  is  proportional  to  the  square  root  of  the  height,  and 
We  assume  that  we  are  stating  our  result  when  we  say  v-  a  A, 
or  »2_i.  ;^  _-  ^  constant,  which  we  shall  call  6,  or  v^  =  6A  . . .  (1). 
Notice  that  when  we  write  our  result  (1)  down  we  have 
yritten  down  something  which  is  beyond  mere  arithmetic ;  it 
^  on  the  very  much  higher  subject — physics,  which  in  its 
QUithematical  form  is  called  algebra,  v,  h  and  h  are  not  mere 
^^bers ;  ihey  are  qua/ntities,  and  if  v  and  h  were  merely  to  be 
^nsidered  numberSy  the  dimensions  being  feet  and  seconds,  the 

'    assumption   in  (1)  involves  v  I ^i  =  6  A  (feet),  or  6=  , 

^  '  \secondy  a 


B 
Fig.  1«12. 
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(feet) 

/«^^^  A\^'  That  is,  b  is  not  a  mere  number  ;  but  we  may  take 
(secona)-  '  -^ 

it  to  be  the  mere  number  —  multiplied  by  7- =—  o   In  truth, 

h  (seconds)' 

we  find  out  in  various  ways  that  b  had  better  be  written  2  g 
where  ^  is  an  acceleration  of  32*2  feet  per  second  per  second  in 
London. 

We  have,  then,  the  rule  for  bodies  falling  freely  from  rest, 
V  ==  ^  2g  h  .  .  .  ,  (1). 

Now,  h  is  v^l  2  </,   and  hence,  when  a  body  has  fallen  h 
feet,  and  its  velocity  is  v,  the  potential  energy,  why  lost  by 


^2 


it,  may   be   written   to  — —  or,  as  it  is  more  usually  written, 

-gy  —  v2  .  ,  .  (2).     w  is  the  gravitational  force  or  weight  of  the 

body  in  pounds,  and  g  is  32*2  feet  per  second  per  second  in 
London. 

19L  It  was  by  experiments  on  falling  bodies  that  Oalileo 
was  led  to  formulate  the  law  that  at  any  place  a  body's  w/g, 
which  we  call  the  mass  or  inertia  of  it,  is  constant ;  and  we  have 
been  led  by  astronomical  observations  to  believe  that  the  mass  or 
inertia  of  a  body  is  a  constant  everywhere.  The  gravitational 
force  on  a  body,  w,  may  vary,  and  g,  the  acceleration  due  to 
gravitational  force,  may  vary ;  but  the  ratio  between  them 
seems  everywhere  to  be  constant.  We  generally  denote  the 
mass  or  inertia  w/g  by  the  letter  m.  A  body  kept  in  London, 
defined  by  law  to  have  a  weight  of  1  lb.  if  weighed  in  vacuo, 
has  a  mass  1  -r  32*2  in  the  absolute  units  which  are  most  con- 
venient for  engineering  purposes.  Any  body  whose  weight  in 
London  is  w  lb.  has  a  mass  numerically  expressed  by  w-r-  32'2. 
Any  body  whose  weight  in  any  kind  of  units  is  t^  at  a  place 
where  the  gravitational  acceleration  in  any  units  is  g,  is  said  to 
have  a  mass  w/g. 

If  we  wish  to  be  very  exact,  we  notice  that  if  we  speak  of 
a  force  as  w  lbs.,  the  w  is  a  mere  number ;  if  we  sjjeak  of  a 
force  as  w,  then  v)  is  much  more  than  a  mere  number.  A 
body  whose  weight  in  London  is  32*2  lbs.  has  a  mass  1. 

192.  We  have  now  seen  that  half  the  mass  of  a  body,  multi- 
plied by  the  square  of  its  speed  in  feet  per  second,  is  its  kinetia 
energy.  When  the  bob,  Fig.  162,  is  at  b,  let  us  say  that  it» 
total  stove  of  energy  is  kinetic.     When  it  is  at  a,  the  energy 


is  all  potentuJ.  Wfcenri  kiKT-vwr*  i«?r»=— n.  nf  -unit  «iB«>«xir 
of  energy  is  exartir  tike  saw-  i»  itan^.  i*ir  lar-  £  yttr^'^inMt 
and  part  is  Idnecic.  Dvrimr  ilifr  c^-n.fnitr  a-'  i  i#sii[!i.;un  'atrr^ 
is  a  constant  climjer  ffms  ^b-  9ffi<^fsa^  ^f^rr^  Jii.un.i  nrf. 
kinetic  or  kinecie  inio  fo&anak.  mit  *-k»  sim.  if 
would  always  mnsm  tJbe-  mamg^  zmjjj  "zue:  r*-i:rj  n.  x 
reducing  this  smn  by  eosrcrEcur  w*^  t  r  lusi  ••at-'-r^  n 
another  order — najnelr.  keas. 

Exercise. — TwMginf  zm>  fnaxoa^  T»«Hr.bij'*  'ii  lut  wsrsott, 
of  a  prqjectile.  A  ptoiccdk-ctf  ».-  >Jt .  -•-m  l  iiiii=k  -**iir:T— 
of  1,000  feet  per  awond.  Wsa;:  »  aa  iini-TLi*  -fflHcr"  »i»^- 
it  is  at  heights  of  lu.  5*>,  aae  1  j».  *?^  »"i«l  i>  wu  if 
velocity  is  707  feet  horiaoDialiy  i#*r  «iwr.rjL  vm-  b  si  i**r:ri^ 
This  being  the  honBcmal  coaBiccinLt  rf  ti»*  -^-fcny  ii.-iup- 
out,  what  was  the  an|d^  of  ^iprackc  <^  lit*^  rci 
irw.,  1,551,000,  U547.O0Cia2:iii  Lf^li-V*.  ^-    --     •-I*.  -     -: 

It  is  to  be  noticed  that  »■*•  aHs^riiH-  iiiti  "a**^  yxt^fi-it. 
energy  of  a  body  is  k*.  nuhipti^  *^n-  Ta*  'i  --t-i'ji^  !i*ft«:ui  "li.-  •::ri 
which  it  can  fM  (that  is.  to  wmk  €x^3  ovt  ..u  **"t  *\ .  •"i- 1. !:«:.-:  ir.  h 
certain  height  we  know  it/*  pot^Dtas^  «i«TT  t:*:  if  w*  rii.v  -.* 
total  energy,  the  remainder  i*  kiif*rv.,  hrA  :'...-  c  i»^i'    ••-  -  i* 

always  ^  ^j  i^^  the  velocity  !•  kiKrw:.  »L^:l  'uLr-  itr-'j^Li  >  *  -r:  v   . 

198.  Test  of  our  Law. — We  ijot  hur   iixr  ra>  v^  yLt'TL-*-.- 
the  energy  stored  up  in  a  moTin::  lodj.  -r^fy  ji»r:  <rf  *iD/: 
is  moving  with  the  <$anie  velocity,  arid  t*-^  -iiajk  v^*   :i  i'_  iLr 
following  way.     Get  a  pulley  ( Fig,  1 0 ?t   a-  i i^ :  i  :j  '  f  r.- :•: : . >:_!*•— 
as  poflsible,  because  we  must,  at  thf  y^^-zjiAi^j,.  z^^^i^r.  ''yyi\  ^ir 
energy  stored  up  in  the  pullej-  itsielf  aT:d  iL*-  Lo--  -y  fr' •::•-'.. 
Fasten  the  pulley  at  a  considerable'  bf-izijt  aV,.v-  t?,*-  ^^.v 
Let  two  equal  weights,  a  and  a,  l«ilaii<»-  o:^*r  anotbrr  at  th*: 
ends  of  a  long  silk  cord,  pasnog  over  the  pTilley  :  ai.d  ]*^  there 
he  a  wooden  scale,  close  alongnde  which  a  pasv^^  ai«-  it  a-yi^ends 
and  descends.     Let  us  be  able  to  ^tl  to  thi*  scale,  at  auv  ril»c-e . 
a  plate  which  will  8udd«ily  stop  a.  and.  aVx)ve  thi-.  a  rini: 
which  will  just  allow  a  to  pass  through-     You  ^-ill  tind  'iuch 
an  arrangement  as  I  speak  of  in  almo^^t  every  little  collection 
^  apparatus  in  the  kingdom,  and  it  is  callerl  an  Attwood*B 
Xaehine.     Now  let  a  lie  as  high  as  pfjssiblp  at  the  l»eginning  : 
place  on  it  a  little  weight  m?,  such  as  will  Ije  lifted  off  when  A 
P*^88e8  through  a  ring ;  and  place  a  ring  so  that  it  will  lift  the 
little  weight  off  A  when  a  has  fallen,  say,  3  feet.    Yom  ktvcrw 
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that,  HO  long  ax  the  little  weight  lies  on  A,  the  Npeed  of  a  down- 
wardB  and  b  upwardw  must  become  greater  and  greater.  In 
fact,  the  potential  enei^  lout  by  the 
little  weight  becomeu  converted  into 
kinetic  energy  of  the  whole  arrangement. 
Now,  aH  Hoon  an  the  little  weight  in 
stopped,  A  and  H  move  with  a  steady 
motion ;  and  if  the  bible  in  placed  by 
trial  HO  that  one  second  after  a  pasaeu  the 
ring  it  is  suddenly  stopped  by  the  table, 
the  diMtance  between  the  ring  and  table 
shows  the  velocity  which  A,  B,  and  the 
little  weight  had  when  the  little  weight 
was  removetl.  In  one  experiment— A 
being  1  lb.  and  b  the  same,  and  the  little 
weight  0-25  lb.  —  the  velocity  was 
measured  after  A  had  fallen  3  feet,  and' 
was  found  to  be  about  4'5feet  pevsecond. 
Now,  the  potential  energy  lost  by  the  little 
weight  was  3  x  "25,  or  '75  foot-pound. 
The  kinetic  energy  was  stored  up  in  2'25 
pounds,  moving  with  the  velocity  of  4'5 
feet  i>er  second,  and,  according  to  the 
above  rule,  its  amount  is 

2-25  ^  64-4  X  4-5  x  4-5, 
or  -Tl  foot-pound,  or  04  foot-pound  too 
little.     If   we   consider  that  there  waa 
Fig.  iw.  some  friction,  that   the  pulley  retained 

some  kinetic  energy,  and  that  it  was 
ditticult  to  Gx  the  table,  so  that  exactly  one  second  elapsed 
from  a's  passing  through  the  ring  until  it  was  stopped,  we  see 
that  the  experiment  is  a  fairly  good  illustration  of  tiie  rule. 
You  ought,  with  your  own  hands,  to  make  a  number  of  such 
experiments.  In  exercise  work  we  shall  call  A  =  B  =  w  lU, 
and  we  shall  call  tlie  little  extra  weight  mi. 

In  Art.  50  we  found  the  sort  of  corrections  which  had  to 
be  introduced  by  friction  at  the  wheel  pivots  and  by  the  bend- 
ing of  the  conl.  Their  study  led  us  to  the  great  subject  of 
friction.  But  in  a.  well-made  Attwood's  machine,  a  far  more 
important  matter  to  consider  is  the  energy  (so  fcu-  neglect«d) 
in  the  pnlley.  The  ex [leri mental  study  of  this  leads  us  to  a 
(XMisideratioii  of  angular  motion. 
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194.  Energy  in  a  Rotating  Body. — 8uppos»e  now  tlmt  the 

pulley  is  so  massive  that  its  kinetic  energy  in  con8ulerab]e,  and 

may  not  be  neglected,  is  there  any  way  of  finding  from  its  s|)eed 

how  much  energy  it  has  stored  up  in  it )    We  can  easily  calculat4* 

the  energy  in  any  little  portion  of  a  wheel  if  we  know  its 

velocity  and  mass,  but   those   portions   near  the  centre  are 

moving  more  slowly  than  portions  near  the  circumference,  so 

that  we  have  to  calculate  the  energy  in  each  little  poi-tion 

separately,  and  add   all  the   results  together.     Tliere  is  ont» 

thing  which  all  portions  of  a  wheel  have  in  common — thi*y  all 

go  round  the  centre  the  same  number  of  times  |)er  minuU*. 

Suppose  now  that  the  number  of  revolutions  of  a  wheel   is 

doubled,  the  real  velocity  of  every  point  in  the  wlie<*l  is  doubled, 

whether  that  point  be  near  the  axis  or  not,  so  that  the  kinetic 

energy  of  the  whole  wheel  is  quadrupled;  in  fact,  then,  we  find 

that  the  kinetic  energy  stored  up  in  a  wheel  depends  on  the 

square  of  the  number  of  revolutions  which  it  makes  per  minut<*, 

so  that  tlie  efiergyinvst  he  eq\iaJi.  to  a  constant  number  muHiplied 

by  tlie  square  of  the  number  of  revolutions  per  minute, 

196.  To  find  experimentally  how  much  energy  is  possessed 

by  a  wheel  when  it  is  rotating,  let  the  wheel  be  mounted  on  an 

axle  supported  on  very  frictionless  bearings.     If  the  centre  of 

gravity  of  the  wheel  is  not  exactly  in  the  axis,  then  it  is  better 

to  place  the  wheel  as  in  Fig.  164.     Now  let  a  cord  with  a 

loop  from  the  pin  B  be  wound  round  tlie  axle  and  pulled  by  a 

weight  w.    Suppose  the  weight  to  be  1,000  lbs.,  and  that  we  only 

allow  it  to  fall  8  feet  from  rest  before  the  cord  drops  off  the  pin, 

HO  that  when  it  has  fallen  this  distance  it  no  longer  acts  on  the 

wheel,  which  will  then  rotate  with  a  constant  speed.     Roughly 

speaking,  thp  wheel  possesses  1,000  x  8,  or  8,000  foot-pounds  of 

energy  stored  up  in  it.     This  is  not  quite  true,  l)ecause  the 

^veight  itself  possessed  a  certain  amount  of  energy  of  motion 

•  which  must  be  subtracted.     Suppose  that  at  the  instant  before 

l>eing  stopped  the  weight  was  moving  with  a  velocity  of  1  '5  foot 

per  second,  then  we  must  subtract 

J- — -  X  1*5  X  1*5,  or  about  35  foot-pounds. 
64*4 

I^  there  were  no  friction,  and  we  find  that  a  speed  of  10 
revolutions  per  minute  has  been  given  to  the  fly-wheel,  we 
l^now  that  we  have  to  find  a  constant  number,  M,  which,  when 
"multiplied  by  the  square  of  10  or  100,  will  give  7,965  foot- 
pounds.    Evidently  M  =  79*65,  and  hence,  if  ever  we  find  this 
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fly-wheel  rotating,  we  know  that  it  has  stored  up  in  it  the 
amount  of  energy  in  foot-pounds  79-65  x  square  of  number  of 
reyohitions  per  minute. 

196.  In  the  above  calculation  we  have  neglected  friction ; 
but,  as  a  matter  of  fact,  in  experimente  tlie  friction  never  is 
negli^ble.  As  for  the  friction  of  the  wheel  itself,  on  a  cord 
similar  to  that  whicli  you  have  already  uaed,  hang  a  small 
weight  such  us  will  merely  overcome  friction,  so  that  when  you 


give  the  wheel  a  jerk  for  the  purjmse  of  starting  the  motion, 
this  weight  will  just  suffice  to  prevent  friction  reducing  the 
speed.  Suppose  this  weight  to  be§  lbs.,  then  it  is  quite  evident 
that  5  lbs.  of  the  original  1,000  were  really  employed  in  over- 
coming friction  and  not  in  storage.     Hence  our  calculation  gives 

995  X  8  -35,  or  7,925  foot-pounds  as  the  total  storage. 
This  is  at  ten  revolutions  per  minute.     When  it  makes  one 
revolution  per  minute  the  storage  ix  79-25  foot*pounds,  and  at 
any  other  s|ieed  we  multiply  79'25  by  the  square  of  the  number 
of  revolution.s  per  minute  ;  79'25  is  called  t!ie  H  o/tlte  wheel. 

As  for  the  friction  of  the  pulley  p  and  the  energy  wasted 
in  bending  the  rope,  the  puUey  muet  be  tested  like  the  pulley 
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of  Art.  50,  and  a  correction  nia^  »in  *»-»r.»i- :  -c  "h»-  'w 
parts  of  the  rope  being  at  right  anz!*r9  to  'r.>-  Ar^-chrr  •.*? 
two  pulleys  may  lie  tested  at  the  aam*-  iiir.»-.  rh»-  xr!  s'-'T^j 
over  both  of  them  to  two  weighti*. 

197.  It  is  obvioQB  that  we  mii'^t  i>-  p-r^-tcy  ii;ii:k  :^  eommt- 

ing  the  number  of  iBTolntioBfl  of  tbt-  wh»^  TTr>i3r>r«i  tj  ih^ 

falling  of  the  weight  Indeed,  we  oa^fat  to  .->-i#-r'«*.  ii  r«  •«••:!'••-. 
the  time  taken  in  part  of  one  revolati^jo.  tl*ui2  ^<i.*r  <p»^  'jm: 
form  of  time-measnrer,  because  the  »pee«i  »i:l  r^ow  -^jT.tir.  iA.:)i 
decrease  on  account  of  friction. 

But  there  is  another  wav  in  which  it  i«  e«.^v  Xfr  t.tA  'r.- 

speed  at  the  instant  when  the  weight  cean^  to  ao*.      F:r.  i  ••.'■ 

total   number  of   revolutions   made   l>v    th»ir    '*h«e*^i    till    •:-•■ 

cord  drops  off  its  pin,  and  let  someone  o^fM^rw^  thU  tin!-  ir. 

minutes.     Hien,  as  we  know  that  the  <»peed  incT>^«w^«^  nriiformly 

daring  this  interval  of  time,  the  mean  sp^>:<i  is  just  half  th*- 

speedat  the  end  of  the  interval :  that  is.  //i/-*VA»  th^  i»»nn^f*r  ^•j 

revoluUans  by  the  number  of  min^'te*  \n  prhi^h  ih^»t  tr'^^r'^  jm^.-- 

^ormedj  and  twice  the  quotient  trill  ^r^  th^  w»/w</*^r  ^.r  n»ir«/M/|V.»tJ* 

/w  minute  made  by  the  wheel  when  the  weight  jn^t  c^nj^^s  *»»ft'-t. 

You  can  test  your  result  by  counting  the  n amber  of  r«^vola- 

tions  from   the   time  the   cord  drops  off  until    the  whf^l    is 

stopped  by  its  own  friction  and  dividing  by  the  tim*-  whi«^h 

elapses;  twice  this  quotient  ought  also  to   Ik=-  the  <^ff**A  ynu 

want  to  know. 

198.  It  is  not  necessary  even  to  ineasur*:  th^  friction 
directly,  for  we  found  that  7,965  foot-pounds  wfif  given  out  by 
the  weight  in  falling;  now  if  %re  ronnt  thf  tfttal  vunib^r  nf  r*>t'(hi- 
tions  made  by  the  wheel  from  tfte  time  of  start iiifj  unfil  sfnpjped 
^  its  own  frictioti^  afid  divide  7,965  htj  the  total  tonnhpr,  ir*^ 
Ml  find  the  loss  of  enerrfy  due  to  friction  do  ring  cme  rerttlution^ 
since  there  is  just  as  much  energy  wasted  Vjy  friction  in  any 
one  revolution  as  in  any  other  [a  statement  to  be  testecl  Ijy 
^he  student].  Ten  times  this  must  be  the  same  amount  of 
energy  as  5  x  8,  or  40  foot-pounds,  for  we  measured  the  friction 
during  10  revolutions  of  the  wheel  as  equivalent  to  T)  lbs. 
felling  8  feet.     This,  then,  i§  the  method  we  ought  to  employ. 

I  know  of  no  exercise  in  my  lal>oratory  which  is  so  useful 
^"^  this.  A  thoughtful  student  revives  his  knowle<lge  of 
nearly  ail  the  important  dynamical  princiides  in  making  the 
corrections,  which  enable  him  to  got  nearer  and  nearoi-  to  tlic 
*^rrect  answer  for  M, 
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199.  You  see  that  Mis  a  number  which  ought  to  be  known 
for  every  fly-wheel  3  it  is  just  as  important  to  know  the  M  of  a 
fly-wheel  as  to  know  the  weight  of  an  ordinary  body.  We  have 
only  to  multiply  the  M  by  the  square  of  the  number  of  revolu- 
tions per  minute,  and  we  find  at  once  the  energy  in  foot-pounds 
stored  up  in  the  wheel.  I  have  shown  you  how  to  find  the  M 
of  a  fly-wheel  by  experiment ;  I  will  now  give  you  an  idea  of 

its  value  in  different  cases.     Imagine  a  grindstone  whose 

diameter  is  4*5  feet,  whose  breadth  is  1*4  foot,  the  weight 
of  its  material  per  cubic  foot  being  132  lbs. ;  then  we  can 
calculate  its  M  by  first  finding 

132  X  1*4  X  4*5  X  4-5  x  4*5  x  4*5, 

and  dividing  this  answer  by  59,800.  For  any  rotating  object 
of  cylindrical  shape,  the  shape  of  a  grindstone,  this  rule  will 
always  find  M.  Multiply  the  weight  of  the  material  per  cubic 
foot  by  tlie  breadth  or  width  ;  multiply  this  by  tJie  fourth  power 
of  the  diameter^  and  divide  by  the  constant  number  59,800. 
Whether  the  mateiial  is  wood  or  stone  or  metal,  this  will  give 
M,  and  this  multiplied  by  the  square  of  the  number  of  revolu- 
tions per  minute  will  give  the  energy  in  foot-pounds  stored  up 
in  the  rotating  body.  For  the  above  grindstone,  on  calculating 
out,  you  will  find  the  M  to  be  1  '26.  So  that  when  it  makes 
1  revolution  per  minute,  there  is  stored  up  in  it  1*26  foot- 
pound of  energy ;  when  it  makes  2  revolutions  per  minute, 
there  is  stored  up  in  it  1*26  x  4,  or  5*04  foot-pounds. 

Foot-pounds. 
At        3  revolutions,  2-53  x  9,  or  22-68 

20  „  2-53  X        400,  „      1,012 

50  „  2-53  X     2,500,  „      6,325 

„     100  „  2-53  X  10,000,  „    25,300 

200.  If  we  Hx  a  small  weight  of  20  lbs.  on  a  wheel,  at  12  feet 
from  the  axis,  this  adds  to  the  M  of  the  wheel  the  araouut 

20  X  12  X  12-^5,873,  or  0-49; 

or  the  weight  multiplied  by  the  square  of  its  distance  from  the 
axis,  divided  by  5,873. 

If  we  add  a  very  t^hin  rim  to  a  wheel,  the  addition  to  M  is 
found  by  multiplying  the  weight  of  the  rim  by  the  square  of  its 
average  radius,  and  dividing  by  5,873. 

JVote. — In  Table  II.  all   dimensions  are  supposed  to  be  in  feat.      See 
Art.  203. 
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Table  II. 


N 

V 


Nature  of  Rotatiug 
Body. 


Sphere  of  diam-'j  ; 
eter  d^  rotating  (  j 
about   diameter  r 
as  axis.     .     .     ./ 


mP  X  •0<»ie26  '  HyP  -i-  ll-'Hili 


•31152*/ 


Spherical     shell,  \  |  |                          ; 
whose      outside  i  •; 

diameter    is    d'  j  «?(</»  -  d|»))  :    «"  (♦i*      rfi*)     uiro^/''' "''i* 

and  inside  is  d,,  j  I  x  -OOIH^)    J  =      ~  112,1W      **"- V  ^^    ^, , 

rotating     about  1.  [                          i 
diameter  as  axis  /  ! 


Cylinder,     diHm''\  ' 

•x  •  1  I  I 

its  axis     .     .     .  /  i 


'^    > 


Hollow  cylinder,  "\  ■  ' 

outside  diameter  (      ud  (d^-di*)  \  '.    H  {d*  -  d^*)    ■ 
c/,  inside  diam- f :      x  -00305    j        -  5I»,814      .^Vnl^x  / 
eter  rfi,  length  //  I 


Thin   rim,   mean'^ 
radius       r      of  > ' 
weight  w      .    .  i 


Thm  rod,  of  \ 
length  I,  rotat- 
ing about  axis 
through  its 
middle  point, 
at  right  angles 
to  ite  length. 
Weight  of  rod  w; 


wr- 


-T-  32-2 


W^2.oo^H 


/ 


Thin  rectangular' 
plate,  rotating 
about  axis 
through  its  cen- 
tre parallel  to 
side  6,  the  side 
d  being  at  right 
angles  to  axis. 
Weight  of  plate 

w J 


Wf/2  -00258 


/ 


t^+di^ 


I 


wr-  -T-  5,87:^ 


w'l'  -T-  70,474 


wrf2  -4-  70,474 


/• 


•2882/ 


•2882rf 
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It  will  be  found  that  if  a  fly-wheel  has  light  arms  and 
a  heavy  rim,  as  we  often  see  on  such  wheels,  a  fairly  good 
approoditiation  to  its  M  is  found  by  multiply iruj  tlie  weight  of 
the  wheel  by  the  square  of  the  taean  diameter  of  the  rim,  and 
dividing  by  23,000. 

Example. — The  rim  of  a  fly-wheel  weighs  15  tons ;  its  mean 
diameter  is  20  feet.  Calculate  approximately  what  energy  is 
stored  up  in  it  when  it  makes  60  revolutions  per  minute.  Here 
you  will  find  the  M  of  the  fly-wheel  to  be  about  584,  and  hence 
the  stored  energy  is  584  x  60  x  60,  or  2,102,400  foot-poundh. 

The  mathematicians  do  not  use  our  M.  They  use  a 
quantity  called  I,  the  moment  of  inertia  of  a  rotating  body, 
which  is  numerically  equal  to  twice  the  energy  stored  in  the 
body  when  it  has  an  angular  velocity  of  one  radian  per  second. 
See  Art.  203.  I  give  the  values  of  I  as  well  as  of  M  in  the 
above  table. 

In  the  case  of  any  rotating  body,  if  we  imagine  a  fly-wheel 
made  of  the  same  weight  and  same  M  or  I,  with  an  exceed- 
ingly thin  rim,  the  average  radius  of  this  rim  is  called  the 
radius  of  gyration  of  the  body.  In  fact,  the  mass  of  a  body 
multiplied  upon  the  square  of  its  radius  Of  gyration  is  its 
moment  of  inertia.  The  radius  of  gyration  of  a  fly-wheel  rim 
is  usually  taken  to  be  the  average  radius  of  the  rim. 

201.  Steadiness  of  Machines. — A  fly-wheel  is  put  upon  a 
riveting-  or  shearing-machine,  or  other  machine,  because  the 
supply  of  energy  to  the  machine  is  not  given  regularly,  or  else 
because  the  demand  for  energy  from  the  machine  is  irregular. 
The  fly-wheel  enables  the  machine  to  maintain  a  more  constant 
speed.  In  calculating  the  proper  size  of  a  fly-wheel  for  any 
machine  we  must  know  two  things  :  first,  what  is  the  greatest 
alteration  of  speed  allowable  in  the  case ;  and  secondly,  the 
greatest  fluctuation  of  the  demand  and  supply  of  energy.  Thus, 
suppose  we  wish  never  to  have  the  speed  of  the  fly-wheel 
more  than  51  nor  less  than  49  revolutions  per  minute,  and 
that  during  some  interval  of  time  the  fly-wheel  has  to  give 
out  20,000  foot-pounds  more  than  it  receives  during  that  time ; 
then,  although  the  fly-wheel  will  afterwards  have  this  deficiency 
made  up  to  it  by  sonie  steady  supply,  it  is  obvious  that 
its  speed  must  diminish.  We  wish  its  speed  to  diminish 
only  from  51  revolutions  to  49  revolutions  per  minute  in 
this  iiitorval  of  time.  Now,  when  the  fly-wheel  runs  at  51 
rovoJutions,  it  lias  stored  up  aw  aw\o\xivt  of  energy  equal  to 
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its  M  X  51  X  51  ;   and  when  it  mo*  as  49  r^s^ri-ra-jr^,    .•• 
store  is  M  X  49  X  49,  and  the  diflei«f>!»  >^c«*«£.  'ihtt!^  :«• 
ought  to  be  20,000.     Hence,  ^aljCnctins  4:-  .   if.     r  l,fc   : 
from  51  X  51,  or  2,601,  we  get  2«»;  aikd  'iiT^iincE  J-.  «.<•  -.y 
200,  we  tind  100  as  the  reqnued  rala*:  for  K     >«4<^''-r.  -ji^^. 
</ttf  square  qftlie  least  speed /rom  tke  ^puir*  *>/  r**  -/nrtf/*^.  «*r' 
divide  the  greatest  excess  ofdenMwl  or  imf^n  ^y  ?a«^  r»««f*M'W 
^  quotient  is  the  M.  of  the  ^jf-vAeef.     Harm^r  loozui  M-  t<>^ 
question  is,  how  can  yon  t^  horn  it  the  nixe  *£.  i  vei«&t  'jtf  Tftr- 
wheel]     Find  the  M  of  anv  wheel  of  Uw  taoK  skaciie  ar^i 
material  as  that  which  you  want  to  use.     It  i«  •jbvioo*  ^r^*  6^ 
diameters  oftfie  wheels  are  as  theji/th  rooO  o/tA'^r  M*-*     ^''- 
want  a  wheel  whoee  M  is  100.     SoppOHe  I  tind  a  wh^^:  *a  ci^ 
shape  I  wish  to  use  whoHe  outer  diameter  fc»  '^  f-^%  ;hr^*i    I 
calculate  its  M,  and  find  it  to  be  1 1  ;  then 

The  fifth  root  of  11  :  fifth  root  of  1«.»0  ::  '^  :  an-»rr. 
Log.  11  =  10414  ;  divided  by  5  it  is  M-i'f>i.r  which  i-  -.h- 
^     logarithm  of  1*615. 
Log.    100  =  2-0;    divided  by   5   it   i<   *»-l,   whi-h   i*  :K- 
logarithm  of  2-512.     Hence 

1*615  :  2-512  ::  6  :  answer. 

This  is  an  ea.sy  exercise  in  simple  proportion.  I  rtiid  my 
answer  to  be  12-44  feet,  or  12  feet  5]  inchf^,  tL^-  diamet»:r  of 
the  required  fly-wheel,  which  is  to  be  similar  in  form  to  tli*- 
smaller  specimen  used  by  me  for  calculation. 

202.  The  total  kinetic  energy  stored  up  in  any  machine 

w  found  by  calculating  the  energA'  in  ever}-  wheel  anil  in  f  v»-i  y 

*  If  wc  have  any  two  rimilar  wheelt),  or  other  rotating  bo«lieit  of  the  samr 
material ;  if  we  consider  any  similar  small  portionitof  them ;  it  it  evident  that 
their  weights  are  proportional  to  their  cubic  contents,  or  to  the  cabes  of  an.\ 
^t^iular  linear  measurements.  Hence,  if  one  is,  say,  twice  the  diameter  of  tht* 
other,  as  every  dimension  of  the  one  is  twice  that*  of  tlie  other,  the  weight  of 
one  muBt  be  2  X  2  X  2,  or  eight  times  that  of  the  other.  Now,  the  M  of  any 
J<)tating  body  depends  not  merely  on  the  weight  of  each  portion  of  the  l>o*ly, 
J«t  on  the  square  of  its  distance  from  the  axis,  so  that  the  M  of  one  mu;*t  be 
«  X  2  X  2,  or  thirty-two  times  the  M  of  the  other.  Similarly,  if  the  linear 
"imengions  were  as  3  to  I,  the  values  of  M  would  be  as  243  to  1  for  a  pair  of 
smiilar  wheels. 
JSxample.—We  want  a  wheel  which  will  have  a  store  of  1,(H)0  foot-pounds 
^hen  rotating  at  twenty  revolutions  per  minute,  and  it  is  to  be  of  the  same 
*nap€  as  that  of  an  already  existing  wheel,  which  is  4  feet  in  diameter,  and 
Jhich  contains  a  store  of  1,350  foot-pounds  when  running  at  30  revolu- 
2pn«.  Evidently  the  M  of  this  second  wheel  is  1,350  -r-  900,  or  1  5,  and  the 
■  of  the  first  wheel  is  to  be  2-5.  Using  logarithms,  we  find  that  the  hftn 
root  of  1-5  is  to  the  fifth  root  of  2*5  as  4  feet  is  to  4*4  feet,  the  B^uawei. 
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moving  part,  and  adding  all  together.  But  suppose  that  in  the 
machine  there  is  some  shaft  of  more  importance  than  any  other, 
it  is  usual  to  give  the  s\ieed  of  this  shaft  only,  because  if  its 
speed  be  doubled,  the  speed  of  every  other  is  doubled.  Thus,  in 
a  steam-engine  we  state  the  number  of  revolutions  per  minute 
of  the  crank  shaft,  and  this  t-ells  us  the  speed  of  every  part  of 
the  engine.  Let,  then,  the  number  of  revolutions  of  some 
such  principal  axle  of  a  machine  be  found.  If  this  number 
of  revolutions  is  doubled,  the  kinetic  energy  stored  up  in  the 
machine  is  quadrupled ;  and,  in  fact,  the  kinetic  energy  stored 
up  is  eqiial  to  a  certain  number  which  can  he  found  for  the 
machine,  and  which  we  sliall  caU  its  M,  muUiplied  by  the 
square  of  the  nmtiber  of  revolutions  of  this  particular  axle  per 
minute.  The  M  of  any  machine  may  be  experimentally  deter- 
mined in  exactly  the  same  way  as  we  have  shown  above. 

If  we  know  the^ff  of  any  machine,  then  the  M  of  any  other 
machine  made  to  the  same  drawings,  and  of  the  same  materials, 
but  with  all  its  dimensions  twice  as  great,  is  thirty-two  times 
as  great,  because  the  M's  of  the  two  machines  are  proportional 
to  the  fifth  powers  of  their  corresponding  dimensions. 

203.  The  energy  stored  up  in  a  i-otating  body  i8  equal  to  Jio-, 

where  I  is  moment  of  inertia  about  the  axis ;  that  is,  the  sum  of  all 

Huch  terms  as  mass  of  a  little  portion  nmltiplied  by  the  square  of  its 

distance  from  the  axis,     a  is  angular  velocity  in  radians  per  second. 

2nir 
Hence,  as  o  =  ^    ,  if  n  is  number  of  revolutions  jwr  minute,  and 

IT  is  3*1416,  the  enersfy  is  i— — —  ;    so  that  our  M  is  — —  .     In 

^^  1,800  1,800 

Table  II.  we  give  values  both  of  M  and  of  I.     In  both  cases  w 

is  in  lbs.  per  cubic  foot,  and  all  dimensions  are  supposed  to  be  in 

feet. 

We  ask  for  the  advice  of  students  in  an  important  matter.  Is 
it  good  to  use  the  ideti  of  our  M,  the  energy  stored  in  a  body  when 
it  makes  one  revolution  per  minute  ?  To  the  weaker  vessel,  the 
beginner,  or  the  man  who  dislikes  algebra,  we  know  it  to  be 
useful.  Indeed,  to  any  practical  engineer,  however  mathematical 
he  may  be,  it  is  convenient  to  have  such  a  quantity.  But  is  its 
convenience  overpowered  by  the  inconvenience  of  having  a  new 
quantity  to  think  of  Y  We  do  not  know,  and  w^e  should  like  to 
receive  advice. 

As  for  the  idea  of  moment  of  inertia,  it  comes  in  in  this  way. 
If  we  have  a  small  mass  m  mo^nng  I'ound  an  axis  at  the  distance 
/•  feet  with  angular  velocity  a,  its  linear  velocity  is  ra  feet  per 
second ;  its  kinetic  energy  is  ^nu-a^  foot-pounds.  Now,  if  we  have 
many  small  masses  and  make  this  calculation,  we  see  that  eveiy 
little  term  has  ^a^  in  it,  common  to  them  alL     Hence  we  multiply 
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«'VfT\'  lit  tit:  M  >iy  j:-  ••-   I.-  :   ►t."!-  .    i     I 

sav  luHthciiiatii'tllv.  1.,.  -  =  .-    j.--  ■  -■  ^ 

tho   itiU-iiliitiuii  ■■f   •?.     •-  »r.  •..-      f   .f  -  I    _■ 

Evcrv  sturivnt   »>!•-•  ili*  ^-  '-. -^    • 
theik.*.  and  al.--  :h-.-  ^aI.-    .f  I  i-  •.• 
sha2)es  as  may  >•:  ■i-t:r.-:»:  r;-fi"if-=.u»' j  -: 

EXE?.-  >i-- 

1.  A  fly-wheel  «.»f  '.A-t  irv::-  "«-i>.-^  r  :=..-.     :—• 
section  8"  "x  10".  ha^  a  v-.-lis:-  *    •    1 :    ■    .    r  : 
a  cubic  inch  weighs  0  2o  !>,.  '.'zr-  "Sr-^-  .-  '  r- 
inertia  is,  approximator.  7.^4•>  *:-—*!■-     -  ■    ••" 

The  M  of  a  fly-whi^!  >  :-..  c^ri.     '■  •.-    v  :,.      . 
lution  per  minate.     Thi*  i-  i-   t.-_*-.laj  -  -J  >     ■   c   -  :r 
radians  per  second:  ?-.■  that  M  i-  *    •   •!  .  •'  .  "'      - 

2.  What  enenn-  wiL  thi-  dv-^b-l  --  : 
revolutions  per  minutT  r      A.-t  .  il    '..J-  -    ---" 

3.  A  gas  enginn  hj*  'J  hii:  ■*>•!  v  ?•»-"•  *  -" 
minute:  what  i-  th»r  isi'li*-*":*-:  -b^  rt    i    -'■ 

.£**..  ■•:...--- 

4.  If  one-half  *A  ihi-  :•  ••  r-i           •;«-_-.•_■ 
revolutions  pt-r  luinutr.  wh.i:  >  "!'_-  1 
uuMuent  of  inertia  r     If  it  i- rL.*>-  ".-    "i-  •^j.:.-    .-i  *    ..■!■■■    "*    -•     -■ 
of  Exercise  1,  what  i*  th- a v^ra.^  r-i.:' -•    ^  " .      .•    ■  ■  .     j      ■ 

3.  If  th«:  sas-«:ngiiir  "f  Ei-r.'  --^  1  .-•—■:-.•.  '-  '       ■    ■ 

and  if  there  is  a  t-uinj.le>  •  y.  :►  :l--  -■  -r-   :-      ..'•■:.-.  .    :     ■*    ■  ■     ■.    _• 

is  stored,  what  iw  th»r  M  -.?  :r.-   ''^- -^  *-.—     :-':■■  ■■.•.•- 

the  same  :is  in  (4 1  r  .     '        • . ' 

6.  In  Attwi.iod*-'   msM-h::.-   •-.»'>.    t   =r  :   '  .'-          . 
q»l»lied  fur  a  heii^t  *A  '1  i^i.  » ?--»'.    -.^r-  *      •  *-  •  ■     ' 

'^M..  Total  uiaiw-  i*  h'-j  -i-  -t'l.,      .:    .  1 .'-'      ■  •   *.     • 

\  X    1025  X   rs.     Thi*  i*  -^i^*!  :...:--      •    .  f  .  •-  .  .-f 

t^=  i-o  4.  1.02.3.  ..r  .  =  i-4J  f-:  .-:  -■ 

7.  If  in  Exeri'ia^  0  tLi  wL'^rl  ■■-ljr>_-      '.'  .      v  -•      ....    -    :  _■  .- - 
^'hich  happi-n-s  to  >^  ir^ii-^l  :•-' tr.- rii: ..-    f  ■:.-    ..•  .       ^  •.:       -•:      :  • 
<*ord  as  it  jf«jts  r»^un«L  ■*-  h^vr  •::..;^.-.  •     .■.-.j-:.-  -':     ...     .   _•      .  .-•  " 
have  0-17  lb!,  or  rath»-r  0  17  ---  '/l  1.' -     ^' :    =  :  :■■:  •      *      V.-.  -     .  -■ 
'•orrocted  value  uf  r  at  th-r  tirr-t:  -Afi-r.  ^r  \»  _f-:    *  - 

Jw..  The  wholr  jSL.v'e'  i-  ii«-v.    -ImT*.    ■.'. :    ^         1   7*  .  -  ^^  ^ 

that  r  =  3-34  ft-.rt  p^r  f*i*:*fiA. 

8.  If  thf  raiiius  *A  th-  ii.i'i    i:  I-    .:.  :>.-   ;.    11-y  i-      _s  i  .  :    .■  1  :? 
»aJiii8  of  gyratiidi  *A  thr  pull*  >    :-   v  Jl    f  *.:.   i::..^-.:.-    :?.  : 
<*17  lb.  and  rudiu>  *A  ar\it»:it..n  *-'i\  r-\l-.  «■•:  '-.x    -.:.  :r.-:     ^   .■  '.-.^     .\.\ 
radiib   uf    !;\Tution    0-24:    ^^     :?^:    --"        '.'24-=     17         v -I  -. 

'  =  0"13.     \V*:  theivf«'r»=- iiiuufin- ;•  : -A-.*  •  1 ;  -;-  -yi'i.    :  ••••»4'>.  .1 ;  l"!    t. 
tothf  firisfinal  wriifht.     In  thi-  .-,1.*--  rir.i  '-. 

It    is  this   i*jirx.   *A   tTiIt  iLiti-  r:.   wh^-ri  ■-.\]»'-;-:ii.vnti:;i:   ^^i:h  .iv. 
Attwi^J's  uiachint.-.  whifh  :/ivr-.  :i  ncin  :i  }ir.«i-!:i-i'.  kTi'-^uxim    »  t 
ian.-hanii.-s. 
d.  A  homo««4i«ous»  L-vliiider  of  luaaa  in  and  nuiiu>  !-  rvW  ^v^'t^w  Wv 
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inclined  plane.     If  the  linear  speed  of  its  centre  is  v,  show  that  its 
anj^ular  velocity  a  about  the  centre  is  v/r.     What  is  its  kinetic  energy  ? 

Am.,  Jwt;2  4-  Jia-. 
Table  1.  shows  that  its  radius  of  gyration,  A,  is  '3535^ ;  and 
as   I  =  mk-,    wo   have    the    kinetic    energy  .^w*    (*'  +  ^'"a*"^)?     «i' 

V-  -f-  k-  -^1,   or    ^mv-  (  1  +    .,  )•      Xoticc  that  in  a  cylinder 

k'/r^  =  ^ ;  so  that  the  total  kinetic  energy  is  Zmv^j^.  If  the 
cylinder  is  cast  iron,  r  =  0-17  foot,  its  length  0*3  foot ;  then  its 
weight  is  \2'2bl  lbs.,  its  mass  is  0*3808,  and  its  kinetic  energj' 
is  0-2865t;2. 

If  this  cylinder  has  rolled  without  friction  along  a  switchback 
path  thi'ough  a  vertical  height  of  1  '5  foot,  show  that  v  =  8*02. 

If  the  path  was  an  inclined  plane,  such  that  for  a  vertical  fall 
.of  rS  feet  the  distance  traversed  is  20  feet,  and  if  the  average 
velocity  was  half  the  final  velocity,  find  the  time  taken  to  reach 
this  point.  J.««.,  4-99  seconds. 

On  a  plane  at  the  angle  a  with  the  horizontal,  show  that 
the   time   taken  for   a   sloping  distance  /  feet,   being  /  -r-  Jt?,   is 

V2fllg  sin  o. 

10.  A  riveting-machine  needs  3  horse-power;  a  fly-wheel  upon  it 
fluctuates  in  speed  between  80  and  120  revolutions  \)ev  minute;  an 
operation  occurs  every  two  seconds,  and  this  requires  |^thfi  of  all  the 
energy  supply  for  two  seconds.     Find  the  M  and  I  of  the  fly-wheel. 

The  energy  supply  for  one  minute  is  3  x  33,000,  and  ^ths  of  the 
supply  for  two  seconds  is  3  x  33,000  x  J  x  ^  x  2,  or  2,875  foot- 
l)ounds.  This  is  equal  to  m  (120-  -  80^);  so  that  M  is  0-36,  I  is 
•36  X   1,800  -f-  T^  or  65-6. 

11.  A  machine  (consisting  of  a  grindstone  and  the  shafting  of  a  shop) 
has  an  M  =  12*13.  Suppose  the  los»  of  energy  by  friction  in  one 
revolution  to  be  always  1,550  foot-pounds,  whatever  the  speed.  If  the 
machine  (the  grindstone  spindle)  is  making  140  revolutions  \)ev  minute 
and  ceases  to  receive  (mergy,  in  how  many  revolutions  will  it  come 
to  rest? 

Let  the  answer  be  x  ;  then  x  x  1,550  =  12*13  x  140-^,  so  that  x  =  154 
revolutions.  As  the  avei-age  speed  will  be  70  revolutions  \)cv  minute, 
the  stoppage  will  take  2*2  minutes. 

12.  Find  the  M  and  I  of  a  fly-wheel  which  stores  25,000  foot-poundn 
of  energy  when  changing  in  speed  from  50  to  70  revolutions  per  minute. 
It  is  to  bo  similar,  and  of  the  same  material,  to  an  existing  fly-wheel 
whoso  M  is  0*047.     What  is  the  j*atio  of  their  sizes  ? 

^/w.,  10-4;  189*7;  2*93:  1. 

13.  If  the  eai*th  described  a  circular  ^mth  of  92  x  10*  miles  radius  in 
365^  days,  if  it  were  a  sphere  of  8,000  miles  diameter,  of  uniform  density 
6*6  times  that  of  water,  what  is  its  mass  in  engineer's  units  ?  What  is 
its  kinetic  energy  because  of  the  motion  of  its  centre?  What  is  ita 
kinetic  energy  because  it  rotates  on  its  axis  once  in  23  hours  56  minutes 
4  seconds? 

14.  An  engine  is  running  at  200  revolutions  per  minute.  Suppose 
that  after  the  steam  is  shut  off  and  the  load  removed  the  engine  made 
i?<50  2*evolutions  before  coming  to  rest.     Assume  a  constant  moment  of 

i-esistance,  and  calculate  its  amo\mt  it  the  moving  parts  are  capable  of 
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storing  as  much  energj'  a*  a  flr-whetl  m-^jg*  -"..?  I  :■&  kr..i  -.i— jur  i  rui.  ;.-* 
of  gyration  of  2 J  feet.  -^ *  #  .  'I  -.  . •*. 

15.  The  rim  of  a  fly-wheel  L«  9  in'-b^  ''t^tui  tr.-i  *:  — ■  i^*  >*"  '^o* 
external  diameter  heing  9  feet.  Find  the  2»-.«*rt-  ■:f  :r>r'-i  f  t--  r_r-  If 
an  engine  be  supposed  to  drive  thi-  wl^yrl  .=*^^>*  t:- j-  r-j-r  r— ---.t::*'!^ 
how  many  revolutions  will  have  bE*n  mfe-i?  •.•e^  .rt  "izr  -t***!  i  ■  ■'-  •-t'-^  fr  ol 
rest  by  the  wheel  is  120  revolatioo^  j»^  ai-rr^-  il-  :ik.--'-r  f  ■it- 
cylinder  beiiig  18  inches,  the  stroke  2  ie^  €  bi-'^^-.  ir.ii  •>.-  r>^f.  '^'•••. 
pressure  15  lbs.  per  square  inch?     \niat  :ii>-  w  .-^l-i  -•-  r*-i:  --::r'«i  ' 

16.  The  fly-wheel  of  an  enain*-  of  4  hoTSc-p:w*r.  r-..-— %j  t:  7'  r-.-  !  ;^ 
tions  per  minute,  is  equivalent  t  j  a  h*sii-y  rini. ::  ir^-r.  >  i!r,'  i>"»  =L*^t-  i-t  v.-*  -  ?. 
weighing  500  lbs.  Inmate  the  ratio  *A  \Lr  kir>^--  rr.'Tjy ;.-.  -j^r  ty-  x  Iv^l 
to  tiie  energy  developed  in  a  revolatifjn.  *iA  >-V:rTr-Ir.-r  * -.-r  n:iiir.  -.zi  irA 
minimum  speeds  of  rotation  when  the  fla'/::i"*::-.r.  f  -r.-:7i'7  .*  r.-^-f  -ri 
the  energy  of  a  revolution.  -Ijm..  I  :  !->4 :  T'  1,  Ti  ■•. 

17.  A  fly-wheel  is  made  to  rotate  \-r  r>^r>  f  i  "^-■^•r.:  f  '  l'-i». 
attached  to  the  end  of  a  cord  paseinz  r.''srA  zhr  -iAfr.  •?.-  i:;iz:j^*-r  .f 
which  is,  together  with  thickness  of  oord,  ii  irxfe*!*.  VzT.i  \Zjr  =i.  n*^.* 
of  inertia  of  the  wheel  if  the  weiaiit  £*!!•  %  '^IfTJtZj^  'A.  •  f**^.  fr-.ci  r*3** 
in  1  minute,  friction  being  nezlected,  -f--^     t  ^'. 

204.  Exercise. — In  the  Attwocd'*  ma/.-hii>^.  if  'Ivr  :.  iZ-r-r  i  zij'x.\rrLZ  .i 
inertia  I  is  supported  on  four  friction  wh**i*  *^^:h.  'A  zr.^r:.*-r.*  -i  no-r-lt  I^ 
about  its  own  axis,  and  if  the  spindle  of  thr  p^II-^y  *-\^  ^  iihiiH-':^  :r.r:- 
twentieth  of  the  diameter  of  the  rim  of  each  fri^.ti,-?-  -^'r^^  -b . w  :iA:  thr- 
poUey  has  a  virtual  moment  of  inertia  I  +  "01 1.. 

In  a  good  Attwood's  machine  calculate  cirefally  tLf:  virt-al  rj.rr^T.r. 

of  inertia  of  the  pulley.     Find  experimentally  for  any  v^I  ir?*    4  a  tr,  i  • 

the  lessening  of  the  preponderating  f-.-rce  whirb  r*:j^TfrVrT*t*  tr.-f:  fr^"*.;.r. 

and  stiffness  of  the  cord-     If  yon  can  w/.tx  wfth  a  di-cari'*i  'li  rLA/'r.ir.* 

Mth  massive  wheels  and  much  frictif>n  and  h'^mp-'^  .rd.-.  y*  -a  -viW  r.:.  i  i' 

far  more  instructive  than  an  exjicnsivf-.  n'^arly  frT't;*^  r.I»^-**  '■.z.':r.-\T.^^, 

In  measuring  time,  exepciae  a  little  in^*:n-i:ty  of  y.-\r  *  -rz.  ir.  ■j-'.'iir,^ 

accuracy ;  but  if  your  teacher  has  made  ev^rxything  very  *<i*y  for  vy  -rate 

measurement,  you  will  learn  nothing.     If  yo-i  have  r^kd  Uxj  m'if,h  ir^yii 

other  people's  methods,  you  will  learn  very  littl*r-     Yo'i  will  I'att,  m*-*!* 

when  you  try  to  get  accuracy  of  measurement  with  very  rough  apparat:is. 

Teachers  who  do  not  think  ^-ill  introduce  ronghn'."5sc  and  inarc-ira<ry  in 

the  wrong  places ;  they  will  give  you  a  bad  timekf^-per,  perhaps,  or  an 

inaccurate  scale  for  measuring  distances. 

After  having  worked  with  the  Attwood's  machine-,  in  which  the  v»rlocity 
ratio  is  1,  you  will  find  it  very  interesting  if  yi^u  havf-  time  enough  to 
experiment  with  the  apparatus  sho^Ti  in  Fi^.  22.  in  which  the  velocity 
ratio  may  have  anv  value.  In  the  experiments  de*cribed  in  Art.  51  vou 
auned  at  keeping  speed  constant.  Now  let  there  be  an  excess  weight  b, 
and  measure  the  kinetic  energy  as  with  the  Attwood  machine.  We  need 
not  here  describe  more  fully  the  obviously  interesting  and  instructive 
experiments  which  may  be  made. 

205.  In  a  Bull  engine  (see  Fig.  1 G6)  steam-pressure  in  the 
®P8ce  B,  p  lb.  per  unit  area  (in  excess  of  the  pressure  from  above 
the  piston)  acts  on  a  piston  of  area  a  with  a  total  upward  fotc^  p  k. 


/ 
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This  causes  a  total  weight  w  to  be  lifted  (consisting  of  steam- 
piston,  rod,  pump-plunger,  etc.).  If  p  varies  when  the  piston 
rises  through  a  height  h,  the  total  work  E  done  by  the  steam  must 
be  calculated  for  small  changes  of  level,  and  the  results  added 
up.  Thus  in  Table  IIa.  we  give  the  pressure  of  the  steam  as 
the  piston  rises,  the  pressure  being  measured  by  an  indicator. 
The  area  of  the  piston  is  900  square  inches,  so  that  900  p  is 
the  lifting  force.  It  is  therefore  evident  that  the  fourth  column 
shows  at  each  place  (approximately)  the  work  already  done 
upon  the  piston  when  w  (w  =  20  tons,  or  44,800  lbs.)  has 
risen  h  feet.      If  it  is  rising  with  the  velocity  v  feet  per 

w 
second,  it  possesses  wh  foot-pounds  of  potential  and  ^-v^  foot- 

if 

pounds  of  kinetic  energy.  But  we  know  the  total  e  ;  and  if 
we  subtract  Vf  h,  we  know  the  kinetic  energy,  and  we  can 
therefore  calculate  v. 

TABLE   IIa. 


p  Pounds 

E,  the  total 

,  w  « 

A  Feet. 

per  Square 

A  p  Pounds. 

Work  done  in 

wh. 

i  -_  ^. 

v. 

Inch. 

Foot-pounds. 

0 

9 

0 

100 

90,000 

0 

0 

0 

0-5 

100 

90,000 

10 

100 

90,000 

90,000 

44,800 

45,200 

806 

1-5 

100 

90,000 

20 

100 

90,000 

180,000 

89,600 

90,400 

11-4 

2-5 

80 

72,000 

30 

66-7 

60,030 

252,000 

134,400 

117,600 

130 

3-5 

671 

51,390 

4-0 

500 

46,000 

303,390 

179,200 

124,190 

13-36 

4-5 

44-4 

39,960 

50 

400 

36,000 

343,350 

224,000 

119,350 

13-1 

5*5 

36-4 

32,760 

60 

33-3 

29,970 

376,110 

268,800 

107,310 

12-41 

6-6 

30-8 

27,720 

7-0 

28-6 

;  25,740  . 

403,830 

313,600 

90,230 

11-38 

7-5 

26-7 

1  24,030 

8-0 

25 

!  22,600 

427,860 

358,400 

69,460 

9-98 

8-5 

23-5 

21,150 

90 

22-2 

19,980 

449,010 

403,200 

45,810 

810 

9-5 

21 

'  18,900 

100 

20 

'■    18,000 

467,910 

448,000 

19,910 

5-33 

10'25 

19-5 

17,560 

10-5 

19 

17,100 

10-75   , 

18-6 

16,740 

481,600 

481,600 

\ 

0 

0 

APPLIED  MRCHAKIOS. 


259 


206.  The  earnest  student  will  work  out  the  nuiiil)ers  in 
the  above  table,  and  draw  curves  showing  h  and  p  and  h  and  v. 
In  Fig.  165  OGHIJ  shows  p  the  pressure,  of  IxMiig  tlu»  dis- 
tance travelled  by  the  piston  and  weight,  o  p  N  n*pres(Mit.s  thtj 
velocity  at  every  instant.     Notice  that  if  we  divide  the  force 


c  c 

fi 

h 

yj 

Fig.  105. 


FiiC.  Hi'I. 


'pk  and  the  weight  w  by  a,  we  get  p  and  w/a  to  compare. 
The  straight  line  K  M  represents  w/a.  The  area  of  o  k  m  x  is 
equal  to  the  area  o  G  H  u  N ;  that  is,  w/a  is  the  average  value 
of  the  pressure  until  A  :=  on.  The  student  must  see  clearly 
that  the  force  increasing  the  velocity  is  represented  to  scale  by 
the  ordinate  of  kghlijmk,  and  this  force  becomes  negative 
after  l,  so  that  the  point  L  tells  us  where  v  reaches  a  maxi- 
mum and  begins  to  diminish.  The  positive  area  k  g  h  l  k  is 
equal  to  the  negative  area  L  u  M  l.  It  is  worth  while  spending 
a  good  deal  of  time  over  such  curves  and  such  an  inAcstigation 
as  this. 

The  student  ought  now  to  assume  that  besides  tli<'  force 
w  there  is  a  constant  force  of  friction  (say  2,000  l]).s.)  to  l)e 
overcome.      He  will  therefore    subtract  2,000  h  foot-pounds 

^rom  E,  as  well  as  w  A,  to  find  the  kinetic  energy,  ^      v-,  and 

te  will  calculate  v,  again  obtaining  a  new  curve.  In  this 
6ngme,  when  the  steam  is  allowed  to  escape,  the  weiglit  w 
lalls,  and  performs  the  actual  pumping  operation. 

207.  Should  the  ad  van  cod  student  oaio  to  take  uj)  a  ])r()l)leui  that 
more  nearly  appi-oaches  the  actual  ease  (namely,  assnuKi  that  th(! 
force  of  fnction  f  is  not  constant,  but  is  some  finiction  of  the 
velocity),  he  must  find  out  for  himself  some  giaphiwil  method  of 
working.  Our  own  plan  is  this  : — We  calculate  v  at  the  end  of  an 
interval  Irom  a  rou^h  notion  ot  the  velocity,  and  thereicx^  ol  y  ,  ^^l's 
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force  of  friction  during  the  interval.  We  can  now  approximate 
more  closely  to  the  actual  friction  and  calculate  more  exactly. 
We  advise  the  student  to  proceed  in  this  way  in  the  above  case, 
taking  f  as  following  the  law 

F  =  500  +  100  V. 

When  a  torque  M  turns  a  body  through  the  angle  0  radians,  it 
does  work  of  the  amount  m  0.     Thus,  if  a  turning  moment  of  m 
poimd-in(;hes  is  acting  on  a  shaft  which  revolves  at  n  revolutions 
per  minute,  or  2vn  radians  per  minute,  it  does  work  m  (pound  x 
inch)  2irn  per  minute,  or  ir«  m  -^  6  foot-pounds  per  minute. 

If  the  twisting  moment  on  a  shaft  m  is  proportional  to  0 
radians,  the  angle  through  which  a  certain  length  of  shaft  is 
twisted,  then  Jm  0  is  the  strain  energy. 

If  bending  moment  m  acting  on  a  certain  length  of  a  beam 
between  two  cross -sections  causes  an  angular  change  6,  and  6  is 
proportional  to  m,  then  Jm  B  is  the  strain  energy  produced  by  the 
action  of  m.  These  two  propositions  enable  us  to  calculate  the 
resilience  of  many  springs ;  that  is,  the  energy  which  it  is  possible 
to  store  up  in  them. 

The  force  f,  acting  through  a  little  distance  Sa?,  does  work 
F  .  Bx.  If  F  varies,  a  curve  must  be  drawn  showing  its  value  for 
each  value  of  x,  and  the  work  done  in  any  distance  is  shown  as  an 
area  or  an  integral.  Thus,  if  f  =  ax,  it  is  easy  to  show  that  the 
work  done  from  a;  =  0  to  any  other  value  is  j^axi^ ;  or  from  x  =  x^ 
to  a;  =  ajg  the  work  done  is  ia  (a?./  —  a?i-).  Or  we  may  put  it  that 
the  work  done  is  x  multiplied  by  the  average  value  of  f,  the  average 
value  being  the  half  sum  of  the  two  extreme  values. 

Thus  if  the  gradually  applied  load  w  ona  beam  produces  the 
deflection  y  where  y  is  proportional  to  w,  the  energy  stored  in  the 
loaded  beam  is  ^tvy. 

But  if  there  is  no  loss  of  the  energy  due  to  loading,  any  method 
of  loading  which  during  the  deflection  y  is  calculated  to  do  the 
same  work  will  cause  the  same  deflection.  One  such  method 
is  to  suddenly  apply  half  the  final  load  or  Jm^.  Here,  as  in 
structures  generally,  we  have  assumed  that  deformation  is  pro- 
portional to  load.  If  the  law  of  yielding  is  force  =/(y)  where 
there  is  any  curious  law,  and  if  the  integral  of  f{y)  with  regard  to 
y  is  F{y) ;  or  if  in  case  the  deformation  is  through  an  angle  0  the 
moment  m  =/(6),  then  the  energy  stored  in  any  configuration  is 
r(y)  or  y{0).  If  a  force  or  moment  which,  gradually  applied, 
would  only  produce  a  yielding  //  or  0  is  suddenly  applied  of  its 
full  amount,  the  yielding  is  y^  or  0^  where  y^f(y)  =  F(y^)   or 

ei/(0)  =  F{0^). 

Thus  if  the  righting  moment  m  of  a  ship  is  a  known  function  of 
the  heeling  angle  0  (say  m  =  a  sin.  a6),  if  the  moment  u  due  to 
the  wind  produces   the  steady  heeling  angle  9,  and  the  energy 


■1;'-; 

J  0 


stored  in  the  heel  is  —  |     a  ^  cos.  a0.dd=  —  (1— cos.  a0),  if  this 


moment  were  suddenly  applied,  and  the  vessel  heeled  over  under  a 
gust  of  wind  from  o  to  0^^  the  work  done  is  ^^m  or  ^^a  sin.  aO  ;  and 
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Fig.  lf?7. 


as  this  is  all  stored  as  ^  (l  -  cos.  a^,),  we  can  calrulatr  $^,  knowing 

e  from  ^1  A  sin.  aa  =     (1  -  cos.  a0X     Thv  w(nk  is  msilv  th'iw 

graphically.  If  the 
curve  o  p  b  v  repre- 
sents the  righting 
moment  (qp)  corre- 
sponding to  the  in- 
clination 0  (or  TP), 
then  a  steady  mo- 
ment p  Q  produces  the 
heel  o  8  if  the  rectan- 
gular area  otpuso 
is  equal  to  the  area 
of  0PR8  0.  If  the 
law  is  M  =  A  sin.  4^, 
the     vessel      cannot 

right  herself  if  6  is  more  than  45  degrees.  But  if  th<'  studmt 
studies  the  matter,  he  will  see  that  if  a  steiidy  moment  gets  the 
vessel  over  to  anything  approaching  46  degreen,  slie  miutt  heel 
farther  than  46  degrees.     We  are  neglecting  friction. 

There  is  the  same  moment  at  $2»ssit  0  when  sin.  ad^  =  win.  ad  ; 

and  if  0^  sin.  a^  ^  -  (1  -  cos.  a^g)*  ^^®  steady  wind  which  would 

keep  the  ship  at  B  will,  as  a  steady  gust  acting  from  6  =  0,  heel 
the  vessel  to  63  and  beyond.  Thus,  taking  the  al>ove  <'xampl«^ 
a  =  4, 

sin.  4^2  ="  ^^'  ^^>   or  4^2  =  w   -    46,  or  6^.  =  ,    —  6, 

4 

62  sin.  46  =  J  (1  -  COS.  463), 

If  COS.  462  =  COS.  (ir  —  46)  =  —  cos.  46, 

(4  -  6)  sin.  46  =  J  (1  -f-  cos.  46),         cos.  46  =  2  coh.-'  26   - 

(^-^^)=     sin.  46      > 

(^  _  46)  =  ^-?'- 1^=  cot.  26, 
sm.  26 

»  —  46  —  cot.  26  =  0. 
Calling  this  <^  (6)=0, 1  find  that  6  =1  If 
degrees.  Hence,  if  a  wind  is  such  that 
it  would  maintain  a  steady  heel  of  11| 
degrees ;  if  it  caught  the  vessel  sud- 
denly and  acted  steadily,  and  we  ne- 
glect friction,  the  heel  would  be  as 
much  as  33  J  degrees ;  and  if  the 
wind  still  continued  to  act  with  the 
same  moment,  the  righting  moment 
being  now  less  than  the  moment  due 
to  the  wind,  the  vessel  must  go  on  her 
beam-ends.  She  will  recover  from 
a  gust  of  wind  less  strong  than  this. 


1. 
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208.  So  long  as  a  constant  force  acts  it  produces  a  uniform 
acceleration  in  the  direction  in  which  it  acts.  We  may  experi- 
ment with  Att wood's  machine,  or  simply  use,  as  the  body  acted 
on^  a  small  carriage  running  very  freely  on  a  very  smooth  level 
table  ;  and  the  force  acting,  the  pull  in  a  string  passing  over  a 
l)ulh?y  on  the  edge  of  the  table,  and  having  weights  in  a 
scale-pan  at  its  cud,  Fig.  1G8.     Here,   however,  friction  will 


Fig.  108. 

be  £rreater  than  in  Attwood's  machine, 
We  can  illustrate  the  following  rule.  If 
a  force  of  2  lbs.  acts  on  a  body  whose 
Aveight  is  50  lbs.  at  London  (the  50  lbs.  includes  the 
weight  of  everything  which  is  set  in  motion,  so  that  if  we 
use  a  little  weight  of  2  lbs.  for  the  purpose  of  exerting  the 
force,  we  must  remember  that  this  little  weight  of  2  lbs.  is 
included  in  the  50  lbs.  ;  we  may  take  48  lbs.  as  the  body 
acted  upon,  and  the  pull  in  the  string,  which  is  less  than 
2  lbs.,  as  the  force),  then  the  acceleration  or  increase  of  the 
velocity  every  second  is  equal  to  the  force  divided  by  the  whole 
mass  moved.  In  this  case  the  mass  is  50 -r  32*2,  or  1*553,  so 
that  we  have  2-^1-553,  or  1*223  feet  per  second  per  second  as 
the  acceleration.  Thus,  if  the  body  started  from  rest,  the 
velocity  would  be  1*223  x  5,  or  6*115  feet  per  second  at  the  end 
of  5  seconds.  And  now  comes  the  question,  how  far  will  the 
body  move  from  rest  in  five  seconds  ?  Evidently  its  average 
velocity  during  this  time  is  half  its  terminal  velocity,  or  3*058, 
so  that  5  X  3058,  or  15*388  feet  is  the  distance.  It  is  evident 
that  to  get  the  space  passed  over  we  have  multiplied  half  the 
acceleration  by  the  square  of  the  time. 

I  do  not  suggest  that  the  apparatus  of  Fig.  168  is  the  most 

suitable  apparatus   for   use  in   the  laboratory  ;    there  is  too 

much  friction,  and  it  seems  difficult  to  measure  the  velocity. 

Attwood's  machine  is  used  for  this  illustration,  and  is  described 
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in  Art.  193.     In  both  pieces  of  apparatus  corrections  must  1h* 
made  for  the  motion  of  wheels. 

When  a  body  falls  freely,  its  own  weight  is  acting  on  its 
own  mass.  For  instance,  say  the  weight  is  2  \\)h.,  then  tho 
mass  is  2  -7-  32*2,  and  weight  divided  by  mass  is  acceleration, 
which  we  find  to  be  in  every  case  32*2  feet  per  secon<l  per 
second  at  London.  Anywhere  else  than  in  London  its  weight 
is  w  lbs.,  and  its  mass  is,  as  before,  2  4-  322  ;  and  conspf}uent]y 

its  acceleration  is  M7  -^  -rr-r-^z.     But  we  call  this  acceleration  a, 

32-2 

and  hence  w:=2  x  ^z  ^     We  see  that  —  anywhere   is   the 

32-2.  g       ^ 

same  as  anywhere  else.     Keeping  to  London,  where  ^  =  32  2 

feet  per  second  per  second,  the  velocity  at  the  end  of  any 

number  of  seconds  is  32*2  multiplied  by  this  number ;  and  the 

space  fallen  through  in  any  number  of  seconds  is  half  3 2  2,  or 

161  multiplied  by  the  square  of  the  number  of  seconds.     You 

can  check  these  rules  by  the  rules  given  you  for  potential  and 

kinetic  energy,  and  you  will  find  them  quite  consistent  with 

one  another. 

209.  Momentum. — If  a  body's  weight  is  2  lbs.,  its  mass  is 

2  -7  32*2,  or  '0621.     Now,  if  the  body  is  moving  with  a  velocity 

of  20  feet  per  second,  its  momentum  is  -0621  x  20,  or  1*242. 

If  this  momentum  is  created  or  destroyed  by  a  force  acting  for 

only  one  second,  the  force  must  be  1*242  lbs. ;  if  it  is  created  or 

destroyed  by  a  force  acting  for  5  seconds,  the  force  must  be 

1*242  -^  5,  or  -2485  lb.     The  mass  of  a  body  multiplied  by  its 

velocity  represents  its  momentum.     Momentum  is  sometimes 

defined  as  the  qiuintity  of  motion  possessed  by  a  body.     It 

represents  the  constant  force  which,  acting  for  one  second, 

yould  stop  the  body.     Suppose  a  certain  amount  of  momentum 

18  produced   by  a  force  of  1  lb.  acting  on  a  body  for  one 

second,  the  same  amount  of  momentum  would  be  produced  by 

a  force  of  2  lbs.  acting  for  half  a  second,  or  by  1,000  lbs.  acting 

for  the  thousandth  of  a  second,  or  by  *001  lb.  acting  for  1,000 

seconds. 

Example. — A  bullet  of  2  ounces,  or  '125  lb.,  at  500  feet  per 

s^ond,  directed  towards  the  centre  of  mass  of  a  body  of  200  lbs. 

*t  rest,  in  which  it  lodges  and  which  is  free  to  move ;  what  is 

the  velocity  after  the  impact  1    The  momentum  before  impact  is 

'^25  X.  r;AA        rp,  ^  i^        .  X    .      200*125        ,. 

o-Tf.  X  500.     The  momentum  after  impact  is   —^^^-^r-  x  the 
"w*^  oZ*  Z 


I 
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required    velocity.      Hence,   the    answer   is    "  9ooi9^  »   ^^ 

0*312  feet  per  second. 

Exercise. — Chipping  hammer,  \\  lbs. ;  a  velocity  of  30  feet 
per  second  is  destroyed  in  the  one  five  hundredth  of  a  second. 
What  is  the  average  force  of  the  blow  ? 

Ans.,  700  lbs.  (nearly). 

Examj)le. — One  hundred  and  twenty  cubic  feet  of  water  leave 
the  rim  of  the  wheel  of  a  centrifugal  pump  every  minute ;  its  com- 
ponent velocity  in  the  direction  of  motion  of  the  rim  is  25  feet 
per  second.  What  is  the  retarding  force  on  the  vanes  at  the 
rim    of    the    wheel  1 — Ans.,    Two    cubic    feet    of    water    per 

2  X  62*4 
second  have  the  mass  -    q2.|~  '>  ^^^is>  multiplied  by  25,  gives 

the  momentum  lost  by  the  wheel  per  second,  which  is 
force,  and  amounts  to  97  lbs.  If  the  velocity  of  the  rim 
is  30  feet  per  second,  the  work  done  per  second  is  30  x  97 
foot-pounds;  the  work  done  per  minute  is  30  x  97  X  60; 
dividing  by  33,000,  we  find  5*56  horse-power.  Assuming  that 
there  is  no  force  at  the  inside  of  the  wheel,  the  water  entering 
radially  and  without  shock,  this  is  the  power  given  to  the 
water.  If  we  neglect  friction  inside  the  wheel  and  also  out- 
side it  retarding  its  motion,  this  is  the  total  power  given 
to  the  wheel  itself. 

What  is  the  work  done  per  pound  of  water  ]  There  are 
2  X  62*4  lbs.  of  water  per  second,  and  the  work  done  per  second 
is  30  X  97  foot-pounds,  so  that  the  work  done  per  pound  of  water 

30  X  97 
is    = —   fioTjj  o^  23*3  foot-pounds,  or  energy  sufficient  to  lift  the 

water  to  a  height  of  23*3  feet. 

210.  If  the  velocity  of  a  body  has  been  produced  or  destroyed 
by  various  forces,  each  acting  for  a  certain  time,  multiply  each 
force  by  the  time  during  which  it  acted  (each  of  these  products 
is  called  an  impulse),  and  the  sum  must  be  equal  to  the 
whole  momentum  generated  or  destroyed.  When  we  know 
the  time  during  which  a  certain  force  has  acted  on  a  body 
giving  to  it  motion,  we  generally  determine  the  motion  by 
calculating  the  momentum  of  the  body.  When  we  know  the 
distance  through  which  a  force  has  acted  on  a  body  giving  to  it 
motion,  we  generally  first  find  the  kinetic  energy  of  the  body. 
211.  Xnowing  the  force  ¥  acting  at  any  instant  on  the  mass 
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M,  the  acceleration  a  is  F  -4-  M.  Thus,  8upjK)sc  the  fullowiii;^ 
values  of  F  to  be  given ;  the  varying  force  acting  on  tlie  mass 
of  a  body  whose  weight  is  64 "4  lbs.  in  London.  In  engin<*ers' 
units  its  mass  is  64*4^-32-2,  or  2.  Suppose  that  at  time  0  tlitj 
body  has  a  velocity  i;=30  feet  per  second. 


1 

<i. 

»• 

Time, 
in  seconds. 

in  pounds. 

in  feet  per 
8e(.'(iiid 

in  fe<*t  jMT 

fiAAf •«  ll  II  1 

ill  f.-.  t. 

20 

\ter  second. 
10 

0\  \,\  '1  |i  1* 

30 

0 

0 

•1 

20 

10 

31 

;{ {).'} 

•2 

19 

9-5 

31U7.5 

t\  lf'i> 

•3 

18 

9 

32H0O 

t»  4  13 

•4 

16 

8 

33-7.')0 

12  77.') 

•5 

14 

7 

34-:>oo 

H)18S 

•6 

11 

5  b       1 

3.3  1  Jo 

lUGiWl 

•7 

8 

4 

3o00() 

23  ^O.*) 

•8 

6 

2-5 

3.V1)25 

20  :h\ 

•9 

2 

1-0 

;m-ioo 

30  3S2 

1-0 

-1 

-Oo 

30-125 

33  \i\r.i 

M 

-3 

-1-5 

30  02') 

37  <i01 

1-2 

-4 

-.20       . 

35040 

411G3 

To  obtain  the  numbers  in  column  4,  t«iko  an  (jxumple. 
Suppose  we  know  that  when  ^  =  '4  second  from  tlie  beginning 
t'= 33*750  feet  per  second.  Now,  in  the  next  01  secomi,  tlie 
average  acceleration  is  approximately  i  (8+7),  or  7') ;  and  in 
the  time  0*1  the  actual  increase  of  velocity  is  7*5  x  0  1,  or  -75  ; 
and  this  is  what  we  add  to  33-750  to  get  34-500  the  velocity  at 
the  end  of  the  little  interval. 

We  warn  beginners  that  there  is  no  easior  way  than  this, 
of  getting  seveml  very  important,  essential  ideas,  and  every 
number  of  such  a  table  ought  to  be  calculat<'d.  Now,  notice 
that  «,  the  space  passed  over,  is  made  up  by  multiplying  an 
interval  of  time  0*1  by  the  average  velocity  during  that 
interval.  Thus,  at  <  =  *4, »  =  12*775  feet  is  the  distance 
passed  through  since  the  time  <  =  0.  During  the  interval  from 
^  =  '4to  <=  -5  the  average  velocity  is  ^  (33*75  -f  34*50),  or 
34*125  feet  per  second,  and  the  space  passed  through  in  this 
^•Isecondis  34*125  x  0*1,  or  3*4125  ;  and  this,  added  to  12*775, 
gives  8=16-1875,  or,  rejecting  the  last  figure,  8=1(3*1B^  ^\.\>W 
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Fig.  1(^0. 


time<=0*5  seconds  from  the  beginning.  Note  that  in  approximate 
calculations  of  this  kind  we  cannot  be  certain  of  our  last  figures 
in  each  number.  It  will  assist  the  student  now  to  illustrate 
this  work  by  curves.    Plot  a  and  t  so  that  the  ordinate  of  b  c  D  is 

a  and  the  abscissa  is  t. 
Anyone  who  thinks  a 
little  must  see  that 
the  area  of  B  c  E  o  re- 
presents (to  scale)  the 
total  increase  of  velo- 
city at  the  time  repre- 
sented by  0  E.  Add 
this  on  (taking  care 
about  the  scale  of 
measurement)  to  30,  the  velocity  at  o,  and  we  have  the  true 
velocity  at  the  time  o  E.  Let  the  velocities  be  found  and 
plotted  as  o  G  H  IJ.  In  the  same  way  tlie  area  of  the  v  curve 
must  give  the  space  s  curve ;  that  is,  the  area  of  o  o  n  E  o 
represents  to  some  scale  the  space  8  passed  over  since  the  time 
o,  and  we  can  now  show  on  a  curve  8  at  every  instant.  This  is 
given  as  o  K  L. 

To  repeat :  e  c  represents  to  scale  the  acceleration  at  the 
time  0  E  ;  E  H  represents  to  scale  the  velocity  at  the  time  o  E ; 
it  is  the  area  of  o  b  c  e  o  added  to  the  velocity  at  the  time  o, 
care  being  taken  as  to  the  scale  of  the  diagrams ;  E  K  represents 
8  ;  it  is  measured  as  the  area  of  o  G  H  e  o. 

A  student  who  works  such  an  exercise  as  this  carefully  is 
getting  all  sorts  of  valuable  notions,  not  merely  of  mechanics 
out  of  practical  mathematics.  Unfortunately,  twenty  academic 
exercises  can  be  worked  out  without  thought  or  trouble  to 
teacher  or  student,  and  by  the  rules  of  the  game  this  is 
Bufficient  for  the  passing  of  examinations.  For  the  present, 
therefore,  my  advice  will  be  followed  by  a  few  earnest  students 
only^— the  men  who  want  to  know,  the  men  who  are  not  merely 
in  search  of  examination  tips,  the  men  who  find  academic 
exercises  difficult  because  they  think  about  what  they  do. 
If  such  exercises  as  the  above  ever  become  obligatory  on  all 
examination  candidates,  of  course  their  academic  friends  will 
discover  ways  of  doing  such  exercises  without  the  trouble 
of  thinking  about  them. 

212.  When  the  resultant  force  p  acting  on  a  body  of  mass  M  is 
constant  J  the  acceleration  a^F  -r  m  is  constant.  There  is  no  such 
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case  in  Nature,  but  it  is  oommonlj  studied.  When  a  liod y  falls  in 
a  vacuum  in  an  ordinary  laboratory,  and  there  are  no  ma^metic 
or  electric  or  frictional  effects,  we  may  for  all  practical  f*arpoM^ 
assume  that  the  force,  the  weight  of  the  body  w,  is  coiLStant. 
The  mass  is  w  4-  ^,  and  the  constant  aeeeleratioii  is  g,  or  32-2 
feet  per  second  per  second  in  London.  If  the  f^tudent  treats  this 
case  in  a  table  like  that  of  p.  265,  or  by  means  of  curves  lik#- 
Fig.  169,  he  will  see  that  r=j7f,  #=}  ^  f^,  and  h*-nr**  that 
t^=z2  g  8,  Or  if  r^)  is  the  velocity  downwards  at  th#*  tim*- 
t  =  o  and  8  is  the  vertical  height  through  which  th*-  >»ody 
falls  from  <  =  o  to  any  other  time  /,  then  r  =  r,,  -h.^  /.  *=r  f  * 
ig^,  and  2g8r=r^-'Vf^^. 

If  a  body  w  lbs.  falls  without  friction  down  an  inclin*=d 
plane,  making  an  angle  a  with  the  horizontal,  the  coriHfant 

force  is  w  sin.  «,  the  constant  acceleration  is  w  sin.  a  -^       o 

.7 
g  sin.  a. 

In  any  case  when  the  acceleration  a  is  constant,  r  =  r-  -i-at 
8=Vf^t  -\-  ^at-,  2  a  «  =  r  -  —  r,;-. 

213.  I  have  described  the  units  of  measurement  employed 
practically,  not  merely  in  calculation  but  in  thought,  by 
English-speaking  people.  In  some  parts  of  our  work  we  find 
it  necessary  to  calculate  in  a  sj^stem  based  u\nm  other  units — 
the  centimetre  as  the  unit  of  length,  the  inertia  or  mass  of  the 
amount  of  stuff  called  one  gramme  as  the  unit  of  mass  or 
inertia,  and  the  second  as  the  unit  of  time.  This  is  called  the 
C.G.S.  system.  Its  advantages  lie  in  its  being  used  by  scientific 
men  of  all  countries.  One  of  its  disadvantages  lies  in  this, 
that  all  answers  to  problems  must  be  multiplied  by  coefficients 
to  bring  them  into  practical  language  (see  p.  655). 

EXEHCI8E8. 

1.  A  bullet  takes  2§  seconds  to  fell  to  the  bottom  of  a  well.  \Mmt 
aw  the  depth  and  the  velocity  at  the  bottom  ?  Assume  no  resistance  of 
the  atmosphere. 

^«».,  Depth  8  =  y  {21)- ;  and  taking  g  =  32  2,  <  =  100:0  feet.  The 
velocity  is  2|^,  or  795  feet  per  second, 

2.  The  bullet  of  (1)  leaves  the  hand  with  a  velocity  of  20  f«^t  per 
*®cond  downwards.     What  are  the  two  answers  ? 

«==20  X  2J  +  y  (^y  =  150  6  feet ;  also  r  =^  2iy  -f-  20  =  995 
leet  per  second. 

3.  The  bullet  of  (1)  leaves  the  hand  with  a  velocity  of  20  feet  per 
*^iid  upwards.     What  are  the  two  answers  ? 

«=  -  20  X  2i*  -f  ig  (2i)a  =^  50  6  feet;  v  =  2\g  -  20  =  595  feet 
per  second. 
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4.  How  high  did  the  bullet  reach  in  (3)  ? 

Ans.,  v,;-  ==  2(//i,  or  20-  ^  2ff  =  h  =  6-21  feet. 
In  the  above  exercises  time  and  space  are  measured  from  leaving 
the  hand. 
6.  A  bullet  leaves  o,  a  point  on  the  ground,  with  an  upward  velocity 
of  300  feet  per  second.     Find  y,  the  vertical  height  of  it,  at  the  times 
^  =  0,  ^  =  1,  ^  =  '2,  etc.,  seconds. 

6.  A  bullet  leaves  o  with  a  hoi-izontal  velocity  of  400  feet  per  second, 
and  no  force  acts  upon  it  to  alter  its  horizontal  velocity.  Find  a?,  its 
horizontal  distance  from  o,  at  the  times  0,   1,  -2,  '3,  etc.,  seconds. 

7.  If  a  bullet  has  both  the  velocities  of  (5)  and  (6)  when  leaA-ing  o, 
plot  its  positions  on  a  sheet  of  squared  paper  at  the  times  0,  '1,  '2,  etc., 
and  show  that  the  path  is  parabolic. 

8.  With  different  horizontal  and  vertical  components,  but  the  same 
total  velocity  (500  feet  per  second),  let  the  bullet  of  (7)  leave  o  and  again 
plot  the  path.  Do  this  in  several  cases.  If  you  knew  a  little  mathe- 
matics, you  could  prove  that  an  angle  of  elevation  of  45  degrees  will 
give  the  greatest  range  on  a  horizontal  plane. 

9.  A  force  acts  on  a  body  of  8  ozs.  for  6-9125  minutes,  and  produces  a 
velocity  of  10  feet  per  second.  Find  the  force.  Express  it  in  dynes 
(see  p.  655). 

Ans.,  0000372  lb.,  or  165*6  dynes. 

10.  How  far  will  a  lateral  force  of  1  oz.  move  100  lbs.  on  a  smooth 
horizontal  plane  in  5  minutes  ?  Ans.y  900  feet. 

11.  In  Attwood's  machine,  where  the  weights  are  17  ozs.  and  16  ozs., 
find  the  acceleration  and  the  tension  of  the  cord. 

Ans.,  0*976  foot  per  second  per  second  ;  1  lb. 

12.  How  long  must  a  force  of  14  lbs.  act  on  a  body  of  1,000  tons  to 
give  it  a  velocity  of  1  foot  per  second  ?  Ans.,  5,000  seconds. 

13.  A  rifle  6  feet  above  a  lake  discharges  a  bullet  horizontally,  which 
strikes  the  water  400  feet  away.    What  was  the  velocity  of  the  bullet  ? 

Ans.,  720  feet  per  second. 

14.  A  man  weighing  168  lbs.  is  standing  on  the  floor  of  a  lift.  What 
force  does  he  exert  on  it  (1)  when  the  lift  is  stationary?  (2)  when  it  is 
falling  freely — that  is,  with  an  acceleration  of  32*2  feet  per  second  per 
second?  (3)  when  it  is  descending  with  an  acceleration  of  12  feet  per 
second  per  second  ?  (4)  if  it  is  ascending  with  the  latter  acceleration  ?  In 
each  case  indicate  by  a  figure  what  are  the  forces  which  act  on  the  man, 
and  give  the  resultant  force  in  the  direction  of  motion. 

Ans.,  (3)  105  lbs.,  (4)  231  lbs. 

15.  A  let  of  water  having  a  sectional  area  of  12  square  inches,  and  a 
velocity  oi  16  feet  per  second,  impinges  normally  on  a  fixed  plane  surface. 
What  is  the  mass  of  the  water  which  comes  on  the  plane  per  second  ?  What 
is  the  momentimi  of  this  quantity  before  impact  ?  What  is  the  force 
on  the  plane  ?  If  the  jet  impinges  nonnally  on  a  plane  surface  which  has 
a  velocity  of  6  feet  per  second  in  the  direction  of  the  jet,  what  is  the 
velocity  of  the  water  relatively  to  the  surface  ?  And  what  is  the  force 
exerted  on  the  surface  ?  Find  the  amount  of  work  per  second  necessary 
to  maintain  the  jet,  and  the  work  done  by  it  per  second ;  and  find  the 
efficiency.  A?i8.,  2-58  ;  41-28  ;  41-28  lbs. ;  10  feet  per  second  ;  16*1  lbs. ; 
332  ft.  lbs. ;  96-7  ft.  lbs. ;  -29. 

16.  The  head  of  a  steam-hammer  weighs  50  cwts. ;  steam  is  admitted 
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on  the  under  side  for  lifting  only,  and  there  ia  a  dn^p  of  o  f*:«t.  '^'Lat 
wil]  be  the  velocity  and  momentum  of  the  head  the  in.*t4nt  >^for»-  thr 
blow  is  given  if  the  fall  is  withoat  reostanoe'r  If  the  tirnc  'lurin;;  wh:<  h 
the  compression  of  the  iron  takes  place  be  ^  ftecond.  find  the  Awruz^ 
force  of  the  blow.     Apis.,  17*95  feet  per  second:  lOO.oOO :  h04  x  10*  li^. 

17.  A  body  has  its  velocity  diminished  by  one-third.  By  how  m-;ch 
are  its  kinetic  energy  and  momentum  diminifthed  'r  If  thi-^  diminution 
was  brought  about  by  a  certain  constant  force  actin^r  on  th»?  bo*! y  thn.'a:rh 
a  distance  of  5  feet,  through  what  further  dLstano*  would  thi.-  fop-e  haw 
to  act  in  order  to  bring  the  body  to  rest  'r  If.  on  the  other  hand,  the 
diminution  of  velocity  had-  taken  place  in  five  !<«.'Con'L>.  what  additioail 
time  would  be  required  to  bring  the  body  to  rert,  the  same  rr^n-tant  fore*-* 
still  acting?  '  ^it«..  4  feet :  10  j-^-oiid-. 

213.  Force  may  be  defined  as  the  ■pttee-rafteat  which  w<  .rk  i-  d'^n*: 

or  any  form  of  energy  converted  into  another,  or  it  ui;ty  U  li-lin-*! 

as  the  time-rafte  of  transference  of  moment  imi. 

We  would  ad>'ise  students  to  make  two  st-'t."*  of  'ur**-?-  fr«.in 

Table  IIa.,  p.  258.     The  first  is  given  in  Fig.  165.     The  6**^^nd  ^••t 
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ought  to  have  s  for  the  horizontal  co-oixiinates  or  abscissae.  We  have 
seen  that  it  was  a  most  instructive  problem,  when  given  the  «,  t 
curve,  to  find  the  v,  t  and  «,  t  curves.  Now,  suppose  we  have  the 
a,  i  curve  and  we  wish  to  find  the  v,  s  and  the  t,  s  curves.  As  a 
matter  of  fact,  we  have  already  worked  out  a  v,  «  curve  when  given 
an  «,  s  curve  in  Art.  211.  But  let  us  look  at  it  from  our  new  point 
of  view.  In  the  Bull  exigine  of  Art.  205  the  force  causing  upward 
motion  of  w  is  aje?  —  w  ;  the  mass  is  w/^,  and  so  the  acceleration 

a  =  (a  »  —  w)  -=-  ^,  OT  a  =  (p  —  —  )  -7- This  accelera- 

tion  is  given  in  Column  3  of  the  table  on  p.  269 ;  Column  1  shows  », 
and  from  «  and  a  we  can  draw  our  «,  a  cur\^e,  which  is  really  shown  as 
OHLiJMKof  Fig.  165,  a  being  the  ordinate  measured  upwards  from 

K  M.    Now,  «  =  —  =  ==  i;        and  hence  a  ,  ds  =  v  .  dt\  or 

'  dt       ds    dt  ds 


IS 


.f"- 


ds       \v'^,  or  twice  the  area  of  the  «,  s  diagram  up  to  any 


place  is  the  square  of  the  velocity. 

We  have,  in  our  usual  way,  worked  the   integral  of  a  .  ds 

numerically  in  the  table,  and  we  give  the  values  of  v. 

ds 
Note  that  as  v  =  -v-,  or  5<  ^  5«/r,  we  get  the  intervals  of  time 

ai 

by  dividing  the  intervals  of  space  by  the  average  velocity  during 

the  interval.     Thus  the  inten^al  of  time  from  »  =  4  to  «  =  5  feet 

is   1  foot  -r  i  (13-36  H-  13-1),  or  00756  second:   and  if  we  had 

ali-eady  determined   that   t  =  '5086    for   «  =  4,    we    know   that 

t  =  "5086  H-  -0756   for  «  =  6.      In    this  way   the    numbers    of 

column  6  were  obtained. 

If  the  V,  8  diagram  is  given,  and  we  are  asked  to  find  the  a,  s 

diagram,  we  notice  that 

dv dv    ds dv  .  - 

dt  ds*  dt  ds  '  '  ' 
Therefore  a  is  represented  by  the  sub-normal  to  the  v  diagi-am.  We 
advise  no  student  to  use  the  measurement  of  the  normal  of  a  curve 
for  any  useful  purpose.  It  is  practically  too  inaccurate.  But 
from  a  table  of  the  values  of  v  and  »,  taken  from  a  cur\'e  which 
will  correct  errors  of  observation,  values  of  9v/9s,  and  therefore  of  v 
5v/5s  or  a,  may  be  calculated  with  no  great  error.  The  values  of  t 
may  be  obtained  as  in  the  last  example,  and  the  whole  motion  is 
known. 

Of  course  if  of  the  variables  t,  s,  v,  a  any  one  is  known  as  an 
algebraic  function  of  the  other,  it  is  an  exercise  in  the  calculus  to 
find  any  or  all  the  others  in  terms  of  any  one ;  as  also  the  work 
done,  or  the  kinetic  energy,  and  other  things. 

Example. — ^A  body  has  reached  the  earth  at  London  from  space, 

no  other  force  than  the  earth's  gravitation  ha\dng  acted  upon  it ; 

what  is  its  velocity  Y    If  r©  feet  is  the  distance  of  London  from 

the  earth's  centre,  and  at  any  other  place  reached  by  the  body  if 

r  ^ 
the  distance  is  r,  then  gf,  the  acceletalion  at  r,  is  ^o"^-     ^^  2^o'o' 

he  called  ^,  then 
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Let  -,;  =  0  when  r  =  c»,  and  we  need  to  add  no  constant.     Hence 
at 

3-  =  — r,  and  therefore  f^dr  =  —  A  .  dt.  We  take  the  —  sign 
at  f\ 

as  we  imagine  the  body  falling.    Integrating  aprain,  we  have 

f  rl  =  —  J<  4-  <?.  Let  <  =  0  when  r  =  r^,  so  thiit  all  oiir  times 
before  reaching  the  earth  1*411  be  negative. 

I  rol  =  r  .*.  t  =  ^-  (roi  -  r  1) (3). 

,i  =  .,i.3|.^,or.  =  (r,i-?i?)5....(4). 

It  is  (2)  that  we  asked  for. 

Note  that  a  body  of  w  lbs.,  when  it  reaches  r  from  sjwice,  has 

a  kinetic  energy  J ,  or  w  r.     We  are  therefore  prompted  to 

study  the  problem  from  the  energy  rather  thtin  the  momentum 
point  of  xiQW.  Imagine  a  body  of  1  lb.  lea^'ing  the  eaith  (sjiy  at 
London). 

At  the  distance  r  feet  from  the  earth's  centre  the  weight  of  the 


'  n 


body  is  -^-  if  Vq  is  the  disthnee  of  the  eailh's  surface  fiom  the 

centre.      The  potential   energy  here  being  v,  and  being  v  4-  8v 

at  r  +  8r,   ^  =  weight  x  8r  =    Jj  .  Zr.      Hence   v  =  —    "   + 

const. 

If  Vq  is  the  potential  energj'  of  1  lb.  (we  are  really  in  all  this 
neglecting  the  feet  that  the  earth  moves  relatively  to  the  object)  at 

the  earth's  surface,  yQ=  —   —  +  const.,  so  that  our  constant  is 


r.2 


»o 


Vo  +  r^.    Hence  v  =  -.  -^-  +  Vo  +  r^. 

The  potential  energy  when  r  =  00  is  v^  +  r^.  Hence  wc  have 
the  easily  remembered  fact : — A  body  of  w  lbs.  lifted  infinitely  high 
from  the  earth's  surface  would  receive  a  store  of  w  r„  foot-pounds  of 
energy  if  r^  is  the  radius  of  the  earth  in  feet ;  and  if  we  imagine 
aU  this  converted  into  kinetic  energy,  we  see  that  the  velocity  of 
the  body  coming  from  rest  in  space  would  be  ^  '^g^t'o  when  g^  = 
32*2.    If  ^  is  file  gravitational  acceletation.  at  t"he  "^Ajbl^i^  t,  \}cift 
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body's  speed  on  reaching  this  place  would  be  a/  tgr ;  and  if  we 
remember  that  g       ^o'V/**^?  calculation  is  easy,     v  ==  a/  1g^r^\r, 

If  we  write  v       —  ,-  where  t  is  time,  and  if  V  ^Ig^r^  is  called 

3  ■■ 

bf  then  ^  9'i  .  dr  =  b  .  dtf  or  —  ^r*  =  bt  +  const.  Thus,  if  we 
count  time  from  the  time  of  reaching  the  earth's  surface,  so 
that  it  is  always  negative,  let  ^  =  0  when  r       r^.     The  constant 

Also,  as  vrh        by  r^=  .3,  and  hence  ^  ==  «-t  I''o 3))  or 

125.  Force  f  is  rate  of  change  of  momentum  m.  If  force  f  acts 
for  time  8^,  it  increases  the  momentum  of  a  body  by  the  amount  8  m  ; 

so  we  can  say  either  that  f  =  -.7,  or  that  I    y  .  dt  =  whole  gain 

of  momentum  if  t  is  the  time  during  which  the  gain  occurs. 
Of  course  if  f  is  constant,  we  have  f  t  =  gain  in  momentum ; 
or  the  whole  momentum  gained  is  the  force  multiplied  by  the 
time.  But  if  f  varies,  we  can  only  say  that  the  whole  gain  of 
momentum,  divided  by  the  time,  is  the  average  force  during  the 
time.     Here  we  have  a  time  average. 

Space  average  value  of  force  =  -  i^i— i-  x — -  ;  time  average 

,         „  „  -    momentum  gained 

value  01  lorce       -         .,    ,    -  •     • 

whole  tune 

Continually  in  d}Tiamic.s  we  are  ccmsideiing  the  two  great  ideas 
of  energy  and  momentum.  On  any  systtim  if  a  force  acts  from 
outside  bodies  it  gives  energy,  and  it  gives  momentum.  If  no 
force  acts  fi'om  the  outside,  the  momentum  and  moment  of 
momentum  remain  unaltered ;  and  the  tota,l  energy  would  remain 
unaltered  were  it  not  that  other  foi-ms  of  energy  become  changed 
to  heat,  and  a  system  loses  heat  by  radiation.  If  the  earth-moon 
system  were  alone  in  space,  we  have  to  consider  that  its  moment  of 
momentum  remains  constant,  whereas  its  total  store  of  mechanical 
energy  is  diminishing.  Professor  Purser  pointed  out  that  this  idea 
gives  us  the  past  and  future  history  of  the  earth-moon  system,  and 
Professor  Darwin  has  worked  it  out  for  us. 

One  of  the  most  instructive  of  laboratory  experiments  is  that 
in  which  two  bodies,  a  and  b,  are  suspended  so  that  they  may 
collide,  their  motions  before  and  after  collision  being  measurabla 
The  whole  momentum  after  impact  is  the  same  as  bef care  impact ; 
and  it  is  very  interesting  to  notice  that  when  a  strikes  b  at  rest 
the  extent  of  swing  of  the  two  in  combination  after  impact  is  not 
affected  by  the  initial  rebounding  and  chattering  and  the  many 
little  circumstances  which  cause  the  energy  after  impact  to  be  quite 
different  from  what  it  was  before.  Men  who  do  not  make 
experiments  of  this  kind  have  no  clear  notions  of    dynamical 
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phenomena,  unles8  they  are  very  ext-t'ptional  (tlui!  i?*,  im-ii  of 
genius). 

When  the  momentum  m,  as  of  a  pile-driver,  is  Jestn»ye<l  in  the 
time  T,  m/t  is  the  time  average  force  of  the  blow;  we  have  a 
perfectly  definite  idea  of  what  is  meant.  But  whi'n  we  are  told 
that  the  whole  energy  of  the  filing  pile-driver,  dividwl  ]>y  the 
distance  through  which  the  pile  is  forced  into  the  gn>und,  jnves  uh 
the  resistance  of  the  ground  to  the  pile,  we  get  a  misleading 
academic  statement.  The  blow  is  a  complicate<l  phenomenon ;  and 
even  in  the  much  simpler  case  of  the  history'  of  the  collision  of  two 
biUiard-balls  we  are  only  now  beginning  to  see  how  and  when^  the 
total  energy  is  converted  into  heat  (soe  Art.  404). 

Indicator  diagrams  of  engines  are  s^iaee  diagrams  of  force. 
Their  average  heights  enable  the  work  done  to  l>e  (•alrulat«'<l. 
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AVhen  a  mass  is  vibrating  at  the  end  of  a  spiral  spring,  the 

81>ace  diagram  of  .the  force  exerted  by  the  spring  upon  the  body  is 

a  straight  line.     The  space  average  of  the  force  (neglecting  the 

weight  of  the  body)  between  the  end  of  a  swing  and  the  mid 

position  is  half  what  the  force  was  at  the  end  of  the  swing; 

whereas  the  time  average  of  the  force  in  this  interval  is  the 

2 
fraction  -  of  the  force  at  the  end. 

IT 

216.  Example. — A  body  of  5  tons  moving  at  6  miles  per  hour ; 
what  are  its  momentum  and  kinetic  energy?  Find  the  time 
average  of  the  force  which  will  stop  it  in  5  seconds. — Ans.,  The 
mass  is  347*8;  momentum,  r97  x  10^;  the  kinetic  energy  is 
13466*8  ;    time  average  of  force  =  61*2  lbs. 

If  the  force  increases  for  2 J  seconds,  and  then  diminishes  again, 
in  both  cases  uniformly  with  time,  draw  curves  showing  the 
velocity  with  time,  and  also  with  distance;  also  of  force  with 
distance.     What  is  the  space  average  of  the  stopping  force  ? 

Draw  a  curve  showing  accelemtion  a  and  t  {a  is  negative) ;  the 
iutogial  of  this  shows  v  and  t,  the  ordinate  at  <  =  o  being  6  miles 
JXT  hour,  or  8*8  feet  per  second.  The  integral  of  the  v,  t  curve 
shows  *  and  t  where  s  is  distance  fi'om  where  the  force  began  to 
act.  Now  a  x  mass  represents  force.  Hence  the  values  of  a 
represent  force  to  some  scale.  Now  plot  a  new  curve  showing 
force  and  s.  The  whole  area  of  it  is  the  kinetic  energj".  The 
average  height  of  it  is  the  space  average  of  the  force. — Ans.,  621  lbs. 

We  have  performed  the  integrations  numerically,  and  have 
shown  the  results  in  the  table  on  p.  273,'  and  we  have  shown  the 
various  ciu'ves  in  Fig.  169a. 


Fig.  16Da. 

o  A  A  A  B  shows  a  and  t,  t  parallel  to  o  d. 
o  c  E  B  H  shows  V  and  /,  t  jxirallel  to  o  d. 
o  I  I  J  H  shows  «  and  t^  t  psirallel  to  o  d. 
o  H  H  11  ci  shows  F  and  »,  s  parallel  to  o  d. 
o  c  V  \  Q  shoe's  r  viivd. »«  »  \)aTallel  to  o  nu 
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CHAPTER  XII. 

MATERIALS   USED  IN  CONSTRUCTION. 

217.  Mere  reading  will  give  to  no  student  a  knowledge  of 
the  properties  of  materials.  I  insist  on  the  necessity  for  work 
in  a  pattern-shop  and  a  fitting-shop  and  forge ;  and  setting  work 
in  machine  tools.  Workshops  at  a  college  or  school  are  not 
intended  for  the  teaching  of  trades,  which  can  only  be  done  in 
1^1  shops  beside  real  workmen.  A  student  learns  facts  about 
materials  which  are  necessary  for  his  study  of  mechanics  ;  it  is 
a  secondary  matter  that  he  also  acquires  some  skill  which 
enables  him  to  learn  his  trade  quickly  in  a  real  shop  afterwards. 
Town  boys  buy  their  toys  and  never  come  in  contact  with 
nature ;  country  boys  are  always  making  things  and  learning 
much  besides  the  propei-ties  of  materials. 

218.  Stone. — The  rocks  which  have  once  been  melted,  and 
We  cooled  slowly,  are  usually  hard,  compact,  strong,  and  dur- 
able. They  are  most  easily  worked  when  regard  is  paid  to  the 
fact  that  they  naturally  divide  up  into  certain  regular  shapes. 
They  are  all  more  or  less  crystalline  in  textui-e.  Stratified 
rocks  are  those  which  have  been  deposited  at  the  bottom  of  a 
sea  or  river;  they  are  often  easily  divided  in  a  direction 
parallel  to  the  layers  of  which  they  are  built  up,  but  sometimes 
there  are  lines  of  easy  cleavage  in  other  directions.  These 
rocks  vary  very  much  in  appearance,  according  to  the  method 
of  their  formation,  and  to  the  heat  and  pressure  to  which  they 
have  been  subjected,  sometimes  being  very  crystalline,  strong, 
and  durable,  like  marble.  Slaty  rocks  may  be  hard  and  durable, 
or  soft  and  perishable ;  they  are  not  much  used  in  construction, 
except  as  roof  covering.  Sandstones  are  hardened  sand  of 
veiy  different  degrees  of  compactness,  porosity,  strength,  and 
durability.  There  are  limestones  whose  particles  seem  to  form 
one  continuous  mass,  and  which,  when  they  have  been  subjected 
^ great  heat  and  pressure,  become  marbles;  there  are  also 
liniestones  which  are  composed  of  distinct  grains  cemented 
together,  and  which  may  vary  very  much  in  compactness, 
strength,  and  durability.  Besides  these  there  are  conglomerates^ 
^  which  fragments  of  older  rocks  are  imbedded.  A  little 
knowledge  of  geology  is  necessary  in  order  to  understand  the 

properties  of  rocks.    Stones  are  preserved  \)y  coatm^  ^i^Y^m 
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with  some  material  such  as  coal-tar,  various  kinds  of  oil  and 
paint,  or  soluble  glass,  which  fills  their  pores  and  prevents  the 
entrance  of  moisture.  An  artificial  stone,  which  can  be  made 
in  blocks  of  any  required  size  and  shape,  is  obtained  by  turning 
out  of  moulds  and  aftei*wards  saturating  with  a  solution  of 
chloride  of  .calcium,  a  mixture  of  clean  sharp  sand  and  silicate 
of  soda.  The  chloride  of  calcium  and  silicate  of  soda  produce 
silicate  of  lime,  which  cements  the  sand  together,  and  thus 
gradually  consolidates  the  whole  mass. 

219.  Bricks. — Bricks  are  made  of  tempered  (that  is,  freed 
from  pebbles,  saturated  with  water,  and  well  ground  and  mixed) 
clay,  moulded,  dried  gently,  then  raised  to  and  kept  at  a  white 
heat  in  a  kiln  for  some  days,  and  cooled  gradually.  Sand  in 
the  clay  prevents  too  much  contraction  alid  helps  vitrification. 
Bricks  should  have  plane  parallel  surfaces  and  sharp  right- 
angled  edges,  should  give  a  clear  ringing  sound  when  struck, 
should  be  compact,  uniform,  and  somewhat  glassy  when  broken, 
free  from  cracks,  and  able  to  absorb  not  more  than  one-fifteenth 
of  their  weight  of  water.  They  ought  to  require  at  least  half 
a  ton  per  square  inch  to  crush  them.  The  published  tests  are 
sometimes  much  more  than  a  ton  per  square  inch.  Probably 
half  the  published  strengths  are  the  true  strengths  of  bricks  or 
of  brickwork.  The  standard  brick  is  8|  x  4|  x  2^  inches. 
The  average  weight  of  brickwork  is  116  lbs.  per  cubic  foot. 
A  bricklayer  lays  from  100  to  200  bricks  per  hour. 

220.  Limestone,  when  burnt  in  kilns,  gives  off  carbonic 
acid.  If  pure  it  forms  quick-lime,  which  combines  readily  with 
water,  becoming  larger  in  volume.  Mixed  with  clean  sand  this 
forms  mortar,  which,  in  the  course  of  time,  hardens  by  losing  its 
water  and  combining  with  carbonic  acid  from  the  air.  If  the 
burnt  limestone  were  not  pure,  but  contained  certain  kinds  of 
clayey  materials,  iron,  <fec.,  it  would  not  combine  with  much 
water,  but  when  ground  up  fine,  water  enables  its  particles  to 
combine  chemically  with  one  another,  forming  compound  sili- 
cates with  greater  or  less  rapidity,  depending  on  its  composition. 
Such  cement  first  sets,  acquiring  a  large  degree  of  firmness,  and 
then  more  slowly  and  without  much  expansion  becomes  as  hard 
as  many  limestones.  These  natural  hydraulic  limestones  are 
not  much  used  now.  Nearly  pure  limestone  or  chalk  is  mixed 
with  about  one- third  of  its  volume  of  blue  clay  to  produce — 
when  ground  and  mixed  in  plenty  of  water,  then  drained  and 
dried  J  then  burnt  to  incipient  vitrification  and  ground  up  again 
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very  finely  indeed — ^an  artificial  cement,  which  is  <Mjiial,  if  not 
superior,  to  the  natural  cement.  This  is  the  Portland  cement 
now  in  use.  Fineness  in  the  particles  is  exceedingly  imjiortant. 
Sand  in  mortar  saves  expense,  and  prevents  the  cracking  of 
the  mortar  in  drying ;  coai*se  sand  seems  better  than  tine. 
Two  measures  of  sand  to  1  of  slaked  lime  or  3  to  7  of  sand  to 
1  of  cement  are  the  average  allowances,  but  every  jM^rson  who 
uses  mortar  ought  to  test  a  particular  lime  or  cement  to  see 
how  much  sand  it  will  bear  to  have  mixed  with  it.  Concre'.e 
is  a  mixture  of  6  of  gravel  or  broken  stones  and  1  of  cement. 

From  the  time  of  setting  the  tensile  strength  of  cemtMit 
increases  at  first  rapidly  and  gradually  more  slowly.  The 
French  standard  is  280  lbs.  per  square  inch  at  the  end  of  seven 
days,  600  lbs.  in  28  days,  640  lbs.  in  84  days. 

The  initial  strengths  of  neat  cement,  1  of  cement  to  2  of 
sand,  1  of  cement  to  5  of  sand  being  about  1:1  :  f,  ;  the 
gains  of  strength  in  a  year  are  about  as  5  :  4  :  3.  Using  too 
much  wat€r  weakens  cement ;  water  about  J  to  J  of  the  weii^ht 
of  the  cement  is  found  to  give  the  best  results  in  testing.  Tlie 
true  crushing  stress  of  cement  is  probably  about  six  times  the 
tensile  stress. 

221.  Timber. — A  tree  is  made  up  of  a  groat  number  of  little 
tubes  and  cells  arranged  roughly  in  concentric  circles,  one  circle 
for  each  year  of  gi'owth,  because  the  sap  which  circulates  out- 
side is  checked  every  winter.  The  process  of  seasoning  consists 
in  uniformly  drying  the  timber.  As  each  little  portion  dries, 
it  contracts  and  becomes  more  rigid,  and  it  contracts  much 
more  readily  in  the  direction  of  the  circular  arrangement  of  th(^ 
tubes  than  it  does  towards  the  centre  of  the  tree,  and  least 
easily  in  the  direction  along  the  tree.  It  is  obvious,  then,  that 
if  the  tree  is  dried  whole,  tliere  will  be  a  tendency  to  splitting 
radially.  If  the  tree  is  cut  up  before  drying  we  can  tell  the 
way  in  which  the  planks  will  warp  if  we  remember  the  above 
facts. 

Firwoods  are  easily  wrought,  and  possess  straightnoss  in 
fibre  and  great  resistance  to  direct  pull  and  transverse  load, 
and  are  largely  used  because  of  their  cheapness.  They  differ 
greatly  in  strength,  but  their  weak  point  is  their  inability  to 
resist  shearing.  The  best  of  these  is  the  red  pine  or  Memel 
timber  from  Russia,  which  can  be  had  in  large  scantlings,  and 
thus  used  without  trussing.  The  white  fir  or  Norway  spruce 
is  suitable  for  planking  and  light  framing,  and  ia  mv^ox^i^A 
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from  Christiania  in  '* deals,"  "battens,"  and  "planks."  Larch 
is  a  very  strong  timber,  hard  to  work,  and  has  a  tendency  to 
warp  in  drying,  and  is  therefore  not  suitable  for  framing,  but 
is  largely  used  for  railway-sleepers  and  fences,  because  of  its 
durability  when  exposed  to  the  weather.  Cedar  lasts  long  in 
roofs,  but  is  deficient  in  strength. 

The  English  oak  is  the  strongest  and  most  durable  of  all 
woods  grown  in  temperate  climates,  but  is  very  slow-growing 
and  expensive.  Its  great  durability  when  exposed  to  the 
weather  seems  to  be  due  to  the  presence  of  gallic  acid,  which, 
however,  in  any  wood  corrodes  iron  fastenings  ;  trenails  or 
wooden  spikes  should  be  used  instead.  Teak,  which  is  grown 
in  the  East,  is  the  finest  of  all  woods  for  the  engineer.  It  is 
very  uniform  and  compact  in  texture,  and  contains  an  oily 
matter  which  contributes  greatly  to  its  durability.  It  is  used 
specially  in  ship-building  and  railway  carriages.  Mahogany  is 
unsuitable  for  exposure  to  the  weather,  but  it  has  a  fine  appear- 
ance and  is  not  likely  to  warp  much  in  drying.  It  is  chiefly 
used  for  furniture  and  ornamental  purposes,  and  to  some 
extent  in  pattern-making.  Ash  is  noted  for  its  toughness  and 
flexibility,  and  a  capability  of  resisting  sudden  stresses  of  all 
kinds,  whicli  make  it  specially  adapted  for  handles  of  tools  and 
shafts  of  carriages.  It  is  very  durable  when  kept  dry.  It  is 
not  obtainable  in  large  scantlings,  and  is  sometimes  very 
difficult  to  work.  Elm  is  valuable  for  its  durability  when 
constantly  wet,  which  makes  it  useful  for  piles  or  foundations 
under  water.  It  is  noted  for  its  toughness,  though  inferior  to 
oak  in  this  respect,  as  also  in  its  strength  and  stiflTiiess.  It  is 
very  liable  to  warp.  Beech  is  smooth  and  c^ose  in  its  grain. 
It  is  nearly  as  strong  as  oak,  but  is  durable  only  when  kept 
either  very  dry  or  constantly  wet.  It  is  very  tough,  but  not 
so  stiflT  as  oak.     (See  also  Table  VII.) 

The  best  time  for  felling  timber  is  when  the  tree  has 
reached  its  maturity,  and  in  autumn  when  the  sap  is  not 
circulating.  We  want  to  have  as  little  sap  in  the  timber  as 
possible,  and  in  order  to  harden  the  sapwood,  some  foresters 
are  of  opinion  that  the  bark  should  be  taken  off  in  the  spring 
before  felling.  After  timber  is  felled,  it  is  well  to  square  it  by 
taking  off  the  outer  slabs. 

Timber  is  for  the  most  part  dried  by  putting  it  into  hot- 
air  chambers,  from  one  to  ten  weeks  according  to  the  thickness. 
Even  when  kept  quite  dry,  ventilation  is  necessary  to  prevent 
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dry  rot.  The  circumstances  least  favourable  to  the  durahility 
of  timber  are  alternate  wetting  and  dr}nn<^,  as  in  the  case  of 
timber  between  high  and  low  water  mark,  whereas  good 
seasoning  and  ventilation  are  most  favourable  conditions.  The 
most  effective  means  adopted  for  preserving  timber  is  by 
saturating  it  with  a  black  oily  liquid  called  creosote.  The 
timber  is  placed  in  an  air-tight  vessel,  and  the  air  and  moisture 
extracted  from  its  pores  as  far  as  possible.  The  warm  creosote 
is  then  forced  into  these  pores  at  a  pressure  of  170  lbs.  ]>er 
square  inch.  In  this  way  timber  may  be  made  to  absorb  from 
a  tenth  to  a  twelfth  of  its  weight  of  creosote. 

I  shall  give  few  numbers  here  for  the  strength  of  timber. 
Tests  of  small  specimens  are  not  to  be  relied  upon.  The  time 
of  felling,  the  duration  of  drying,  the  part  of  the  treo  from 
which  the  specimen  is  cut,  and  many  other  circumstances  aflect 
the  strength.  A  beam  will  sometimes  break  with  a  long  con- 
tinued load  only  about  half  of  what  will  fracture  it  in  the 
ordinary  way.  The  ultimate  shearing  stress  along  the  grain  of 
ash  is  about  600,  oak  850,  pine  and  spruce  300  lbs.  per  square 
inch.  For  bending,  the  average  value  of  /in  (1)  of  Art.  341 
seems  to  be  for  spruce  5,000,  yellow  pine  7,300,  oak  0,000,  and 
white  pine  5,000  lbs.  per  square  inch  ;  their  Young's  moduli 
heing  respectively  14  x  10^,  17  x  10^,  13  x  10^,  and  11  x  10  >  lbs. 
per  square  inch.  The  crushing  strength  of  timber  may  roughly 
he  taken  as  from  4,000  to  3,000  lbs.  per  square  inch,  and  its 
tensile  strength  as  about  10,000  lbs.  per  square  inch. 

222.  Glass. — Glass  is  a  combined  silicate  of  potassium  or 
sodium,  or  both,  with  silicates  of  calcium,  aluminium,  iron,  lead, 
and  other  chemical  substances.  Certain  mixtures  of  flint  and 
chemicals  are  melted  in  crucibles,  formed  when  hot  into  the 
required  shapes,  and  cooled  as  slowly  as  possible.  This  may  be 
called  the  devitrification  of  glass  by  slow  cooling,  giving  rise 
to  crystallisation.  The  more  slowly  and  more  uniformly  the 
cooling  is  effected,  the  more  likely  is  it  that  the  glass  will  be 
without  internal  strains.  When  glass  is  suddenly  COOled,  as 
when  a  melted  drop  falls  into  water,  the  outside  is  suddenly 
contracted,  becomes  hard  and  brittle,  and  there  are  sucli 
internal  strains  that  if  the  tapering  part  be  broken  or  scratched 
at  the  point  the  whole  drop  crumbles  into  a  state  of  dust.  A 
blow  or  scratch  on  the  thick  part  ])roduces  no  such  effect. 
Heating  and  gradual  cooling  destroy  this  property.  Many 
peculiarities  in  the  behaviour  of  metals  when  heated  and  cooled 
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seem  to  be  caricatured  in  glass,  possibly  because  they  are  due 
to  the  fact  that  all  the  portions  of  matter  which  are  about  to 
form  one  crystal  must  be  at  the  same  temperature,  and  when 
the  substance  is  a  bad  conductor  of  heat  there  is  great  variation 
in  temperature.  Pure  metals  are  good  conductors,  but  the 
admixture  of  small  quantities  of  carbon  and  of  gases  hurts 
their  conductivity.  Toughened  glass  is  the  name  wrongly 
given  to  the  hardened  glass  produced  by  plunging  glass,  in  a 
nearly  melting  state,  into  a  rather  hot  oily  bath.  This  glass 
is  somewhat  in  the  condition  of  the  glass  in  a  Rupert's  drop. 
It  is  so  hard  that  it  is  difficult  to  cut  it  with  a  diamond,  but  if 
the  diamond  cuts  too  deep  the  whole  mass  breaks  up  into  little 
pieces.  Objects  made  of  it  may  be  thrown  violently  on  the 
floor  without  breaking. 

223.  Cast  Iron. — Certain  chemical  changes  occur  when  the 
ores  of  iron,  generally  oxides,  are  smelted  with  coke ;  the  iron 
ceases  to  be  in  combination  with  the  oxygen,  and  appears  in 
metallic  form,  associated,  however,  with  carbon  derived  from 
the  fuel.  There  are  usually  other  impurities  besides,  derived 
from  the  same  source  or  from  the  ores.  When  the  carbon  is 
all  combined  with  the  iron  the  cast  iron  is  "  white,"  and  is 
very  hard  and  brittle.  When  only  a  little  is  combined,  and 
most  of  its  particles  crystallise  separately,  the  cast  iron  is  grey 
in  colour ;  it  is  weaker  and  more  fusible.  Using  the  common 
names  for  the  different  varieties.  No.  1  is  darkest  in  colour,  and 
from  No.  4  to  No.  1  there  is  a  gradual  darkening  in  colour.  In 
the  cupola  of  the  foundry  a  little  purification  is  effected,  and  it  is 
found  that  the  composition  of  a  casting  is  from  97  to  95  per 
cent,  of  iron,  the  remainder  being  nearly  pure  carbon,  often 
very  largely  in  the  combined  form  owing  to  the  elimination  of 
one  of  the  impurities — namely,  silicon.  Nos.  2,  3,  4  are  com- 
monly used  in  the  foundry,  mixtures  being  made  of  them  in 
various  proportions  according  to  circumstances.  A  greater 
proportion  of  No.  3  or  No.  4  gives  greater  strength,  whereas  a 
greater  propoi-tion  of  No.  1  gives  greater  fluidity  and  a  better 
power  of  expanding  at  the  moment  when  the  metal  solidifies, 
so  that  the  sharp  corners  of  the  mould  are  better  filled. 
Higher  numbers  than  4,  as  8,  7,  6,  and  5 —the  white  varieties 
■—are  seldom  used  in  the  foundry,  but  they  may  be  converted 
into  grey  varieties  by  cooling  from  a  very  high  temperature 
at  a  slow  rate,  but  much  more  easily  and  immediately  by 
the  addition  of  certain  \)raiids  of  cast  iron  containing  special 
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impurities  such  as  " siliconeisen "  or  "glazed  i)ig."  A  special 
degree  of  fluidity  and  resistance  to  action  of  acids  is  conferred 
Dpon  cast  iron  by  the  presence  of  a  little  phosj)liorus,  hut  this 
impurity  renders  iron  fragile  at  low  temjKTatiir(\s,  just  as  the 
presence  of  much  silicon  will  render  it  weak  and  liable  to 
fracture  from  shock.  To  soften  a  bard  casting,  it  is  heated  in 
a  mixture  of  bone-ash  and  coal-dust  or  sand,  and  allowcnl  to 
cool  there  slowly. 

The  density  of  cast  iron  varies  from  OH  iu  dark  ^n^y 
foundiy  iron  to  7  6  in  white  iron.  Of  late  years  cast  iron  hivs 
greatly  improved  in  strength;  this  is  due  j))-ohabIy  to  our 
better  knowledge.  Contracts  are  sometinu^s  undertaken  t^) 
deliyer  iron  of  nearly  50  per  cent,  greater  strength  than  the 
average  number  of  our  table,  p.  411.  The  crushing  fra<'tun^ 
usually  makes  an  angle  of  56  degrees  with  the  axis  of  a  test 
column.  The  strengths  of  little  round  columns  of  lengths  ecpial 
to  from  one  to  three  diameters  are  much  the  same,  but  shorU^ 
columns  are  very  much  stronger,  and  longer  colunms  are  v(My 
much  weaker.  The  reason  for  this  is  given  in  Art.  256.  The 
specified  test  for  cast  iron  is  often  this — that  a  bar  3  fe(*t 
between  supports,  section  2  inches  deep  and  1  inch  broad,  should 
carry  a  middle  load  of  25  to  35  cwt.,  and  will  deflect  before 
fracture  0*2  to  0*5  inch.  Tlie  average  ultimate  shearing  stress 
is  15  tons  per  square  inch  as  tested  by  torsion.  Remelting  im- 
proves the  strength,  but  not  beyond  a  certain  number  of  times, 
a  tenacity  of  6  tons  per  squai*e  inch  in  the  pig  becoming  9  tons 
after  the  second  melting,  and  12  tons  after  the  tifth.  ^Fliis 
seems  connected  with  the  change  of  the  iron  from  grey  to 
white  by  increase  of  the  combined  carbon  and  decrease  of 
silicon. 

Mr.  Turner  has  arrived  at  the  following  percentages  as 
giving  the  following  qualities  in  the  highest  degrees  : — 


Softness 

Hardness 

General  strength 
Stillness 

Tensile  strength 
CruBhing  strength 


Combined 
Carl>oii. 


015 
0-60 

Over  10 


(tra]>lMtic 
Carbon. 


31 
2-8 

Under  26 


Silicon. 


Undor  0*8 

1-42 

10 

1-8 
About  0-8 
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224.  Patterns  of  objects  are  usually  made  in  yellow  pine 
(sonuitimos  of  metal  if  many  castings  are  wanted),  about  one- 
eiglith  of  an  inch  per  foot  in  every  direction  larger  than  the  object 
is  to  1)0,  because  theiron  object  contractsto  thisextent  in  cooling. 
Gun-metal  contracts  about  one  eleventh  of  an  inch  per  foot, 
and  brass  about  twice  as  much.     A  thoughtful  pattern-maker 
can  often  <^M'ratly  diminish  the  labour  of  moulding.     Prints  are 
exoresooncos  made  (m  the  patterns  to  show  in  the  mould  where 
c(»rtain  cores  are  to  be  placed.     Tliese  cores  are  made  of  loam 
or  coie-sand  in  core-boxes,  which  the  pattern-maker  supplies ; 
they  represent  the  spaces  in  the  object  where  the  melted  metal 
is  not  to  flow.     They  are  coated  with  a  wash  of  charcoal  dust 
and  clay.     (\)mmon  castingj  is  ^reen-sand ;  there  is  the  more 
elaborate  dry-sand  for  such  objects  as  pipes,  and  there  is  the 
most  expensive  loam  moulding,  in  which  the  mould  is  built  up 
without  a  pattern.     You  must  see  for  yourself  in  a  foundry 
what  are  the  usual  methods  of  preparing  a  mould  :  How  the 
pattern  is  made  so  as  to  draw  out  easily ;  how  the  surface  of 
the  sand  is  blackened  ;  how  the  moulder  arranges  his  ventS  to 
let  sjases  escape  from  the  more  compact  parts  of  the  sand; 
how  ho  places  his  gates  to  let  the  metal  run  into  the  mould 
with  just  enough  rapidity  and  yet  without  hurt  to  the  mould. 
You  must  also  see  for  yourself,  taking  sketches  in  your  note- 
lHH>k  and  nuiking  a  drawing  of  the  cupola,  how  the  pig  iron  v 
molttni  and  jhhii^  into  the  moulds ;  how  the  moulder  stand 
moving  an  iixm  rod  up  and  down  in  one  of  the  gates,  producin 
just  so  much  circulation  and  eddying  motion  in  the  melted  ire 
as  is  likely  to  remove  bubbles  of  gas  which  may  otherwise  1 
unable  to  osoaj^e  fn>m  the  sides  and  comers  of  the  mould, 
well  as  to  pn^vont  the  formation  of  caN-ities  by  shrinkage 
**  pipinj* ":  how  in  some  castings  he  exposes  to  the  air  certt 
|vu*t.s  which  would  otherwise  cool  too  slowly  for  the  rest  of  i 
object  ;  how  next  morning  he  screens  his  sand  and  wets 
You  oujjht  to  observe  the  appearance  of  the  castings  bef 
and  after  thev  art^  cleaniHi  up  next  morning. 

4*i5.  The  Cooling  of  Castings. — The  most  important  mat 
in  ^NMuuvtiou  with  moulding  is  that  there  shall  be  the  si 
anu^unt  of  iNMUnuniou  at  the  same  time  in  every  portion  o$ 
u^ass  of  n\ot<\l  as  it  o^^ols ;  otherwise,  when  finished,  there  Uk 
internal  strains,  which  very  much  weaken  the  object,  and 
pi>vhhv  fn\ctun\     Tu  dosicrnius;  the  shape  of  an  object  ^n 
f \>  U^  iNVvtx  \>5ii>^  is  tAkow  ll\At  when  a  thin  portion  join^ 
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one  it  shall  do  so  by  getting  gradually  tliickcr,   and  not  by  an 
abrupt  change  of  size.     The  thin  piece  exposes  mort*  surfact*, 
and  cooling  is  effected  through  the  surface.     The  thin  rim  of  a 
pulley  cools  sooner  than  the  arms,  and  Ix^coines  rigid  sooner  ; 
when  the  arms  cool  they  contract  so  much  as  sometimes  (o 
produce  fracture  near  the  junction.   In  a  thick  cylindric  object 
the  outer  portion   becomes   rigid  first;  now  wlion   the   inntM* 
portion  contracts  it  tends  to  make  the  outer  portion  contract 
too  much,  and    the    outer   portion  prevents  th(;   inner  from 
contracting  so  much  as  it  ought  to,  so  that  the  outer  i^ortion 
retains  a  compressive  strain,  and  the  inner  a  tensile  strain. 
When  a  hollow  cylinder  is  cast,  and  is  recpiired  to  witlistand  a 
great  bursting  pressure — that  is,  all  the  metal  is  requinnl  to 
withstand  tensile  tresses — it  is  usual  to  cool  it  from  the  insi<le 
by  means  of  a  metal  core,  in  which  cold  w«ater  circulates.     The 
inside  now  becomes  rigid  sooner,  the  outer  portions  as  they 
solidify  conti*act,   and  tend  to  make  the   inner  portion  con- 
tract  more   than   it   naturally   would,    and  there    is    a  per- 
manent state  of  compressive  strain  inside  and  tensih^  strain 
outside    in   the   object,  which  materially    helps   it   to    resist 
a    bursting  pressure.      This   inequality    of    contraction    and 
production  of  internal  strains  in  objects  cause  them  to  vary  in 
their  total  bulk  as  compared  with  that  of  their  patterns,  but  it 
IS  probable  that  some  of  this  variation  is  due  to  the  fact  that 
the  contraction  of  grey  cast  iron  is  only  1  per   cent,  of  its 
Imear   dimension,   whereas   wliite   cast    iron   contracts    2    to 
f^^J^^^^'    '^^^  fractional  difference  between  size  of  pattern 
^^   the  finished  object   varies   from  one-twenty-fifth   of  an 
en  per  foot  in  small,  thin  objects  to  one-eighth  of  an  inch 
seem  tn\  ^  ^^^77  pipe  castings  and  girders.     Small  castings 
alwav  ^considerably  stronger  than  large  ones.     As  there  is 

^  ^hirn^^^  inequality  in  the  rate  of  cooling  of  a  casting  near 
an  ineoii  y^^\  internal  strains  may  be  expected  here,  and  also 
''ariety^p^  -^  {^    *^^  nature  of  the  cast  iron,  since  the  gre}'^ 
bodies  a  p  ^  ^^^^^'  tbe  more  rapidly  it  is  cooled.      In  nearly  all 
^^d  is  spe^^^''^^^  corner  is  a  place  of  weakness  (see  Art.  303), 
^^^  ^^oj2  ^^f{r  ^^  ^e  guarded  against  in  castings.     Crystals  of 
^^  heat,    n/Oi^I^^^  ^tietals  group  themselves  along  lines  of  flow 
pJf^^Gp    -^    ^    P^ute  or  wire  of  iron  or  steel  is  rolled  or 
^      ^0/^  ]kl^'^'^^    t^ecome  more  longitudinal,  and  the  wire  or 
^^^//  ^^^^^^-'^^^Ty  whereas  annealing  allows  the  crystals 
/9a  .-^^     ^^^^^  laterally,  and  the  material  is  weakeua^. 
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It  is  said  that  time  gradually  reduces  some  internal  strains. 
Castings  which  have  been  rapidly  cooled  by  being  cast  in  an 
iron  mould  (painted  on  its  inside  with  loam)  are  white,  and 
very  hard  in  those  parts  which  lie  nearest  the  mould, 
whereas  they  are  grey  and  strong  inside.  These,  like  the 
hollow  cylinder  above  mentioned,  are  called  chilled  castings. 
When  a  cleaned  casting,  preferably  of  white  iron,  is  put  in  a 
box,  surrounded  with  oxide  of  iron  (hematite  iron  ore  or  rolling 
mill  scale),  and  kept  at  a  white  heat  for  a  length  of  time  (say 
a  week),  its  surface,  to  a  depth  dependent  on  the  time,  loses 
its  carbon  and  becomes  pure  or  wrought  iron,  which  is  much 
tougher  than  cast  iron.  The  teeth  of  wheels  are  sometimes 
heated  in  this  w<ay.  Such  are  malleable  castings.  Malleable 
cast  iron  seems  to  be  of  50  per  cent,  greater  tensile  strength  than 
cast  iron,  with  a  contraction  of  8  per  cent,  before  fracture ;  it 
stands  about  60  tons  per  square  inch  crushing  stress.  Melted  cast 
iron  possesses  the  property  of  dissolving  pieces  of  wrought  iron, 
and  is  then  said  to  be  toughened  cast  iron.  When  sufficient 
iron  is  so  added  it  becomes  an  inferior  variety  of  cast  steel. 

226.  Wrought  Iron. — Oast  iron  is  exposed  to  the  air  in  a 
melted  state  for  a  long  time,  and  the  carbon  is  burnt  out  of  it. 
The  pig-iron  really  undergoes  two  processes,  one  called  refining^ 
the  other  puddling.  It  is  then  hammered  and  rolled,  when  hot| 
into  bars  of  various  shapes.  The  quality  of  wrought-iron  bars 
as  bought  in  the  market  varies  greatly.  We  have  common  iron, 
used  for  rails,  ships,  and  bridges  ;  best,  double  best,  and  treble 
best  Staffordshire  iron,  used  for  boilers  and  forgings  generally ; 
Lowmoor,  Bowling,  and  other  good  irons  for  the  most  difficult 
forgings  ;  and,  lastly,  charcoal  iron,  which  is  nearly  pure.  Jx;qn 
is  softer  and  more  ductile  the  purer  it  is.  Traces  of  sulphur 
make  it  red-short,  difficult  to  work  hot.  Phosphorus  has 
effects  like  carbon,  but  also  makes  the  iron  cold-short,  or 
treacherous  cold.  Maganese  and  silicon  seem  also  to  act  like 
carbon,  but  we  are  still  afraid  of  them.  There  is  usually  \  to 
J  of  1  per  cent,  of  manganese  present,  and  one-third  of  these 
amounts  of  silicon  if  castings  are  wanted.  Up  to  the  tempera- 
tures of  ordinary  boilers,  the  tensile  strength  of  iron  is  not  much 
diminished  by  heating,  but  at  a  red  heat  it  is  very  much  less 
than  in  the  cold  state.  Repeated  forging  increases  the  strength 
of  wrought  iron  up  to  a  certain  number  of  times,  after  which 
it  diminishes  the  strength.  This  is  why  small  rods  and  small 
forgings  and  the  outside  oi  \aT^%  iotgjn^  are  respectively  of 
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stronger  material  than  large  rods  and  large  forgings  and  the 
inside  of  large  forgings.     Cuts  of  metal  in  certain  directions 
from  heavy  forgings  seem  surprisingly  weak.     By  rolling  and 
iammeriiig  when  hot,  iron  gets  a  Hbrous  texture,  and  becomes 
more  tenacious.     By  hammering  when  cold,  or  by  long  con- 
tinued strains  of  a  vibratory  kind,  wrought  iron  changes  its 
fibrous  and  tough  for  a  crystallised  and  more  brittle  condition. 
This  brittle  condition  may  be  removed  by  heating  and  slowly 
cooling  (annealing).     Iron  wire  is  stronger  the  thinner  it  is. 
Bar  iron  is  generally  stronger  than  angle  or  T-iron,  and  this 
again  than  plate  iron.     The  toughness  of  an  iron  bar  is  best 
shown  by  the  contraction  it  undergoes  before  it  breaks.     The 
section  of  a  very  tough  bar  may  contract  as  much  as  45  per 
cent,  in  area.     Case  hardening  of  a  wrought-iron  object  is 
effected  by  heating  it  in   a  box  with   bone  dust  and  horn 
shavings.     The  iron  absorbs  carbon,  and  is  partially  converted 
into  steeL 

227.  Steel. — Steel  contains  less  carbon  and  impurities  than 
cast  iron,  and  thus  lies  intermediate  between  cast  iron  and  wrought 
iron.  Expensive  steel  is  produced  by  giving  carbon  to  wrought 
iron  (the  best  Swedish  charcoal  iron),  keeping  the  iron  heated 
for  some  days  in  contact  with  powdered  charcoal,  and  then 
hammering  it,  whilst  hot,  till  it  is  homogeneous  (shear  steel),  or 
else  (and  this  is  the  most  usual  practice)  casting  it  when  melted 
into  ingots. 

Cheap  steel  is  produced  by  taking  only  a  portion  of  the 

carbon  from  very  pure  varieties  of  cast  iron  by  a  puddling 

process  such  as  is  employed  in  the  production  of  wrought  iron, 

or  by  the  Bessemer  process.     In  the  Bessemer  process,  air  is 

forced  into  the  melted  cast  iron  for  a  time,  and  very  pure  white 

cast  iron  is  then  added  to  help  in  removing  bubbles  of  gas.     In 

Art.  235  I  shall  speak  about  the  tempering  of  steel.     Many 

varieties  of  soft  steel  do  not  harden  when  suddenly  cooled. 

Some  of  it  is  like  pure  iron  almost,  and  some  of  it  has  half  as 

nmch  carbon  as  the  hardest  cast  steel.     It  differs  from  wrought 

iron  in  having  been  melted,  and  so  there  are  no  minute  streaks 

of  slag  giving  heterogeneousness ;  and  so  a  plate  is  nearly  as 

strong  one  way  as  another.    The  sudden  hardening  of  steel  when 

rapidly  cooled  seems  greater  the  more  carbon  there  is,  up  to  a 

<^ertain  limit.     It  is  more  fusible  than  wrought  iron,  and  much 

BQcoess  has  been  met  with  in  the  production  of  steel  castings  in 

spite  of  the  fact  that  unless  certain  precautions  are  taken,  and  Wv^ 
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addition  of  silicon,  aluminium,  etc.,  there  is  a  tendency  to  con- 
tain cavities.  This  steel  has  about  twice  the  strength  of  cast 
iron.  Annealing  is  necessary  after  casting.  The  strength  of 
crucible  cast  steel  is  greater  than  that  of  any  other  material,  and 
is  greater  as  it  contains  more  carbon  and  is  harder.  The  pro- 
perties of  steel  depend  so  much  on  so  many  seemingly  small 
things — small  impurities,  a  little  too  much  heating  or  variation 
in  the  rate  of  cooling  at  different  places  — that  great  care  must 
be  taken  in  working  it.  By  the  Bessemer,  Basic,  and  Siemens 
processes  great  quantities  of  steel  are  produced  cheaply,  contain- 
ing small  percentages  of  carbon.  This  steel  has  largely  i-eplaced 
wrought  iron  in  its  use  in  locomotive  rails,  bridges,  and  ships. 
Taking  it  that  crucible  steel  has  elastic  limits  of  stress  26 
to  20  tons  per  square  inch,  and  ultimate  stress  52  to  34  tons, 
and  contraction  of  section  5  to  20  per  cent,  before  fracture, 
these  are  for  Bessemer  steel  17  tons,  34  tons,  and  20  to  45  per 
cent.  Steels  to  be  easily  welded  together  ought  to  be  of  the 
same  kind. 

As  steel  cools  from  a  welding  heat  it  passes  through  the 
"  blue  heat "  stage  (about  300'  C),  where  it  is  brittle.  If 
hammered  or  bent  in  this  state  it  is  permanently  injured,  and 
if  the  work  was  local  in  a  large  plate  the  plate  becomes 
treacherous.  Soft  steel  and  iron  seem  to  get  a  little  stronger 
at  very  low  temperatures. 

The  amount  of  carbon  pi-esent  in  steel  does  not  seem  to 
affect  n\uch  the  Young's  modulus,  which  in  all  kinds  of  steel 
and  wrought  iron  seems  to  be  about  3  x  10^,  as  the  modulus 
of  rigidity  is  not  very  different  from  12  x  10^.  Various 
numboi-s  are  given  in  Table  III.,  in  deference  to  custom.  The 
carbon  pixxluces  other  effects,  shown  in  the  following  table  : — 


«    r.ilH.i,  Elastic  limit  Bnukiug 

*  *  stix'ss.  stress. 


*U  18  ;  28 

•t>l  '21  36 

♦i>6  31  53 


Cout«cU„u  Of  S|«-t 


-.30  22 

•25  26 

•10  37 


Sti'tv^tsos  aw  in  tons  [vr  s^uai-e  inch.  A  formula  has  been 
Kivou  :  Stivugth=  ll>o  -f  114  C-  -h  30^  -h  11*4  Mn  +  9*5  P, 
nmi  t>ii>ii^'Htion  j^r  vvut.  =  V2  -  *36  C.  —  5*5  Mn  -  6  Si,  where 
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C,  Mn,  P,  and  Si  represent  the  fractional  amounts  of  carbon, 
manganese,  phosphorus^  and  silicon  in  the  steel. 

The  oxide  and  silicate  skin  on  cast  iron  is  less  lialjlo  to 

corrosion  than  clean  iron,  but  it  is  advisable  to  paint  or  varnish 

all  iron  exposed  to  oxidation.     Sometim(;s,  as  for  water-})ipes, 

the  iron  is  heated  to  150°  C,  and  placed  in  pitch  with  souu;  oil 

in  it  at  100**  C.     Mr.  Barff  keeps  the  iron  surface  exposed  to 

superheated  steam  at  a  high  temperature,  and  this  coats  it  with 

a  film  of  protecting  oxide.     Iron  is  "  galvanised  "  by  putting 

it  in  a  bath  of  melted  zinc.     Boilers  are  sometimes  protected 

inside  by  the  contact  o£  blocks  of  zinc. 

Some  alloys  of  iron  and  manganese  are  very  strong,  and  so 

bard  as  to  prevent  their  being  readily  tooled.  They  can,  how- 
ever, be  both  cast  and  forged.  They  are  specially  imi)ortant  to 
electrical  engineers,  as  they  are  not  magnetic.  The  power  of  a 
small  trace  of  manganese  to  destroy  all  the  magnetic  properties 
of  iron  is  remarkable.  Certain  allovs  of  iron  and  nickel  are  not 
quite  so  hard,  but  they  are  extremely  tough  and  strong.  Steels 
containing  a  little  tungsten  or  chromium  have  the  special 
properties  that  fit  them  for  self- hardening  tools  or  projectiles. 

Mitis  castings  are  of  wrought  iron,  to  which  0*5  to  1  per 
cent,  of  aluminium  has  been  added  to  lower  the  fusing  point. 
The  tenacity  seems  tiO  be  20  per  cent,  greater  than  that  of 
wrought  iron,  and  the  ductility  about  equal  to  that  of  wrought 
iron. 

228.  Copper  is  noted  for  its  malleability  and  ductility  when 

both  hot  and  cold,  so  that  it  is  readily  hammered  into  any  shape, 

rolled  into  plates,  and  drawn  into  wires.     When  cast  it  usually 

contains  much  oxide  and  many  cavities,  but  when  pure  it  may 

he  worked  up  by  hammei'ing  into  a  state  of  great  strength  and 

toughness,  whereas  slight  traces  of  carbon,  sulphur,  and  otiujr 

impurities  necessitate  its  being  refined  to  do  away  with  its 

brittleness.     The  brittleness  produced  by  hammering  when  cold 

is  very  different,  as  it  is  removable  by  annealing.     Phosphorus 

IS  sometimes  used  to  assist  casting,  and  the  strength  is  greater 

with  more  phosphorus,  whose  function  seems  that  of  reducing 

tHe  oxides.     Copper  is  an  expensive  metal,  and  is  only  used 

liow  for  pipes  which  require  to  be  bent  cold,  for  bolts  and 

plates  in  places  where  iron  would  be  more  readily  corroded, 

^d  for  electrical  purposes.      Its   tensile   strength   is   more 

reduced  by  heating  than  that  of  iron. 

Boron  seems  to  affect  copper  as  carbon  does  ivoii,  \\\^  Vyc^ 
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alloy  standing  22  to  27  tons  per  square  inch  without  loss  of 
conductivity. 

229.  Brass  consists  of  about  two  parts  by  weight  of  copper  to 
one  of  zinc,  with  a  little  tin  and  lead.     The  copper  is  first  melted 
and  the  zinc  added,  not  long  before  casting.     It  is  used  chiefljr 
on  account  of  its  fine  appearance  and  the  ease  with  which  it 
can  be  worked.     Cheap  brass  things  have  more  zinc  usually. 
The  small  amount  of  lead  added  in  melting  makes  it  much 
softer.    Muntz  metal  contains  more  zinc  than  ordinary  brass — 
3  copper  to  2  zinc,  or  2  to  1  with  a  little  lead.     Like  copper,  it 
is  not  much  weakened  by  heating  up  to  260**  C. ;  it  can  be 
rolled  hot.     It  is  used  for  sheathing  ships  and  for  the  tubes 
of  boilers. 

230.  Sterro  and  Delta  metal  are  brasses  to  which  iron  has 
been  added,  tlie  latter  name  being  given  to  the  metal  after  it 
has  also  received  special  mechanical  treatment,  the  rods  being 
made  by  being  forced  to  flow  under  great  pressure  through 
dies.  Delta  metal  can'be  worked  hot  or  cold,  and  may  be 
brazed.  Bronze  and  gun-metal  are  alloys  of  copper  and  tin  in 
varying  proportions,  more  tin  giving  greater  hardness.  Twelve 
of  copper  to  1  of  tin  seems  best  for  guns.  Five  of  copper  to 
1  of  tin  is  the  hardest  alloy  used  by  the  engineer  in  bear- 
ings, but  bell  metal  is  3*3  to  1.  A  slight  addition  of  zinc  helps 
in  casting,  and  increases  the  malleability.  A  great  many 
experiments  have  been  made  on  bronze.  Its  strength  depends 
very  much  upon  the  care  taken  in  mixing  and  melting  the 
metals,  for  it  is  easily  injured  by  oxidation.  Gun-metal  is  a 
good  material  for  castings,  which,  however,  should  be  quickly 
cooled  to  give  more  uniformity,  density,  strength,  and  toughness ; 
and  hence  they  are  sometimes  made  in  cast-iron  moulds.  Hard 
bronze  is  much  used  for  the  bearings  of  shafts.  There  are  also 
various  soft  alloys  of  copper  with  lead,  zinc,  tin,  and  antimony, 
which  are  used  for  this  purpose.  PhosphoT  bronze  is  an  alloy 
of  copper  and  tin  to  which  some  phosphorus  has  been  added. 
It  bears  re-melting  better  than  gun-metal,  and  its  properties 
may  be  varied  at  will.  It  may  be  either  strong  and  hard,  6r 
weaker  but  very  tough.  The  phosphorus  appears  to  act  by 
removal  of  the  oxide  of  tin,  and  to  tend  to  prevent  segregation 
in  cooling ;  and,  indeed,  we  may  say  that  when  care  is  taken 
against  oxidation  the  difficulties  in  the  way  of  re-melting  gun- 
metal  vanish.  Hard  wire  has  broken  with  from  100  to  150 
tona  per  square  inch,  and  after  annealing  has  stood  half  these 


APPLIED   MKCHANICS.  289 

amounts.  It  has  been  used  successfully  in  railway  axle  and 
crailk  shaft  bearings.  It  is  good  in  resisting  shocks,  and  has 
been  used  instead  of  steel  for  chisels  in  powder  factories. 
Gun-metal  slowly  decreases  in  strength  as  it  is  heated,  until  at 
a  certain  temperature  its  strength  is  suddenly  hal veil,  and  there 
is  almost  no  ductility.     Phosphor  bronze  is  less  afiecte<l. 

231.  Manganese  bronze  and  Silicon  bronze  are  H]>ecial  alloys 

of  copper  with  manganese  and  with  silicon,  the  former  made  by 
adding  ferro-manganese  to  bronze  or  brass,  and  usetl  whei-i^ 
unusual  strength  and  power  (as  for  SCrew  propeller  blades)  of 
resisting  sea- water  are  required.  It  may  be  cast  and  also 
forged.  The  manganese  seems  to  act  like  phosphorus  in 
clearing  off  the  oxide.  Some  containing  zinc  can  be  forged 
and  rolled  hot.  Silicon  bronze  has  fair  electric  conductivity, 
and  resists  atmospheric  corrosion  when  used  as  telephone  wire, 
and  is  of  great  strength.  As  tested  for  tension  in  the  condi- 
tion of  wire  for  telephonic  purposes,  it  seems  to  stand  from  30 
to  50  tons  per  square  inch;  the  drawn  copi)er  wire  for  tlu* 
same  purpose  standing  about  29  tona  to  the  square  inch  ; 
phosphor  bronze,  44  to  70;  brass,  25;  German  silver,  30; 
iron,  57;  Martin  steel,  86;  and  crucible  steel,  102  tons  per 
square  inch.  Pianoforte  wire  sometimes  stands  150  tons  per 
square  inch. 

232.  Aluminium  bronze  is  formed  of  9  parts  of  copper  and 
I  of  aluminium,  and  has  a  tenacity  of  43  tons  per  square  inch. 
The  5  per  cent,  alloy  stands  30  tons  per  square  inch.  Copper 
with  only  2  to  3  per  cent,  of  aluminium  is  stronger  than  brass. 
The  usual  alloy  is  of  the  colour  of  gold,  but,  like  all  aluminium 
alloys,  must  be  prepared  from  materials  free  from  iron.  When 
advantage  is  to  be  taken  of  the  lightness  of  aluminium,  there 
is  an  alloy  of  32  parts  of  aluminium  and  1  of  nickel  that  can 
be  employed,  and  to  which  1  part  of  copper  may  also  be  added. 
Specimens  have  broken  with  45  and  50  tons  per  square  inch 
tensile  stress,  the  first  with  no  elongation  and  the  second  with 
33  per  cent,  elongation.  The  aluminium  and  silicon  bronzes 
and  alloys  of  silver  and  other  metals  with  aluminium  are  pro- 
duced in  an  electric  furnace,  the  ores  being  mixed  with  retort 
carbon  and  an  electric  tjurrent  passed. 

About  7  per  cent!  each  of  copper  and  antimony  being 
added  to  tin,  we  have  white  metal  or  Babbitt's  metal,  which 
^ise  easily  and  may  be  cast  inside  a  bracket,  round  a  journal, 
as  the  step  of  a  bearing  if  not  too  large. 
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CHAPTER  XIII. 

TENSION  AND   COMPRESSION. 

233.  The  following  chapter  on  the  behaviour  of  material 
when  subjected  to  tension  and  to  compression  has  so  much  to 
do  with  the  physical  properties  of  matter,  that  students  ought, 
before  reading  it,  to  refresh  their  memories  in  regard  to  the'  sim- 
pler principles  of  chemistry  and  physics  and  the  notions  which 
laboratory  work  in  these  subjects  gives  to  us  in  regard  to  the 
probable  molecular  condition  of  matter,  and  also  of  that  very 
much  larger  coarse-grainedness  which  we  sometimes  call  hetero- 
geneity. Besides  giving  us  general  notions,  chemistry  gives  us 
useful  facts  as  to  the  changes  which  occur  in  the  manufacture 
of  metals,  the  cause  of  the  rusting  of  metal,  the  burning  of 
fuel,  etc.  A  little  knowledge  of  electricity  enables  us  to  have 
clear  ideas  as  to  the  action  by  which  when  two  metals  touch, 
and  are  also  connected  by  liquid,  one  of  them  rapidly  corrodes 
and  the  other  does  not,  and  how  it  is  that  oil  preserves  a 
polished  metal  surface.  A  little  knowledge  of  heat  tells  us 
how  friction  wastes  mechanical  energy ;  how  heat  energy  is 
measured ;  when  a  body  is  heated  how  much  it  expands  ;  the 
laws  of  expansion  of  gases  ;  the  properties  of  steam ;  the  laws 
of  flow  of  heat  in  conduction  and  radiation,  and  other  phano- 
mena  which  continually  influence  our  mere  mechanical  work. 

234.  It  will  be  found  by  students  who  read  what  is  in  the 
smaller  printing  in  this  chapter  that  the  usual  statements  on 
which  we  base  our  mathematical  calculations  are  very  incom- 
plete. The  manufacturer  depends  on  many  curious  properties 
of  materials,  many  of  which  are  familiar  to  and  helpful  to 
inarticulate  workmen  and  unknown  in  the  laboratory  as  yet. 
Some  rude  processes  and  shop  beliefs,  which  sometimes  seem 
to  be  no  more  worthy  of  attention  than  superstitions,  have 
suggested  scientific  experiments  and  new  industries.  Some 
phenomena  that  seem  curious  at  first  sight  are  really  easily  ex- 
plained— the  behaviour  of  James  Thomson's  overtwisted  shaft, 
for  example,  explains  many  curious  things  ;  and  our  knowledge 
of  such  things  as  how  initial  strains  are  induced  in  castings  by 
unequal  coolinghas  helped  us  gi*eatlyin  systematising  our  notion& 

2S5.  There  is  one  phenomeiioii  "wbicb.  baa  been  known  almost 
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since  iron  was  discovered  by  man — namely,  that  steel  hardens 
with  sudden  cooling,  and  we  seem  to  be  almost  iis  far  from 
understanding  it  as  our  ancestors  were.  There  has  been  some 
advance,  for  we  have  no  such  notions  about  incantations  and 
the  virtues  of  particular  kinds  of  water  for  quenching  the  heat 
as  were  held  in  the  Middle  Ages.  Mild  steel  is  almost  like  pure 
iron,  and  does  not  harden,  but  with  more  carbon  (over  0*4  per 
cent,),  such  as  there  is  in  cast  steel,  the  more  rapidly  the  steel 
is  cooled  the  harder  it  gets.  So  that,  for  example,  thin  pieces 
of  steel  are  apt  to  be  harder  than  thick  pieces.  The  more 
carbon  a  steel  contains,  the  less  need  it  be  heated  befoi*e  being 
suddenly  cooled  to  acquire  a  particular  hardness.  Re-h  rating 
diminishes  the  hardness,  or,  as  it  is  called,  tempera  the  steel ; 
and  t6e  higher  the  temperature  of  re-heating,  the  softer  does 
the  steel  become.  It  may  roughly  be  taken  that  sudden  cool- 
ing in  oil  doubles  the  proof  tensile  streno^th  of  the  matf^rial — 
that  is,  the  stress  which  would  permanently  hurt  the  material. 
In    every    workshop    the    common   method    adopted    for 

tempering  a  fitter's  chisel  is  as  follows: — Hoat  the  chLsel  to 

a  dull  red  colour,  put  the  edge  in  water  to  a  distance  of  say 
half  an  inch,  so  that  it  may  become  very  hard ;  quickly  brighten 
the  edge  with  pumice  or  a  file ;  watch  it  till,  as  it  heats  by  con- 
duction from  the  thicker  portion,  you  know  that  a  certain 
temperature  has   been  reached   by   seeing  a   certain   colour 
(purplish-yellow    for  a   chisel)  of  oxide  of  iron  making  its 
appearance.    When  this  colour  appears,  plunge  the  whole  chisel 
into  water.     Thus  the  steel  is  first  made  extremely  hard  at  its 
edge,  and   is   then  brought  back  to  the  required  degree   of 
hardness  by  re-heating  up  to  a  certain  temperature  and  then 
cooling.     This  simple  process  is  in  common  use.     In  tempering 
other  objects  sometimes  much  greater  care  must  be  taken,  since 
it  is  often  necessary  that  every  portion  of  the  object  shall  be  of 
the  same  hardness,  and  in  such  cases  the  whole  may  be  cooled 
at  first  and  then  re-heated  in  a  bath  of  oil,  mercury,  or  other 
melted  metal  whose  temperature   is  definitely  known.     The 
effect  is  of  the  same  kind,  however,  whether  the  process  is  the 
rough  one  which  I  have  described  or  a  more  careful  one. 

There  must  be  no  attempt  to  make  large  objects  glass-hard : 
they  would  cool  very  unequally  and  might  fly  to  pieces  or 
develop  flaws ;  a  less  rapid  cooling  in  hot  oil  or  melted  lead 
*6inperB  such  objects  in  one  process.  It  is  interestiuf;  to  se^ 
that  one  or  other  oS  the  above  two  principles  is  carried  oxjA)  m 
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all  sorts  of  industries,  but  in  a  gi*eat  number  of  different  ways. 
A  certain  size  of  watchmaker^s  drill  is  stuck  when  at  a  red 
heat  into  sealing-wax.  This  gives  the  right  temper.  Another 
smaller  drill  is  merely  waved  about  in  the  atmosphere  to  cool 
it.  The  tempering  colours  of  steel,  beginning  with  the  hardest, 
are : — Straw  colour  to  yellow,  (this  is  about  220** C)  for  light  turn- 
ing tools,  milling  cutters,  screw-cutting  dies  and  taps,  punches, 
chasers ;  straw  to  purplish-yellow,  rimers,  wood-chisels,  plane- 
irons,  twist-drills  ;  light  purple  to  dark  blue,  augers,  chisels  for 
steel,  axes,  chisels  for  cast  iron,  chisels  for  wrought  iron,  saws 
for  metal ;  less  dark  blue  (this  is  about  320''C),  screw-drivers 
and  springs.  These  colours  are  supposed  to  indicate  fairly 
exactly  the  temperature,  irrespective  of  time ;  but  we  cannot 
say  that  there  is  conclusive  evidence  yet  that  time  produces  no 
effect  on  the  thickness  of  the  film  of  oxide.  If  true,  it  is  a  very 
curious  phenomenon.     But  surely  it  cannot  be  true  ! 

236.  The  volume  gets  greater  in  hardening.  Curiously  enough, 
I  have  a  note  saying  that  steel  becomes  denser  by  hardening,  but  its 
authority  is  unknown.  Repeated  hardening  and  annealing  seem 
to  strengthen  the  steel.  It  is  usual  to  explain  the  hardening  by 
saying  that  in  sudden  cooling  the  particles  of  iron  and  carbon  have 
not  had  time  to  got  into  their  natural  positions  when  cold,  and  that 
they  jam  one  another  somehow,  getting  into  positions  of  instabiUty. 
As  regards  the  influence  of  impurities,  of  gases  from  the  atmosphere 
which  may  possibly  be  suddenly  imprisoned  among  the  particles, 
very  little  is  known.  It  may  help  towards  an  explanation  to  say 
that  Abel  found  that  in  annealed  steel  the  carbon  is  in  the  form  of 
a  chemical  carbide  Fe^C  mixed  in  the  mass.  In  hardening,  the 
formation  of  the  carbide  is  prevented  (just  as  suddenly-cooled 
gases  remain  dissociated) .  At  various  tempers  we  have  various  pro- 
portions of  the  carbide,  but  it  is  always  the  same  kind  of  carbide. 

Speculation  as  to  the  molecular  constitution  of  iron  does  not 
yet  seem  to  have  sufficient  facts  to  go  upon.  It  is  sometimes 
assumed  that  there  are  two  kinds  of  iron  mixed  together,  the  soft 
a  particles  and  the  harder  j8  particles.  With  slow  cooling  from  a 
high  temperature,  when  the  mass  is  soft,  although  the  particles 
may  be  hard,  the  j8  particles  (practically  all  are  of  the  /3  kmd  at  a 
high  temperature)  change  to  a.  That  there  is  some  great  molecular 
change  even  in  the  purest  iron  is  evidenced  by  recalescence  and 
other  allied  phenomena.  In  sudden  cooling  most  of  the  /3  particles 
have  no  time  to  change.  Any  effect  due  to  the  carbon  is  produced 
at  a  much  lower  temperature  than  that  at  which  the  change  from 
j8  to  a  occurs  in  slow  cooling ;  and  although  the  presence  of  carbon 
seems  necessary  to  the  hardening  of  steel,  changes  in  its  mode  of 
existence  are  not  of  much  importance.  The  a  particles  are  changed 
to  0  in  the  plastic  condition  of  iron  in  the  ordinary  testing  opera- 
tions at  low  temperatures. 
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237.  Howa  poll  is  exerted. — Ho  wis  it  that  a  coi-d  tran-imita 
force  from  my  hand  to  an  object  when  I  pull  the  objeit  by 
means  of  a  string  1  If  you  study  tins  nutter,  you  will  see  that 
every  particle  of  the  string  coheres  to  the  luitt  and  althou,,''' 
the  refusal  of  one  particle  to  come  away  fiom  its  neigliliour 
tDight  easily  be  overcome,  there  are  so 
many  of  them  to  be  sejtarated  at  any 
particular  section  of  the  string  that  it 
requires  a  considerable  pull  to  perform 
this  operation.  When  a  string  is  pulled 
it  really  lengthens  a  little,  and  it  lengthens 
more  the  mare  force  is  applied,  although 
it  may  not  break.  A  string  is  not  so  easy 
to  experiment  with  as  a  wire  of  metal, 
because  we  find  thst  it  differs  moi-e  in  its 
quality  at  different  sections,  and  it  ia 
affected  by  dampness  and  many  other 
circumstances.  No  doubt  it  is  also  dif- 
ficult to  obtain  a  metal  wire  which  shall 
just  be  as  willing  to  break  at  one  place 
as  another — that  is,  which  shall  be  exactly 
of  the  same  material  everywhere  but 
metal  wire  is  certainly  more  uniform 
than  string. 

238.  Strain.— Take,  then,  a  steel  « ire 
iL  B  (Fig.  170),  fastened  near  the  ceiling  at 
A,  between  two  pieces  of  wood,  S(,rewed 
ti^etber  firmly  so  that  there  maj  be  uo 
tendency  for  the  wire  to  break  just  at  the 
fastening.  Similarly  faat«n  at  b  a  scale- 
pan  arrangement,  and  first  place  just  so 
much  weight  in  the  pan  as  keeps  the  ir 
hwt.  Let  there  be  two  light  1  ttle 
pointers  stuck  or  tied  on  at  a  and  I   j.n}  t        u 

let  tiers  be  a  vertical  scale  on  the  vall 
How  read  off  the  distance  between  and  I  on  the  si-ale  a  id 
note  the  weight  Add  more  weight  and  \,am  leal  the 
iifltance,  and  continue  doing  this  until  the  wiie  breaks  You 
*ill  prove  by  means  of  equaled  paper  that  tl  e  an  ount  of  the 
s^tension  of  a  wire  is  nearly  propoitional  to  tl  t,  weight  which 
P'otlncea  the  extension. 

U9.  My  Btudeuta  are  in  the  habit  of  using  a  move  cxasA  mckti^A 
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a  gcolu  hanging  from  a  and  two  vomicni  being 
Ktliudiod  to  Oio  win!  at  a  and  b.  They  also  use  a  method  in  which 
a  vernier  on  a  is  brought  close  to  a  eealo  on  b,  tho  wire  being 
l)asscd  over  pullcyB.  In  some  caseB  they  vise  micrometer  methods 
of  mensm'cment  lor  greater  accuraey,  and  they  also  experiment 
with  larger  a^iociniens,  loading  them  by  means  of  levers  or  wheels 
and  sci'ews ;  and  advaneed  students  may  be  allowed  to  use 
machinoB  in  which  loads  up  to  100  tons  are  applied,  and  arrange- 
ments  may  be  employed  for  making  automatic  records  of  the  load 
and  tho  extension.  If,  however,  the  apparatus  is  elaboiale  and 
impouing  as  compared  with  the  specimen,  a  beginner  cannot 
readily  pick  up  the  essential  idea  of  an  experiment,  and  hence  he 
had  bctlCT  begin  with  visible  Bpeoimens  loaded  with  visible  weight*. 


He  may  proceed  t 


such  a  machine  as  Bailey's  wire-testing 
machino,  and  afterwards  make  a  few 
tests  with  large  commercial  testing- 
Bailey's  latest  form  of  machine  ia 
shown  in  Fig.  171.  The  specimen, 
say  of  ^-incn  wire,  is  shown  at  d, 
being  gripped  at  c  and  h.  By  turning 
the  handle,  a,  we  turn  a  worm  driving 
a  worm-wheel,  turning  a  screw  whose 
nut  is  part  of  the  frame,  and  so  the 
gripping  piece  h  pulls  on  tho  speci- 
men D.  The  other  gripping  piece,  c, 
lilts  the  weight,  f,  and  the  amount 
of  tilting  which  measures  tho  pnlling 
furee  is  indicated  by  a  pointer  on  the 

In  some  English  engineering 
laboratories  experimenting  with  a 
steam-engine  and  testing  specimens 
in  tension  by  means  of  a  large  test- 
ing-machine arc  supposed  to  be  the 
only  experimental  exercises  in  which 
students  oaght  to  engi^.  Teats  of 
specimens  in  compression,  bending, 
and  twisting  are,  however,  sometime* 
made.  Consequently  a  description 
of  all  the  kinds  of  large  testing- 
been  constructed  forms  a  large  part  of 
mechanical  engineering.  It  seems  to 
ut  of  placo  in  a  text-book,  as  almost 
even'  student  hna  opiiortunitics  of  examining  some  such  machine 
for  himself.  Com[Jeto  information  will  be  found  in  a  paper  by 
IVifeasoi'  Kcimedv  read  before  the  Institution  of  CiiTl  Engineers 
(IViceedings  J.vX,  vol.  Ixxxviii,,  1880). 

The  uuichincH  in  most  common  ukc  ajjply  tensile  load  to  the 
lower  end  of  a  Icat-piece  by  ininns  of  an  hydraulic  press.  The 
iipjici'  end  i»  pulli'd  by  nicaiis  of  a  level'  {whose  fulcrum  is  a  knife- 
ed^-),  over  which  a  wmght  may  be  rolled  by  machinery  into  such 


machines  which  have  e> 
the   college  instruction 
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Fig.  1-1 


posilionB  that  the  lever  in  kept  horizoutiil ;  the  position  of  the 
weight  measureB  the  pull.  T"    ~  ,"' 

Inslrmneivta  have  been  dosignod  which  regialvr  on  a  sheet  of 
paper  (aa  the  peucil  of  a  Bteam-ongino  indicntor  dooB)  the  load 
pnlling  a.  rod,  and  the  eitenaion  which  it  producos.  A  little  hniss 
eylinder  covered  with  paper  is  touched  by  a  pencil  on  the  end 
td  the  rod.  The  amount  of  rotation  of  Iho  barrel  is  rcgnlatod 
80  that  it  is  proportional  to  the  load.  By  this  moans  curves  like 
that  of  Fiff.  172  may  rapidly  bo  drawn  as  the  load  on  (he  rod  In 
gradoally  made  fo  iiiciiaitic  till  the  inid  hrcakB  {m^r  Art.  244). 

When  Touns'a  modiihw  for  a  material  in  wanted,  nij-  adi-anced 
students  employ  Prof.  Ewing'a  axtetuometer.  A  half-meh  bar  of 
iron  being  given,  even  a  load  of  40  lbs.  (-auuesi  aufiicioi 
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of  the  distance  between  two  marks  about  a  foot  asunder  to  be 
measured  with  sufficient  accuiacy  for  the  determination  of  Young's 
modulus  by  this  beautiful  instrument,  shown  in  Fig.  170a. 

240.  When  we  speak  of  the  tensile  strain  in  the  wire,  and 
want  to  use  the  tenn  strain  in  an  exact  sense,  we  mean  tlie 

fraction  of  itself  by  which  a  h  lengtJiens.  Thus,  suppose  that 
a  h  was  50  feet  and  that  it  lengthens  1  foot,  we  say  that  the 
strain  is  -^^^  or  '02,  or  2  per  cent.  I  need  hardly  tell  you 
how  important  it  is  to  learn  the  exact  meaning  of  a  word 
like  this  ;  it  will  give  clearness  to  your  ideas. 

241.  Stress. — If  you  take  another  wire  of  the  same  material, 
but  of  twice  the  sectional  area  of  this  one,  you  will  find  that 
it  needs  twice  as  much  load  to  produce  the  same  strain.  The 
reason  of  this  is  somehow  due  to  the  fact  that  you  have  at  any 
section  twice  as  many  particles  of  steel  resisting  the  pull.  The 
pull  produced  by  the  load  acts  at  every  cross-section  in  the 
same  way,  no  matter  how  long  the  wire  may  be  ;  *  but  if  the 
wire  is  thicker  at  one  place  than  another,  then  at  such  a  cross- 
section  the  pull  is  distributed  over  a  greater  number  of  pairs 
of  particles.  We  see,  then,  Ihat  if  a  wire  or  rod  is  transmit- 
ting a  pull,  it  is  well  not  to  consider  the  total  load,  but  rather 
the  load  per  square  inch  of  section.  The  load  per  square  inch  is 
called  the  stress, 

*  One  important  result  of  St.  Venant's  investigation  (see  Art.  306)  is  that 
the  actual  distribution  of  applied  force  on  a  small  area  is  not  important. 
At  a  point  not  very  near,  the  strain  will  be  the  same  whatever  the  distribu- 
tion of  load.  Near  the  gripping-places  and  places  of  rapid  changes  of  section 
in  our  specimens,  the  stress  cannot  be  expected  to  be  uniform  throughout  a 
cross-section  ;  hence  test-pieces  are  made  larger  near  the  grips,  as  we  do  not 
wish  to  break  or  study  the  sxjecimen  at  a  place  where  the  distribution  of 
stress  is  unknown  to  us.  This  is  particularly  noticeable  at  a  narrow  neck  cut 
in  a  round  specimen.  There  is  great  stress  near  the  ends  of  the  neck, 
inducing  fracture  there  more  readily  than  elsewhere  if  the  material  is  hard, 
but  in  more  ductile  material  inducing  flowing  of  the  metal,  which  prevents 
the  section  of  the  neck  becoming  as  small  before  fracture  as  a  long  specimen 
would  become,  and  so  increasing  the  apparent  strength  of  the  material.  This 
causes  a  strip  of  boiler-plate  with  a  drilled  or  punched  hole  (the  plate  must 
be  annealed  after  punching  to  destroy  local  hardness)  to  seem  stronger  per 
square  inch  of  material  left  at  the  sides  of  the  hole.  If  a  specimen  is  too 
snort,  it  does  not  seem  to  have  freedom  to  contract  as  much  in  section  before 
fracture,  and  therefore  the  breaking  stress  is  greater  and  the  fractional 
elongation  is  less ;  for  it  is  to  be  remembered  that  breaking  stress  is 
calculated  as  breaking  load  per  square  inch  of  the  original  section.  Very 
long  rods  or  wires  give  too  small  a  breaking  stress  for  a  very  different  reason 
— namely,  because  of  the  greater  chance  of  the  existence  somewhere  of 
inferior  metal.  It  is  reasonable  to  suppose,  and  it  is  found  experimentally  to 
he  fairly  correct,  that  to  obtain  the  same  fractional  elongations  from  the  same 
material,  specimens,  if  of  different  me«,  o\x%ht  to  be  similar. 
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This  is  the  exact  meaning  which  we   give   to   the  word 
stress.     Much  of  the  difficulty  you  may  Lave  met  with  in  your 
reading  is  due  to  the  fact  that  you  have  not  made  a  proj)e?r 
distinction  between  the  meanings  of  these  two  words.     Strfss 
is  the  load  per  square  inch  which  produces  a  fractional  altera- 
tion of  the  length  of  a  wire  or  rod,  and  this  fractional  alteration 
is  called  the  straiti,     Supjwse  your  load  to  be  0  lbs.,  and  yt)ur 
wire  circular  in  section,  with  a  diameter  of  0*05  inch.     Then 
the  area  of  the  section  is  0025  x  0025  x  3-141G,  or  00196 
square  inch.     The  stress  is  6  -r-  '00196,    or   3,061   lbs.   per 
square  inch.     You  will  find  that  this  thin  wire  gets  the  same 
strain  with  a  total  load  of  6  lbs.  as  a  rod  1  square  inch  in 
section  would  get  with  a  load  of  3,06 1  lbs.     If  ever  you  get  a 
problem  to  work  out  relating  to  the  lengthening  of  a  wire  or 
rod  produced   by  a   load,  you  must   consider   not   the   total 
lengthening  of  the  wire  or  rod,  but  its  fractional  amount  of 
lengthening,  and  call  this  the  strain;   also  consider  not  the 
total  load,  but  the  load  per  square  inch  of  section,  and  call 
this  the  stress f  and   you  will   find    that   for   some   kinds  of 
wrought  iron  the  tensile  stress  =  the  tensile  strain  x  29,000,000. 

242.  It  is  usually  assumed  that  we  ought  to  expect  the  elongation 
and  strength  to  depend  upon  load  per  square  inch  and  not  uiK)n 
the  shape  of  the  seciicm.  To  mc  it  KueniH  wonderful  that  mole- 
cules near  the  surface  should  not  behave  differently  fioiu  molecules 
remote  from  the  surface.  It  is  ix>S8iblo  that  the  mere  t^luipe  may 
have  some  small  effect  which  is  disguised  for  us  by  the  gieat 
differences  oi  material  and  of  physical  state  in  the  specimens 
which  we  compare.  It  is  only  when  we  take  pains  to  obtain 
homogeneous  material  that  we  find  the  stniin  very  nearly  propor- 
tional to  the  stress.  Any  departme  from  this  rule  may  be  tracid 
to  initial  strains  in  the  specimens.  Unless  a  casting  or  cold- 
hammered  or  swaged  foiling  is  annealed  by  heating  to  a  bright 
red  heat  and  a  slow  cooling,  it  is  heterogeneous.  Some  parts  take 
a  set  much  more  easily  than  others,  because  they  are  of  different 
material  or  bec-auso  they  are  already  strained.  Instead  of  Fig.  172, 
thei-efore,  we  ought  to  expect  a  figure  which  is  the  result  of  adding 
together  the  oi-dinates  of  a  great  number  of  cur\es  lik(!  Fig.  172, 
the  distances  o  n  being  very  different,  in  some  eases  0.  A  cast- 
iron  beam  takes  a  set  for  quite  small  loads,  and  it  is  often  loadetl 
80  as  to  get  a  large  set  before  it  leaves  the  foundry.  Afterwards 
its  deflection  will  bo  practically  proportional  U>  load.  A  man  who 
puts  up  hells  in  a  house  or  a  telegiaph  wiie  "kills'*  the  wire 
beforehand — that  is,  gives  it  a  pennaneiit  set.  straining  it  to  its 
"yield  point"  indeed,  as  he  finds  thjit  after  this  operation  it  is 
harder,  will  stand  gi-eat  loads  without  taking  a  fuither  set,  and 
follows  the  laws  of  elasticity  better  for  pulling  forces.  This  is  like 
giving  a  good  set  to  a  piece  oi  riveted  work,  wh\o\\  \\\ewi\ft  ^.\v»X-  \)cv<i 
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rivets  bed  better  into  their  holes.  When  a  wire  by  being  drawn 
through  a  die  is  reduced  to  a  smaller  size,  there  is  a  complete 
alteration  in  the  aiTangement  of  its  particles  or  groups  of 
molecules,  and  yet  the  di-awn  wire  has  usually  greater  strength 
than  it  had  originally.  Even  hardened  steel  wire  is  drawn  in  this 
way.  Metals  will,  in  fact,  flow  (the  tilling  up  of  the  passages  in 
mines  shows  that  rocks  also  flow)  if  sufficient  stress  is  applied  to 
them,  and  at  the  end  of  the  operation  they  are  as  strong  or  stronger, 
but  less  i^lastic,  than  before.  If  they  are  harder  and  this  quality 
is  not  wanted,  it  may  usually  be  removed  by  annealing.  Plates 
of  iron  and  steel  rolled  cold  are  hardened ;  rolled  hot,  they  are 
gradually  annealed  as  they  lea^'e  the  rolls.  In  constructing  a 
certain  magnetic  instrument,  I  find  it  necessary  to  anneal  a  certain 
piece  of  iron  from  so  high  a  temperature  that  the  nearly  pure  iron 
is  so  soft  that  it  almost  cannot  keep  in  shape.  If  this  is  scratched 
onc«  by  a  file,  sufiicient  hardness  is  induced  to  make  the  instrument 
useless. 

243.  It  is  somewhat  more  difficult  to  experiment  on  the 
shortening  of  a  strut  or  column  when  it  transmits  a  push, 
because  you  cannot  use  very  long  struts.  A  strut  tends  to  bend 
if  it  is  very  long ;  and  when  it  breaks,  unless  great  care  is 
taken  to  keep  it  straight,  it  breaks  more  easily  the  longer  it  is. 
The  bending  action  causes  the  load  to  act  more  on  one  part  of 
the  cross-section  than  another,  and  the  stress — or  the  pushing 
force  per  square  inch — is  greater  at  one  part  of  the  section 
than  at  another.  If  you  experiment,  therefore,  you  must  take 
care  to  use  struts  which  are  prevented  from  bending.  In 
Cliap.  XVI.  we  shall  consider  the  bending  of  beams,  after  which 
you  will  l)etter  understand  the  present  difficulty.  It  is  sufficient 
for  you  at  present  to  know  that  whereas  the  pull  in  a  tie-bar 
tends  to  make  it  straighter  if  possible,  the  push  in  a  strut  tends 
to  make  it  bend.  Hence,  in  an  iron  raUway-hridge  or  roof 
you  ivifi  see  thai  the  tie-bars  are  thin  solid  rods  iLstudly,  and  they 
miyht  be  chains  or  ro}}es ;  but  tJie  struts  must  not  inerely  liave 
a  pi^oper  area  of  cross-section,  this  cross-section  inust  also  be 
mde  in  every  direction.  Thus,  instead  of  a  solid  cast-iron 
ooUuuu  yt»u  always  see  a  hollow  one,  unless  the  column- is  very 
sliorts  .\lso,  a  tliiu  plate  of  iron  suffices  for  the  lower  boom 
or  tiango  of  a  nul way-girder  (because  it  resists  a  pull),  whereas 

tlie  top  boom  is  a  hollow  tube,  or  is  U-,  or  p-,  or  i i-shaped, 

boouuae  it  must  iv&ist  a  push.  Long  struts,  therefore,  must  be 
oouiiidoixKl  iu  Chap.  XXI,,  after  we  have  investigated  the  bend- 
iug  of  iH'ams. 

If » however,  we  prevent  bending,  the  laws  for  stiffiiess  and 
Mtt^MgfeJ)  of  loivg  struts  are  ;i&  duiple  aa  those  of  tie-bars.    Thus 
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the  great  struts  of  the  Forth  Bridge  consist  merely  of  four  angle 
irons  arranged  as  the  four  parallel  edges  of  a  stiuare  prisui,  and 
they  are  fastened  to  one  another  laterally  by  very  light  bracing, 
whose  simple  function. is  to  prevent  the  bending  of  the  angle 
irons.  The  strength  and  stiffness  of  such  a  strut  are  to  be 
calculated  from  the  combined  sections  of  the  angle  irons. 

In  a  short  strut  or  a  long  strut  prevented  from  bending  (in 

Art  373  it  will  be  shown  that  the  lateral  constraints  are  called 

upon  to  exert  only  very  small  forces  to  prevent  bending),  the 

load  per  square  inch  is  called  the  stress.     The  shorteiiiny  is  a 

fraction  of  the  whole  length  of  tlie  strut,  and  this  fi^action  is 

caUed  tlie  strain.     You  will  find  from  your  experiments  that 

the  strain  is  proportional  to  the  stress.     Thus  for  wrought-iron 

struts  or  columns  the  compressive  stress  =  the  compressive 

strain  x  29,000,000.     The  multiplying  number  is  found  to  be 

the  same  for  the  same  material,  whether  it  resists  a  push  or  a 

pull.    This  number  is  called  "  Young's  Modulus  of  Elasticity  " ; 

it  has  been  measured  for  various  materials,  and  is  given  in 

Table  III.,  p.  302.     In  using  it  you  must  remember  that  the 

stress  is  in  pounds  per  square  inch. 

Exercise  1. — By  how  much  would  a  round  bar  of  steel,  120 
feet  long,  whose  diameter  is  2  inches,  lengthen  with  a  pull  of 
30  tons  ?    Answer  :_0-0855  foot. 

Exercise  2. — By  how  much  would  a  column  of  oak,  7  feet 
long  and  4  inches  square,  be  compressed  in  supporting  a  weight 
of  2  tons  1     Answer :— 0  00 1 3  foot. 

244.  I  have  said  that  if  you  use  squared  paper  after  making 
your  experiments,  you  will  find  that  the  strain  is  proportional 
to  the  stress,  and  the  lengthening  of  a  tie  bar  is  proportional 
to  the  total  pulling  force.  But  you  will  find  that  this  law  is 
not  true  when  the  loads  become  too  great.  If  your  loads  are 
less  than  about  a  quarter  of  the  breaking  load,  you  will  find  on 
removiog  them  that  the  wire  on  which  you  are  experimenting 
goes  back  to  its  original  length.*     But  if  your  loads  much 

.  *  It  may  not  gu  back  at  once  to  its  old  length,  but  in  a  few  minutes  it 
Jll  be  found  exactly  where  it  was  before  you  loaded  it.  Similarly,  when 
the  load  is  put  on  there  is  first  a  sudden  lengthening,  and  after  this  there  is  a 
flight  extension  going  on  so  long  as  the  load  remains,  but  it  practically  conies 
w  an  end  in  a  few  minutes.  This  after-action,  or  '*  creeping, "  is  so  slight  that  I 
have  not  till  now  spoken  altout  it,  although  we  have  reason  to  believe  that  its 
^vegtigation  would  be  of  great  importance.  This  "creeping,"  which  seems 
^uiected  with  internal  friction  or  viscosity,  is  absent  in  the  quartz  fibres  of 
"ofessor  Boys  within  a  large  range  of  stress,  and  it  is  so  in  soft  metals  within 
*  nnall  range ;  and  this  is  curious,  because  there  is  much,  oi  \t  m  ^«a  *,  w:A 


300 


APPLIED    MECHANICS. 


exceed  this  amount  it  will  be  found  that  the  wire  has  taken  a 
permanent  set ;  tliat  is,  if  you  remove  the  load  the  wire  will 
not  go  back  to  its  original  length.  It  remains  permanently 
longer  than  it  originally  was,  and  we  say  that  we  have  exceeded 
the  limits  of  elasticitij.  The  load  which  produces  this  per- 
manent set  is  said  to  be  the  measure  of  the  elastic  strength  of 
the  wire,  for  although  it  does  not  break  the  wire  it  alters  it 
permanently.  Now  it  is  only  for  loads  less  than  this  that  the 
law  "  strain  is  proportional  to  stress  "  is  true.  Your  squared 
paper  for  experiments  on  a  steel  wire  would  give  a  straight  line 
becoming  a  curve,  like  Fig.  172. 

When  you  plot  your  results,   making   the   distance  in  n 

represent  the  extension  of  the  wire 
for  a  load  represented  by  the  dis- 
tance in  q,  to  any  scale  you  please, 
you  will  find  that  the  line  passing 
through  your  points  is  straight 
only  from  o  to  M,  say,  and  then 
it  curves.  The  distance  Q  M  repre- 
sents the  load  which  produces 
permanent  set.  For  greater  loads 
than  this,  the  extension  is  more 
than  proportional  to  the  load,  and 
increases  more  rapidly  until  we 
get  at  p  K  a  very  rapid  extension 
indeed,  and  the  elongations  there- 
after are  so  great  that  they  cannot 
be  represented  here  on  the  same 
scale  as  the  part  o  M.  r  is  called 
the  yield  point,  and  the  pheno- 
menon is  very  marked  in  wrought  iron  and  other  ductile 
materials.  It  seems  always  somewhat  higher  than  M,  the  true 
elastic  limit.     A  student  must  obtain  results  up  to  the  breaking 

certainly  within  the  limits  of  permanent  set  there  is  creeping  in  brittle  sub- 
stances,  such  as  steel,  giving  trouble  in  measuring- instniments.  If  we  say  that 
there  is  j)erfect  elasticity  when  the  same  forces  are  permanently  required  to 
keep  a  body  in  any  particular  shape  at  the  same  temperature,  a  body  may  be 
perfectly  elastic,  and  yet  it  mav  have  visdosity  (the  term  viscosity  indicates 
an  elasticity  which  is  affected  by  the  rate  of  change  of  strain),  and  disobey 
Hooke  s  law.  But  there  is  imperfect  elasticity  if  the  forces  are  dependent 
not  only  on  the  shape  of  the  body,  but  on  its  previous  shapes,  its  past  histoiy. 
The  only  perfectly  definite  limits  of  elasticity  in  nature  seem  to  >je  those  at 
vrbich,  at  constant  temperature,  a  vapour  becomes  a  liquid  and  a  liquid 
becomes  a  solid,  or  a  vapour  becomes  a,  feo\\d. 
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of  a  wire  for  himself,  plotting  them  on  squared  paper ;  notini^ 
the  rapid  yield  after  p,  then  the  mucli  slower  hnt  still  \i\\)'u\ 
elongation,  becoming  again  rapid  as  the  si>ocim(»n  *^viH  near 
breaking.  The  material  is  plastic  after  M.  lie  will  note  that 
published  diagrams  ai*e  not  of  great  value  unless  we  know  tlu^ 
rate  at  which  the  load  was  increased.  After  p  is  reached  the 
specimen  will  continue  to  increase  in  length  with  time,  even  when 
the  load  is  not  increased,  and  even  when  the  load  is  diminished. 

246.  Thc8c  groat  plastic  elongations  arc  ])onnaiu'nt  rxcopt 
for  the  very  small  eliwtic  jMut),  and  aro  vory  <litt'«'irnt  from  th«' 
great  non-permanent  compnwsiim  of  cork,  <»r  the  great  fxtmsinn  or 
shortening  with  nearly  constant  volumo  of  indiaruhlxT.  When  th«*ro 
18  continuous  jnelding  imder  ctmstant  forc«'s,  th(*s<>li<l  ImmIv  Im'Iuivos 
like  a  fluid,  flowing  (as  lead  docs  easily)  without  much  cliangi* 
of  density.  It  sciems  from  M.  Tr(^sca*s  cxpcrimmts  that  wlien  a 
round  jmnch  comes  dovm  ujwn  a  plat(»  of  lead  tlu»  h'a<l  flows 
rapidly  laterally  from  underneath  thtj  j)un<'h  into  tlu'  rest  of  tho 
plate,  until  the  shearing  surface  is  consi(lerail)Iy  (liminishetl,  iM-cause 
the  lead  is  much  less  thick  than  tho  jjlatt?  from  which  it  is 
punched.  In  the  squeezing  of  metals  there  is  1<  cal  flow  whenver 
the  pressure  is  great. 

246.  A  fluid  is  defined  as  that  whi<'h  changes  itssha[)e  under  the 
action  of  small  forces.  This  is  why  w«»  call  many  sulistances  (such 
as  sealing-wax  and  pitch)  fluids.  Even  their  own  weiglits,  acting 
long  enough,  cause  them  to  flow.  Metal  statues  and  brackets 
several,  thousands  of  yeai-s  old  ja-ovt^  that  metals  are  not  fluids. 
Exj)erim(!ntal  oWdenct^  of  what  str<\s.m's  infinitely  lon.ir  <«»ntinuetl 
Msill  just  cause  metals  to  flow  is  still  wanting.  Mr.  Hottomley 
foimd  that  seemingly  simiLir  wires  seenu'd  to  gieally  increase  in 
their  strength  if  the  increase  of  load  was  very  gradual  indeed. 
The  increase  continuing  in  one  case  for  a  month,  ihv  strength 
seemed  to  be  greater  hy  27  imt  cent,  than  on  the  specimen  broken 
in  the  oi-dinary  way. 

247.  When  after  the  yitdd-jwint,  a  load  is  left  uj)on  a  si)ecinien,  the 
amount  of  hardness  and  increase  of  strength  pr()duee<l  are  increastnl 
by  leaving  on  tho  load  for  a  longer  time.  Kv(mi  when  the  load  is 
not  left  on,  if  the  specimen  is  left  mdoaded  tor  some  time,  it  seems 
to  become  harder  and  considei-ably  stronger  during  tlie  interval  of 
rest.  In  both  these  cases  by  hardness  1  mean  a  high  yield-j)oint. 
As  a  matter  of  fact,  the  Young's  nunlulus  semis  to  diminish  1  to  9 
per  cent,  as  it  gets  what  I  now  call  harder,  and  annealing  increases 
it  again.  The  mateiial  below  the  yield-point,  although  seeming 
very  elastic,  exhibits  time  plasticity.  'lli<^  nature  of  the  chang(^  in 
the  character  of  these  tensile  and  comi)rossivo  phenomena  when 
other  stresses  (such  as  twisting  stresses)  are  acting  is  not  yet  well 
known;  but  there  maybe  an  apparent  alteration  in  these  limits, 
as  deduced  from  the  bending  of  beams  or  the  twisting  of  shafts 
which  have  initial  strains.  Thus  James  Thomson  showed  that  a 
shaft  of    ductile  material  might  be  twisted  \u\til  nvoat  v^i  IV- 
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material  had  taken  a  set.  The  shaft,  if  now  examined,  would  be 
found  to  take  a  set  very  much  more  readily  with  the  reveraed  kind 
of  twisting  couple  than  with  one  of  the  kind  which  was  used  to 
give  it  its  set.  To  imdei-stand  this  properly,  a  student  ought  to 
make  a  diagi-am  showing  the  probable  stress  everywhere  in  the 
shaft  when  left  to  itself. 

248.  Moduli  of  elasticity  are  slightly  altered  by  maniifactiiring 
processes.  Lord  KehHn  foimd  copper  and  iron  wire  to  alter  5  per 
cent,  in  rigidity  when  subjected  to  great  stretching.  Very  much 
greater  changes  were  ])roduced  in  the  Young's  moduli  by  excessive 
twisting.  I-.ord  Kelvin  found  that  good  copper  wire,  annealed  by 
being  heated  to  redness  and  sudden  cooling  in  cold  water,  had  a 
modulus  of  rigidity  6-71  x  10^  lbs.  per  square  inch.  The  same  kind 
of  wii*e  heated  to  redness  and  cooled  slowly,  so  that  it  was  brittle, 
had  a  modulus  5-58  x  10*,  its  density  having  diminished  2f  jier  cent. 

It  is  interesting  to  note  that  a  watch  goes  faster  and  faster  for 
some  time  after  it  is  made,  but  at  the  end  of  some  months  the 
balance- spring  settles  down  into  a  state  which  does  not  much 
change  afterwards.  In  this  state,  then,  its  elasticity  is  greater 
than  it  was  in  the  beginning.  The  springs  of  chi-onometers  are, 
however,  often  laid  aside  as  useless  after  a  few  years'  ser^vice,  their 
elastic  condition  ha^-ing  altered  so  much  since  the  beginning  that 
they  have  to  be  replaced. 

Young's  modidus  sometimes  diminishes  and  sometimes  increases 
with  temperature  ;  but  more  experiments  are  needed.  Wertheira's 
results  are  tnven  here  : — 

TABLE  III. 


Young's  Modulus  in  Millions  of  lbs. 

per  Square  Inch. 

Metal. 

Specific  Gravity. 

At  15°  C. 

At  100"  C. 

At  200'  C. 

Lead 

•  •  •                 •  ■  • 

11-232 

2-46 

2-32 

•  •  • 

Gold 

•  •  •                 •  •  • 

18035 

7-9 

7-5 

7-8 

Silver 

•  •  •                 •  •  • 

10-304 

10-1 

10-3 

9-0 

Palladium 

•  •  •                 •  •  ■ 

11-225 

13-9 

•  •  • 

•  •  • 

Copper 

•  •  •                 •  ■  • 

8-936 

14-9 

13-3 

11-2 

Platinum  ... 

•  •  •                 •  •  • 

21-083 

22-0 

20-1 

18-4 

Steel,  Drawn, 

English   ... 

7-622 

24-6 

30-3 

27-3 

Cast  Steel 

•  •  •                  •  •  • 

7-919 

27-7 

270 

25-4 

Iron 

•  •  •                  •  •  • 

7-757 

29-6 

311 

25-2 

I  cannot  quite  believe  these  results,  because  I  have  never 
known  any  specimen  of  steel  to  have  a  less  e  than  28  x  10*.  They 
are  reduced  from  the  numbers  as  selected  by  Lord  Kelvin  from 
Wertheim's  original  "  Memoires  " ;  and  I  must  say  that  Wertheiin'g 
experiments  were  careiuily  earned,  out. 
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The  modulus  of  rigidity  of  iron,  copprr,  and  })ra«s,  acronlin^  to 
Kohlraiisch,  diminishes  with  tem|)ei"atiuo.  Thf  culnc  hkmIuIus  of 
water  inci-pasrs  16  \)ev  cent,  for  53'  ('.  ris«*  of  l«*in|M'mtun* :  of 
alcohol  and  cthor,  it  diminishes  with  temiwrntun*.  The  Youii;r'f* 
modulus  of  indiaruhln^r  inei-eases  with  temiwi-jitun*.  'Hie  con- 
clusions which  may  l)e  drawn  hy  thenn(Hl\nianiic  reasoninf^  fi-om 
facts  like  these  are  interesting. 

249.  Some  metals  are  helieved  to  bei-ome  hrittle  at  l<»w  teni]M'ni- 
tures,  much  as  "cold-short"  iron  or  steel  containinji:  l>hosi»horiis  is 
hiittle.  In  many  cases  there  may  l)e  no  projKT  foundation  for  this  ]m»- 
lief.  There  is  a  slight  increase  of  stivngth  in  ordinary  ii-on  and  stc^'l 
from  low  temperatiu*us  to  near  200''  C.  AlK>ve  alK)ut  300^  ('.  thero 
is  a  great  lowering  of  strength  pi*oduced  l»y  rise  of  temiH'nitui-e. 
It  is  believed  that  iron  and  mild  steel  worke<l  at  a  '*  blue  hnit " 
(lower  than  red  heat)  become  mor«'  ileterioiiitetl  (Inittle.  or  with  a 
tendency  to  b<*come  brittle  afterwanls)  than  if  work»'<l  <(»ld  or  at  a 
red  heat. 

250.  Loss  of  Energy  in  Chan^  of  Strain.  -Even  in  tluids 
there  must  be  loss  of  thennodynamic  (uiergy  in  change  of  vobnne, 
because  of  change  of  temperature,  lint  the  los.s  of  energy  in  the 
change  of  shape  of  solids  depemling  on  the  nij)idity  of  <hange.  is 
much  greater  than  can  be  accounted  for  thenn<idynaniically  or  by 
motions  of  the  outsider  air;  and  it  must  )m*  put  down  to  internal 
friction  or  viscosity.  It  is  very  marked  in  zin<*,  in  indiarublN>r, 
and  in  jellies.  The  reasons  for  th(;  viscosity  shown  in  the 
distortion  of  gases  and  liquids  are  known  to  us.  In  twisting  and 
imtwisting  wii*es,  Lord  Kelvin  found  (1)  that  the  visi-osity  does  not 
seem  to  be  proportional  to  the  velocity,  so  that  the  law  is  different 
from  that  of  the  Aascosity  of  fluids.  (2)  Tension  in  th(^  wire 
produces  a  non-permanent  increase  in  the  viscosity.  (3)  llie 
viscosity  at  any  time  depends  upon  the  history  of  the  sp<M'inu»n. 
The  Anscosity  of  a  wire  on  Saturday,  after  a  week's  exi)erinienting, 
was  greater  than  when  on  Monday  the  exjM'riments  w«»re  resume<l 
after  a  Simday*s  rest.  Yoimg's  modulus  in  iron  and  coj)pcr 
generally  diminishes  (in  bronze  it  increases)  witli  re^K'tition  of 
loading  if  there  is  little  pause.  The  eff(»ct  is  not  so  marked  if 
there  is  a  pause. 

*  251.  Strength. — ^Table  XXII.,  p.  658,  shows,  among  other 
tilings,  the  pulling  (or  tensile)  and  pushing  (or  compressive) 
stress  which  a  material  will  bear  before  brecaking.  Probably  if 
these  stresses  were  allowed  to  act  on  the  material  for  some 
tune  it  would  break  even  i£  they  were  not  added  to.  They  are 
obtained  from  experiments  in  which  the  load  was  increased 
pretty  quickly,  and  yet  quietly — that  Ls,  without  any  jerking  or 
Sttdden  action.  The  numbers  in  the  table  are  taken  from  many 
*>ttrce8,  and  must  in  general  only  be  regarded  as  giving  rough 
average  values.  Ultimate  crushing  stress  is  sometimes  badly 
defined,  because  the  materials  behave  as  if  gradually  becoming 
plastic,    Eotied  iron  gets  a  fibrous  structure,  and  may  not  Kav^ 
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the  same  strengths  in  all  directions.  Rolled  steel  is  more 
uniform.  The  smallest  stress  per  square  inch  which  will 
produce  a  permanent  set  in  the  material  is  sometimes  called  the 
elastic  strength.  I'he  ivorking  stress  is  usiudly  a  Jra^tion  of 
this;  it  is  the  stress  which  experience  tells  us  to  calculate 
upon  for  loads  acting  for  a  long  time  on  materials,  and  which 
we  shall  be  sure  are  perfectly  safe  in  the  case  of  such 
materials  as  are  supplied  from  foundries  and  forges. 

Exercise  1.— How  great  a  pull  will  a  round  rod  of  brass 
stand  before  it  breaks,  if  its  diameter  is  0*3  inch  %  What  pull 
would  produce  in  it  a  permanent  set,  and  what  is  the  safe 
working  pull  ]     Answers  : — 1,237 ;  484  ;  and  254  lbs. 

Exercise  2. — A  short  hollow  cylindric  ^column  of  cast  iron 
is  8  inches  in  outer  diameter,  5  inches  inner  diameter.  What 
is  the  safe  load  and  what  load  will  produce  permanent  set  ? 
Answer: — The  area  of  cross-section  is  4  x  4  x  3*1416  minus 
2-5  X  2-5  X  31416,  or  30-63  square  inches;  30-63  x  21,000 is 
643,230  lbs.,  or  287  tons;  3063  x  10,400  is  318,522  lbs.,  or 
142  tons. 

252.  In  making  calculations  on  the  stiffiiess  and  strength  of 
structures  we  assume  that  strains  are  proportional  to  stresses. 
To  use  in  these  calculations  the  results  of  tests  on  materials 
beyond  the  elastic  limit  may  be  unscientific,  but  this  is  what 
we  do  ;  employing  a  factor  of  safety,  which  is  the  ultimate 
strength  divided  by  the  working  strength.  That  is,  we  say 
that  we  may  use  a  certain  working  load  on  a  beam  because  we 
find  the  pushing  or  pulling  forces  which  it  produces  in  the 
various  pai-ts  of  the  structure  ;  and  each  of  these  is,  say,  one 
quarter  of  the  pushing  or  pulling  force  which  would  break  that 
particular  bar ;  here  the  factor  of  safety  is  four.  We  do  not 
mean,  or,  rather,  we  ought  not  to  mean,  that  we  might  put  four 
times  our  working  load  upon  the  structure  before  breaking, 
because  we  have  no  theory  of  what  would  occur  in  the  structure 
if  the  elastic  limit  of  one  or  more  bars  were  passed.  The  factor 
of  safety  allows  also  for  contingencies ;  there  is  the  risk  of 
defects  in  spite  of  precautions  and  the  possible  deterioration  with 
time ;  sometimes  a  large  factor  is  used  because  we  suspect 
inaccuracy  in  our  theory  or  in  our  estimated  loads,  in  unfore- 
seen causes  of  shock  and  fatigue.  It  will  be  evident  from  this 
and  from  what  follows  that  great  judgment  is  needed  in  fixing 
a  factor  of  safety,  and  the  following  list  must  be  looked  upon 
merely  as  a  guide  in  setting  academic  problems ; — 
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TABLE   IV. 


Steady  Load. 


Wrought  ton  and  Steel  3J 

Cast  Iron       6 

Timber j            7 

Brickwork  and  Hilasomy  20 


VaryiBK  Load.    «♦"»' tiiros  Hubject.^l 


t(i  tShucks. 


5  to  8  10  to  12 

6  to  10  15 
10  to  15                     20 

30 


Live  loads  are  usually  doubled  and  added  to  the  dead  loads. 

These  numbers  are  sometimes  called  "  factors  of  our  ignorance." 

The  Board  of  Trade  in  1858  adopted  the  rule  that  in  bridges 

the  stress  on  wrought  iron  must  not  exceed  5  tons  per  square 

inch,  and  later  for  steel  6  J  tons  per  square  inch.     We  know 

now  from  Wohler's  experiments  that  the  range  of  stress  is  very 

important.     In  the  Conway  bridge,  in  which  the  range  is  not 

great  because  the  live  load  is  small  compared  with  the  dead  load, 

tbe  stresses  are  as  much  as  6  tons  to  the  square  inch. 

263.  The  load  per  square  inch  on  a  tie  or  strut  is  the  stress.  It 
is  obvious  that  as  the  section  of  a  tie-bai*  becomes  smaller,  the  Htr(«s 
is  really  the  load  per  square  inch  of  the  diminished  section.  The 
change  of  area  of  section  in  our  ordinary-  constructive  nuiterials  is 
so  little  that  we  usually  consider  the  stress  to  Ik)  load  ~  original 
area  of  section,  as  this  is  Y&cy  convenient.  But  the  section  of  a 
bar  may  alter  very  greatly  when  being  fractured ;  and  although 
no  experimenter  yet  seems  to  have  stated  it,  I  am  sure  that  a  great 
deal  of  useful  information  is  lost  because  we  do  not  plot  tensile 
strain  and  actual  tensile  stress  up  to  the  breaking-ix)int.  It  is 
somewhat  difficult  to  measure  the  section  ^'ith  gieat  accumcy,  and 
indeed  within  the  elastic  limits  the  measurement  is  nearly  im- 
possible; but  it  ought  to  be  attempted  above  the  yield-iwint, 
because  the  section  alters  sometimes  50  i)er  cent,  before  fracture. 
The  stress  seems  to  increase  very  much  before  fractiue. 

In  indiambber  the  alterations  in  shape  with  good  elasticity  are 
so  very  great  in  comparison  with  what  we  find  in  ordinary 
Buhstances  that  it  is  absolutely  necessary  to  measure  the  real 
stress  for  each  load  and  length.  Students  ought  to  do  this  for 
themselves,  as  ob8er\'ations  even  roughly  made  give  instructive 
results.     It  is  to  be  remembered  that  in  gases  the  cubical  increase 

of  stress  8p  produces  the  cubical  strain ;  and  as  elasticity  = 

stress -^  strain,   the    elasticity  of    a   gas  is  —  v     .      The  actual 
volume  at  the  time  is  to  be  taken.    If  we  define  Young's  modulus 
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of  the  material  as  lj\  where  /  is  length  of  tie  or  strut,  and  p  is  the 

load  divided  hy  the  actual  cross- seel  ion,  we  find  that  for  india- 
rubber  it  is  fairly  cynstant  for  loads  that  shorten  the  specimen  16 
per  cent,  or  length(Mi  it  50  per  cent.  The  most  striking  thing  is 
the  rather  rapid  increase  of  the 'resistance  to  elongation  in  the 
attenuated  specimen  before  it  breaks. 

264.  In  some  simple  structures  the  value  of  a  mateiial  is  taken  to 
depend  upon  the  amount  of  change  of  shai)e  which  it  may  undergo 
befoie  it  breaks;  and  commercial  tests  often  consist  of  definite 
extreme  bending  or  twisting,  or  the  delivery  of  definite  blows  to 
definite  specimens. 

266.  At  first  the  contraction  of  section  occurs  pretty  uniformly 
along  the  specimen,  but  as  fracture  approaches,  the  contraction  (ex- 
cerpt in  hai-d  metals,  such  as  cast  iron  and  hard  steel)  becomes 
localised.  Hence  this  contraction,  and  not  the  lengthening  of  the 
whole  specimen,  ought  to  be  taken  as  a  measiu'e  of  the  ductility. 
When  the  stretching  proceeds  slowly,  and  there  are  inter>'als  of 
rest,  there  is  greater  unifoimity,  places  of  great  yielding  harden, 
and  the  yieXH  takes  place  afterwards  elsewhere.  But,  again,  there 
have  been  cases  where  the  loading  was  so  verj-  rapid  that  almost 
no  local  excess  of  yielding  occuired,  and  the  whole  specimen 
yielded  fairly  evenly,  the  specimen  extending  about  50  or  60  per 
cent.,  or  al>out  double  what  occun'ed  in  a  similar  specimen  tested 
in  th(^  ordinary  way. 

266.  It  is  interesting  to  examine  the  surface  of  the  fracture, 
noting  its  texture.  The  fracture  surface  may  be  a  flat  or  an  oblique 
cross-section  (see  Art.  290).  In  ductile  material  we  often  find  a 
combination  of  the  two  kinds,  sometimes  taking  the  form  of  conical 
and  flat  surfaces.  In  compression  in  short  specimens  the  usual 
way  of  applying  load  prevents  by  friction  the  lateral  enlargement 
of  the  ends.  The  material  takes  a  barrel  shape,  and  can  withstand 
enormous  loads,  because  the  internal  strain  is  greatly  of  the  nature 
of  cubical  strain,  and  it  is  only  shear  strain  that  seems  to  cause 
fracture  (see  Art.  291). 

267.  Art.  290  shows  that  the  shear  stress  in  a  tie-bar  or  strut  is 
greatest  on  a  plane  njaking  45  degrees  with  the  axis.  But  we  do 
not  find  that  oblique  sections  of  fracture  are  inclined  at  this  angle, 
possibly  for  the  reason  there  stated.  Tensile  stress  seems  to 
diminish  and  compressive  stress  to  increase  the  resistance  to  shear- 
ing. When,  as  in  blocks  of  cast  iron  which  are  not  more  than 
half  as  high  again  as  the  width  of  base,  there  is  no  room  for  one 
shearing  surface  at  the  angle  preferred  by  the  material,  the  block 
fractures  at  a  number  of  surfaces,  cones  and  wedges  being  formed. 

268.  Attention  ought  to  be  paid  to  the  fact  that  local  strengthen- 
ing and  stiffening  of  a  structure  may  produce  general  weakness. 
When  a  hole  is  pimched  in  an  iron  plate  there  is  a  local  hardening, 
and  probably  strength-increase  in  the  material  roimd  the  hole ;  but 
unless  the  plate  is  annealed  or  (as  a  partial  improvement)  the  hole 
is  rhymered  out  to  remove  the  hard  part,  when  load  is  applied  the 
hard  part  jdelds  less  readily  than  the  rest,  gets  an  undue  share  of 
ioad;  fractures,  and  then  ti^e  softer  materii^  In^ituj^, 
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259.  Live  Loads. — When  a  weight  is  suddenly  applied  to 

stretch  a  wire,  it  produces  greater  effects  than  when  slowly  and 

quietly  applied.     We  know  the  reason.    A  weight  wliicli,  slowly 

applied,  would  produce  an  extension  of  1  inch,  will,  when  put 

on  and  let  go,  produce  an  extension  of  2  inches.     The  wire 

now  shortens  to  its  original  length,  then  extends  2  inches,  and 

continues  to  get  shorter  and  longer,  the  weight  vibrating.     As 

there  is  friction  of  some  kind  among  the  particles  of  tlie  wire, 

and   there   is   also   external   friction,    the    lengthenings    and 

shortenings  gradually  lessen  till,  in   a  short  time,  the  wire 

settles  down  into  the  same  state  as  it  would  have  been  in  if 

the  load  had  been  slowly  applied.     Now,  if  we  suppose  this 

wive,  when  stretched  2  inches,  to  be  sti^ained  just  beyond  its 

elastic  strength,  it  is  evident  that  the  suddenly  applied  load 

does  harm  ;  whereas  the  same  load  slowly  applied  would  do 

no  harm.     The  harm  is  greater  if  the  weight,  besides  l>eing 

applied  suddenly,  is  moving  before  it  begins  to  act  on  the  wire. 

Take  the  case  of  a  stone  which  is  being  i*emoved  by  means  of  a 

crane.     If  the  stone,  happening  to  fall  a  little,  be  brought  up 

by  the  chain,  the  increase  in  the  stress  on  the  chain  is  proj)or- 

tional  to  the  height  from  which  the  stone  has  fallen,  and  is 

greater  the   less   the   chain   is   extended.     When   a   wire   is 

lengthened  •!  foot  by  a  weight  of  1,000  lbs.,  which  has  been 

increased  gradually,  we  know  that  the  pull  on  the  wire  began 

^th  0,  and,  as  the  wire  gradually  extended,  the  pull  became 

greater,  till  it  is  now  1,000  IKs.  The  average  pull  was  500  lbs., 

and  500  x  •!,  or  60  foot-pounds,  is  the  total  strain  energy 

stored  up  in  the  wire.     If  we  wish  to  give  more  energy  to  the 

^^  we  must  strain  it  more ;    and  this  is  just  what  we  do 

when  we  let  the  weight  fall  suddenly.     The  extra  strains  due 

^  loads  being  live  depend  upon  the  mass  which  we  set  in 

Diotion  in  applying  the  load.     In  some  railway  bridges  it  has 

been  found  that  the  increased  deflection  is  1 4  per  cent,  greater, 

a^d  it  is  usual  to  add  50  per  cent,  to  such  live  loads  and  treat 

them  as  dead. 

260.,  The  energy  stored  up  in  any  strained  body  may  be  cal- 
culated if  we  know  the  sti*ess  and  the  strain.  The  mainspring  of  a 
watch  contains  a  store  of  energy  which  is  gradually  given  out  hy 
the  spring  in  returning  to  an  unstrained  condition.  Each  strained 
portion  of  the  spring  contains  a  portion  of  the  store,  and  if  at  any 
place  in  the  body  there  is  too  great  a  store  the  body  will  break 
there. 

If  w  is  the  proof  load  {or  load  which  w>ll  ^\iat  iaXl  «k\\.c«:^  <3l 
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producing  perinaneiit  set)  on  a  tic-bir  of  length  /  and  cross-section 
A,  th(»  stress  being  w/a,  the  stmin  is  w/ak,  the  elongation  is  w//ae, 
and  the  work  done  as  the  load  is  increased  from  0  to  w  is  Jw-Z/ae. 
This  is  called  the  resilience  of  the  bar.  Now,  the  volume  of  the 
bar  is  /a,  and  hence  the  resilience  per  unit  volume  is  ^w^/a-e. 
Replacing  w/a  by/,  the  proof  stress  which  the  material  will  stand, 
we  have  the  resilience  per  cubic  inch  to  be  /*V2k.  If/  is 
the  proof  stress  in  compression,  we  have  the  same  expression 
for  struts. 

When  a  torque  m  produces  an  angular  change  80,  the  work 
done  is  m  .  50  ;  and  when  a  twisting  moment  m  has  been  gradually 
increased  from  0  to  m,  the  twist  of  a  shaft  increasing  from  0  to  d, 
the  work  done  is  ^m0. 

When  there  is  a  shear  stress/  and  a  corresponding  shear  strain 
//x,  the  shear  strain  energy  per  imit  volume  is  /2/2n  ;  and  if  /  is 
the  proof  shear  stress,  /2/2x  is  called  the  resilience  of  the  material 
per  imit  volimie.      ' 

The  resilience  is  the  strain  energj'  which  material  may  store 
before  pennanent  set  takes  place.  It  is  eWdently  /2  -^  2b  per 
cubic  inch  in  tie-bars  and  struts,  if  /  is  the  tensile  or  compressive 
stress  which  would  produce  permanent  set  and  e  is  Young's 
modulus.  In  shear  the  resilience  is  /^  -r  2n,  if  /  is  the  limiting 
elastic  shear  stress  and  n  the  modulus  of  rigidity.  When  the  stress 
is  not  imiform,  as  in  beams  and  shafts,  the  average  resilience  per 
cubic  inch  is,  of  course,  less.  Shocks  due  to  blows,  as  of  falling 
weights,  will  often  cause-  the  strain  energy  to  exceed  the  amount 
which  the  material  will  stand,  and  local  set  and  plastic  jdelding 
may  take  place.  Much  dei)ends  upon  the  rate  at  which  strain 
energy  is  canied  off  to  the  rest  of  the  material. 

261.  Let  us  consider  why  a  chisel  cuts  into  an  iron  jdate.  When 
I  strike  the  head  of  a  chisel  with  a  hammer  I  give  to  the  chisel  in  a 
very  shoi-t  period  of  time  a  certain  amount  of  energy.  This  energy 
is  tiansmitted  very  quickly  to  the  plate  through  the  edge  of  the 
chisel.  The  shorter  and  more  rigid  the  chisel,  the  more  quickly 
is  the  energ}'  sent  through  the  cutting  edge  into  a  portion  of  the- 
plate.  If  it  is  not  conveyed  away  rapidly  from  the  edge,  the 
amount  contained  in  a  small  portion  of  material  just  under  the 
edge  is  very  gi-eat,  and  the  mateiial  is  fractured  there.  As  the 
energy  of  strain  is  proportional  to  the  product  of  stress  and  strain 
or  to  the  square  of  either  stress  or  strain,  the  possibility  of  fractnxe 
for  a  matei-ial  is  represented  by  the  square  root  of  the  strain  energy 
it  contains  per  cubic  inch.  If  a  material  is  brittle,  there  is  a  sort  of 
instability  which  causes  fracture  at  one  place  to  extend  to  all  neigh- 
bouring pl.'ices.  And  hence,  if  we  deliver  with  gi'eat  rapidity  to  a 
small  portion  of  such  a  material  a  moderate  supply  of  energj^  it  is 
sufficient  to  i)roduce  a  large  fracture.  As  our  material  becomes 
less  and  less  brittle,  we  must  ha\'e,  over  a  larger  and  larger  part  of 
the  volume  in  which  we  want  fracture  to  occur,  a  sufficient  supply 
of  strain  energy  delivered.  Hence,  in  cutting  wood,  we  use  a 
wooden  mallet  and  a  more  or  less  lengthened  wooden-headed  chisel. 
The  mallet  and  chisel  act  as  a  reservoir  for  the  energy  of  the  blow 
which  is  delivered  to  th^  wood  from  the  edg^e  of  the  chisel  with 


APPLIED   MECHANICS.  309 

comparative  slowness  and  juHt  in  sufficient  (|iiantity  to  cuuse 
rupture  in  front  of  the  edgx\  If  the  wood,  without  fjniiiin^  in 
strength,  became  more  rigid  so  as  to  ]><>  ahh'  to  carry  off  more 
rapi<Uy  the  energy  given  to  it  }»y  the  chiscrs  edge,  it  w(»uhl  Ih* 
necessary  to  make  the  sui)ply  more  ntjad  hy  using  a  more  ligid 
chisel  and  mallet,  and  as  we  do  this  we  must  take  rare  tliat  the 
chisel  itst-df  near  the  edge  is  sti*ong  enough  to  resist  fracture  'iliis 
is  one  way  of  eonsideiing  the  effect  of  a  blow.  The  exact  mathe- 
inaticiil  eonsidei-ation  of  what  occuiv  in  the  impact  of  elastic 
bodies  is  not  easy  even  for  spheres  and  cylinders  and  other  bodies 
of  simple  shape  (see  Art.  404). 

262.  As  we  have  just  seen,  the  extra  stresses  due  to  loa<ls  suddenly 
applied  are  easy  enough  to  undei-stand.  It  is  not  so  easy  to 
comprehend  why  quietly  varying  loads  which  pi-oduce  no  visible 
vibrations  should  produce  what  wo  call  fatigue.  The  onlinary 
kinds  of  test  as  to  strength  under  statical  load,  ductility,  or 
elongation  before  fracture,  applied  to  old  mils,  tyres,  and  other 
well-used  material,  show  no  gi-eat  difference  from  what  we  obtain 
with  new  material,  and  yet  the  material  is  really  (juite  different. 
Sometimes  flaws  are  found,  and  it  may  be  that  fatigue  somehow 
acts  in  producing  minute  flaws.  The  natme  of  the  fnicture  in 
Wohler's  experiments  is  the  same  as  that  observed  in  old  tyres  and 
axles  ;  it  shows  no  signs  of  ductility,  and  is  as  if  the  material  were 
brittle. 


263.  A  piston-rod  is  subjected  to  tensile  and  compressive 

stresses,  often  repeated.  It  is  found  that  its  breaking 
strength  is  not  45,000  lbs.  per  square  inch,  which,  let  us  say, 
it  would  be  for.  a  steady  pull  or  push,  but  15,000  lbs.  per 
square  inch.  If,  instead  of  such  an  action,  we  have  a  tensile 
stress  which  varies  frequently  from  30,000  lbs.  per  square  inch 
to  zero,  the  rod  will  break  after  a  time.  In  the  same  way, 
^1  which  will  bear  a  steady  stress  of  84,600  lbs.  per  square 
inch  will  only  bear  46,500  lbs.  per  square  inch  if  the  stress 
varies  between  this  and  zero,  but  is  always  of  the  same  kind ; 
whereas  it  will  only  bear  25,000  lbs.  per  square  inch  if  the 
stress  is  sometimes  a  pull  of  this  amount  and  is  sometimes  a 
push  of  the  same  amount. 


The  above  statement,  the  outcome  of  Wohler's  oxpcrhuents 
began  twenty-five  years  ago,  and  Fairbaiiii's  experiments  made  very 
much  earlier,  was  made  fifteen  years  ago  in  the  first  edition  of  this 
book.  The  experiments  made  since  gi^•e  results  of  much  the  same 
kind.  In  the  following  table  we  have  the  most  imjjortant  results 
arrived  at  up  to  the  present  time,  being  the  stresses  in  tons  which 
require  from  five  to  ten  millions  or  an  indefinitely  laige  number 
of  applications  of  the  load  to  cause  fi-acture  : — 
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TABLE 

V. 

_s-^ 

Similar  Stresses. 

One  Stress 
Zero. 

Opposite  Stresses. 

Material. 

Itimal 
tatica 
jrengt 

P».5q 

Least. 

Greatest. 

Least. 
0 

Greatest 

Least. 

Greatest. 

Wrought  Iron. 

22-8 

12-0 

20-5 

15-3 

-    8-6 

+   8-6 

Kmpp's     Axle 

'i 

Steel. . . 

62-0 

17-5 

37-8 

0 

26-5 

-14-1 

+  14*1 

4 

Untempered 

$ 

Spring  Steel . 

67-5 

12-6 

34-8 

0 

25-5 

-13-4 

+  13-4 

Iron  Plate     ... 

22-8 

11-4 

19-2 

0 

13-1 

-   7-2 

+  7-2 

Bar  Iron 

26-6 

13-3 

22-0 

0 

14-4 

-   7-9 

+  7-9 

Bar  Iron 

26-4 

13-2 

21-9 

0 

15-8 

-  8-7 

+  8-7 

• 

Bessemer  Mild 

S) 

Steel  Plate  ... 

28-6 

14-3 

23-8 

0 

15-7 

-   8-6 

+  8-6 

,c 

Steel  Axle     . . . 

40-0 

20-0 

321 

0 

19-7 

-10-6 

+  10-6 

1 

Steel  Bail      ... 

39 '0 

19-6 

30-9 

0 

18-4 

-  9-7 

+  9-7 

Mild       St6el 

Boiler  Plato  . 

26-6 

13-3 

22-6. 

0 

158 

-  8-7 

+  8-7 

This  exceedingly  great  weakening  in  material  due  to  fatigue 
seems  almost  as  if  it  had  been  vaguely  known  to  English  engineers 
from  the  beginning,  and  justifies  the  larger  factors  of  safety  which 
were  wisely  used  in  this  country  fifty  years  ago  in  railway  bridges. 
Professor  James  Thomson  showed  that  the  two  elastic  limits  ought 
to  be  called  inferior  and  superior,  as  they  are  not  necessarily  equal 
positive  and  negative,  but  might  even  both  be  on  the  same  side  of 
the  zero  if  the  overstraining  were  great  enough,  and  that  A-uriable 
displacements  outside  these  limits  would  produce  a  destructive 
succession  of  sets.  This  theoretical  deduction  from  the  considera- 
tion of  his  overtwisted  shaft  has  been  completely  A'erified  by  the 
experiments  of  Bauschinger,  and  may  be  said  to  completely  explain 
the  phenomena  of  fatigue.  Bauschinger  found  that  the  elastic 
rcififfe  docs  not  alter  much,  although  cither  end  of  it  may  be 
altered,  oven,  indeed,  nearly  to  the  ordinary  breaking  stress.  This 
change  of  cither  limit  also  is  not  very  permanent,  altering  with 
hammering  and  other  violent  treatment. 

264.  We  can  only  refer  to  a  few  of  the  ways  in  which  our 
principles  aie  applied.  When  bolts  tightly  screwed  up  fasten 
two  things — the  flanges  of  a  cylinder  cover,  for  example — the 
bolts  get  lengthened  and  other  things  (let  us  call  them  the 
cushion)  get  shortened.     If  extra  forces  are  now  applied  it  may 
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be  that  for  a  Comparatively  small  extra  lengthening  of  the  bolts 
the  cushion  is  nearly  relieved  and  does  not  add  its  force  as  it 
did  previously ;  whereas  in  other  cases,  when  the  cushion  is 
more  springy,  there  may  be  almost  no  relief,  and  the  old  forces 
due  to  the  cushion  may  act  along  with  the  new  forces.     Very 
often  this  initial  tightening  np  of  bolts  is  too  great,  and  we 
have  rule  of  thumb  methods  of  designing  sizes  based  upon  an 
experience  of  the  carelessness  of  workmen  which  it  is  diiiicult 
to  express  algebraically.     One  rule  based  on  experience  is  that 
the  length  of  a  spanner  shall  never  much  exceed  fifteen  times 
the  diameter  of  the  bolt.     Another,  that,  in  certain  kinds  of 
machinery,  bolts  of  less  than  a  certain  size  shall  not  be  used. 
Students  ought  to  make  careful  sketches  of  the  various  kinds 
of  bolts  and  nuts,  including  the  usual  forms  of  lock  nuts  and 
ways  of  locking,  and  also  other  kinds  of  fastening.     In  study- 
ing some  of   the   proportions   of  these  important  details  of 
machinery  our  theories  are   useful   in   suggestion ;    in  some 
hands  the  theory  is  only  a  snare.     Every  true  engineer  must 
respect  the  proportions  which  have  been  arrived  at  by  the  fit 
and  try,  the  failure  and  success  methods  of  generations  of 
engineers.     When  a  very  novel  thing  has  to  be  made  the  good 
engineer  sighs  for  practical  guidance,  and  he  is  very  cautious 
in  using  his  theory. 

266.  It  is  found  then  that  when  a  rod  is  pulled,  with  however 
small  a  force,  not  only  does  it  get  loxiger,  but  its  diameter  gets 
less.  When,  for  example,  a  rod  of  glass  is  pulled  so  that  its  length 
increases  by  the  one-thousandth  of  itself,  it  is  found  that  its 
diameter  gets  less  by  the  one  thi'ee-thousandth  of  itself.  WTien  a 
strut  shortens,  it  also  swells  laterally.  The  ratio  of  the  lateral  to 
the  axial  strains  in  compression  or  in  tension  is  called  Poisson's 
ratio.     It  is  of  great  importance  in  the  theory  of  structures. 

The  nature  of  the  strain  in  a  wire  which  is  being  extended,  or 
in  a  column  which  is  being  compressed,  cannot  be  said  to  be 
8imj)le.  If  all  lines  in  one  direction,  and  in  one  direction  only, 
became  shorter  or  longer,  the  strain  would  be  called  simple,  but  it 
needs  rather  a  complicated  system  of  external  compreRsion  or 
extension  to  produce  this  effect.  No  matter  how  a  body  is 
strained,  if  we  consider  a  small  portion  of  it  we  Hhall'tind  that, 
besides  ^mgular  changes,  any  strain  simj^ly  consists  of  extensions 
and  compressions  in  different  directions.  In  fact,  imagine  a  very 
small  spherical  portion  of  the  body  before  it  is  strained.  The 
effect  of  sti-ain  is  to  convert  the  little  spheie  into  a  figure  called  an 
ellipsoid  (that  is,  a  iigui'o  every  section  of  which  is  an  ellipse)  or  a 
circle.  Remember  that  every  section  of  a  sphere  is  a  circle.  It 
may  be  proved  that  there  were  three  diameters  of  the  sphere  at 
right  angles  to  one  another,  which  remain  at  right  Qjv^e%  \a  c:r(i^ 
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TABLE 

V. 

«—  - 

Similar  Stresses. 

One  Stress 
Zero. 

Opposite  Stresses. 

Material. 

lis 

t>«« 

Least. 

Greatest. 

Least. 
0 

Greatest 

Least. 

Greatest. 

Wrought  Iron. 

22-8 

12-0 

20-6 

15-3 

1 
-   8-6  1  +  8-6 

Krupp's     Axle 

.§' 

Steel 

62-0 

17-5 

37-8 

0 

26-6 

-141 

+  14-1 

i 

Untempered 

Spring  Steel . 

67-6 

12-6 

34-8 

0 
0 

25-6 

-13-4 

+  13-4 

Iron  Plate     ... 

22-8 

11-4 

19-2 

13-1 

-  7-2 

+  7-2 

Bar  Iron 

26*6 

13-3 

220 

0 

14-4 

-   7*9 

+  7-9 

Bar  Iron 

26-4 

13-2 

21-9 

0 

15-8 

-  8-7 

-f  8-7 

• 

Bessemer  Mild 

& 

Steel  Plate  ... 

28-6 

14-3 

23-8 

0 

15-7 

-   8-6 

+  8-6 

M 

Steel  Axle 

40-0 

20-0 

321 

0 

19-7 

-10-5 

+  10-6 

i 

Steel  Rail      ... 

39-0 

19-5 

309 

0 

184 

-  9-7 

+  9-7 

& 

Mild       St6el 

Boiler  Plate  . 

26-6 

13-3 

22-6. 

0 

15-8 

-  8-7 

+  8-7 

This  exceedingly  great  weakening  in  material  due  to  fatigne 
seems  almost  as  if  it  had  been  vaguely  known  to  English  engineers 
from  the  beginning,  and  justifies  the  larger  factors  of  safety  which 
were  wisely  used  in  this  country  fifty  yeara  ago  in  railway  bridges. 
Professor  James  Thomson  showed  that  the  two  elastic  limits  ought 
to  be  called  inferior  and  sui^erior,  as  they  are  not  necessarily  equal 
positive  and  negative,  but  might  even  both  be  on  the  same  side  of 
the  zero  if  the  oversti-aining  were  great  enough,  and  that  variable 
displacements  outside  these  limits  would  produce  a  destructive 
succession  of  sets.  This  theoretical  deduction  from  the  considera- 
tion of  his  ovortwisted  shaft  has  been  completely  verified  by  the 
experiments  of  Bauschinger,  and  may  be  said  to  completely  explain 
the  phenomena  of  fatigue.  Bauschinger  found  that  the  elastic 
I'aiiffe  does  not  alter  much,  although  either  end  of  it  may  bo 
altered,  even,  indeed,  nearly  to  the  oi*dinary  breaking  stress.  This 
change  of  cither  limit  also  is  not  very  iwrmanent,  altering  with 
hammering  and  other  violent  treatment. 

264.  We  can  only  refer  to  a  few  of  the  ways  in  which  our 
principles  ai-e  applied.  When  bolts  tightly  screwed  up  fasten 
two  things — the  flanges  of  a  cylinder  cover,  for  example — the 
bolts  get  lengthened  and  other  things  (let  us  call  them  the 
cushion)  get  sl^ortened.     If  extra  forces  are  now  applied  it  may 
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be  that  for  a  Comparatively  small  extra  lengthening  of  the  bolts 
the  cushion  is  nearly  relieved  and  does  not  add  its  force  as  it 
did  previously ;  whereas  in  other  cases,  when  the  cushion  is 
more  springy,  there  may  be  almost  no  relief,  and  the  old  forces 
due  to  the  cushion  may  act  along  with  the  new  forces.     Very 
often  this  initial  tightening  up  of  bolts  is  too  great,  and  we 
have  rule  of  thumb  methods  of  designing  sizes  based  upon  an 
experience  of  the  carelessness  of  workmen  which  it  is  dilHcult 
to  express  algebraically.     One  rule  based  on  experience  is  that 
the  length  of  a  spanner  shall  never  much  exceed  fifteen  times 
the  diameter  of  the  bolt.     Another,  that,  in  certain  kinds  of 
machinery,  bolts  of  less  than  a  certain  size  shall  not  be  used. 
Students  ought  to  make  careful  sketches  of  the  various  kinds 
of  bolts  and  nuts,  including  the  usual  forms  of  lock  nuts  and 
ways  of  locking,  and  also  other  kinds  of  fastening.     In  study- 
ing  some  of  the   proportions   of  these  important  details  of 
machinery  our  theories  are   useful   in   suggestion ;    in  some 
hands  the  theory  is  only  a  snare.     Every  true  engineer  must 
respect  the  proportions  which  have  been  anived  at  by  the  fit 
and  try,  the  failure  and  success  methods  of  generations  of 
engineers.     When  a  very  novel  thing  has  to  be  made  the  good 
engineer  sighs  for  practical  guidance,  and  he  is  very  cautious 
in  using  his  theory. 

266.  It  is  found  then  that  when  a  rod  is  pulled,  with  however 
small  a  force,  not  only  does  it  get  longer,  but  its  diameter  gets 
less.  When,  for  example,  a  rod  of  glass  is  pulled  so  that  its  length 
increases  by  the  one-thousandth  of  itself,  it  is  found  that  its 
diameter  gets  less  by  the  one  throe-thousandth  of  itself.  WTien  a 
strut  shortens,  it  also  swells  laterally.  The  ratio  of  the  lateral  to 
the  axial  strains  in  compression  or  in  tension  is  called  Poisson's 
ratio.     It  is  of  great  importance  in  the  theory'  of  structures. 

The  nature  of  the  strain  in  a  wire  which  is  being  extended,  or 
in  a  column  which  is  being  compressed,  cannot  be  said  to  be 
simple.  If  all  lines  in  one  direction,  and  in  one  direction  only, 
became  shorter  or  longer,  the  strain  would  be  called  simple,  but  it 
needs  rather  a  complicated  system  of  external  compression  or 
extension  to  produce  this  effect.  No  matter  how  a  body  is 
strained,  if  we  consider  a  small  portion  of  it  we  Hhall'tind  that, 
besides  ^mgular  changes,  any  strain  simply  consists  of  extensions 
and  compressions  in  different  directions.  In  fact,  imagine  a  very 
small  spherical  portion  of  the  body  before  it  is  stiained.  The 
effect  of  strain  is  to  convert  the  little  sphere  into  a  figure  called  an 
ellipsoid  (that  is,  a  figure  every  section  of  which  is  an  ellipse)  or  a 
circle.  Remember  that  every  section  of  a  sphere  is  a  circle.  It 
may  be  proved  that  there  were  three  diameters  of  the  sphere  at 
right  angles  to  one  another,  which  remain  at  right  aTig\e>a  \o  wjkfc 
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another  in  the  etliiiBuid,  and  are  knuwa  as  the  principal  axta  ot  the 
ellipsoid.  Thete  dii'cctionB  are  now  called  the  principal  axet  ol  the 
nlraiu  exiBling  at  that  piirt  of  the  elmined  Iwdy.  Along  one  of 
IhuBC  directions  (ho  eontmotion  la  eitenidon  is  less,  and  in  another 
greatur,  than  in  anv  of  her  direction  whatever. 

Er.ample.—Th\ii  if  m'n'  (Fig.  173)  is  part  of  a  long  wire 
lubjvcted  to  a  pnll,  the  portion  <>l  matter  which  was  enclosed  in 
the  very  small  imaginary 
spherical  Rui'face  a  u  c  n  before 
die  pull  was  applied  is  now 
enclosed  in  the  eUipsoidal 
spherical  surfece  a'  (/  b'  d'. 
The  ^ere  has  become  sa 
ellipsoid  of  revolution ;  A  B 
becomeH  a'  h',  c  u  beeomea  c*  d*. 
The    strain   in   the    direction 

equal  to  the  pull  in  the  wire 
►'ie-  lis.  per    square    inch   divided    by 

Young's  modulus  of  elaatitity, 
K.  As,  however,  it  is  often  mora  convenient  to  use  a  multiplier 
llian  a  divisor,  we  arc  in  the  habit  of  using  the  reciprocal  of  ■,  and 
denoting  it  by  the  letter  a.  Thus,  if  the  pull  per  square  inch  inp 
pounds,  it  piwueos  a  strain  of  the  amoimt  pa  in   tho  direction 

ab;  the   lateral   contraction   of  tho   material  is  -   ,  and 

lually  denoted  by  pfi,  the  ratio  fija.  being  Foiseui'* 


in  this  < 


266.  In  the  following  exercises  on  struts,  the  load  is  sup- 
posed to  be  carefully  applied  so  that  there  is  the  same  stress 
at  every  point  of  the  section  : — 

1.  Find  tho  area  of  the  base  of  a  sandstone  column  cdirying  u  dead 
load  of  6  tons.  Take  the  ultimate  crushing  stress  as  3,600  lbs.  per  square 
inch,  and  use  a  factor  of  safety  of  20.       Ana.,  T5  square  inches  nearly. 

2.  Find  the  least  safe  sectional  area  of  a  short  cast-iron  strut  to  bear  a 
load  of  12  loos.    Take  the  safe  stress  as  15,000  Iba.  per  square  inch. 

Ana.,  1-8  square  inch. 

3.  The  external  and  internal  diameters  of  a  short  hollow  cast-iron 
column  arc  10  inches  and  8  inches  respectively.  If  the  safe  working  sires* 
ho  lS,oOO  lbs.  iier  square  inch,  find  what  loud  it  will  safely  boar. 

If  (ho  eitomal  diameter  had  beeii  7  inches,  what  ought  the  thicknosa 
to  have  been  to  bear  a  load  of  100  tons  i  Am.,  196  tons  ;  -Ti  inch. 

4.  A  tie-rod  made  from  J-inch  wrought-icon  plate  has  to  sustiuD 
a  load  of  15  tons.  What  should  be  its  width,  allowing  a  working  stress  of 
7,000  lbs.  per  squai'e  inch  ?  Ant.,  6-4  inches. 

5.  The  steam  pressure  in  a  locomotive  boiler  is  175  lbs.  per  square 
inch ;  the  stay-bolts  which  connect  the  flat  sides  of  the  firebox  with  tho 
end  plate  of  llie  boiler  are  placed  4  inches  fron  centre  to  centre,  rertically 

and  borizoat&My.    What  is  the  WanU  force  in  each  slay-bolt,  and  what 
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must  be  the  diameter  of  each,  the  metal  not  being  subjected  to  u  greater 
stress  than  5  tons  per  square  inch  of  the  section  of  the  bolts  'r 

Ans,y  2,800  lbs. ;  Oo4  inch. 

6.  What  are  the  working,  proof,  and  breaking  loads  of  jdanoforto 
wire  tV  "^^h  diameter  ?  And  if  the  wire  hangs  vertically  5  miles,  what 
weight  at  the  end  will,  together  with  the  weight  of  the  wire,  j)roducc  the 
working  stress  at  the  top?  What  is  now  the  average  load  and  the 
average  stress  in  the  wire  ?  By  how  much  will  the  wire  h'ngthcu  when 
subjected  to  it  ? 

7.  A  strut  100  feet  long  is  made  up  of  four  angle  irons  of  wrought 
iron  (3J  -f  3§)  ^,  which  are  prevented  from  bending.  Find  the  ultimate 
proof  and  working  loads.  How  much  shortening  occure  under  the 
working  load?  -<4««.,  working  load  91,000  11)8. ;  0-28  inch. 

8.  A  piston-rod  of  mild  steel  4  inches  diameter,  6  feet  long,  the  piston 
30  inches  diameter ;  what  maximum  pressure  of  steam  may  be  used  (1)  if 
the  engine  is  double  acting;  (2)  if  the  engine  is  single  acting?  (See 
Art.  263.)  What  lengthening  and  shortening  occur  under  these 
pressures?  Ans,,  53  lbs. ;  160  lbs. ;  (1)  008  inch  ;  (2)  012  inch. 

9.  Columns  about  8  feet  high  of  brickwork,  sandstone,  and  giiiiiite,  14 
inches  square;  what  working  loads  will  they  csury'r  If  they  are  6  feet 
apart,  and  carry  a  wall  of  brickwork  28  inches  thick,  to  what  heights 
may  it  be  carried?  The  brick  columns  being  replaced  by  cast-iron 
cylinders  6  inches  diameter,  what  ought  to  be  their  thickness?  How 
much  do  they  shorten  under  the  load  ? 

Alts.,  16}  tons  each ;  30  ft. ;  0*  12  inch. 

10.  The  tight  side  of  a  gearing-chain  taking  a  pull  p,  l(?t  it  act  at  o 
inches  from  the  centre  of  the  wheel,  and  transmit  20  hoi-sc-powca*  at  100 
revolutions  per  minute ;  find  p.  Each  of  a  pair  of  links  takes  this  pull. 
If  the  thickness  of  a  link  is  one-third  of  the  diameter  of  the  pin,  and  if 
its  breadth  is  two  and  a  half  times  the  diameter  of  the  pin,  find  the  section 
of  each  link.     It  is  a  good  exercise  to  design  the  chain. 

An.s.y  5,044  lbs. 

11.  A  single  (a  little  over  0*2  inch  thick)  leather  l>elt  will  stand  an 
average  pull  of  1,000  lbs.  per  inch  of  its  width.  The  weakness  of  the 
average  fastener  reduces  this  to  about  300  lbs.  per  inch  of  width,  and  it  is 
usual  to  take  66  lbs.  as. a  working  load.  The  pull  on  the  tight  side  of  a 
Mt  is  two  and  a  half  times  that  on  the  slack  side.  The  pulley  is  30 
inches  diameter,  150  revolutions  per  minute ;  find  the  breadth  of  a  single 
Mt  to  transmit  6  horse-power.     (See  also  the  exercises  Art.  185). 

Ans.,  3 '5  inches. 

12.  Columns  of  different  material,  constrained  to  keep  of  the  same 
length,  of  cross-sections  Aj,  a^  As,  etc,  of  coefficients  of  expansion  Oj,  a.j, 
%  etc.,  unstressed,  at  a  particular  temperature,  are  raised  t  degrees  in 
temperature.  What  is  the  fractional  elongation?  And  what  are  the 
stresses  in  them  ? 

Ana.y  If  unconstrained,  their  fractional  elongations  would  be  ta^, 
/oj,  etc.  If  a?  is  the  real  elongation,  each  has  a  compressive  strain 
tai  —  Xy  toQ  —  a?,  etc.  Their  compressive  stresses  are  ei  {tui  —  a;), 
Ej  {tcLy  —  a?),  etc.,  if  E|,  Eg,  etc.,  are  their  Young's  moduli,  and  the 
total  push  in  each  is  a^Ei  {tai  -  x),  AgE.^  {ta.2  —  x),  etc.  The 
sum  of  these  pushes  is  o  (some  of  them  bemg  negative ;  that  is, 
tensile  forces),  or  Aj  Bj  (ta^  -  a?)  +  AjEj  [ta^  —  x)  -V  etc.  =i  vi,  ot 
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x=zt   Lj°i      '^  2*»2  +  Q      ....  (1),  and  tho  stresses  b,  itay  -  x) 

Aj  Bj  4-  Ag  Bg  +  etc.  "  1X1/ 

etc.,  can  bo  found  when  x  is  known. 

Thus,    for   example,    suppose   there    are    columns    equal   in 
section,  two  of  them  of  "brass,  one  of  cast  iron.    Then  a^  :=  2  Aj, 

ttj  :=  19  X  10~^,  02  =  11  X  10"^  for  centigrade  degrees;    Ej  = 

no      ,A«             i-r      ,Afi            ^     2  X  9-2  X  10«  X  19  X  10-6  + 
9-2  X  10*,  E2=  17  X  10«,  x  =  t  . 


17  X  106  X  11  X  io-« 


2  X  9-2  X  10«  + 
t  X  15*15  X  10"*^.      The   compressive 


17  X  10« 

stress  in  the  brass  is  9-2  x  10^  {t  19  x  10"^  —  ^  15-5  x  10 "6)  = 
t  X  30*2  lbs.  per  square  inch.  The  stress  in  the  cast  iron  is 
17  X  10«  (t  11  X  10-6  -  t  15-5  X  10-6)  =  -  ^  X  76-6. 

Thus,  if  t  is  30  centigrade  degrees,  there  is  a  compressive  stress 
of  900  lbs.  per  square  inch  in  the  bi'ass,  and  a  tensile  stress  of 
2,300  lbs.  per  square  inch  in  the  iron. 

13.  A  bar  of  wrought  iron  25  feet  long  and  1*75  inch  diameter  is 
heated  to  180°  C.  While  in  this  condition  it  is  made  to  connect  (by 
means  of  nuts  screwed  on  the  ends)  the  two  side  walls  of  a  building 
which  have  fallen  outwards  from  the  perpendicular.  If  th©  walls  do  not 
yield  against  the  tendency  of  the  bar  to  contract,  find  the  pull  between 
them  when  the  bar  has  cooled  down  to  80°  C.  Take  the  mean  coefficient 
of  linear  expansion  of  wrought  iron  as  -0000124  for  V  C. 

Am.,  92,350  lbs. 

14.  Two  bars  of  copper  with  a  bar  of  wrought  ii*on  between  them,  all 
of  the  same  section  and  length,  have  their  ends  rigidly  connected  together. 
If  the  bars  are  heated  from  15"  C.  to  lOO''  C,  find  the  stresses  in  the  bars, 
and  their  fractional  elongation,  the  coeflicients  of  expansion  for  copper 
and  wrought  iron  being  taken  at  0000172  and  '0000124  respectively. 

Ana.,  copper,  2,940  ;  iron,  6,000  lbs. ;  0-00126. 

15.  A  tie-rod  100  feet  long  and  2  square  inches  in  sectional  area 
carries  a  load  of  32,000  lbs.,  by  which  it  is  stretched  |  inch.  Find  the 
stress,  strain,  and  e. 

Ana.,  16,000  lbs.  per  square  inch;  -000625 ;  25,600,000  lbs.  per  square 
inch. 

16.  A  wooden  tie  40  feet  long,  12  inches  broad,  7  inches  thick,  was 
tested  with  a  pull  of  130  tons,  which  stretched  it  1-28  inches.  Find  the 
value  of  E  for  the  timber.  Ana,,  1,300,000  lbs.  per  square  inch. 

17.  A  vertical  wrought-iron  tie-rod  200  feet  long  has  to  lift  a  weight 
of  2  tons.  Find  the  area  of  the  section  and  the  diameter  if  the  greatest 
strain  is  0005  and  e  =  30,000,000.     Neglect  the  weight  of  the  rod. 

Ana.,  0-298  square  inch ;  0*616  inch. 

18.  Steam  at  a  pressure  of  200  lbs.  per  square  inch  is  suddenly 
admitted  upon  a  piston  18  inches  in  diameter.  If  the  piston-rod  be  3 
inches  in  diameter  and  7  feet  long,  what  is  the  compression  and  strain 
energy  in  the  rod  at  maximmn  compression?  e  =  30,000,000.  Find, 
also,  the  maximum  stress  in  the  rod. 

Ana.,  '04  inch;  171  foot-pounds  ;  14,400  lbs.  per  square  inch. 

19.  A  ship  is  moored  by  two  cables  of  90  feet  and  100  feet  in  length. 
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respectively.     Tho  first  cable  strelcheH  2J  ineheei,  and  the  second  Htrolchti* 
3  inches  under  the  x>ull  of  the  ship.     Find  the  strain  of  each  cable. 

./;«.,  •0024 ;   -002.'). 

The  weight  of  a  rope  in  pounds  jht  foot  is  taken  as  atj^  wImti-  g 
is  its  girth  in  inches,  and  its  breaking  weight  in  ^Kiunds  is  hg^ 
where  a  and  h  have  about  the  following  values : — 


Tarred  Hemp 
White  Hemp 
Iron  Wire  ... 
Steel  Wire... 


04 

900 

04 

1,300 

13 

4,000 

13 

6,700 

20.  What  lengths  of  themselves  will  each  of  these  kinds  of  roi>e  cam'  \ 

21.  Compare  the  weights  and  strengths  of  iron-  and  stiM.*l-wire  rojics 
with  iron  and  steel  wires  of  the  same  circumference. 

The  Admixalty  nUe  for  the  proof -load  p  in  tons  of  the  ordinary 
close-link  chain  of  welded  iron  is  12^^,  where  d  is  the  diameter 
of  the  iron  in  inches ;  this  means  nearly  8  tons  i>er  squait*  inch  in 
the  iron.  For  stadded  chain-cables  it  is  p  =  18^,  which  moans 
11^  tons  per  square  inch  in  the  iron.  The  working  load  is  fi-om 
half  to  one-quarter  of  this,  depending  on  circumstances,  llit; 
weight  of  either  chain  is  about  lOrf^  lbs.  jx'r  foot,  llemj)  rojie  of 
girth  (J  is  taken  as  being  of  about  the  same  strength  as  a  chain  if 
^=:  lOrfto  llrf. 

22.  Two  close-link  chains,  each  making  an  angle  of  50  dcgi^ees?  with 
the  vertical,  support  a  load  of  10  tons  ;  what  is  the  size  of  the  iron  'r 

Am.^  0  8  inch  diameter. 

23.  A  ship  of  2,000  tons  (take  it  that  one- quarter  as  much  of  water 
moves  as  the  ship  moves)  is  moving  at  0*1  knots,  and  is  brought  to  rest  in 
three  seconds,  the  law  of  the  motion  during  stoppage  being  v  =  0*1  cos.  kt^ 
where  i  is  time  and  h  a  constant,  and  v  is  in  knots.  The  pull  comes 
directly  on  a  studded  chain.  If  the  chain  gets  its  proof-load,  what  is  the 
diameter  of  the  iron  ? 

"When  three  seconds  elapse,  cos.  kt  is  0,  or  cos.  Zk  =  cos-    , 

or  A;  =  5.      In  feet-second  units,   v  =  0*1689   cos.   ^  t,  because 
0  '  o 

6  080 
1  knot  =  ;;^-~^^,  or  1*6889  feet  per   second,  and  acceleration 
60  X  60  ^ 

ia  -  -1689  X  ^  sin.  -t^  being  numerically  *1689  x  ^,  or  0*5305  feet 
00  0 

per  second  per  second  where  greatest.     The  iiiass  is  2,500  x  2,240  -f- 

32*2,  or  173,900  in  engineer's  imits.     Hence  the  greiitest  force  is 

92,300  lbs. 

24.  Find  the  work  which  may  be  stored  up  in  a  pound  of  hai*d  spring 
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steel  when  stretched  to  its  elastic  limit,  taking  the  modulus  of  elasticity 
as  35  X  106  lbs.  per  square  inch;  the  elastic  limit,  100,000  lbs.  per  square 
inch;  and  the  weight  of  one  cubic  inch,  '29  lb.  Ans.y  410*5  ft.-lbs. 

25.  A  cylindrical  rod  of  copper  J  inch  diameter  and  4  feet  long,  and 
one  of  wrought  iron  f  inch  diameter  and  3  feet  long,  are  to  be  stretched 
the  same  amount.  Comjmre  the  forces  necessary  to  do  this,  the  values  of 
E  for  copper  and  wrought  iron  being  17,000,000  lbs.  per  square  inch  and 
29,000,000  lbs.  per  square  inch  respectively.  Compare  also  the  amounts 
of  work  expended  in  each  case.  Ans,,  0*28  :  1,  0-28  :  1. 

26.  What  would  be  the  resilience  of  a  steel  tie-bar  1  inch  in  diameter 
and  4  feet  long  if  the  bar  becomes  permanently  stretched  under  a  load  of 
10  tons,  the  modulus  of  elasticity  being  32,000,000  lbs.  per  square  inch? 

Ans.,  479  inch-lbs. 

267.  Exercise, — Find  every  number  in  the  following  table. 
Values  of  tensile  (/(2/2e)  or  compressive  (/c^/2e)  resiliences. 
These  numbers  express  the  relative  values  of  the  following 
materials  for  the  making  of  springs  in  which  elongation, 
compression,  or  bending  occurs.  In  bending,  the  smaller  of 
the  two  values,  or  possibly  an  intermediate  value,  must  be 
taken.  The  numbers ///2n,  or  the  shear  resiliences  per  cubic 
inch,  express  the  relative  values  of  the  following  materials  for 
the  making  of  springs,  such  as  spiral  springs,  in  which  shearing 
is  most  important.  The  numbers  in  each  case  sho^  the 
amount  of  energy  (in  inch-pounds)  which  it  is  possible  to  store 
in  each  cubic  inch  of  the  material  in  the  most  carefully  con- 
structed springs.  In  Art.  5 1 8  we  give  a  statement  showing  how 
much  less  these  stores  usually  are  in  ordinary  springs.  The 
work  actually  done  upon  ductile  materials  before  fracture  is 
often  1,000  times  as  great  as  the  resilience,  and  in  hai*d  steel 
it  is  150  times,  in  cast  iron  being  twenty  times  the  resilience. 


Cast  Iron       

Wrought  Iron  

Mild  Steel     

Best  Hard  Steel       

Copper  (Rolled  or  Di-awn)  ... 
Fir 

\_'CwXX  •■•  •••  ■■•  *•■ 


ftV^^ 

'       /cV2  E 

/.V2H 

1 

9 

1 

1                   •  ••• 

20 

60 

4 

4 

1 

6 

i         ■ 

268.  The  diminution  in  bulk  of  a  substance' when  it  i^  sub- 
jected to  pressure  uniform  aU  round,  as,  for  instance,  when  it  is 
surrounded  by  water  in  an  hydraulic  press,  ,or  sunk  in  the  sea^ 
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has  been  experimented  upon.  The  lessening  in  the  bulk  ])or  cubic 
inch  is  called  the  cubical  strain  of  the  substance.  The  prettsun; 
in  pounds  per  square  inch  all  over  its  sur&ice  reprostmts  the  stress, 
and  it  is  found  that  the  strain  is  proportional  to  the  stress.  In 
fact,  in  any  substance  the  stress  is  equal  to  the  strain  multiplitnl 
by  a  certain  number,  for  which  the  letter  K  is  usually  employed, 
called  the  Modulus  of  Elasticity  of  bulk. 

If  an  increase  of  pressure  Bp  causes  the  volume  v  to  become 
V  -\-  iv  {Bv  is  usually  negative),  the  stress  being  Bp  and  th<*  Htmin 

—  Bv/v,  the  elasticity  k  is  defined  by  8/>  =  —  k  Bv/v,  or   k  = 

—  V  .  dp/dv.  In  solids  it  is  found  that,  whether  the  changt^  takes 
plaee  quickly  (at  constant  entropy,  as  it  is  called  in  thcrmodj-namics) 
or  slowly  (at  constant  temperature),  there  is  no  verj'  great  differ- 
ence; but  in  gases  and  liquids  it  is  very  important  to  specify 
under  what  circumstances  the  rate  of  relative  change  of  p  and  v  is 
measured.  The  ratio  is  in  air  1*41;  water,  1*004;  alcohol,  1-22; 
ether,  1-58;  mercury,  1*38;  flint-glass,  1*004;  drawn  brass,  1-028; 
iron,  1-019;  copper,  1*043.* 

llie  table,  page  657,  of  slow  moduli  of  elasticity  of  bulk  is  in 
pounds  per  square  inch. 

269.  A  cube  1  inch  in  each  edge  (Fig.  174),  subjected  to  a  unifoi-m 
compressive  force  of  1  lb.  per  square  inch  on  the  opi^osite  faces, 
ADEP  and  BCLO.  Evidently  the  edges 
A B,  CD,  L E,  and  o p,  become  I  —  a  inch 
in  length,  a  being  the  reciprocal  of  Young's 
modulus  used  above.  Also  the  edges  ad, 
B  c,  G  L,  and  F  B  get  the  length  1  +  )8  inch. 
If  now  we  give  to  the  faces  abcd  and 
E  F  G  L  of  this  cube  compressive  forces  1  lb. 
per  square  inch,  it  is  the  edges  af,  etc., 
which  shorten,  and  the  edges  ab,  etc., 
which  lengthen.  Again,  give  the  com- 
pressive forces  to  the  third  pair  of  opposite 
faces,  ABGF  and  cdbl,  and  we  have  the 
edges  AD,  etc.,  shortening  and  bg,  etc., 
lengthening.       If,  now,  aU  three  sets  of 

compressive  forces  act  at  the  same  time  (that  is,  the  cube  gets  on 
every  face  a  pressure  of  1  lb.  per  square  inch),  as  the  compressions 
and  extensions  are  exceedingly  small,  each  edge  shortens  by  the 
amount  a  and  lengthens  by  the  amount  2  fi.  Hence  the  edge 
which  used  to  be  1  inch  is  now  I  —  o  -f  2  )8  inch.  The  cubic 
contents  used  to  be  1  cubic  inch ;  it  is  now  1  —  3  (o  —  2  j8)  with 
great  exactitude.  Hence  3  (o  -  2j8)  is  the  amount  of  cubical 
strain  produced  by  1  lb.  per  square  inch.  That  is,  the  Modulus  of 
Elasticity  of  bulk, 

K  = I * 

3  (a -2)8)' 

and  if  we  know  a  and  jB  it  may  be  calculated. 

Lord  Kelvin  (article  on  elasticity)  gives  the  above,  and  also  the  foUow- 
^  numbers.  The  ratios  of  the  quick  to  the  slow  Young's  moduli  are : 
anc.  1-008;  tm,  1*0036;  sUver,  1*00315;  copper,  100325;  lead,  100310; 
«K  1-0006;  iron,  1*0026;  platinum,  1*0013. 


Fig.  174. 
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Even  very  porous  bodies,  such  as  cork,  have  some  elasticity  of 
bulk.  Fluids  and  homogeneous  solids,  such  as  crystals,  are 
probably  perfectly  elastic  as  to  bulk  even  at  enormous  pressures, 
and  after  their  removal.  Manufactured  metals  are  generally 
porous,  and  alter  (not  necessarily  increasing)  in  density  after  they 
have  been  hammered  or  drawn. 

Experiments  on  metals  with  great  negative  stress  in  all 
directions  are  wanting.  Liquids  do  not  seem  capable  of  resisting 
great  negative  pressures,  and  the  contrast  between  them  and  solids 
in  this  respect  is  remarlaible. 

270.  Students  now  know  enough  to  make  calculations  on  the  stiff- 
ness and  strength  of  ties  and  struts  [only  when  the  struts  are  kept 
from  bending].  Before  going  on  to  other  structures,  even  such 
simple  structures  as  boilers  and  pipes,  I  wish  to  make  a  few 
remarks  on  the  application  of  theory. 

The  engineer  must  have  some  sort  of  theory  to  work  upon.  I 
shall  give  the  theory  recognised  by  men  like  Bankine,  and  also  by 
the  most  successful  practical  engineers.  It  is  simple  as  I  shall 
give  it,  and  fits  fairly  well  a  great  nimiber  of  practical  conditions. 
It  is  foimded  on  the  assumption  that  materials  are  homogeneous 
and  not  loaded  beyond  elastic  limits,  and  yet  it  gives  us  knowledge 
which  the  judicious  man  finds  useful  beyond  elastic  limits.  It  is 
also  foimded  on  the  assumption  that  certain  things,  too  difficult  to 
calculate,  are  negligible,  and  hence  its  mathematical  results  ought 
to  be  tested  by  experiment  when  this  is  possible. 

To  give  an  example.  Onr  theory  of  bending  is  founded  on  the 
assumption  that  the  plane  cross-section  of  a  beam  remains  piano 
after  bending.  Every  mathematical  result  seems  to  agree  with 
c^ry  experiment  made  on  beams,  seeming  discrepancies  being 
always  explainable  by  the  tests  not  having  been  confined  between 
tho  elastic  limits  of  the  materials.  Again,  the  more  elaborate 
theory  of  St.  Venant  (Art.  311),  involving  fewer  hypotheses,  g^ves 
results  that  are  practically  in  agreement  with  us.  Hence  we 
regard  this  easy  theory  which  I  shall  give  as  one  which  may  be 
depended  upon  in  long  beams,  in  spite  of  the  fact  that  a  plane 
section  of  a  beam  does  not  remain  exactly  plane.  When  it  is 
applied  in  new  cases  not  yet  tested  by  St.  Venant*8  theory  or  by 
experiment,  we  use  it  only  as  a  fairly  trustworthy  guide  in  our 
practical  work. 

Another  example.  In  the  great  twisting,  which  might  occur 
without  fracture  in  indiambber  shafts,  it  was  known  that  the 
plane  section  of  a  square  shaft  did  not  remain  plane.  Nevertheless, 
the  warping  in  ordinary  shafts  being  small,  a  simple  theory  was 
adopted,  in  which  there  was  the  assumption  of  no  warping. 
Results  of  experiments  on  rouod  shafts  agreed  with  the  simple 
theory.  Results  from  other  shafts  did  not  agree,  and  St.  Venant 
has  shown  us  why  there  is  a  discrepancy.  Although  his  investiga- 
tion is  difficult  to  follow  mathematically,  his  results  are  easy  enough 
to  comprehend.  I  find  it  necessary,  therefore,  to  give  not  merely 
the  simple  theory  of  the  engineer,  but  an  account  of  St.  Venanfs 
results,  and  also,  for  advanced  students,  a  short  account  of  St. 
Yenant's  theory  of  beams  and  &\:k&.U&.    It  is  to  be  remembered  that' 
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our  theory  assumes  perfect  elasticity  of  the  material.  WV  shall 
see  that  at  the  bottom  edge  of  a  key-way  in  a  Hhaft  wo  have  a 
place  where  the  stress  becomes  very  great  indocil.  I  have  made 
experiments  on  such  a  shaft  with  a  key- way,  and  I  find  that  it  is 
by  no  means  such  a  great  source  of  woakncns  as  tht?  th<»<)ry  kupimhhv, 
and  this  leads  us  to  consider  how  the  resultn  of  the  theory  are 
modified  by  the  flow  of  the  material,  instead  of  its  fracture,  under 
great  stress. 

271.  In  thin-shelled  vessels,  such  as  boilers  and  pipes,  sub- 
jected to  fluid  pressure/?  inside,  we  assume  that  the  tensile  stress 
/is  the  same  throughout  the  thickness  ;  so  that  if  a  is  the  area 
of  metal  cut  through  at  any  plane  section  of  the  boiler,  a/ is  the 
resistance  of  the  metal  to  the  bursting  of  the  boiler  at  that 
section.  Now  the  equal  and  opposite  force  due  to  the  fluid  is 
A/7  if  A  is  the  whole  area  of  this  plaiie  section  of  the  boiler. 
Hence  Ap  =  a^* and  p  =  afjk  ...  (1)  gives  us  the  bursting  or 
working  pressure  if  f  is  the  ultimate  or  working  stress.  To 
prove  this : — 

In  Fig.  175  let  F  B  c  D  E  be  part  of  a  boiler  whose  separation 
from  the  rest  by  a  plane  section  at  p  e  we  are  now  studying. 
Arrow-heads  are  drawn  showing  the  forces 
with  which  the  fluid  everywhere  acts  nor- 
mally on  the  shell.     We  want  to  know  the 
resultant  of  these  forces.     Imagine  a  boiler 
made  with  the  part  f  b  c  d  e  and  a  rigid  flat 
plate   F  E   closing  it.      If  we  neglect  the 
weight  of  the  fluid,  all  the  pressure  forces 
on  the  shell  balance  one  another.     This  is 
Newton's    law    of    motion.      The    mutual 
forces  of  parts  of  a  system  cannot  affect  the 
motion  of  the  centre  of  inertia  of  the  whole 
system.    (See  Art.  482.)    If  the  above  boiler 
were  placed  upon  a  truck  with  Motionless 
wheels,  there  will  be  no  more  tendency  to 
move  on  a  level  road  when  there  is  great 
pressure  inside   than   when   there  is  little. 
te  pressure  on  any  one  little  portion  of  the  surface  balances 
the  forces  on  all  the  rest  of  the  surface.     Hence  it  is  that  if 
^e  make  a  hole  there  is  a  want  of  balance  and  our  truck 
will  move.     When  we  make  the  hole  the  pressure  everywhere 
changes  because  of  the  motion  of  the  fluid,  and  hence  we  can 
^^y  calculate  the  unbalanced  force  by  knowing  the  momentum 
rf  the  fluid  which  leaves  the  vessel  per  second.    In  t\i^  cWfe^ 


FiK.  175. 

The   force   due 
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vessel  of  Fig.  175  we  know  that  the  resultant  pressure  on  the 
flat  surface  F  E  is  A  ^,  therefore  the  equal  and  opposite  force  on 
FBCD  E  is  also  A/?.  As  an  example  of  this  we  saw  in  Art. 
122  that  the  resultant  force  axially  on  the  ram  of  an  hydraulic 
press  is  exactly  the  same  whatever  be  the  shape  of  the  end  of  it. 

Example. — Spherical  boiler  of  diameter  D.  Any  plane  sec- 
tion is  a  circle.  If  we  use  the  above  rule  for  any  such  section 
we  find  that  less  pressure  will  burst  the  boiler  if  the  section  is 

diametral.     The  area  of  such  a  section  is  A  =  -  c?^,  and  the  area 

of  metal  laid  bare  i^  a  =  ir d t.     Hence  (1)  becomes p  =z  wdtf 

■r- jd^  or  it  f/d..  .  (2). 

272.  In  a  long  cylindiic  boiler  or  pipe  it  is  easy  to  show 
that  (neglecting  the  strength  of  the  ends)  the  tendency  to  burst 
laterally  is  twice  as  great  as  the  tendency  to  burst  endwise. 

Endwise,  the  area  of  a  circular  cross-section  is  a  =  7  cP,  and 

the  metal  laid  bare  is  irdt,  so  that  (1)  becomes  p  =  4:ftl^^ 
just  as  in  a  spherical  boiler.  But  laterally,  at  a  plane  passing 
through  the  aids  of  the  boiler,  A  =  / c?  if  /is  the  length,  and 
a  =  2Z<  if  wo  neglect  the  metal  at  the  ends;  and  hence  (1) 
becomes  p  =  2/t/d  .  .  .  (3).  The  bursting  pressure  endwise 
being  twice  as  great  as  this,  we  always  take  (3)  as  the  formula 
for  the  strength  of  a  cylindric  pipe  or  boiler. 

Readers  will  now  understand  why  in  cylindric  boilers  the 
longitudinal  seams  are  always  much  stronger  than  the  girth 
seams.  When  the  boiler  has  riveted  joints  we  must,  of  course, 
regard  the  material  as  weaker  than  if  it  could  resist  tensile 
stress  everywhere  like  a  continuous  boiler-plate.  The  working 
y  for  copper  ought  not  to  be  taken  greater  than  2,400  lbs.  per 
square  inch  for  steam  pipes.  In  east-iron  pipes  and  in  steam- 
engine  cylinders  it  has  to  be  remembered  that  the  difficulty  in 
getting  castings  which  are  of  the  same  thickness  everywhere, 
and  the  allowance  that  must  be  made  for  tendency  to  cross- 
breaking  when  the  pipes  are  handled,  as  well  as  the  great  allow- 
ance that  must  be  made  in  steam-engine  cylinders  for  stiffness, 
the  difficulty  of  casting,  and  boring  out,  cause  such  calculations 
as  the  above  to  be  somewhat  useless.  Thus  it  will  usually  be 
found  that,  whereas  a  large  cast-iron  water-pipe  is  not  much 
thicker  than  the  above  calculation  would  lead  us  to  expect, 
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because  it  is  usually  carefully  moulded  in  loam,  yet  a  thin  cast- 
iron  pipe  is  often  of  more  than  twice  such  a  thickness  on  the 
average,  and  it  is  our  rule  never  to  attempt  casting  a  9-foot 
length  of  pipe  of  less  than  |  inch  thick.  In  these  cases  the 
maximum  y*  for  cast  iron  is  taken  as  1,500  lbs.  per  square  inch, 
whereas  for  large  pipes  we  usually  take  3,000. 

EXERCISES. 

1.  What  must  bo  the  thickness  of  the  plates  used  in  the  construction 
of  a  boiler  10  feet  in  diameter  working  under  a  pressure  of  120  lbs.  per 
square  inch,  taking  the  efficiency  of  the  joints  to  be  70  per  cent,  and  the 
safe  stress  at  10,000  lbs.  per  square  inch  ?  Ati*.,  1*03  inch. 

2.  A  copper  pipe  is  4  inches  diameter  and  f  inch  thick.  What  is  the 
working  pressure  ?    Take/  =  2,000  lbs.  per  square  inch. 

Aiut.f  375  lbs.  per  sq.  in. 

3.  A  vertical  cast-iron  pipe  is  4  inches  in  internal  diameter.  The 
pressure  at  a  certain  place  is  50  lbs.  per  square  inch.  At  this  place,  and 
at  places  100,  200,  300,  etc.,  feet  lower  in  level,  find  the  proper  thickness 
of  the  metal  if  the  working  stress /is  taken  as  3,000  lbs.  per  square  inch. 

Ans.j  -033  inch  ;  -062  inch  ;  -091  inch ;    149  inch,  etc. 

4.  The  rule  used  for  loam-moulded  cast-iron  water  mains  is  ^  =  4  + 
hd  -r  13,000  where  h  is  head  of  water  in  feet,  d  diameter  of  pipe  in  inches, 
t  the  thickness  in  inches.  A  pipe  3  feet  diameter,  1  inch  thick ;  find  A. 
Find  the  corresponding  pressure  in  pounds  per  square  inch.  Find  what 
value  of  /  the  working  stress  will  cause  the  ordinary  rule  for  thin 
cylinders  to  give  the  same  answer. 

Atis.^  316  ft.,  136*7  lbs.  per  sq.  in.,  2,460  lbs.  per  sq.  in. 

5.  A  wrought-iron  pipe  2  feet  diameter,  J  inch  thick  ;  its  working 
stress  is  5  tons  to  the  square  inch,  but  strength  of  plate  is  diminished  30 
pCT  cent,  because  of  riveted  jeint.     What  is  the  working  i)ressure  ? 

Ans.,  326  lbs.  per  sq.  in. 

6.  A  cylindrical  boiler  12  feet  diameter  is  constructed  of  ff  inch  steel 
plate.  The  test  pressure  applied  is  245  lbs.  per  square  inch.  Find  the 
stress  produced  in  the  plate,  and  hence  deduce  the  stress  in  the  plate 
l)etween  the  rivet  holes,  the  sectional  area  being  there  reduced  to  -77  of 
the  solid.  Ana.y  19,500  and  25,300  lbs.  per  square  inch. 

273.  Storage  of  Energy  in  Fluids. — The  volume  of  a  cylin- 
dric  vessel  being  v  and  the  safe  pressure  being  p,  we  may  take 
vp  as  proportional  to  the  energy  which  may  be  stored.  If  the 
diameter  is  d  and  thickness  t  and  length  I,  the  volume  is 

'  =  T^^'     Assume  what  is  known  to  be  true  (see  Art.  272), 

that  the  safe  pressure  for  a  long  cylindric  vessel  is  (neglecting 

2tf 
the  strength  of  the  ends)  p  =  --^,  where  /  is  the  safe  stress 

vhich  the  material  will  stand.     The  weight   of  the   metal, 
neglecting  the  ends,  is  w  =  frdtltv,  if  w  is  the  weigYvt  oi  wm\. 
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volume  of  the  material.  The  surface  of  the  vessel  is  s  =  vdl. 
In  all  cases  we  neglect  the  ends. 

Then  the  storage  capacity  of  energy  jxjr  unit  weight  of 

vessel   is    -r  d^l  j-  -i-  wdtlw.    or   ^.     So  we  see  that   it  is 
4        a  '  2t(7 

independent  of  the  diameter. 

In  boilers,  therefore,  which  must  store  energy  in  this  way, 

and  where  it  is   of  importance  that  there  should   be   great 

2 
surface,  we  must  consider  surface  -r-  vp.     This  is  2tf,  or  . -, 

Hence,  the  thinner  and  smaller  tubes  are,  the  more  surface 
they  have  as  compared  with  their  storage  capacity  for  energy. 

The  same  considerations  cause  us  to  use  thin  tubes  for 
sui*face  condensation  and  other  purposes,  and  there  is  the 
further  consideration  that  accidents  are  less  likely  to  be  serious. 

In  cases  where  energy  is  stored  in  hot  water  and  steam, 
the  rate  of  waste  of  energy  is  proportional  to  the  surface,  and 
this  requires  just  the  opposite  conditions. 

EXERCISES. 

1.  Sixty  tubes  of  wrought  iron  4  inches  inaide  diameter,  10  feet  long, 
J  inch  thick.  Find  volume,  weight,  internal  area  in  square  inches,  and 
working  pressure  if  working /=  10,000  lbs.  per  square  inch.  Neglect 
the  ends.  How  many  tubes  22  inches  diameter,  10  feet  long,  will  have 
the  same  volimie?  And  find  the  thickness  suitable  for  the  working 
pressure.     Find  also  the  area  and  weight. 

Ans.,  52*36  cub.  ft.,  6,729  lbs.  wt.,  12-64  sq.  in.,  1,250  lbs.  persq.  in., 
2,  1-375  inches,  380  sq.  in.,  6,625  lbs. 

2.  Cylindric  boiler  of  mild  steel  5  feet  6  inches  in  diameter,  at  elastic 
limit ;  pressure  300  lbs.  per  square  inch.  What  is  the  thickness  ?  Joints 
supposed  to  be  of  60  per  cent,  of  strength  of  unhurt  plate.  Replace  this 
boiler  with  tubes  5  inches  diameter  of  same  length.  How  many  tubes 
are  needed  to  make  up  the  same  volume  ?  What  will  be  their  thickness 
(no  seams)?  Their  weight?  Now  replace  with  3-inch  tubes,  finding 
thickness  and  weight. 

Ans.y  -47  inch ;  174 ;  021  inch  ;  193  lbs.  per  foot  length  ;  013  inch ; 
199  lbs.  per  foot. 

274.  When  a  belt  or  rope  of  weight  w  lbs.  per  inch  of  its  length 
is  moving  with  a  velocity  of  v  feet  per  second  in  a  curved  path  of 
radius  r,  the  centrifugal  force  on  a  small  length  of  it,  r .  80,  is 

to  .r,M  —'    Now,  if  a  sketch  be  made  showing  how  this  force  is 

balanced  by  tensile  forces  t  at  the  ends  of  the  small  length  r .  W, 
it  will  he  seen  that  the  centrifugal  force  is  equal  to  t  .  M  if  89  is 
very  small ;  so  that  t  =  wv'2/g,  being  independent  of  the  radius. 
This,  then,  is  the  tensile  force  which  acts  in  a  belt  or  rope  when  in 
motion — an  addition  to  the  tensile  force  whidi  acts  when  the  rope 
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is  at  rest — ^and  it  must  be  taken  into  account  in  considering  the 
strength  of  a  belt.  Notice  also  that  if  a  is  the  section  of  the  rim 
of  a  policy  of  wrought  iron,  the  weight  of  it  is  '28a  lb.  per  inch  of 
its  length.  Hence  the  tensile  force  is  •28ar2/^,  or  '2%v^lg  lb.  per 
square  inch  is  the  tensile  stress  induced  in  the  rim  by  centrifugal 
force  when  it  moves  at  9  feet  per  second.  Taking  the  working 
tensile  stress  in  wrought  iron  of  a  pulley  as  6,000  lbs.  per  square 
inch,  the  rim  speed  of  a  wrought-iron  pulley  ought  not  to  exceed  850 
feet  per  second.  The  usual  limiting  speed  of  cast-iron  pulley  rims 
is  80  feet  per  second.  Arms,  if  numerous,  serve  to  diminish  this 
action.     If  an  arm  of  uniform  cross-section  moves  at  n  turns  per 

second,  the  limiting  length  l  of  it  is  - —  a  /-ll —  /,  if  u>  is  the 

2vf>    v      w 

weight  per  cubic  inch.    Thus,  if  we  take  /  =  6,000,  w  ■=.  28, 

916 
L  := .    Thus,  if  »  =  50  revolutions  per  second,   l  is  about 

18  inches.  If  such  arm  has  a  section  a  at  the  distance  r  from  the 
centre,  it  is  easy  to  show  that  if  each  section  has  simply  to  with- 
stand a  pull  due  to  the  centrifugal  force  of  the  p£irt  outside  it 
a  =  aQ€-fr»*,  where,  if  r  is  in  inches,  b  =  ii^mwV^/IOS/. 

The  condition  as  to  strain  of  a  rotating  disc  has  been  investi- 
gated by  Dr.  Chree  (see  Art.  307). 

As  the  tensile  force  in  a  perfectly  flexible  rope  due  to  its  motion 
is  independent  of  the  shape  of  the  path  in  which  a  particle  is 
moving,  a  very  rapidly-moving  rope,  if  no  external  force  such 
as  those  due  to  gravity  act  upon  it,  has  no  tendency  to  any 
alteration  of  shape;  each  particle  follows  the  i>ath  of  every 
other,  like  particles  of  water  in  a  stream-line  in  a  state  of  steady 
motion.  We  can  impulsively  alter  the  shape  of  such  a  rope  at  any 
place,  and  then  the  new  shape  will  be  retained.  Vibrations  will 
be  transmitted  by  such  a  rope  as  if  along  a  naturally  straight  rope 
not  mo^dng  in  the  direction  of  its  length  in  which  there  is  the  same 
tension  as  is  here  produced  by  motion.  A  thinking  student  will 
from  these  facts  readily  see  that  there  is  a  quasi-rigidity  produced 
in  the  rope  by  the  rapid  motion. 

EXERCISES. 

1.  Two  pulleys,  3  feet  6  inches  in  diameter,  running  at  150  revolu- 
mohs  per  minute,  are  connected  by  a  leather  belt  weighing  0*6  lb. 
per  foot  in  length.  Taking  /a  =  '3,  find  the  greatest  tension  in  belt 
▼hen  transmitting  7J  horse- power.  Ans.,  260  lbs. 

2.  In  a  travelling  crane  the  driving  rope  runs  at  5,000  feet  per 
nimute.  Find  the  tenosion  due  to  centrifugal  action,  having  given  that  a 
'Ope  1  inch  diameter  weighs  0*28  lb.  per  foot  of  length.     ^w«.,  60-4  lbs. 

276.  Strength  of  Thick  Cylinders.— Let  the  inside  and  outside 
radii  be  r^  and  r©,  and  the  inside  and  outside  fluid  pressures  be 
Pi  and  p^.  Consider  an  elementary  ring  of  metal,  1  inch  parallel 
to  the  axis,  inside  radius  r,  outside  radius  r  +  8r.  Imagine  a 
compressive  stress  p  inside  it  and  p  -\-  hp  outside  [hp  is  usually 
negative  in  our  examples),  and  a  compressive  stxe^a  q  m  t\v<% 
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material  (q  is  usually  negative  or  the  stress  is  tensile)  at  right 
angles  to  the  radius,  p  x  2;*  is  a  force  tending  to  fracture  this 
ring  at  a  diametrical  plane ;  2  (p  -\-  hp)  (r  -^  hr)  —  2q  ,hr  \s  the 
force  tending  to  prevent  fracture.  Note  that  there  is  a  possible 
shear  stress  on  the  sides  of  this  strip  that  we  are  neglecting,  and  a 
careful  student  will  give  thought  to  the  matter.  Our  j ustification  for 
neglecting  it  lies  in  this,  that  the  strength  of  our  cylinder  cannot  be 
imagined  to  depend  upon  its  length ;  and  if  we  consider  a  very  long 
cylindric  strip,  end  effects  are  negligible.  Balancing  the  forces,  we 
have  the  well-kno^vn  rule  for  the  strength  of  a  thin  cylinder.  Divide 
by  the  thickness  8r,  and  imagine  8r  smaller  and  smaller,  and  we 

find  p  -\-  r  -~  =  q  ,  .  .  .  (1).      As    the    material  is  subjected    to 

crushing  stresses  p  and  q  in  two  directions  at  right  angles  to  one 
another  in  a  cross- sectional  plane,  the  dimensions  parallel  to  the 
axis  of  the  cylinder  elongate  by  an  amount  which  is  proportional 
io  p  -{■  q.  We  must  imagine  this  to  remain  constant  if  a  plane 
cross- section  is  to  remain  a  plane,  and  we  make  this  reasonable 
assumption.  Hence  (1)  has  to  be  combined  with  p  -\-  q=z  2a... (2), 
where  2a  is  a  constant.     Substituting  q  from  (2),  in  (1)  we  get 

^  =  —   —  -^  .  .  .  .  (3),  and  we  find  by  trial  that  the  solution 
*  dr  r  r 

is  j»  :=  a  H — ^  and  q=^  a  -  -j-  .  .  .  .  (4),  where  the  constants 

a  and  b  are  to  be  found  by  the  conditions  of  any  problem.  Thus,  in 
the  case  of  a  gun  or  hydraulic  press,  let  the  pressure  inside  be  j?j 
where  r  =  Vj,  and  let  /?„  =  0  where  r  =  r^.  If  we  insert  these 
conditions  in  (4),  we  find  {q  is  everywhere  negative,  and  I  shall 
use  /,  the  tensile  stress,  to  replace  —  q) 

f  is  greatest  at  r  =  rj,  and  is  then  f^  =  p^   ^   ^ — L  ....  (6). 

The  student  is  to  note  that  the  circular  compressive  strain  at 
any  place  is  ^a  -  pfi.  This  is  the  fractional  diminution  of  the  radios  r. 

A  student  ought  to  take  an  example  such  as :  An  hydraulic 
press  has  an  inside  radius  rj  =i  4  inches ;  the  stress  is  not  to 
exceed  5,000  lbs.  per  square  inch;  find  the  greatest  possible 
pressure  ^,  first,  if  the  thickness  is  1  inch,  then  if  the  thickness  is 
2  inches,  and  so  on.  Note  how  little  gain  there  is  by  increasing 
the  thickness  more  than  a  certain  amount ;  and  it  may  be  well  to 
write  out  a  list  of  numbers  for  various  thicknesses,  sho¥ring  among 
other  things  the  gain  in  weight. 

EXERCISES. 

1.  In    a    certain    kind    of    work    either    one    cylindric    hydraulic 

press  of  24  inches  diameter  or  four  are  needed,  of  same  aggregate  area 

and  same  material,  to  stand  the  same  pressure.     Compare  the  square  area 

on  which  the  two  arrangements  will  stand.     Observe  that  the  ratios  of 

JtofomaZ  to  external  radii  will  be  the  same  in  the  small  and  large  presses. 
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If  the  student  figures  it  out,  lie  will  find  that  the  four  will  just  occupy  the 
same  square  space  as  the  single  press,  and  they  will  weigh  just  the  same. 

2.  Thin  Cylinder.— Take  rj  =  ^d  and  u  =  ^d  -^  t,  where  d  is  the 
inside  diameter  of  a  cylindric  boiler  and  /  is  its  thickness,  and  assume  that 
t  is  smalL    Then  (6)  becomes 

/=!»  (i^ + rf<  4- <^)/(^^  4- <»)  ==/>^  ( 1 + ^ + ]ji') /2^  (i + y . 

A  first  approximation  which  is  generally  used,  and  has  been  given  above, 
i8/=^  ....  (7).    A  second  i8/=^-r  +  i/'  •  •  •  •  (8). 

3.  A  gun  of  12  inches  internal  and  24  inches  external  diameter  is 
subjected  to  a  maximum  internal  pressure  of  40,000  lbs.  per  squpe  inch. 
Find  the  stress  produced  at  r  =  6,  7 J,  9,  lOJ,  and  12  inches.  Find  what 
was  Ihe  initial  stress  everywhere  if  it  was  just  suflBcient  to  c^^isQ  the  final 
stress  everywhere  to  be  the  mean  of  the  stress  produced  at  r  =  6  and 
•'  =  12.  Now  make  diagrams  showing  the  state  of  stress  when  p^  = 
60,000,  50,000,  40,000,  30,000,  20,000,  and  10,000  lbs.  per  square  inch. 

Ans.,  66,666  ;  47,466  ;  37,037  ;  30,748  ;  4,444  lbs.  per  square  inch. 

4.  Pipes  of  a  water-pressure  supply  company  are  to  withstand  a 
possible  pressure  of  1,000  lbs.  per  square  inch;  they  are  of  6* inches 
internal  diameter.  What  is  the  outside  diameter,  the  safe  tensile  stress  of 
the  metal  being  3,000  lbs.  per  square  inch?  A7is.y  8*485  inches. 

5.  Pipes  are  to  withstand  a  working  pressure  of  1,000  lbs.  per  square 
inch.  If  their  internal  diameters  d  are  2,  3,  4,  5,  and  6  inches  in  each 
case,  find  the  thickness.  F^nd  in  each  case  the  weight  tv  per  foot  length. 
I^w  a  curve  showing  the  relative  values  of  w  and  d. 

Am.,  0-41,  0-62,  0-83,  1-04  iuch. 

6.  A  cast-iron  water-main  is  30  inches  internal  diameter  and  1  inch 
thick.  What  is  the  greatest  head  of  water  that  it  ought  to  be  subjected  to  ? 
Safe  tensile  stress,  3,000  lbs.  per  square  inch.  Numbers  to  recollect  are : 
34  feet  of  head  represent  1  atmosphere,  or  head  in  feet  -r-  2*3  =  pressure 
ui  lbs.  per  square  inch.  If  the  pipes  are  wrought  iron,  what  ought  their 
thickness  to  be  if  safe/=  10,000  lbs.  per  square  inch,  and  if  the  longi- 
tudinal seams  are  of  60  per  cent,  of  the  strength  of  the  unhurt  plate  ? 

Ans.y  460  ft. ;  -5  inch. 

276.  In  the  above  theory  we  have  considered  the  material 
initially  unstrained ;  or,  rather,  the  stresses  and  strains  calculated 
by  us  are  additional  to  any  initial  stresses  and  strains  in  the 
materiaL 

The  student  will  see  why  the  outer  material  of  a  thick  cylinder 
is  comparatively  useless  if  he  shows  in  a  curve /for  various  values 
of  r,  cedculating  from  (6),  for /decreases  as  the  inverse  square  of  r. 
If,  when  pn^^  Pi^^  0,  tttfere  are  already  strains  and  stresses  in  the 
material,  the  stresses  given  in  (5)  are  algebraically  added  to  those 
already  existing  at  any  place.  Hence,  in  casting  an  hydraulic 
press,  we  chill  it  internally,  cold  water  circulating  in  a  metal  core 
painted  with  loam ;  and  in  making  a  gnn  we  build  it  of  tubes,  each 
of  which  squeezes  those  inside  it.  So  that  there  is  considerable 
compressive  stress  where  r  =  r^  and  considerable  tensile  stress 
whCTe  r  =  ^0  before  any  pressure  comes  on  inside.    'We  \t^  \.q 
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create  such  initial  stresses  that  when  there  is  the  TnaTimiiTn 
pressure  p^  the  material  has  about  the  same  tensile  stress  in  it 
everywhere.  Much  knowledge  is  needed  to  produce  this  result  in 
guns. 

Exercise. — Thick  spherical  shell  subjected  to  internal  fluid 
pressure.  If  j9  is  the  radial  compressive  stress  at  a  point  at  the 
distance  r  from  the  centre,  and  q  is  the  tangential  tensile  stress 
there,  show  after  the  manner  of  Art.  275  that  ^  =  a  -h  Sb/t*, 
q  =  A  —  B/r*,  where  a  and  b  are  constants,  which  may  be 
found  if  the  internal  pressure  and  the  inner  and  outer  radii  are 
stated. 

277.  The  above  theory  of  the  strength  of  thick  cylinders  seems 
to  agree  with  our  practical  experience  for  such  ratios  of  r^  and  r,  as 
we  find  in  the  pipes  and  presses  used  by  engineers.  But  all  the 
rules  given  above  show  that  a  flat  plate  has  no  strength.  The 
neglected  terms  in  our  theory  become  important  in  this  case.  Li 
truth,  the  mathematical  theory  of  a  shell  is  fo  troublesome  that  we 
cannot  say  there  is  yet  a 'satisfcictory  treatment  of  it.  The  strength 
of  a  flat  plate  has,  however,  been  investigated  in  a  number  of 
cases,  and  we  are  led  to  the  following  results :  —For  a  circular 
plate  of  thickness  t  and  diameter  d  supported  all  round  its  edge, 
with  a  normal  load  of  p  lbs.  per  square  inch,  if  /  is  the  greatest 
stress  in  the  material,  /  =  br^/6fi.  If  the  plate  \&  fixed  all  round 
its  edge,  /  =  2r^p/dt^,  A  square  plate  of  side  *,  fixed  at  the  edges, 
/  =  ti^p/it .  A  rectangular  plate  of  length  /  and  breadth  ^,  fixed 
round  the  edges,  /=  l*6»p/2(^{l*  +  **).  A  round  plate  with  a 
load  w  in  the  middle,  supported  at  me  edges,  /  =  Yfj-xt^.  For 
stays  in  square  formation,  distance  asunder  being  s ;  each  stay 
has  a  load  ps^,  and  the  greatest  stress  in  the  plate  of  thickness  t 
is  Is^lqtK 

278.  When  the  pressure  is  greatest  outside  a  thin  shell,  its 
strength  to  resist  collapse  ought  evidently  to  follow  the  law  (1), 
which  becomes  (3)  if  the  vessel  is  cylindric  ;  but  it  is  in  the  very  way 
in  which  a  strut  may  be  relied  upon  if  the  slight  lateral  restraints 
are  provided  which  prevent  bending.  So  also  the  thin  shell  of  a 
boiler  flue  must  be  provided  with  certain  -restraints  against 
buckling ;  and  just  as  we  have  (Art.  372)  a  theory  of  laterally 
imsuppoi-ted  struts,  so  we  have  a  theory  of  long  boiler  flues. 
Beyond  a  certain  length  for  a  given  pressure  there  is  instability^ 
and  hence  flues  are  either  corrugated  or  furnished  with  a  number 
of  rings.     The  most  important  practical  outcome  of  the  theory  is 

that  the  distance  between  two  rings  divided  bv  Vdt  must  not 
exceed  a  certain  limit.  The  rules  usually  followed  by  boiler^ 
makers  are  given  in  the  new  edition  of  my  book  on  Steam. 

Exercise. — In  a  cormgated  flue  of  3  feet  mean  diameter  the 
plate  is  \  inch  thick,  but  the  corrugations,  being  longer  than  the 
axial  length,  make  it  virtually  |  inch  thick.  What  is  the  working 
pressure  if  the  working  compressive  stresd  (we  allow  for  corroeion. 
etc.)  in  the  material  is  3,000  lbs.  per  square  inch  P 

Am.^  125  lbs.  per  square  inch. 
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MORE  DIFFICULT  EXERCISES  ON  THICK  CYLINDERS. 

1.  A  tube  of  wrought  iron,  inside  radius  3  inches,  outside  4  inches, 

outside  pressure  0.     What  is  the  inside  pressure  p  to  produce  a  maximum 

tensile  stress  of  15,000  lbs.  per  square  inch  P    Find  the  fractional  increase 

in  size  of  the  inside  radius.    Here  p  =  0  where  r  =  i  ;  p  =  p,  and  q  = 

- 15,000  where  r  =  3.    Inserting  these  values  in  (4)  Art.  275,  we  find 


"=•+16 

q=:a  -  4/r* 

-  15,000  =  a  -  I 


15,000  =  ^(J  +  ;^)  =  ^-' 


25 
44 


b  =  86,400 


tf  =  -  5,400 


p  =  -  5,400  +  9,600  =  4,200  lbs.  per  square  inch. 
Let  the  student  calculate  -  q  for  several  values  of  r  from  3  to  4,  and 
plot  his  results  on  squared  paper. 


r 

3 

3-5 
12,453 

4 

-9 

15,000 

10,800 

The  fractional  diminution  in  size  of  any  radius  is  qa  -  pfi,  or 
(a-/3)a-  ^a(a  +  i8).  Taking  a  =  ^  x  10"'^,  0  =  ^  10 "  7,  the  frac- 
tional diminution  of  the  3  inch  radius  is 


l,n-7 
4 


10"'  «-sro  10" '^  =  -  5,350  X  10-7- 


That  is,  the  3  inch  radius  increases,  becoming  3  x  5,350  x  10  -7,  or 
000161  inch  larger. 

2.  A  tube  of  wrought  iron,  innde  radius  2  inches,  outside  3  inches,  no 
pressure  inside  ;  pressure  v  =  4,200  lbs.  per  square  inch  outside.  Find  the 
circular  compressive  stress  everywhere,  and  also  the  diminution  of  the 
Ottter  racUus. 

Herein  p  =  a  +  :^>9=a  -  ^ (1). 

Fractional  diminution  i                            b  ,           .  . 

of  the  3  inch  radius    J  =  («  -  3)  «  -  9  («  +  3) (2) 

In  this  case p  =  4,200  where  r  =  Z;  p  =  0  where  r  =  2. 


4,200  =  «  +  9 


4,200  =  . Q-l)=-A. 
b=  -  30,240,  a  =  7,560 
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Hence  5-  =  7,560  -f  30,240/r2.    Thus  for  the  following  values  of  r  we  have 


25 


15,120 


12,400 


3-0 


10,920 


And  the  3-inch  radius  decreases  by  the  fi-action  of  itself 

1  7       30,240  5  7 

\  X  7,560  X  10-7  +  -2^  ^^10-7, 


or   3-29     X     10 


-4 


so  that  the   3   inch  radius   becomes    '00099    inch 


smaller. 

3.  A  tube  of  radius  4  inches  outside,  and  radius  2*9984  inside,  is 
squeezed  in  some  way  upon  a  tube  2  inches  inside  radius  and  3 '00098 
inches  outside  radius.  Find  the  compressive  circular  stress  at  all  points 
in  both  tubes 

Ans.f  It  will  be  seen  that  I  have  taken  just  the  sizes  necessary  to 
produce  the  states  of  Exercises  1  and  2.  It  is  evident  that  we  may  take 
the  outside  radius  of  the  inner  tube  as  3  inches,  and  the  inside  radius 
of  the  outer  tube  2*9974  inches.  Observe  that  as  the  coefficient  of  ex- 
pansion of  iron  is  1*2  x  10"  ,  to  produce  a  fractional  increase  in  size 
•0026  -^  3,  the   outer  tube  must   be   raised  in  temperature  more  than 

•0026  _  's 

— s r  (1  2  X  10     '^),  or  72  Centigrade  degrees,  before  it  will  slip  over 

o 

the  other. 

4.  A  tube  of  wrought  iron,  2  inches  radius  inside,  4  inches  outside,  is 
subjected  to  a  fluid  pressure  of  50,000  lb.  per  square  inch  inside  and  no 
pressure  outside.     Find  the  tensile  stress  everywhere  in  the  material  or 

the  values  of  -  q. 

Here  in  p  =  a  +  -^  q  =.  a 5,    insert  p  =  50,000    where    r  =  2, 

9fifi  fifi7 

p  =  0  where  r  =  4,  and  so  find   ~  q  ■= ^5 ^  16,667.      Of  course 


-q  IB  the  tensile  stress — 

r 

i 

2                    2i 

3 

:      3i 

1 

38,440 

4 

-9 

1 
83,333            59,333 

46,300 

33,333 

5.  To  sum  up  our  results.  The  built-up  tube  of  Exercise  3,  with  initial 
tensile  stress/  or  -  q  of  Ex.  3  taken  from  the  tables  of  Exercises  1  and  2,  is 
subjected  to  the  internal  fluid  pressure  of  50,000  lbs.  per  square  inch  of 
Exercise  4,  there  being  no  pressure  outside.  We  have  seen  that  /'or  -q 
of  Ex.  4  shows  the  tensile  stress  produced  by  the  fluid  pressure,  and 
hence /",  which  is /'+ /,  is  the  real  tensile  stress  every  where  in  the 
compound  tube.     Students  ought  to  draw  curves  showing/,/',  and/". 


APPLIED   MSGHANIC8. 


329 


r 

2 

^ 

-  12,400 

3 

-  10,920 

46,300 

35,380 

3 

H 

4 

/ 

-  15,120 

15,000 
46,300 
61,300 

12,453 

10,800 

/ 

83,333 

59,333 

38,440 

33,333 

/" 

68,213 

46,933 

50,893 

44,133 

279.  These  exercises  will  enable  the  student  to  understand  the 
usual  calculations  of  shrinkage  which  must  be  made  in  building  up 
a  gun.  He  will  have  no  great  difficulty  in  working  out  all  the 
necessary  formnlaB  himself,  but  a  man  interested  in  gun-making 
ought  to  refer  to  three  articles  published  in  Nature  about  August, 
1890,  by  Prof.  Greenhill.  It  will  be  noticed  that  when  a  gun  is 
built  01  tubes  there  is  a  sudden  change  in  the  tensile  stress  at  the 
common  surface  of  two  tubes.  To  get  a  more  uniform  stress 
throughout,  instead  of  using  many  thin  tubes  we  now  use  an  inner 
tube  of  steel  strong  enough  to  withstand  the  longitudinal  forces, 
then  a  thick  layer  of  steel  wire  wound  on  with  varying  tension, 
and  then  a  covering  tube,  which  is  almost  unstrained  initially. 
Probably  the  hydraulic  presses  of  the  future  will  also  be  built  up 
in  this  way. 

Prof.  Greenhill  says :  "  Mr.  Longridge's  principle  of  strengthen- 
ing a  tube  with  wire  wound  with  appropriately  varying  tension 
wiU  be  found  useful  in  peace  and  in  war.  He  can  claim  credit 
that  a  g^un  strengthened  on  this  principle  (the  9*2  inch  wire  gun) 
was  chosen,  from  its  great  strength,  to  test  the  extreme  range  of 
modem  artillery  in  1888,  with  what  were  called  the  "Jubilee 
rounds,''  when,  with  an  elevation  of  about  40  degrees,  a  range  of 
21,000  yards,  or  12  miles,  was  attained,  the  projectile  weighing 
380  lbs.,  and  the  muzzle  velocity  being  about  2,360  feet  per 
second." 

280.  The  following  example  wiU  illustrate  how  calculations 
may  be  made : — 

Example. — ^A  steel  tube  4  inches  internal  and  5  inches  external 
diameter  has  steel  strip  wound  on  it  to  the  external  diameter  of  10 
inches,  under  a  constant  tensile  winding  stress  w  lbs.  per  square 
inch.     Find  the  i-adial  and  circumferential  stress  anywhere. 

Consider  the  place  r  in  the  wire.  When  the  wire  has  already 
been  wound  to  an  outside  radius  p,  let  a  new  layer  of  thickness  8p 
be  woimd  on.  This  produces  a  pressure  w  .  hpjp.  It  is  easy  to 
see,  just  as  in  Example  2,  that  a  radial  pressure  w  .  hpfp  at  p,  there 
being  no  radial  pressure  oX,  r^z=z  2",  produces  at  r  an  increase  hp 

of  radial  compressive  stress,  and  an  increase  hq  of  circumferential 
compressive  stress  where 
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(1). 


These  effects  are  produced  by  winding  on  a  new  thickness  8p  of  st 
Integrating  these  from  p  =  r  to  p  =  »'o»  we  find 

,  =  f(l+i)log.^^....(4). 

where  a;  stands  for  r^jr^  and  a;^  for  r^lr^.  The  tensile  stresc 
the  strip  or  wire  was  w  lbs.  per  square  indi,  and  we  eee  that  t 
is  now  reduced  to  u;  -  ^  =/ where 

/=«,{l_j(l+i)log.^(....(6). 
I  have  used  (3)  and  (5)  in  calculating  the  following  numbers  :— 


r 

25 

3 

3-5 

4 

45 

i 

P 

•402  m; 

•399  m; 

•316  m; 

•210  m; 

•103  m; 

t 

f 

-  •833  m; 

-  -036  m; 

•382  m; 

•66  m; 

'847  «^ 

i 

At  r  =  2}  inches,  the  outside  of  the  steel  tube  and  inside 
the  wire,  there  is  a  discontinuity.  Calculating  from  (3)  i 
(5),  the  tensile  stress  there  is /=  —  0*832m;  and  ;?  =  0*402 
Now  the  metal  of  the  solid  tube  is  subjected  to  external  pressi 
'402 IV  and  no  internal  pressure,   and  we  find  that  in  it  i 

compressive  circumferential  stress  q  =  4*47  w  (  J  "^  3  )  •  •  •  • ' 

and  the  radial  stress  is^  =  4*47  w  li  — ^  )  •  •  •  •  (7). 

I  have  calculated  the  values  of  p  and  g,  or  rather  of  —  q,  wh 
I  call/,  from  (6)  and  (7)  for  the  solid  tul«  :— 


r 

2 

2i 

2i 

-q-f 

—  2-236  w 

—  2m; 

-  1-83  m; 

P 

0 

•234  m; 

\ 

•402  m; 
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We  know  now  the  internal  condition  of  this  coiled  structure, 
which  we  may  call  a  g^n. 

Let  the  g^un,  considered  as  homogeneous,  r^  =  2,  r^  =  5, 
be  subjected  to  fluid  pfessore  3  tr  inside  and  no  pressure  outside. 
It  is  easy  to  see  that  this  fluid  pressure  would  pitxluce  the  tensile 

(14*28  V 
•67  +  1  M>,  and  as  before,  leaWng  out  the 

tr,  the  numbers  marked  /'  in  the  following  table  show  its  value. 
In  this  table  the  initial  radial  compressive  stress  p  and  circular 
tensile  stress  /  are  copied  from  the  previous  tables.  The  actual 
tensile  stress,  therefore,  in  the  gun  is  /'  +  /,  shown  as/". 


r 

2 

0 

-2-235 

24 

2i 

2i 
•402 

3 

3i 

4 

44 
•103 

+  •847 

5 

P 

•234 

•402 

> 

•399 

•315 

•210 

C 

f 

-  2 

-1-83 
2-85 

-0-833 

-036 
216 
212 

+  •382 

+  •65 

I 

r 

414 

2-85 

1-74 
2-12 

1^46 

•14 

f" 

1-90 

102 

2  02 

2^11 

2^14 

It  will  be  observed  in  the  above  table  that  the  actual  tensile  stress  in 
toe  wire  is  nearly  constant.     This  is  an  accidental  result. 

We  usually  assume  that/"  shall  be  a  fixed  constant  in  the  wire  ;  /'  is 
'^own,  80  we  may  calculate  the  necessary  values  of  /,  the  initial  tensile 
^tr«88 everywhere,  in  the  finished  gun, /is  evidently  of  the  shape /=  m  - 
M^'  To  produce  this  particular  /,  it  is  necessary  to  alter  the  winding 
wnsile  atresia  w  in  the  wire  as  the  winding  proceeds.  Thus  in  (1)  and  (2), 
j'^tegrating,  we  have  «;^a  function  of  p ;  so,  remembering  that  w  is  to  be 
looked  upon  either  as  a  function  of  r  or  p,  integrating  (2)  and  writing 
'hat  is  equivalent  to  (5),  we  have 


w  + 


a 


f 


differentiating  with  regard  to  r,  we  see  that  if  ^  be  written  for  w  -f  and 
«« stands  for  r2/r,a,  then 

2x 


de       i_ 

dx      '  *)x 


1  -X 


0 


It  is  not  difficult  to  solve  this  and  so  find  the  way  in  which  w^  the 
winding  tension,  ought  to  vary. 
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SHEAR     AND     TWIST. 


281.  Let  c  d  (Fig.  176)  be  the  top  of  a  firm  table,  F  H  a  long 
prism  of  indiarubber  glued  to  the  table,  A  b  a  flat  piece  of  wood 
glued  along  the  upper  side  of  the  indiarubber.  We  try  in  this 
way  to  apply  a  horizontal  force  to  the  whole  upper  surface  of 
the  indiarubber,  so  that  if,  for  instance,  the  pull  in  the  cord  is 


Fig.  176 


20  lbs.,  and  the  upper  surface  of  the  indiarubber  is  10  square 
inches  in  area,  there  will  be  a  force  of  2  lbs.  per  square  incl»- 
acting  at  every  part  of  the  surface,  and  this  force  will  b^ 
transmitted  through  the  indiarubber  to  the  table.     When  th^ 
length  of  the  prism  is  great  compared,  with  z  f,  we  may  suppose 
that  the  bending  in  it  is  very  small,  and  in  this  case  we  say  that> 
the  indiarubber  is  being  subjected  to  a  simple  shear  strain  ;  th^ 
force  per  square  inch  acting  on  its  surface  is  also  acting  froDd 
each  horizontal  layer  to  the  next,  and  is  called  the  shear  stress- 
If  you  had  drawn  vertical  lines  like  y'  x  before  the  cord  was 
pulled,   you  would  now  find  them  sloping  like  y  x.      Thus, 
making  a  magnified  drawing  of  Y  x  in  Fig.  176,  the  point  y' 
has  gone  to  Y,  and  any  point  like  m  has  gone  to  N.     Points 
touching  the  table  cannot  move,  but  the  farther  a  point  is  away 
from  this  fixed  part  the  farther  it  can  move.     Now  suppose 
^i2at  r'  Y  is  O'Ol  inch,  and  we  know  that  x  y'  is  2  inches,  what 
ia  the  amount  of  motioii  oi  "Ml  \i  hl'sl  \&  Vl  inch  1    Evidently 
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y'  Y  is  greater  than  M  N  just  in  the  proportion  of  y'  x  to  m  x,  or 
2to  1"7  ;  hence  mn  is  0*0085  inch.  Thus  the  motion  of  any 
point  is  simply  proportional  to  its  distance  above  the  fixed 
plane,  and  if  we  know  the  amount  of  motion  at,  say,  a  distance 
of  1  inch,  we  can  calculate  what  it  must  be  anywhere  else. 
The  amount  of  motion  at  one  inch  above  tJie  fixed  plane  is  called 
the  shear  strain.  The  motion  is  small,  and  it  is  evident  that 
the  shear  strain  is  the  angle  y'  x  y  in  radians.  In  this  case  we 
have  supposed  the  force  on  P  o  to  be  2  lbs.  per  square  inch. 
This  is  said  to  be  the  amount  of  the  shear  stress,  and  it  pro- 
duces or  is  produced  by  a  shejar  strain  whose  amount  is  '005 
inch  per  inch.  If  the  shear  stress  were  4  lbs.  per  square  inch, 
you  would  find  the  strain  to  be  -01 ;  if  the  stress  were  8  lbs.  per 
square  inch  the  strain  would  be  '02.  In  fact,  we  find  exj)eri- 
mentally  that  ihe  stress  and  strain  are  proportional  to  one 
another.  Thus  if,  instead  of  indiarubber,  we  had  a  block  of 
tempered  steel,  we  should  find  that  the  force  in  pounds  per 
square  inch  is  equal  to  13,000,000  times  the  strain.  This 
number  is  called  the  modulus  of  rigidity  for  steel ;  it  is  given 
in  Table  XX.  It  seems  a  pity  that  the  name  shearing  elasticity 
is  not  given  to  this  number. 

282.  However  long  we  may  make  our  block  of  indiarubber  in 
Fig.  176,  we  shall  still  have  some  bending  in  it ;  that  is,  the  stress 
will  not  be  uniformly  distributed  over  each  horizontal  layer  (see 
Chapter  XXI.).  To  prevent  this  bending  effect,  and  to  produce  a 
really  simple  shear  strain,  we  ought  to  have  force  distributed  over 
the  ends  f  z  and  o  h 
of  the  same  amount 
per  square  inch  as 
we  have  now  acting 
over  F  G  and  z  h. 
These  are  shown  in 
Fig.  177.  Where  p 
is  the  pull  in  the  cord 
of  Fig.  176,  p'  is  the 
equal  and  opposite 
force  exerted  by  the 
table  on  the  glued 
underside  of  the  india- 
rubber,  and  F  and  f' 
over  the  ends,  such 
the  couple    p  p' 


Fig.  177. 


are  equal^andj'opposite  forces  distributed 
that  the"  couple  ff  is  able  to  balance 
There  can  now  be  no  bending  moment  at 
any  place.  As  f  multiplied  by  the  length  of  the  prism  is  the 
moment  of  the  couple  f  f',  and  is  equal  to  p  multiplied  by,  the 
vertical  dimension,  we  see  that  p  distributed  over  the  horizontal 
surfece  is  the  same  stress  per  square  inch  as  f  distributed  over  the 
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Fig.  178. 


ends.  From  such  a  material  then,  if  we  cut  a  cubical  block  a 
(Fig.  178),  its  horizontal  faces  xy  and  xa?  are  acted  upon  by 
equal  and  opposite  tangential  forces,  and  its  faces  yx  yx  are 
acted  upon  by  forces  of  exactly  the  same  amount.      The  faces 

parallel  to  the  paper  have  no  forces  acting  on 
them.  This  will  give  you  the  best  idea  of  simple 
Bheax  stress.  The  material  in  Fig.  176  near  tiie 
ends  of  the  block  does  not  get  a  simple  shear ; 
but  if  the  block  is  very  long,  then  at  the  middle 
there  is  a  nearly  simple  shear  acting. 

In  Fig.  178  the  cube  x  Y'y'  a?  has  become 
X  Y  y  a?.  Suppose  the  side  of  this  cube  to  be  1 
inch,  then  y  y  is  the  shear  strain,  which  I  shall 
call  *.  The  tangential  force  distributed  over 
Y  y  is  ^  lbs.,  let  us  say.  Then,  if  we  denote  by  the  letter  n  the 
modulus  of  the  rigidity  of  the  material,  p  =  n  «. 

283.  Example. — A  beam  of  steel  has  one  end  fixed,  and  at 
the  other  is  a  weight  of  20  tons.  The  cross  section  of  t^e  beam 
is  2  square  inches  in  area,  and  the  length  of  the  beam  is  5  inches. 
Besides  the  deflection  of  this  beam  due  to  bending,  there  is  a 
certain  deflection  due  to  shearing^ ;  how  much  is  it  1  Answer  : 
the  shear  stress  is  10  tons,  or  22,400  lbs.  per  square  inch. 
This  produces  a  shear  strain  of  22,400  -f  13,000,000,  or  00172. 
This  is  the  amount  of  yielding  at  1  inch  from  the  fixed  end,  and 
at  5  inches  the  yielding  must  be  5  x  00172,  or  -0086  inch. 

In  a  short  beam  like  this,  or  in  one  20  inches  long,  if  we  con- 
sider, for  example,  that  it  is  1  inch  broad  and  2  inches  deep,  we  may 
calculate  the  deflections  due  to  bending  and  to  shear,  and  reflect 
upon  the  fact  that  in  very  short  beams  the  yield  due  to  shear 
is  much  more  important  than  the  yield  to  bending ;  whereas  in 
long  beams  we  may,  and  indeed  always  do,  neglect  altogether 
the  deflection  due  to  shear.  These  reflections  are  in  the  main 
correct,  but  the  actual  distribution  of  shear  stress  over  the 
sections  of  a  beam  not  short  and  not  long  is  unknown  to  us. 
Its  distribution  in  the  section  of  a  long  beam  will  be  given  in 
Art.  369,  and  it  is  obvious  that  the  calculation  of  the  deflection 
due  to  shear  is  not  so  simple  as  in  very  short  beam& 

284.  The  shear  stress  which  will  produce  rupture  is  not 
well  known  for  any  substance  except  cast-  and  wrought-iron,  but 
the  shear  stress  which  will  produce  j)erraanent  set  is  fairly 
well  known,  and  we  are  also  agreed  as  to  the  ordinary  working 
shear  stress  of  materials.  For  wrought  iron  it  is  usually 
regarded  as  less  than  the  working  tensile  stress ;  but  in  a 
single-riveted  lap  joint  in  boiler-plates,  as  the  holes  are  usually 
punched  (and  this  weakens  the  metal),  and   as  rivet  iron  is 
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Qsuallj  of  a  better  quality  than  plate,  the  cross  section  of  the 
iron  which  is  left,  which  is  resisting  pull,  is  made  to  have  the 
same  area  as  the  cross  sections  of  all  the  rivets,  whicli,  of  course, 
resist  shearing.  Besides  breaking  hy  either  a  tensile  or  a  shear 
stress,  a  riveted  joint  may  give  way  by  the  rivet  crushing  or 
being  crushed  by  the  side  of  its  hole.  Again,  in  many  riveted 
joints,  when  the  rivets  are  long,  as  they  tend  to  contract  in 
cooling  and  are  prevented  by  the  plates,  so  much  tension  may 
remain  permanently  in  them  that  they  are  greatly  weakened. 
In  bolts  there  is  usually  some  bending,  and  consequently  a  want 
of  perfectly  uniform  distribution  of  the  shear  stress,  and  they 
are  made  larger  than  rivets  in  the  same  positions. 

285.  In  the  punching  of  rivet-holes  it  may  be  taken  that  a 
shearing  force  v  acts  on  the  material ;  the  area  of  the  curved 
side  of  the  hole,  multiplied  hy  the  breaking  shear  stress  oftJie 
material  per  square  inch,  represents  tJie  force  with  which  the 
pinch  fMist  he  pressed  doton  on  the  plate.     The  punch  must  be 
able  to  resist  this  force  as  a  compressive  stress  on  its  own 
material.    Experiments  made  on  punching-machines  show  that 
about  24  tons  per  square  inch  is  the  average  shearing  force 
required.     This  pressure  has   to  be  exerted  through  a  very 
short  distance.     In  shearing-machines,  if  the  entire  edges  of 
the  shears  coincided  with  the  plate  as  soon  as  they  touched 
wiywhere  there  would  be  the  same  soiii  of  effect  produced  ; 
but  by  inclining  the  edges  the  shearing  action  does  not  occur 
Uistantaneously  at  every  place,  and  the   rupture  being  more 
gradual  than  in  punching,  the  shearing  resistance  is  usually 
from  10  to  30  per  cent  less.     It  is  very  probable  that  the 
power  lost  in  punching-  and  shearing-machines  is  wasted  rather 
in  the  friction  of  the  heavy  parts  of  the  mechanism  than  in  the 
^ost  instantaneous  effort  of  cutting  the  material.     The  effort 
required  seems  rather  that  of  an  impact  than  of  the  more 
gradual  action  to  be  found  in  most  existing  machines.     At  the 
same  time  we  must  remember  that  M.  Tresca's  experiments 
indicated  a  flowing  of  the  metal.    Machines  such  as  hydraulic 
bears  and  shears  may  be  uneconomical  as  to  mere  energy,  but 
they  produce  the   higher   economy  due    to  convenience   and 
ceitainty.     A  man  can  stop  the  motion  of  the  hydraulic  punch 
very  rapidly  if  he  sees  that  the  plate  is  not  quite  right  in  posi- 
tion. In  the  fly  presses  used  for  hand  punching,  and  used  largely 
in  coining,  the  idea  of  an  impact  is  already  in  use  ;  it  will  come 
much  more  into  use  in  large  machines  when  engineers  become 
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better   acquainted    with   the  diatinctioii    betveen   force   and 
energy. 

286.  Riveted  JointB. ^Students  are  sappoBed  to  li«ve  made 
sketches  of  a  number  of  well-proportioned  Joints.  In  applying 
the  results  of  experiment  and  our  imperfect  theory  to  actual 
structures  we  must  remember  that  our  practicftl  conditions  some- 
times closely  agree  with  our  hypothetical  conditions,  and  then 
onr  calculations  may  be  fairly  exact ;  whereas  in  other  cases  our 
theory  is  only  an  imperfect  sort  of  guide  in  our  workshop 
systems  of  seeking  for  success  and  avoiding  failure.     It  is  only 


a  very  capable  engineer  who  knows  exactly  what  weight  ought 
to  be  given  to  his  theory  in  every  case. 

If  we  had  a  perfect  tlieory  we  need  only  consider  the  various 
ways  in  which  a  riveted  joint  may  fracture.  Then  we  should 
state  the  algebraic  conditions  that  the  Joint  shall  be  equally 
ready  to  fracture  in  these  various  ways,  and  we  have  at  once 
the  right  proportions. 

Thus,  take  the  strip  which  illustrates  the  single  riveted  lap 
Joint  of  a  boiler  plate,  Fig.  179  (1),  or  the  single  riveted  butt 
joint  of  Fig.  179(5).  a  b  =  ;i,  the  pitch  or  distance  from  centre 
to  centre  of  nvets  ;  t  is  thickness  of  plate ;  \  ia  d  o,  the  overlap 
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minus  radius  of  rivet  *,  f^  the  shearing  stress  which  the  rivet 
will  stand  ;  f^  the  tensile  stress  which  the  plate  will  stand. 

If  fracture  occurs  as  in  (1),  the  tensile  force  P  which  the 
joint  will  stand  is  p  =  -  d^f^  ....  (1).     If  in  double  shear,  as 

in(5),  P  =  ^rf2/;  ....  (5).    If,  as  in  (2),  j>Mp-d)tf,  ....  (2). 

If  as  in  (3),  when  the  iron  of  the  plate  is  crushed  by  the  rivet 
or  the  rivet  is  crushed  by  the  iron,  even  the  most  absurd 
person  will  hesitate  when  he  puts  p  ^^fjtd  ....  (3),y,,  being 
some  kind  of  surface  crushing  resistance  per  square  inch,  and 
id  being  assumed  somehow  to  represent  the  surface  at  which 
crushing  may  take  place.  If,  as  in  (4),  we  assume  that  the  part 
E  G  p  breaks  like  a  beam  fixed  at  the  ends  and  loaded  in  the 
middle,  we  have  a  much  wilder  assumption,  giving  p  =  \Hf^  -j- 
ffl? . . .  .  (4).  Now  we  cannot  assume  that  p  has  any  of  the 
above  values.  There  is  always  great  friction  at  the  joint ;  the 
rivet  is  in  a  state  of  unknown  tension,  and  we  have  no  inform- 
ation as  to  ^g  under  such  circumstances,  and  in  a  lap  joint 
tJiere  is  evidently  a  bending  action  due  to  the  plates  not  being 
^  line.  Nevertheless,  all  the  above  formiilje  and  similar 
formulae  easily  made  out  for  all  joints  may  be  made  use  of  to 
^wfe  us  in  obtaining  information  when  we  vary  proportions 
and  make  tests. 

For  example,  tests  may  be  made  upon  \  and  rf,  and  it  has 
^n  found  that  X  from  the  edge  of  the  hole  to  the  edge  of  the 
plate  must  be  at  least  equal  to  d,  and  considerations  of  economy 
and  workmanship  guide  us  in  adding  about  a  quarter  of  an  inch 
when  only  half-inch  rivets  are  used.     Now  if  we  put  (4)  equal 

to  (3),  or  \Hf^  ^  |c?  =  fjtd (6),  we  have  \  =  d  \J l^. 

It  is  dangerous  to  follow  this  any  further  ;  we  have  reached  a 
rule  (by  taking  convenient  values  for  the  stresses)  that  agrees 
so  well  with  the  practice  of  the  best  makers  that  we  shall  be 
apt  to  think  our  theory  more  valuable  than  it  is.  It  will  be 
noticed  that  if  write  (3)  equal  to  (1)  we  get  a  rule  which  also 
agrees  fairly  well  with  practice ;  but  if  we  write  (4)  equal  to 
(5),  which  we  have  just  as  good  a  right  to  do,  we  find  that  \ 
ought  to  be  v/2  times  as  great  when  the  rivets  are  in  double 
shear,  and  this  is  certainly  not  in  agreement  with  good  practice. 
If  we  imagine  that  instead  of  (4)  we  use  the  idea  of  a  beam 
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breaking  by  shearing,  we  again  find  that  X  ought  to  be  propor- 
tional to  d.  But  the  result  of  a  careful  consideration  of  this 
and  many  other  points  in  machine  design  is  that  possibly  such 
formulae  as  (4)  are  more  likely  to  be  misleading  than  useful. 
A  complete  theory  to  replace  (4)  is  perfectly  possible,  but  it  has 
not  yet  had  the  services  of  the  necessary  good  mathematician. 
With  (1)  and  (2)  we  feel  much  safer  than  with  the  others. 

Putting  them  equal,  j  d^J^  =  (p  "  ^)?/t  •  •  •  •  (7)-    We  need  some 

other  equation  evidently.  Now,  in  all  design  we  try  to  obtain 
maximum  advantage  of  some  kind.  To  get  maximum  economy 
of  material  we  were  obviously  right  in  trying  to  have  a  joint 
equally  ready  to  break  in  various  ways. 

But  there  is  a  more  general  kind  of  economy,  not  at  all  easy  to 
express  algebraically  (see  my  Calculus  for  Engineers,  Art.  37), 
which  tells  us  to  punch  holes  in  thin  plates  up  to  f "  thick  and 
drill  them  in  thick  plat^.  For  thin  plates,  then,  we  have  such 
a  rule  as  ci^  x  ^,  or  taking  into  account  cost  of  riveting,  say 
d  =  ^t  -{-  ^  ii  we  are  not  to  have  too  much  expense  in  the 
fracture  of  punches  [compressive  strength  of  punch  more  than 
equal  to  shearing  resistance  of  plate],  whereas  we  have  only  one 
of  these  things  to  consider  in  drilling  holes.     We  may  take  the 

rule  c?  =  1.2  y  i  .  .  .  .  (8)  as  probably  agreeing  with  the  best 
practice  from  <  =  ^  to  <  =  1  inch.     If  this  rule  were  followed, 

then,  using  (7)   and  (8),  we  find  -  1-44 /g=  {p-'d)/^,  or 

p  —  d  =•  •367r/g//t  =  A,  say.      The  strength  of  the  joint  is  the 

strength   of    the   unhurt  plate   multiplied    by  ^ ,    or   by 

-j  ....  (9).     For  a  rivet  in  double  shear  we  use  (2),  (5), 

and  (8),  and  find  p^d=  ''I^ftf^lfii  and  we  may  call  this  a  in 
the  formula.     It  is  just  twice  the  last. 

Now  for  complicated  kinds  of  joint  we  must  make  assump- 
tions which  are  less  likely  than  the  above.  It  is  usual  to 
calculate,  instead  oip  —  dm  (2),  a  width  of  strip  le?  equivalent 

IT 

in  tensile  strength  to  one  rivet  in  single  shear,  orw=.-r  d^fjtf^* 

Draw  round  each  rivet  a  circle  of  diameter  d  -{■  w,  and  let  lines 
come  to  the  circles  dividing  the  plate  up  into  strips  of  the  breadtii 
w  ;  thus  we  allot  a  strip  of  plate  to  each  rivet.     Students  ought 
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to  scheme  for  themselves  examples  such  as  are  figured  in 
books  on  "  Machine  Design."  In  such  books  thej  will  also  find 
sketches  of  many  riveted  joints  which  are  well  worth  study  in 
case  there  are  no  actual  specimens  to  look  at.  The  result  of 
the  calculation  is  a  formula  like  (9). 

The  results  of  actual  tests  show  that  instead  of  a  in  the 
numerator  of  (9),  we  have  a  different  number  k  a,  and  students 
who  have  read  Chap.  XIII.  carefully,  and  also  what  I  have 
here  given,    will   know  fairly   well   why  k  is   not   equal  to 

unity.      We   have,  then,  rf=l*2  \/«,  p  =  A+  d  .  ,  ,  ,  (10). 

k  A 


Strength  of  joint  = 


X  strength  of   unhurt   plate. . 


A  -h  ^ 
(11),  where  k  is  given  in  the  following  table  : 


Single  Riyeted  Drilled 
Punched 
DriUed 
Punched 
DriUed 


Doable 
Treble 


Iron  Plates. 


•88 

•77 
•95 
•85 


8te«l  PUtes. 


10 
0-9 

ro6 

10 
108 


And  A  is  given  in  the  following  table : — 


Iron  Plates  and  Iron 
Rivets. 


Steel  Plates  and  Steel 
Rivets. 


i    Drilled 
Holes. 


lAp  Joint  or  Butt  \  Single  Riveted 
Jomt  with  One  >  Double      „ 
Covering  Plate  )  Treble       „ 


1-20 
2-22 
323 


Punched 
Holes. 


1-47 
2-66 


Drilled 
Holes. 


0-9 
2-6 


Punched 
Holes. 


108 
1-93 


All  these  values  of  a  are  to  be  doubled  for  butt  joints  with 
two  covering  plates. 

It  is  wise  to  slightly  round  the  outside  sharp  edges  of 
drilled  holes.  It  is  to  be  remembered  that  a  punched  hole  is 
to  be  called  a  drilled  hole  if  the  plate  has  been  annealed,  or  if 
the  hole  has  been  rhymered  out  aiter  punching. 
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The  suitable  pressure  p  lbs.  per  square  inch  of  a  boiler  is 

then  P  =  < ; :=  /  -7-  r  if  <  and  r  are  thickness  of  plate 

A  H-  1-2  y^ 
and  radius  of  boiler  in  inches,  and  f  is  the  suitable  tensile 
stress  in  pounds  per  square  inch  of  the  unhurt  plate,  and 
where  A  and  k  are  the  numbers  given  in  the  above  tables  for 
the  longitudinal  seams. 

In  the  following  exercises  the  working  y  is  to  be  taken  as 
10,000  lbs.  per  square  inch  for  wrought  iron,  and  12,000  lbs. 
per  square  inch  for  mild  steel. 

EXERCISES. 

1.  Cylindric  boiler  10  feet  diameter,  IJ-inch  steel  plates,  with  st^el 
rivets,  drilled  holes ;  butt-joint,  with  two  covering  plates ;  treble  riveted. 
What  is  the  working  pressure  ?  What  are  the  pitch  and  the  diameter  of 
the  rivets ?      Ans  ,  p  =  213  lbs.  per sq.  ra.  p  =  6-34  inches.  d=l-Si  inch. 

2.  Cylindric  boiler  6  feet  diameter,  iron  plates,  iron  rivets,  double 
riveted  butt-joint,  one  covering  plate,  drilled  holes ;  working  pressure, 
150  lbs.  per  square  inch.     Find  t.  Ans,,  t  =  0*67  inch. 

3.  Find  the  dimensions  and  strength  of  a  treble  riveted  butt-joint 
with  double  covering  plates  for  plates  f  inch  thick.  Plates  and  rivets 
are  of  steel.      Ans.,  d  =  1*04  inch.    ^  =  6'04  inches.     Efficiency  =  '895. 

4.  Detewnine  the  pitch  of  the  rivets  for  a  single  riveted  lap-joint  of 
^  inch  plate,  so  that  the  joint  may  be  equally  strong  to  resist  tearing  and 
shearing.  Diameter  of  rivets  is  ^  inch.  Safe  shearing  strength  7,800  lbs. 
per  square  inch  ;  safe  tensile  strength  is  10,000  lbs.  per  square  inch. 

Ans.y  1  -813  inch. 

5.  In  a  single  riveted  lap-joint  the  plates  are  J  inch  thick,  and  the 
rivets  |  inch  diameter ;  calculate  the  pitch  for  the  greatest  strength  of 
joint,  the  shearing  resistance  of  the  rivet  being  three-quarters  of  the 
tiensle  resistance  of  the  plate  per  square  inch  of  section. 

Ans.  J  p  =  1*78  inch. 

6.  The  st^el  plates  of  a  boiler  are  ^  inch  tbick,  and  connected  by 
longitudinal  double  riveted  butt-joints,  with  covering  plates  on  each  side  ; 
find  suitable  proportions  for  a  joint  and  calculate  its  efficiency. 

Ans.,  d  —  0-9  inch,    p  =  4-3  inches.     Efficiency  =  '79. 

7.  In  a  single  riveted  lap-joint,  assume  that  the  shearing  strength  per 
unit  of  area  of  the  rivets  is  equal  to  the  tearing  strength  of  plates  per 
unit  area.  If  the  plates  are  ^  inch  thick,  diameter  of  rivets  I  inch,  and 
the  pitch  2^  inches,  will  the  joint  yield  by  tearing  or  by  shearing? 
Calculate  the  efficiency  of  the  joints. 

Ans.,  Tearing.    Efficiency,  -69. 

8.  Two  lengths  of  mild  steel  tie-rods,  7  inches  x  1  inch,  are  to  be 
connected  with  double  butt-straps.     Determine  dimensions  and  efficiency. 

Ans.,  d  =  1-3  inch.  Three  rivets  each  side.  Straps,  t  =  0*647  inch. 
Efficiency,  0*81. 

287.^Natiu:e  of  Shear^Strain.— When  1/  moves  to  y.  Fig.  177,  the 
diagonal  x  y'  becomes  extended  to  x  y.     Imagine  the  angle  ^  x  y, 


APPLIED   MECHANICS. 


341 


as  shown,  to  be  an  exaggeration  of  about  one  hundred  times  what 

it  ever  is  in  iron  or  steeL  Its  original  length  was  \^  (the 
diagonal  of  a  square  whose  side  is   1),  and  its  new  leng^  is 

*J1  4-  -^,  as  we  see  very  easily.  Hence  the  diagonal  x  y',  and 
all  lines  parallel  to  this  diaffonalf  have  a  tensile  strain,  whose 

■"""""^ "  ^j^^Slsi  *"■  :;^  *  ^'  ""^  "*"  "  f  Ag^'n. 

in  the  same  way  we  find  that  the  diagonal   y' x,  and  all  lines 

parallel  to  it,  have  a  compressive  strain  whose  amount  is     .     Thus 

it  has  become  quite  clear  that  a  shear  strain  simply  consists  of  a 
compressiye  strain  in  one  direction,  accompanied  by  a  tensile 
strain  in  the  perpendicular  direction,  these  strains  being  each  half 
the  shear  strain. 

We  are  led  to  speculate  on  the  behaviour  of  material  sub- 
jected to  equal  compressive  and  tensile  stresses  crossing  inter- 
faces at  right  angles  to  one  another.  Consider  a  small  right- 
angled  prism  of  material,  shown  in  Fig.  178,  of  which  m  f  x 
(Fig.  180)  is  a  magnified  cross-section. 
Neglect  the  weight  of  the  prism,  and 
for  ease  of  calculation  make  m  f,  say, 
1  inch,  M  X  the  same,  and  let  the  length 
of  the  prism  at  right  angles  to  the  paper 
be  also  1  inch.  'Iliis  prism  is  kept  at 
rest  by  the  matter  outside  it  acting  on 
its  three  faces.  Face  m  p  is  pushed  by 
a  normal  force  of  p'  lb.  per  square  inch, 
and  as  its  area  is  just  1  square  inch, 
the  resultant  push  is  j»'  lb.  acting  at  the 
centre  of  the  square  face  m  f.  Similarly 
the  face  m  x  is  pulled  by  a  normal  force  of  p'  lb.  And  also 
the  face  f  x  is  acted  on  by  tangential  forces  of  p  lb.  per  square 

inch,  and  as  its  area  is  ^/2  square  inch,  the  total  amount  of 
shearing  force  acting  on  f  x  is  p  \/2  lb.  Now,  when  three  forces 
keep  a  body  in  equilibrium,  and  two  of  them  are  at  right  angles, 
the  sum  of  their  squares  is  equal  to  the  square  of  the  third  force 
(this  is  easily  seen  if  we  draw  the  triangle  of  forces) ;  hence  the 
square  of  p  '/'i,  which  is  2p^,  is  equal  to  p'^  -f-  jt/^  or  2p'^.  Hence 
P^  p'  \  and  we  have  proved  that  the  compressiye  and  tensile 
stresses  which  occur  in  simple  shear  strain  are  numerically  equal 
to  what  we  called  the  shear  stress.  We  have  also  to  recollect  that 
we  cannot  have  shear  stress  parallel  to  the  paper  in  planes 
at  right  angles  to  the  paper  without  having  equal  shear 
stress  parallel  to  the  paper  in  a  set  of  planes  at  right  angles 
to  the  first  and  also  to  the  paper  (see  Art.  282). 

Suppose  we  cut  a  cube  abcd  (Fig.  181)  of  1  inch  side, 
from  a  material  subjected  to  simple  shear  strain,  and  let  the 
faces  of  the    cube    parallel    to  the    paper    have,   as  before,  no 


-«r- 


Fig,  180. 
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stress  upon  them,  the  other  faces  being  at  right  angles  to  the  direc- 
tions of  compression  and  extension.   Shear  occurs  parallel  to  the  face 

A  c.  Let  us  consider 
the  motion  of  the  point 
D  relative  to  ac;  in 
fact,  regard  a  c  as 
fixed.  Under  the  sole 
action  of  the  pushes 
on  A  D  and  b  c  we 
know  that  the  side  d  c 
shortens  by  the  small 
amount  pa  (see  Art. 
265).  Let  us  set  this 
off  from  D  to  M.  But 
when  this  occurs  the 
side  AD  lengthens  by 
the  amount  pfi ;  set 
this  off  from  m  to  d'. 
Hence  the  pushing 
forces  on  A  D  and  b  c 
cause  D  to  move  to 
D'.  Again,  the  pulling 
forces  on  DC  and  ab 
further  lengthen  a  d 
by  the  distance  pa^ 
which  we  set  off  from  d'  to  l,  and  shorten  d  c  by  the  distance  pfi, 
which  we  set  off  from  l  to  d".  Hence  the  motion  of  d  due  to  the 
pulls  and  pushes  acting  together  is  d  d'',  and  we  see  that  this  is 

(D  M  +  L  d")  V2  or  (a  +  fi)pVT. 

1 

But  s,  the  amount  of  shear,  is  d  d"  -^  d  o,  and  as  d  o  =  —p=  inch, 

V  2 

as  A  D  is  1  inch,  we  have 

«  =  (a  -f  i8)  p^^  -^   -^  or  2;?  (a  +  jS). 

That  is,  shear  strain  =z  shear  stress  multiplied  ^  2  (a  +  jS).  So 
that  the  reciprocal  o^  2  (a  +  fi)  is  what  we  called  n,  the  modiUiui  of 
rigidity  of  the  material. 

289.  General   Beanlts.— Referring  back  to  Arts.  269  and  288, 
you  will  see  that  we  have 


Fig.  181. 


Modulus  of  rigidity     

Modulus  of  elasticity  of  bulk 
Young's  modulus  of  elasticity 


N  = 


K  = 


E 


2  (a  ^-  ^) 

1 

3  (a  -  2^) 
1 


and  you  will  also  see  that  if  we  know  two  of  these  for  any 
material,  we  can  find  the  third. 

These  results  are  so  important  that  we  put  them  also  in  the 
ah&pea: — 
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B       3n    9k  6n    9k'  3k+n'  a'  2n    b* 

Some  French  mathematicians  have  thought  that  the  ratio  of  fi 
to  a  (called  PolMon's  ratio,  and  always  denoted  by  the  letter  «-), 
and  therefore  the  ratios  of  n,  k,  and  b  to  one  another,  are  constant 
for  isotropic  sahstances,  a  being  always  four  times  3.  Experiment 
has  shown  that  this  is  not  the  case,  the  ratio  of  a  to  jS  b^g  3  to 
2*5  in  glass  or  brass,  3*3  in  iron,  4*4  to  2'2  in  copper,  and  in  other 
substances  varying  fnmi  these  values  very  much  indeed. 

Just  as  Young*s  modulus  is  seldom  found  from  experiments  on 
the  extension  of  wires,  but  rather  from  the  bending  of  beams,  so 
the  modulus  of  rigidity  is  seldom  found  from  experiments  like  that 
of  Fig.  176,  but  rather  from  experiments  on  the  torsion  of  rods  or 
wires. 

In  all  the  cases  of  s'mple  shear  which  we  have  described  we 
had  more  than  simple  compression  and  extension.  There  was  a 
rotation  of  the  lines  in  which  the  compression  and  extension  took 
place.  When  there  is  no  rotation,  and  this  is  very  easy  to  imagine 
(let  A  c  not  be  imagined  fixed  in  Fig.  181,  but  imagine  the  lines  at 
ib*'  to  the  horizontal  to  remain  fixed  in  direction),  so  that  the 
principal  directions  of  strain,  as  they  are  called,  remain  the  same  in 
direction,  the  strain  is  said  to  be  pure  (or  irrotational),  otherwise  it 
is  said  to  be  *^  rotational.'' 

EXERCISES. 

1.  For  mild  steel  b  =  30  x  !()•,  n  =  12  x  10« ;  find  a,  jS,  and  x. 

^"'•'    «  =  30  X  l(fi'   ^=^12  X  W    ^==20  X  10«. 

2.  The  halves  of  a  flange  coupling  are  bolted  together  with  six  bolts 
&t  6  inches  from  the  centre,  60  horse-power  transmitted,  100  revolutions 
per  minute ;  safe  shear  stress,  8,000  lbs.  per  square  inch.  Find  the  proper 
<iiameter  of  each  bolt.  Ans.j  '41  inches. 

3.  A  3-inch  square  steel  bar,  fixed  at  one  end,  loaded  with  80  lbs.  at 
its  other  end ;  find  the  deflections  due  to  shearing  in  the  two  cases ; 
l^gth  3  inches,  length  50  inches;  according  to  Art.  281,  and  compare 
vith  the  correct  method  of  Art.  369. 

4.  Ten  cubic  inches  of  wrought  iron  and  10  cubic  inches  of  water  are 
subjected  to  fluid  pressure  of  3  tons  per  square  inch ;  find  the  new 
volumes.    If  the  iron  is  spherical,  what  are  the  old  and  new  diameters  ? 

Ans.f  Iron,  9*99664  cubic  inches ;  water,  9*9776  cubic  inches. 
Iron,  diameters  2  673  and  2  6727  inches ;  water,  2*673 
and  2*671  inches. 

5.  For  wrought  iron  e  =  29,000,000,  k  =  20,000,000 ;  find  o,  jS,  n, 
^^  calculate  the  value  of  Poisson's  ratio. 

Am.,   ^ -,    ^ -,    23  X  10«  ;    1  to  38. 

'   29   X  10«'    11  X  107' 

6.  A  cube  of  copper  3  inches  edge  is  subjected  to  a  hydrostatic  pres- 
sure of  4  tons  to  the  square  inch  ;  find  its  new  volume,    x  =  24,000,000. 

Ans,^  26*99  cubic  inches. 


M4 


APPLIED   MECHANICS. 


.7.  For  copper  x  =  5,600,000,  k  =  24,000,000  ;  calculate  the  value  of 
■  and  P<HaBoa*s  ratio.  Ans.,  15*6  x  10*  ;  1  to  2-6. 

8.  A  steel  poneli  J  inch  in  diameter  is  employed  to  punch  a  hole  in  a 
plate  f  inch  in  thickness :  what  will  he  the  least  pressure  necessary  to 
oriTe  a  punch  through  the  plate  when  the  shearing  strength  of  the 
BUil«nal  19  35  ti»i8  per  square  inch  ?  Am.,  51*56  tons. 

9.  In  a  fir  press  f(x  punching  holes  in  iron  plates  the  two  balls 
weigh  SO  lbs.  each,  and  are  placed  at  a  radius  of  30  inches  from  the  axis 
Off  1^  screw,  the  screw  itself  haTing  a  pitch  of  1  inch.  What  diameter 
of  hole  could  be  punched  by  such  a  press  in  a  wrought-iron  plate  of 
1^  inch  im  thickness,  the  Clearing  strength  of  which  is  22*5  tons  per  square 
indi  f  Assume  that  the  balls  are  rerolving  at  the  rate  of  60  rerolutions 
per  minute  when  the  punch  comes  into  contact  with  the  plate,  and  that 
tte  resfestance  is  overcome  in  the  first  sixteenth  of  an  inch  of  the  thick- 
ness of  the  plate.*  Am.,  1*136  inch. 

S9#.  We  have  been  in  the  habit  of  testing  material  under  tensile 
stre^  only,  or  compsessiTe  stress  only,  or  shearing  stress  only. 
Teigts  an*  now  greatly  required  of  the  streng^  of  material  under 
eonbiBsd  tenwile  aad  eonqmsBhre  stress,  these  not  being  equal  in 
amount  as  they  an^  in  :!^i€«a'. 

In  an  indirect  manner  we  have  evidence  that  if  on  an  interface 

there  is  shear  stress  q  and  compressive 
stress  j».  the  strength  of  the  material  in 
resisting  fracture  at  this  section  hy 
skmrimf  is  as  if  a  shear  stress  acted  of 
the  amount  q  —  /ap^  where  /lia  &  constant 
for  the  materiaL  In  fact,  the  compres- 
sive stress  strengthens  the  material  in 
its  resistance  to  shearing.  It  is  as  il  /i 
were  a  co-efficient  as  of  friction,  pre- 
venting sliding.  The  evidence  is  the 
fgict  ttiat  when  struts  of  cast  iron, 
stone,  brick,  and  cement  are  crushed, 
fracture  usually  occurs  at  a  section  which 
makes  an  angle  greater  than  45°  with 
the  crt^Eusection. 

In  Fig.  182,  A  B   is    the    cross-section 

of   area    a   of    a    tie-bar    or    strut,    and 

c  t>   ¥s    a    ^jOt^ping   :<^>f<ti«n    making    an  angle    9  with  the  cross- 


ly IS2. 


?*vU^« ;  «^^  that  the  area  of  c  n   is   a  sec.  9.     An   axial  load  w 
prv^ductxs  Utv^^  v«  CKHnptetiasive  stress  ji^  =  —  on  the  cross-section, 


aiKl 


JLS^V.  # 


\>r   1^   <w.  0  in   an 


direction   on   the   sloping 

K^*  iv**r*Tt  *^J^  ^  *^''*y*  ^^  acad«nic  exeieiaes  like  this  and 
S  u  w;  **  *^!J:  } -^  ^^  adv^uioed  student  will  notice  (see  Art.  486)  that 
!lJiJl£Lf  »»k*. W  ;i^  tho»  abMid  pUe-driver  pioUems  in  which  force  is 
SlJ^wWiJ^J^'*'^  **t!F  "^  ^  pOe-drirer  divided  by  the  distance 
S2^.^!vJ^  **^  »  .tnv«.  »  that,  if  the  pUe  is  not  driven  any 
^2^  iw^ijrr'*^.  ^  ****  **  infinite.  In  impact  questions  like  these 
^f^^^^  of  transfer  of 
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section.  The  stress  on  the  sloping  section  consists,  therefore,  of 
a  normal  tensile  or  compressive  stress  p^  cos.^  $  and  a  nhear  stress 
Pi  cos.  0  .  sin.  0.  The  material  does  not  tend  to  break  at  c 
D  by  the  normal  stress  if  the  material  is  isotropic,  as  p^  cos.^  $ 
is  less  than  Pi,  The  shear  stress  is  a  maximum,  and  equal  to 
^p^  it  0  is  45''.  Now,  in  materials  like  cast  iron,  stone,  brick, 
and  cement,  the  ultimate  shear  stress  is  less  than  half  the 
ultimate  compressive  stress,  and  it  might  be  expected  that  the 
fracture  of  a  strut  would  be  at  a  section  making  an  angle  of  46** 
with  the  cross-section.  But  in  every  case  we  find  the  angle 
greater  than  46",  being  nearly  constant  for  the  same 
material.  The  assumption  that  there  is  a  resistance  to 
shearing  of  the  nature  of  friction— that  is,  proportional  to  the 
normal  compressive  stress — is  not  only  a  reasonable  -  looking 
hypothesis,  but  it  agrees  quite  well  with  the  observed 
phenommia.  For  a  shear  stress  pi  cos.  0  sin.  0  and  a  compres- 
sive stress  Pi  cos.  2  0  are  by  our  assumption  to  be  replaced  by  a 
shear  stress  p^  (cos.  0  sin.  $  —  fi  cos.*  0)  .  .  .  .  (I)  ;    and   this  is 

a  maximum  on  the  plane  for  which  0  =  46'  -|-  ^  if  /*  =  tan.  «p..  (2 

111  cast  iron,  fracture  usually  occurs  on  a  plane  making  bi}°  with 
the  cross-section.  If  our  hypothesis  were  really  correct,  our 
co-efficient  of  internal  friction  would  therefore  be  '35  for  cast  iron. 

291.  There  is  much  published  information  on  the  fracture  by 
compression  of  blocks  of  stone,  cement,  and  bricks.  In  almost 
every  case  care  is  taken  in  loading  the  usually  short  specimens  that 
friction  at  the  ends  shall  prevent  the  material  swelling  laterally. 
When  sheet-lead  is  inserted  at  the  ends  it  gives  a  small  amount  of 
lateral  freedom,  and  in  every  case  the  breaking  load  is  lessened 
by  its  use,  and  therefore  it  is  said  to  be  wrong  to  use  lead.  1 
consider  all  this  published  information  to  be  nearly  valueless, 
except  that  there  is  some  proba- 
bility that  half  the  usually  pub- 
lished ultimate  compressive  strength 
for  a  cube  is  the  true  resistance  to 
compression  in  the  material.  Hence, 
when  the  published  strength  of 
stone  is  given  as  between  250  and 
1,600  tons  per  square  foot,  we 
ought  possibly  to  take  it  as  truly 
from  125  to  800.  In  masonry 
structures  the  working  stress  is 
probably  never  as  great  as  50  tons, 
and  generally  it  does  not  reach  10 
tons  per  square  foot. 

292.  To  see  to  what  extent 
we  can,  by  means  of  lateral  fluid 
pressure  on  a  strut,  strengthen  it, 
we  may  pro^dsionally  use  the  theory 
above  given. 

If  there  is  compressive  stress  in  a   strut,  pi,  and   a  lateral 
normal  pressure  p^,  and  the  material  breaks  by  B\ieaT\iv^,  \fe\.  >iJcife 


Fig.  183. 
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plane  b  c  be  part  of  the  cross-section,  with  axial  compressiTe  stress 
acting  through  it ;  let  the  plane  a  c  have  normal  stress  p^  through 
it ;  let  the  inter&ce  a  b  have  normal  compressive  stress  p  and 
tangential  stress  q  upon  it ;  consider  the  equilibrium  of  a  prism 
1  inch  at  right  angles  to  the  paper,  and  let  a  c  =  1  inch.  The 
normal  pressure  forces  on  the  faces  parallel  to  the  paper  balance 
one  another  independently.  Equating  the  resolved  parts  of  the 
forces  vertically  and  horizontally,  we  find 

p  =  Pi  .  cos.*6  +  j»j  8m.Hf   g  =  (Pi  —  Ps)  cos.d  .  siii.0. 

We  shall  use  the  hypothesis  that  q  will  not  produce  fracture  until 
it  exceeds/ by  the  amount  of  the  friction  /ip ;  that  is,  we  may  take 
it  that  the  value  of  the  shear  stress  as  a  producer  of  rupture  is 
only  q  —  /ip,  and  it  is  easy  to  show  that  this  is  greatest  when 

6  =  45-|-^....(l).     This  angle,  therefore,  is  independent  of  j^ 

and  p^.  Li  q  ^  ftp  is  put  equal  to  /^  we  see  that  the  least  value  of 
Pi  to  resist  fracture  is 

_  Pi  (coa.e  sin.g  —  p.  coa.H)  —/» 
^  cos.e  sin.tf  +  p  sin.ae  ^  '' 

or,  indeed,  we  may  say  that  the  principal  compressive  stresses  pi 

and  P2  will  produce  fnicture  if 

pi  (cos.  0  sin.  0  -^  p  COS.2 0)  —  Pi  (cos.  0  sin.  $  +  p  sin.*  $)  >/,... (3), 

where  0  has  the  value  given,  in  (1).  p^  is  supposed  to  be  less  than 
Pi.  If  ^8  is  a  tensile  stress,  we  have  only  to  give  it  a  negative 
sign  in  (3).      (3)  may  be  written  tnpi  —  np2>fg  ....  (4),  where 

vt  and  n  are  constants  for  the  material. 

Now  let  /?„  p^y  and  p  be  tensile  stresses,  and  reverse  the 
arrowhead  on  g.  We  have  the  same  numerical  relations  between 
Pi  9y  Ply  P^y  t"*d  fracturo  occurs  by  shearing  when  /,  has  the  value 
q  -H  pp^  so  that  fracture  occurs  when 

Py  (cos.tf  sin.tf  +  p  cos.H)  —  p^  (cos.0  sin.^  —  p  sin.*d)  >  /^ 

if  9  is  taken  of  such  a  value  as  to  make  q  +  pp  sl  maximum;  that 
is,  if  0  :=  45°  +  <f>l2  ....  (2).     In  this  p^  is  supposed  to  be  less 
than  ;>i.     liPi  is  a  compressive  stress,  we  have  only  to  give  it  a 
negative  sign  in  (1).     (1)  may  be  written  rn^pi  —  fi^p^  >/,,  where 
m.^  and  n}  are  constants  for  the  material.     Let  p^  =  0.    If  p^  is 

compressive  stress,  0  =  ib  +  5,  and  it  will  be  found  that 

2/i 

-^  =  sec.A  —  tan.0  ....  (4), 

Pi 


or 


M  =  bm.,^={l-(^')'}/^....(5). 


If  ^1  is  a  tensile  stress,  0  =  46  —  ^,  and  it  will  be  found  that 

2/s 

--    =  sec.4>  +  tan.^  ....  (6), 

or  M  =  tan.*  =  (^  "  »)/  ft  "  "  "  "  <^>- 
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Given  compreeaive  stress  p-y  and  tlie  value  of  /  to  find  the  least 

value  of  p^  for  resistance  to  fracture  by  shearing ;  take  •  =  46®  +  ^ 

as  giving  the  plane  on  whidi  the  tendency  to  shear  is  greatest, 
whatever  p^  may  be,  and  we  find 

2f»  .  cos.^  +  />!  (1  —  sin.^) 

^«  1  +  8in.<>  • 

Thus,  for  example,  taking  cast  iron,  let  us  suppose  that 
^  =  28®  and  /i  =  0*53,  as  abeady  found,  if  the  ultimate  /.  = 
96,000,  and/,  =  28,500,  then  sin.^  =  -47,  />^  =  —  34,000  +  .  36 ^^ 
(that  is,  p^  increases  27,800  lbs.  per  square  inch  for  every  increase 
of  10,000  lbs.  per  square  inch  in  p.). 

It  cannot  be  stud  that  publiwed  numbers  g^ve  any  adequate 
test  of  the  above  theory. 

If  for  any  material  /.,  fp  fg  are  the  numerical  values  (treated 

all  as  positive  quantities)  of  the  three  stresses  which  the  material 
will  stand,  2/,  =/^  (sec.^  —  tan.^)  =/j  (sec.^  +  tan.^). 

rm-  .  ^      fc  ^   -\-  sin.A 

Thus,  for  example,  V  =  ^ = — -> 

^     ft       1  —  sin.^ 

Now  in  cast  iron  the  proof-stresses  given  in  Table  XXII.  are 
/,  =  21,000,   /,  =  10,600,   /.  =  8,000,  ;^  =  2  =  f^^^,   and 

hence  <^  =  sin.-^  =  lO^j,  tan.<>  = -36,  tfc  =  54®3,  e<  =  36®^. 
With  this  value  of  ^,  /,  ought  to  be  •366/.,  whereas  it  reaUy  is 

•38/..     This  is  a  discrepancy  very  allowable,  and  we  may  take  it  as 

some  sort  of  verification  of  the  theory.  These  were  the  first  numbers 
I  tried,  but  I  have  since  found  that  other  published  numbers  are 
less  satisfactory  in  their  support.  For  example,  /^  ought  to  be 
greater  than  f^  for  all  materials  if  the  theory  is  correct.     It  is 

evident  that  special  experiments  are  required  as  a  test. 

Tresca  and  Darwin  have  propounded  the  hypothesis  that 
Pi  —Pi  is  constant ;  and  it  ought  to  be  easy,  by  experiment,  to 
decide  whether  this  is  constant,  or  whether,  as  by  my  theory,  it 
increases  as  Pi  and  p^  increase.  For  example,  I  make  Pi'—Pi 
equal  to  94,000  when  p^^  0  in  cast  iron,  and  equal  to  272,000 
when  pj  =  100,000.  These  are  from  the  ultimate  values.  As  to 
the  permanent  set  strength  of  cast  iron,  I  make  j?}  —P2  =  21,000 
when  j»2  =  0,  and  121,000  when  p^  =  100,000.  In  fact,  instead  of 
making i?i  —  i?,  =  94,000,  I  make pi  —  278 p^  =  94,000. 

The  hypothesis  of  Poncelet  and  St.  Venant  is  that  the  material 
is  fractuied  when  the  strain  exceeds  a  certain  amount,  and  this 
hypothesis  is  often  used  to  give  ultimate  strength  conditions  when 
the  strains  have  been  investigated  mathematically.  But  in  a 
wrought-iron  bar  we  have  sometimes  before  fracture  strains  which 
are  several  hundreds  of  times  as  great  as  the  greatest  strains  to 
which  the  calculations  apply,  and  it  seems  to  me,  therefore,  that 
Poncelet's  theory  has  no  probability  of  correctness  in  its  favour. 

If  we  assume  that  in  any  kind  of  earth  there  ift  «l  CiOeS!as?vKo^  <2k\ 
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friction  m  between  layers,  but  no  permanent  resistance  to  true  shear- 
ing (that  isy/g  =  0)'  we  get  Bankine's  theory  of  earth  pressure 
from  the  above  theory.  The  lateral  pressure  p^  necessary  to  prevent 
a  direct  presi^ure />|  from  causing  motion  or  fracture  is  given  by 

—  =  , 7-^.     Thus,  if  the  static  coefficient  of  friction  in  a 

Pj       1  +  sin.^ 

certain  kind  of  earth  is  '9,  so  that  ^  is  42°,  then  pjjh  is  .fifloi* 

or,  say,  }.  1  +  'b  yi 

Example. — ^The  weight  of  a  building  is  lO'^  lbs.  The  area  of 
the  concrete  bottom  of  the  foundations  is  2,000  square  feet.  At 
what  depth  ought  it  to  be  below  the  level  of  the  soil,  if  the  soil  is 
such  that  <f>  =  42°  ? 

Ans.y  the  pressure  pi  lbs.  per  square  foot  is  5,000  lbs.  To 
resist  this,  a  horizontal  pressure  p^  of  1,000  lbs.  is  needed. 
Regarding  the  horizontal  pressure  of  1,000  lbs.  as  a  new  p^,  it 
needs  a  vertical  pressure  of  200  lbs.  per  square  inch,  due  to  the 
weight  of  outside  earth,  to  balance  it.  If  the  earth  weighs  100  lbs. 
per  cubic  foot,  the  depth  of  the  foundation  must  be  at  least  2  feet. 

Assuming  that  the  theory  is  right,  the  difficulty  in  carrying 
out  a  rule  of  this  kind  is  that  wo  do  not  know  ^,  the  angle  of 
repose  of  a  particular  kind  of  earth.  Rankine  assumed  that  a  long 
mound  of  earth  would,  after  much  weathering  and  rest,  get  to 
have  a  natural  slope  ^.  If  the  natural  surface  of  earth  is  hori- 
zontal, it  is  easy  to  find  on  the  above  theory  the  stress  on  any 
interface  when  motion  is  about  to  take  place,  and  particularly  on 
a  vertical  interface,  and  so  the  reason  for  part  of  the  following 
rule  of.  Rankine' s  is  kno^'n.  The  study  of  the  stresses  when 
the  ground  is  sloping  must  be  left  as  an  exercise  for  students. 

293.  Rankine's  Rule  for  Earth. — Draw  an  angle  x  o  b,  Fig. 
184,  to  represent  the  static  permanent  angle  of  repose  of  the  kind 
of  earth.  Describe  Y  r  x,  a  semicircle  touching  or.  If  a  b, 
Fig.  185,  is  the  vertical  /ace  of  a  ivall  sustaining  a  hank  of  this 
earth,  whose  slope  is  a  c,  make  the  angle  x  o  p  equal  to  the 
inclination  of  A  c  to  the  horizon.    Find  B  D  =  o  q.a  b/o  p.   Then 


Fig.  185. 


A  B  D  is  a  wedge  of  earth  whose  weight  represents  the  total 
pressure  acting  on  a  b.     The  pressures  act  in  directions  parallel 
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to  A  C,  and  the  resultant  force,  representing  the  total  pressure, 
acts  a  third  of  the  way  up  from  b  to  a. 

This  rale  may  be  compared  with  the  rule  of  Art.  173  for 
water  pressure  against  a  vertical  wall.  Rankine  neglects  fric- 
tion against  the  wall  face.  Students  of  this  subject  are  directed 
to  a  paper  by  Sir  B.  Baker,  Proc.  Inst.  C.E,,  Vol  65,  and  its 
diacuasion. 

When  grain  is  stored  in  vertical  prismatic  cylinders,  the 
average  pressure  in  pounds  per  square  foot  oq  the  flat  bottom  is 
cdw  where  d  is  the  diameter  in  feet,  io  the  weight  of  a  cubic 
foot,  and  c  is  0'84  for  wheat,  0'96  for  peas.  At  greater  heights 
than  three  times  the  breadth  of  section  of  a  bin  the  pressure 
OQ  the  sides  is  constant,  being  about  50  lbs.  per  square 
foot  for  all  kinds  of  grain  until  we  get  near  the  surface. 

894.  Twisting— In  Fig. 
186,  ABrepresents  a  wireheld 
firmly  at  A.  At  B  there  is  a 
pulley  tixed  tirmly  to  the 
wire,  and  this  pulley  is  acted 
upon  by  two  cords,  which 
t«nd  to  turn  it  without 
moving  its  centre  sideways. 
In  fact,  they  act  on  the 
pulley  with  a  turning  mo- 
ment merely.  But  the  pulley 
can  only  turn  by  giving  a 
twist  to  the  wire,  and  the 
amount  of  motion  it  gets 
tells  us  how  much  the  twist 
is.  A  little  pointer  fastened 
at  c  moves  over  a  cardboard 
dial,  and  tells  us  accurately 

how   much     twist  is  given 

to  the  wire.       The    angle 

turned     through      by     the 

pointer  is  called   the    total 

angle  of    iwiat  at  c.     If 

we  had  a   pointer  at  each 

of  the  places  o,  h,  and    c, 

*"d  if  A,  a,  H,  and  c  were 

one  foot  ^tart  from  one   another. 


i  should  find  tWt  ^Ai« 
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angles  of  twist  at  G,  H,  and  c  are  as  1  :  2  :  3  ;  in  fact,  the  angle 
of  twist  is  proportional  to  the  lengtli  of  wire  twisted. 

You  will  find  that  if  a  twisting  moment  of  10  pound-feet 
produces  a  twist  of  4°,  then  a  twisting  moment  of  20  pound- 
feet  produces  a  twist  of  8°,  and,  in  fact,  the  twist  is  proportional 
to  the  twisting  moment  which  is  applied.  You  will  also  find 
that  if  you  try  di£ferent  sizes  of  wire  of  the  same  material,  say 
wire  whose  diameters  are  in  the  proportion  of  1,  2,  3,  <&c.,  and 
to  each  of  them  you  apply  the  same  twisting  moment,  the 
amount  of  twist  produced  in  them  will  be  in  the  proportion  1, 

<kc. ;  that  is,  inversely  as  thefov/rth  power  of  the  diam>eter 
16  81 

of  the  toire.  Lastly,  taking  wires  all  of  the  same  diameters  and 
lengths,  but  of  different  materials,  and  applying  to  them  the 
same  twisting  moment,  the  amount  of  twist  vnll  he  inversely 
proportional  to  the  number  which  we  call  the  modulus  of  rigidity 
of  the  material.  The  exact  rules  are  given  in  (1)  and  (2),  and 
the  values  of  N  given  in  Table  XX.  may  be  relied  upon  in  such 
calculations,  because  they  have  all  been  determined  from 
experiments  on  the  twisting  of  wires  and  shafts. 

Exercise. — A  brass  wire  20  inches  long,  0*1  inch  diameter, 
twists  through  a  total  angle  of  130  degrees  when  a  twisting 
moment  of  4  pound-inches  is  applied.  Find  n  for  the  material. 
Answer  : — 3  6  x  10®  lbs.  per  square  inch. 

Exercise.  — What  would  be  the  twist  of  a  shaft  of  the  same 
material  with  a  twisting  moment  of  600  pound-inches,  20  feet 
long,  1*2  inch  diameter  ?    Answer : — 7*8  degrees. 

It  is,  however,  well  to  notice  that  the  drawn  brass  will 
probably  have  a  dillerent  value  for  its  n  than  the  brass  of  a 
much  larger  shaft. 

It  will  be  seen  that  the  strain  is  a  shear  strain.  Con- 
sider M  H  G  (Fig.  187)  to  be  a  cross-section  of  the  wire ;  then 

a  point  which  is  at  H  before  the  twist 
occurs  is  found  to  be  at  G  when  there  is 
a  twist  in  the  wire,  and  a  point  such  as 
p'  moves  to  p,  but  a  point  o  in  the  centre 
of  the  wire  does  not  move.  Now  there  is 
no  such  motion  at  the  fixed  place  A,  Fig. 
186,  and  in  each  section  there  is  more  of 
this  motion  the  farther  it  is  away  from  A ; 
in  fact,  the  motion  is  just  as  it  was  in  the 
Fig,  187.  indiarubber  of  Fig.  176,  only  that  it  varies 
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in  the  section,  the  motion  being  greatest  at  the  outside 
of  the  wire,  and  nothing  at  the  centre.  The  material 
breaks  when  the  shear  stress  at  the  suiface  becomes  too 
great,  and  the  rule  found  by  experiment  is  that  for  any 
material,  whatever  the  length  of  the  wire,  the  twisting  moment 
which  will  cause  rupture  is  proportional  to  the  cube  of  the 
diameter.  It  is  well  known  that  when  a  shaft  is  transmitting 
power,  the  horse-power  transmitted  is  proportional  to  the 
twistiug  moment  or  torque  in  the  shaft  multiplied  by  the 
number  of  revolutions  made  by  it  per  minute.     The  rale  ased 

by  engineers  is  this  : — rf=  3-3  ^/n/n  ....  (1),  as  giving  the 
safe  diameter  of  a  wroughtiron  shaft  at  n  revolutions  per  minute, 
if  it  is  only  subjected  to  torsion.  Observe  that  if  we  double 
ihe  speed,  the  shaft  is  strong  enough  for  double  the  power. 
Instead  of  3*3  we  use  2*9  for  a  mild  steel  shaft  and  4  for  cast 
iron. 

294a.  Shafts  usually  carry  pulleys,  and  are  otherwise  loaded 
as  beams,  as  by  the  pull  of  belts,  and  therefore,  for  reasons 
given  in  Art.  379,  we  take  1^  to  1^  of  the  above  size  for  mill 
shafting,  and  for  crank  shafts  and  shafts  subjected  to  shocks 
we  sometimes  add  50  per  cent,  to  the  diameter  as  given  by  (1). 
We  have  some  explanation  in  our  theory  of  Art.  263  for  this 
increase ;  some  of  it  is  due  to  the  variation  in  stress,  and 
therefore  to  fatigue;    some  of  it  is  due  to  the  fact  that  in 
crank  shafts  the  maximnm  torqne  is  often  double  the  average 
torque.     In  a  long  line  of  shafting,  if  the  power  is  given  off  at 
various  places  with  some  irregularity,   it  may  even   become 
evident  to  the  ej  e  that  the  shaft  is  perpetually  twisting  and 
untwisting,  for  of  course  the  twist  is  proportional  to  the  horse- 
power transmitted  if  the  speed  is  constant.     When  this  is  the  . 
case,  although  the  shaft  may  seem  to  be  strong  enough,  it  is 
weak  because  it  is  not  stiff  enough.     A  very  long  shaft  some- 
times gets  into  a  state  of  torsional  vibration  just  in  the  same 
way  that  the   cage-rope  of  a  coal-mine  gets  into  a  state   of 
longitudinal   vibration.      The   nature  of   this   vibration   will 
depend  on  accidental  causes,  and  should  the  impulses  that  give 
rise  to  it  happen  to  repeat  themselves  at  proper  intervals,  the 
vibration  may  go  on  increasing  until  the  torsion  at  some  place 
niay  be  sufficient  to  produce  rupture.     In  the  same  way  a 
number  of  men  walking  from  side  to  side  of  a  large  ship,  just 
taking  as  much  time  in  going  from  one  side  to  the  other  as  the 
Uptakes  to  make  a  vibration,  may  make  the  rolAmg  dMi^eTo\x'&, 
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It  is 'for  this  reason  that  we  endeavour  to  make  the  period  of 
oscillation  of  a  ship  differ  greatly  from  the  probable  period  of 
waves  which  she  may  experience  (see  Art.  489). 

In  very  small  shafting  this  vibration  often  occurs,  and  it  is 
usual  to  add  vaguely  |  to  f  inch  to  the  diameters  found  by  the 
above  rule — a  sacrifice  to  the  Goddess  of  Chance. 

295.  Consider  a  little  priem,  p  b  (Fig.  188),  whose  ends  lie  in  two 
cross-sections  of  a  shaft  near  together,  o  being  the  centre  of  one  of 
the  sections,  and  o'  the  cenire  of  the  other.  The  twisting  strain 
causes  b  to  move  to  b',  regarding  p  as  fixed.     (The  motion  is,  of 

course,  usually  veiy  much  less 
than  I  have  here  shown    it). 
There  must,  then,  be  shearing 
forces  actiag  on  the  ends  in 
opposite  directions.     If  a  is  the 
angle  of.  twist  of  the  shaft  per 
inch  of  its  length,  then  b  o'  b'  is 
a  multiplied  by  o  o' ;  and  if  o  p 
or  o'  B  is  r,  then  b  b'  is  r  ao  o', 
where  a  is  an  angle  measured 
in  radians.    The  shear  strain  in 
the  little  prism  is  bb'  divided 
by  p  B  or  o  o',  so  that  it  is  ra ; 
hence  the  shear  stress  is  n  r  o 
(see  Art.  282).     If  a  is  the  area 
of  the  end  of  the  little  prism  in 
square  inches,  the  shear  force 
acting  on  it  is  Nraa,  and  as 
this    acts    in  the  direction  at 
rigfht  angles  to  the  radius,  its 
moment  about  oo'   is«Nr3aa. 
But  we  have  a  similar  moment  for  every  such  little  area  into  which 
the  cross-section  may  be  divided,  and  to  find  the  total  torque  we  must 
take  the  sum  of  all  such  terms.     Now,  n  and  a  are  the  same  every- 
where, so  that  in  taking  such  a  sum  our  only  diflSculty  is  with  the 
factors  r^a.    But  the  sum  of  all  such  terms  as  r^a  is  called  the 
moment  of  inertia  of  the  section  about  the  axis  o  o',  and  it  has  been 
calculated  for  us.     Thus,  if  d  is  the  diameter  of  a  round  shaft,  the 
moment  of  inertia  of  its  section  about  an  axis  through  its  centre 
at  right  angles  to  the  section  is  t  D^  -r-  32,  and  for  a  hollow  shaft 
whose  outside  diameter  is  d  and  inside  diameter  d,  the  moment  of 
inertia  is  ir  (d**  —  d*)  -r-  32 ;  and  hence  we  see  that  the  twisting 
moment  t  necessary  to  produce  a  twist  of  a  radians  per  inch  in  a 
round  shajt  of  diameter  d  *«  t  =  ir  n  a  D*/32  ....  (1),  and   for  a 
hollow  shaft  it  is  t  =  t  n  a  (d*  —  <i*)/32  ....  (2).     The  torsional 
rigidity  of  a  shaft  is  defined  as  a  if  a  =  t/a.     lie  values  of  a  will 
be  found  in  Table  XV., 'Art.  6S2,  for  various  sections  of  shaft.  The 
verification  of  these  rules  is  an  excellent  laboratory  exercise. 

296.  The  strength  of  a  shaft  is  to  be  calculated  on  the  assump- 
tion  that  rupture  occutb  wh^eu  l\i!^  %\i«Ax  stress  Nra  mentioned 


Fig.  188. 
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above  exceeds  the  greatest  shoaring  Htrcss  to  which  tho  matoriHl 
ought  to  be  subjected ;  and  as  tho  stress  is  greatest  when  r  is  the 
outer  radius  of  the  shaft  or  J  d,  so  that  /  =  J  n  d  «,  and  as  from 
equation  (1)  (Art.  295)  we  find  that  n  a  is  32  t  -?-  ir  d*,  we  know 
that/=  in  X  32t  -^  irD*,  and  this  is  the  condition  of  strength 
of  a  cylindric  shaft.    It  is  more  compactly  put  in  the  form 

T  =  — Yg-  for  solid  cylindric  shafts  ....  (I), 
and  in  the  same  way  we  get 

T  =  ——^i^ for  hollow  cylindric  shafts  .  .  .  .  (2), 

16  D 

/  being  tho  breaking  shear  stress  of  the  material  in  poundH  per 
square  inch,  t  the  twisting  moment  in  pound-inches  which  will 
cause  rupture,  d  the  outer  diameter,  and  d  th(?  inner  diameter  (if 
the  shaft  is  hollow)  in  inches. 

We  see,  then,  that  the  strength  of  a  solid  shaft  depends  on  the 
cube  of  its  diameter,  whereas  its  stiffness  depends  on  the  fouith 
power  of  its  diameter. 

As  to  the  practical  rule  g^ven  in  (I)  (Art.  294),  we  saw  in  Art.  182 
that  torque  in  poxmd-feet,  multiplied  by  angular  velocity  in  radians 
per  minute,  divided  by  33,000,  is  the  horse-power.  As  we  use  t  in 
pound-inches,  t  =  12  x  33,000  x  H/2wn.  If  we  use  this  in  (1)  of 
this  article  and  take/=  9,000  lbs.  per  square  inch,  we  find  the  usual 
practical  rule  (1)  (Art.  294).  Taking  /=  4,600  for  cast  iron  and 
13,500  for  ste^  we  find  the  rules  for  these  mateiials  already  p^ven. 

297.  Shafts  Subjected  to  Twisting  and  Bending. — It  is  most 
convenient  here  to  assume  that  a  student  has  read  the  larger  print 
in  the  next  chapter,  and  knows  that  if  a  round  shaft  of  diameter 
D  inches  is  subjected  to  a  bending  moment  m  pound-inches  there 
are  compressive  and  tensile  stresses  through  the  cross-section  at  the 
circumference  of  amount  p  •=  S2u'iny^  =  2 an,  say  ...  .  (1)  for 
a  solid  shaft,  and  32 m d/t {D*—d*)  =  2 * m,  say  ....  (2)  for  a 
hollow  shaft,  if  /f  is  the  internal  diameter.  We  have  just  found 
that  the  shear  stress  on  the  same  interface,  due  to  a  twisting 
moment  t,  is  /=  at  and  6t  .  .  .  .  (3)  for  the  soUd  and  hollow 
shafts.    The  other  stresses  across 

other  interfaces  at  the  point 
ought  now  to  be  studied,  but  it 
will  be  found  that  it  is  only 
necessary  to  determine  the  prin- 
cipal stresses  there — ^that  is,  the 
greatest  and  least  tensile  or  com- 
pressive stresses  which  act  across 
any  interfaces. 

298.  In  Art.  292  we  had  a 
simple  case  of  the  general  rule 
for  stresses  given  in  Art.  290, 
and  this  is  another  case  nearly 
{18  simple. 

Suppose  that  across  an  inter- 
face AC  at  right  angles  to  the  Fig. isv. 
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paper  we  know  that  there  is  a  normal  stress  (either  tensile  or 
compressive)  p  lbs.  per  square  inch  and  a  shear  stress  //  that  on 
planes  parallel  to  the  paper  there  is  no  stress ;  that  on  the  planes 
at  right  angles  to  ac  and  the  paper  there  is  no  normal  stress. 
Consider  the  equilibrium  of  the  prism  a  c  d,  and  find  the  traction 
on  A  D  of  <7  lbs.  i>er  square  inch.  For  the  sake  of  ease  of  calculation 
we  will  assume  a  c  to  be  1  inch,  and  that  the  prism  is  1  inch  at 
right  angles  to  the  paper.  Now,  when  there  is  shear  stress  / 
across  a  c  there  is  also  an  equal  shear  stress /across  d  c  (Art.  282). 
What  are  the  forces  with  which  stuff  outside  acts  on  the  prism  ? 
The  resultants  of  the  forces  on  the  faces  are  : — On  a  c,  a  horizontal 
force  ])  and  a  vei-tical  force  /,  because  a  c  is  1  square  inch  in  area  ; 
on  D  c,  a  horizontal  force  /  x  ai*ea  of  no  or  /. D  c  or  f .  cot.  6, 
as  A  c  is  1 ;  on  a  d,  a  force  q  x  area  of  A  d  or  q  .  cosec.  B,  and  this 
force  and  its  direction  are  what  we  desire  to  calculate.  Given  9, 
it  would  be  easy  to  calculate  q  and  its  direction ;  but  our  problem 
is  even  simpler.  It  is  this :  Find  on  what  plane  a  d  there  is  only 
a  noi-mal  stress  q  with  no  tangential  component,  and  find  q. 
Resolving  forces  horizontally,  /  cot.  B  •\-  p  zn  q  cosec.  B  x  sin.  0, 
or  /  cot.  0+^;  =  ^....(l).  Resohing  forces  vertically, 
f-=.q.  (osec.  9  .  cos.  0,  or  f  =z  q  .  cot.  0  ....  (2).  Hence,  as 
(2)  gives  us  cot.9=f/q,  using  this  in  (1),  we  find  /2/^  +^  =  ^  or 
q^^pq=P  ;  so  that  <?  =  J/^  -f   ^/\p^  +  /2 (3). 

It  is  easy  to  find  9.  There  are  two  answers,  differing  by  a 
right  angle.  A  stress  is  called  a  principal  stress  if  it  is  normal  to 
the  interface,  and  we  see  that  we  have  in  (3)  the  two  values  of  the 
principal  stress  due  to  a  combination  of  tensile  77  and  shearing 
stress  /,  such  as  we  have  supposed.  The  principal  stresses  are 
across  interfaces  which  are  at  right  angles  to  one  another. 

Example. — At  an  interface  j;  =  6  tons  per  square  inch  and 
/  z=  5  tons  per  square  inch,  then  ^  =  3  -|-  5'83  ;    so   that  the 

piincipal  stresses  are  8*83  tons  per  square  inch  in  tension  and 
2-83  tons  per  square  inch  in  compression  at  right  angles  to  one 
another. 

Exerciae. — Wrought  iron  is  not  to  receive  a  greater  tensile  or 
compressive  stress  than  5  tons  per  square  inch.  "[Diere  is  already  a 
tensile  stress  of  4  tons  per  square  inch  across  an  interfatce.  What 
shear  stress  may  also  cross  that  interface  ? 

Ans.,  p  =  i  and  y  =  5  =  2  +  \/4  -f-  /2  from  (3),  and  hence 
/=  2*24  tons  per  square  inch. 

Exercise. — A  round  shaft  is  in  torsion,  and  the  shear  stress 
produced  across  the  section  near  the  circumference  is  8,000  lbs.  per 
square  inch.  At  the  same  section  the  shaft  is  subjected  to  bending, 
and  a  compressive  stress  of  6,000  lbs.  per  square  inch  is  produced 
across  the  same  interface.  What  is  the  greatest  compressive  stress 
in  the  material  there  ? 

Am.,  q  =  3,000  +  ^9  x  10«^  64  x  10«  =  11,644  lbs.  per 
square  inch. 

Exercise.— It  p  and  /  are  equal,  find  them  that  q  may  be  just 
6  tons  per  square  inch. 

Ans.^  Each  of  them  is  3*71  tons  per  square  inch. 
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299.  Wc  see,  then,  that  a  hollow  round  shaft  subjected  to  the 
twisting  moment  t  and  the  bending  moment  m  is  really  subjected, 
at  points  near  the  circmnference,  to  the  maximum  comprt^ssive  or 

tensile  stress  q  where  q=^  hu  -{■  V  t^  u^  -\-  b'^  t'^  (see  (2)  and  (3)  of 
Art.  297),  or 


and  in  solid  shafts 


_        16  D        i 


rf*) 


-f    V  U^  +T 


]    ....  (4), 


^^^iri^i**-^   ^/M^  +  T«}    ....(5). 


and    least    compressive    or    tensile    stress 
solid    shaft  when    it  is  subjected    to 


Hence     the    greatest 

existing  in  a   hollow   or 

T  and  M   is  exactly  the  same  as  the 

greatest    shearing    stress    in    a   shaft 

subjected  only  to  a  twisting  moment 

M-f    a/i?T~t2 (6). 

300.  An  overhung  crank  shaft  (Fig. 
190)  is  subjected  to  a  wrench.  If  the 
greatest  force  exerted  at  the  pin  a,  at 
right  angles  to  the  crank,  is  f,  the  twist- 
ing moment  is  f  .  a  c,  and  we  may  take 
the  bending  moment  as  f  .  b  c  if  u  is  the 
middleof  the  journal.  Hence  the  wrench 
is  equivalent  to  a  twisting  moment 

F  (b  C  +  >/  B  c2  -I-  A  c^),  or  F  .  (b  c  4-  A  b), 
a  rule  which  is  perhaps  a  little  un- 
expected. 

301.  Ordinary  shafts  are  of  wrought  iron  or  mild  steel,  materials 
such  that  their  resistances  to  compression,  tension,  and  shearing 
are  not  very  different,  and  therefore  when  they  are  subjected  to  t 
and  M  we  at  once  calculate  (6),  and  say  that  the  strength  of  the 
shaft  is  the  same  as  if  it  were  subjected  to  this  twisting  moment 
only.  The  practical  rule  (Art.  294)  is  worked  on  the  idea  of  a  twisting 
moment  only,  or  d  <x  %/  t.  If  there  is  also  a  bending  moment  m, 
which  is  of  the  value  k  t,  then  the  rule  becomes  evidently 


e?  =  3-3  y  M  4-  v'  m2  +  t2,  rf  =  3-3  V  t  \/ >t  -f  ^/  A;^  +  1. 

The  extreme  values  of  k  for  many  kinds  of  shafting  have  been 
worked  out,  and  the  consequent  change  in  the  multiplier  of  (1),  by 
means  of  shrewd  guessing  and  calculation ;  but  to  my  mind  it  is  a 
better  recommendation  of  the  rules  given  at  the  end  of  Art.  294 
that  they  are  consistent  with  theory  and  with  the  best  practice  of 
engineers. 

I  have  ffiven  here  the  usual  theory  of  shafts  subjected  to 
twisting  and  bending ;  it  assumes  that  the  strength  is  determined 
hy  the  maximum  stress.  A  true  theory  would  take  account  of  the 
considerations  of  Art.  294a. 

If  a  tensile  stress  p  and  a  shearing  stress  /  act  on  \i\i<&  ^<msv& 
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Interfucc,  and  if  ;r'  and  jfl  axe  tho  principal  Btroescs,  we  see  ftom 

(3)  of  Art.  ass  that 

i\  =  hl'+  %/iPl+X'' 

Pt  =hP  ~  '/iif  +  /■'■ 

The  theory  of  Arts,  wa  and  292  telln  ua  that  trai-ture  will  take 

place  i(  w'jij  —  »'^)j  >  fg,  where  nO,  n',  and/,  are  constants  wbidl 

ought  to  he  known  for  the  material.     If  ^  is  a  compresslye  stnas, 

we  have  fracture  if  jh/J)  —  np^  >  f^. 

Tho  probable  values  of  m,  n,  w',  n'  for  cast  iron  are  nven  in 
Art.  292,  For  wrought  iron  and  mild  steel  it  is  possible  that  p  <A 
Art.  29*2  ia  0,  and  hence  m  =  J,  n  =  J.  jsi  =  J,  n"  =  J.  Hence 
we  have  fracture  either  on  the  compressive  or  tensile  side  of  A 
shaft — that  is,  whether  ji  is  compressive  or  tensile  etrees— if 
v''i/'^  +  f^>fi-  Hence,  if  a  shaft  is  Bubj©cl«d  to  the  twisting 
moment  r  and  the  bending  moment  H,  wo  calculate  an  equivalent 
twisting  moment  \^'c^  +  h"  and  assume  that  the  shaft  is  subjected 
to  this  aloDo, 

For  materials  in  general  and  pribably  even  in  the  case  of 
wrought  iron  and  mild  stcil  the  equivalent  twisting  moment 
ought  to  be  caloniated  from 
A  u  +  i  v'r'  +  M*,  where 
h  and  ^are  constante.depend- 
ing  upon  the  nature  of  the 
material,  which  are  not 
knoH  n  at  the  present  time. 


303.  'ITicden   n 
mont .  but  its  results  mus 
oiranlar  in  seot  on. 
WHS  that  when  »    h      h 


nd       gree  with  expeti- 

h!         p         hafts  which  are 

h         n      e  warranted, 

ed      K,  and  when 


interface,  and  if  ji'  and  j^  are  tha  principal  straesee,  ne  see 
(3)  of  Art.  298  that 

The  theory  of  Arts,  '290  and  292  tells  as  that  fracture  will 
place  if  w'jij  —  »^^  > /,,  where  m',  n",  and/,  are  constants* 
ought  to  be  known  for  the  malerial.  If  ^  is  a  compreBsive  gl 
we  have  fracture  if  vip^  ~  b^j  >  yj. 

The  probable  values  of  m,  m,  iii\  n'  for  oast  iron  are  civi 
Art.  292,  For  wrought  iron  and  mitd  steel  it  is  possible  uiat 
Art.  292  ia  0,  and  hence  v,  =  ^,  n  =  i,  m' =  J,  n'  =  J.  B 
we  have  fracture  either  on  the  compressive  or  tensile  side 
shaft — that  ia,  whether  p  ia  compresaivo  or  tensile  stroe 
■v^^f'  +  f^>  ft-  Hence,  if  a  shaft  is  subjected  to  the  twi 
moment  t  and  the  bending  moment  h,  we  calculate  an  equir 
twisting  moment  v''''^  +  "-^  and  assume  that  Ibe  abaft  is  subji 
to  this  alone 

For  matonala  ui  general  and  probably  even  in  the  ca* 
wrought  iron  and  m3d  Bt«(l  the  equivalent  twisting  moi 
ought  to  be  cabiuat«d 


301  'ITie  demonali-atiun  of  Art.  296  ia  found  to  agree  with  ei 
inent ,  but  its  results  must  not  be  applied  except  lu  shafts  whic 
(drcnlar  in  Motion.  Our  aaaiunption,  which  experience  warra 
waa  (hat  when  such  a  shaft  an  ,i  h  (Fip.  191]  is  fixed  at  h,  and 
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to  on  tuiu,  C  D.  B  twiating  couple  U  apiiliril,  cvltv  nlnii)[hl  liiii' 
in  a  section  roin&ins  straight,  and  muvcH  thruiiKh  Ihi'  hhiih'  HiiKlr 
oa  every  other  line.  But  it  I'an  be  shon-n  thnt  Ihii  in  not  Ihr  i-iutc 
(or  a  ahaft  of  any  other  than  a  cireulnr  iiovtiuii.  lliiiit.  Ii'l  o  '  Vijc. 
192}  he  the  centra  of  gravity  of 


the  a 


1   let   I 


Huppow  that  a  shaft  of  thia 
section  ia  aabject«d  to  the  siirt 
of  stmin  I  hai'e  described.  Thi; 
ahtiir  Btnun  at  the  point  r  in 
in  the  direction  p  k,  perpen- 
dicular 


angle  of  twiat,  be  represented 
by  the  length  of  r  K.  It  Ik 
eaay  to  show  that  tbiit  in  juat 
the  same  aa  a  ahear  atmin  r  n 
in  the  direction  pn,  normal  to 
the  surface  ol  the  abaft  at  p, 
together  with  a  shear  atrain  in 
the  direction  FT,  tangential  to 
the  shaft  at  p.  But  ahear 
Htnin  in  any  direction  ia  nl- 
navB  accompanied  by  a  similar 
to  'tUia  diiDction  (ace  Art.  282),  so  thst 
^N,  ve  must  also  have  a  ahoar  imntllel 
r  the  anrface  nt 


if  the  l>ri 


Pig.  ins. 


■  CMUot  b«  prodnctd  maraiy  by 
K  twiitisg  momant.   We  must 

imagine  that  along  with  the 

Iwiating  momi'nt   theii-   ia  ii 

force  diatribntcd  ovit  the  mir- 

t  the  shaft  to   jiroiIiii-<' 

^  the  above  effeclH.    Thr  re-iill 

"iiviirtigHlioii  (All. 

313)  ia  that  n  twistinf;  coiiplf 

produces  d  greatur  twiat  thnn 

iniKhtapjH'ar  from  what  I  havi' 

aaid  in  Ail.  2!I5,  and  it  ulwi 

poducea  a  waiptng  of  the  naturally  plane  H<i'(i<inH  of  the  Hhafl. 

Thus  Fig.  193  ia  the  shape  aaaumed  by  each  stTticm  of  iiu  elliptic 

nhaft,  and  Pig.  194  of  a  square  shaft.     Imagitiea 

seelion  to  be  diEtinguiahuble,  aa}~,  in  a  glass  shiift 

by  a  thin  layer  of  a  different  colour  from  the 

reel.    Deeper  shading  iudicatea  greater  diatanii 

from  the  ohaerver  who  is  looking  towarda  thi 

fixed  end  of  the  ahaft.    liif  arrowa  show  thi 

direction  of  the  twisting  moment.     In  the  fol 

lowmg  three  secliona,  instead  of  the  tonjuc  for  ii 

twist  of  one  radian  being  equal  to  n  timeH  tht 

moment  of  inertia  of  the  croaa-acction,  it  is  oiil\ 

■8*  times  this  for  a  square  aoetion  jt'ig.  19.i),  5i 

"eclion  Fig.  196,  and  '6  times  it  for  the  section  h  i 
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the  square  section  has  only  '88  times  the  toreional  rigidity  of  a 
oylindric  shaft  of  the  same  sectional  area ;  Fig.  196  has  '67  times, 
and  Fig.  197  has  '73  times  the  torsional  rigidity  of  a  cylindric  shaft 
of  the  same  sectional  area. 

The  numbers  in  the  column  headed  w,  Table  XV. ,  express  the  rela- 
tive strengths  to  resist  twisting  of  the  various  sections  there  figured. 

The  torsional  rigidity  of  an  elliptic  section  whose  principal 
semi-diameters  are  a  and  b  is  nira^b^Ka^  -\-  b^).  If  m  is  the 
twisting  moment,  the  shear  stress  at  a  point  ar,  y  (the  axis  of  x 

being  a)  is  2  m  s/b^^^  +  a^t/^lva^b^.  This  is  greatest  at  the  end  of 
the  minor  axis,  being  2  yLJiral^. 

The  torsional  rigidity  of  a  rectangle,  if  its  length  is  two  or 
more  times  its  breadth,  is,  with  some  accuracy,  the  same  as  that 
of  the*  inscribed  ellipse  multiplied  by  the  ratio  of  their  polar 
moments  of  inertia.  The  greatest  shear  stress  occurs  at  the  middle 
of  the  longer  side  of  the  boundary,  and  is  3  m  (a^  4-  ^)/8  aH^,  if  m 
is  the  twisting  moment  and  a  is  half  the  longer,  b  half  the  shorter, 
side  of  the  rectangle. 

303.  A  very  interesting  result  of  the  investigation  is  that  there 
is  always  greatest  distortion  at  that  part  of  the  surface  of  a 
shaft  where  the  surface  is  nearest  the  axis.  Thus  in  an  elliptic 
shaft  the  substance  is  most  strained  at  the  ends  of  the  shorter 
diameter  of  the  section.  Imagine  a  very  light  box  to  be  made 
so  as  to  contain  frictionless  liquid  exactly  of  the  shape  of  a 
shaft.  If  we  give  a  sudden  turn  to  the  box  about  the  axis, 
the  liquid  will  be  left  behind  if  the  box  is  circular  in  sec- 
tion, but  it  will  have  motions  relatively  to  the  box  which  can 
very  readily  be  imagined  if  the  shaft  is  not  circular  in  section. 

Now  the  actual  velocity  of 
the  liquid  at  any  place  re- 
latively to  the  box  is  in 
the  same  direction  as,  and  is 
proportional  to,  the  shear  in 
a  similar  shaft  when  it  is 
twisted.  This  has  been 
proved  by  Lord  Kelvin.  You  will  see  from 
this  that  there  is  very  little  stmin  at  the  projecting  ribs  of  the  shaft, 
whose  section  is  shown  in  Fig.  196,  and  just  at  the  projecting 
angles  of  Figs.  195  and  197.  This  reminds  me  of  a  general  remark 
which  I  have  to  make,  and  which  I  must  leave  without  proof.  A 
solid   of  any  elastic  substance  cannot  experience  any  finite  stress 

or  strain  in  the  neighbourhood  of  a  project- 
ing point,  imless  acted  on  by  outside  forces 
just  at  the  point.  In  the  neighbourhood  of 
an  edge  it  may  have  strain  only  in  the  direc- 
tion of  the  edge,  and  generally  there  will  be 
exceedingly  great  strain  and  stresses  at  any 
re-entrant  edges  or  angles.  An  important 
application  of  the  last  part  of  the  statement 
is  the  well-known  practical  rule  that  every 
re-entering  edge  or  angle  ought  to  be  rounded 
to  prevent  risk   of  rupture  in   solid   pieces 


o 
Fig.  198. 


Fig.  200. 
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designed  to  bear  tftrett*.  An  illatftniti<j«i  *4  xh^  \^nndyi'■  \f  :b* 
stress  at  the  centre  of  the  cireolar  oatliiv-  in  tb»  thx^:«:  *^*i'€L^ 
of  shafts  (Figs.  198,  199.  and  200..  In  Fur.  1'^.  At  •>.  tlk.n  i* 
no  stress  when  the  nhaft  is  tmisted :  in  Yis:-  IVO  xY^  <rkm  mav  U- 
caktdated;  in  Yi^,  200  the  ictredf  ii»  t-xoK-vliniHy  srT^-a:  f-r  •-tvn  th»- 
smallest  twist  (see  Art.  302). 

EXERaSES. 

-  N.B. — A  most  Qsnal  error  of  stndenU  is  to  foci^  that  momeiiti  in 
pound-inches  are  not  numerically  the  Mme  as  in  pooi^.fet-t.  Beginn^n 
had  better  leave  the  exercises  involving  hendini^  m4^iai*^t  imtil  th^y  ha%v 
studied  bending. 

1.  A  shaft  1  inch  in  diameter  can  safely  transmit  a  toiqne  of  2.400 
pound-inches.  What  diametwof  shaft  would  bere<|nind  for  tranamittini^ 
Id  H.P.  at  200  revolutions  per  minute?  Am*.,  \{  inch. 

2.  Find  the  horse-power  which  may  be  transmitt^  by  a  shaft  I 
inches  in  diameter  when  running  at  150  revolatiom*  p^T  minute,  if  thf 
stress  dne  to  twisting  be  limited  to  9.000  lbs.  per  sqnan'  inr-h. 

Atu„  273. 

3.  A  line  of  steel  shafting  is  80  feet  long ;  if  a  twisting  moment  of 
4,000  pound-inches  be  applied  at  one  end,  what  will  lie  the  total  angle  of 
twist,  the  diameter  of  the  shaft  being  2|  inches?  What  horse-power 
will  this  transmit  at  220  rerolutioos  per  mmute ':    Ams.,  5  2' :  14  H.P. 

4.  A  solid  wrought-iron  shaft  is  to  be  replaced  by  a  hollow  ifteel  shaft 
of  the  same  diameter.  If  the  material  of  the  latter  is  30  per  c^nt. 
stronger  than  that  of  the  former,  what  must  be  the  ratio  of  internal  i** 
external  diameter  ?    What  is  the  percentage  m^ing  in  weight ': 

Am.,  1'44  ;  46  per  cent. 

5.  The  amount  of  twist  in  a  solid  shaft  iit  to  be  limited  to  1 '"  for  eac-h 
10  feet  of  length.  Find  the  diameter  for  a  twisting  moment  of  50  ton- 
inches,  the  modulus  of  torsional  rigidity  being  10,000,000  lbs.  per  sqiu.rc 
inch.  Am.  J  b-'r  inches. 

6.  A  wroiight-iron  shaft  is  subjected  simultaneously  to  a  bending 
looment  of  8,000  pound-inches,  and  to  a  twisting  moment  of  lo.OOO 
pound-inches.  Find  the  twisting  moment  equivalent  Ut  these  two  and 
the  least  safe  diameter  of  the  shait,  the  safe  shear  stress  Ix^ing  taken  at 
8,000  lbs.  per  square  inch.  J««.,  25,000  pound-inches:  2  52  inches. 

7.  Find  the  diameter  of  a  shaft  for  a  winding  drum  which  works 
Wider  the  following  conditions:  the  load  lifted  is  IJ  ton;  diameter  of 
drum,  5  feet ;  width  of  face  of  drum,  26  inches  ;  distance  from  inner  face 
of  drum  to  the  middle  of  the  bearing  of  shaft,  13  inches;  maximum 
stress,  7,000  lbs.  per  square  inch.  Am.y  5*44  inches. 

8.  A  wrought-iron  shaft  3  inches  in  diametiT,  and  making  140  revolu- 
tions per  minute,  is  supported  at  wall  brackets  16  feet  apart.  There  is  a 
pulley  on  the  shaft,  midway  between  the  bearings ;  if  the  resultant  side 
puUdue  to  the  weight  of  the  pulley  and  the  pull  of  the  belt  be  210  lbs., 
^hatis  the  greatest  horse-power  the  shaft  will  transmit  with  safety  :  Safe 
shear  stress,  7,800  lbs.  per  square  inch.  Am.,  60. 

.  9.  A  bar  of  iron  is  at  the  same  time  under  a  direct  tensile  stress  of 
■1,000  lbs.  per  square  inch,  and  to  a  shearing  stress  of  3,.)00  lbs.  per 
square  inch.  What  would  be  the  resultant  equivalent  tensile  stress  on 
the  material  ?  ^h/.v.,  6,801  lbs.  square  inch. 
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10.  Taking  the  Bate  teoaile  stress  of  wroughl-iron  to  be  10,000  Ibi. 
]H'r  Bqiiarc  inch,  determine  whether  it  would  be  safe  to  Bnbjoct  a  piece  at 
wrought -iron  to  a  tensile  alreaa  o(  3J  tana  imt  aquaro  inch,  together  witt 
a  shear  sti'esa  of  3  tons  |>er  tujuarc  inch. 

.Ini.  Unsafe;  max.  streas  ^  11,700  lbs.  square  inch. 

11.  A  vrought-iion  shaft  is  subjected  to  a  Iwistiag  moment  at  38,000 
pound-inches  nnil  ii  bending  moment  of  18,000  ]>ound-inrhcfl ;  find  tha 
dinineter  when  th<'  mHximiiiii  shenr  stress  is  8.000  Ihs.  per  square  indi. 
Vind  also  the  twisting  moment  which  alone  would  produce  a  die*r  Ktnm 
of  the  same  numericai  \iiliie. 

l:^.  A  screw  propeller-shafl  10  inchea  in  diameter  is  subjected  to  ■ 
twisting  moment  of  3.^  ton-feel,  and  to  a  bending  moment  of  10  ton-feat, 
due  to  the  woiRht  of  Ihe  shaft  and  the  pitching  of  the  ship.  What  ia  the 
maximum  compressii-e  stress  if  Ihe  thrust  of  the  screw  be  10  tons  f 

Ati:,  29  torn. 

13.  A  shaft  12  inches  diameler,  transmitting  n  twisting  mtMnoit  ol 
100  ton-feet,  is  also  subject  to  a  bending  moment  of  20  ton-feet.  Find 
the  maximum  stress  induced.  .Ifii..  43  Ions  per  square  imdi. 

U.  Find  the  diameter  of  a  wrought -iron  shaft  to  transmit  90  hinw- 
power  at  130  revolutions  pev  minute.  If  there  is  a  bending  momrait 
equal  to  the  twisting  moment,  what  ought  to  be  the  diameter  P 

Am.,  ■27  inchea. 

15.  A  steam-engine  crank  is  I'l  inches  long,  and  the  grentest  lam 
whieh  is  transmitted  through  the  connecting-rod  is  9,000  lbs.  Find  tha 
diameter  of  the  vrought-irun  ci-ank-shaft,  tahing  the  ante  shear  stteai  at 
9,000,  the  distance  of  the  centre  of  the  crank-pin  from  the  centre  of  the 
bearing  ni^nrest  it  Ix'ing  10  inches,  measariHl  horiEonlally. 

A«i.,  4-76  inchet. 

16.  A  round  shaft  3  inches  diameter,  find  the  sizes  of  equivalenl 
shafts  of  square,  elliptic  and  rectangular  sections  if  the  bteadth  aw 
thickness  of  each  of  these  latter  are  as  1  to  2.  If  theac  shafts  are  20  Iw 
lonft,  and  thev  are  transmitting  20  H.P.  al  lOO  rcrohitions,  vhat  is  th< 
total  twist  on  each  of  them,     k  =  10,.'.00,000. 

.^H>.,  Kectangle,  2-lfi  x  4-3  inches;  ellipse,  minor  axis,  2-3S  inchea 
square,  2'73  inches  side.  Twist  on  circular  shaft  =^  2'073°,  on  equari 
shaft,  1-78°;  elliptical  shaft,  lOii";  rectangular  shaft  93°. 
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It  is  for  this  reason  that  we  endeavour  to  make  the  period  of 
oscillation  of  a  ship  differ  greatly  from  the  probable  period  of 
waves  which  she  may  experience  (see  Art.  489). 

In  very  small  shafting  this  vibration  often  occurs,  and  it  is 
usual  to  add  vaguely  f  to  |  inch  to  the  diameters  found  by  the 
above  rule — a  sacrifice  to  the  Goddess  of  Chance. 

295.  Consider  a  little  prism,  p  b  (Fig.  188),  whose  ends  lie  in  two 
cross-sections  of  a  shaft  near  together,  o  being  the  centre  of  one  of 
the  sections,  and  o'  the  centre  of  the  other.  The  twisting  strain 
causes  b  to  move  to  b',  regarding  p  as  fixed.     (The  motion  is,  of 

course,  usually  veiy  much  less 

than   I  have   here   shown    it). 

0     There  must,  then,  be  shearing 

forces  acting  on  the   ends  in 

opposite  directions.     If  a  is  the 

angle  of.  twist  of  the  shaft  per 

inch  of  its  length,  then  b  o'  b'  is 

a  multiplied  by  o  o' ;  and  if  o  r 

or  o'  B  is  r,  then  b  b'  is  r  oo  o', 

where  a  is  an  angle   measured 

in  radians.    The  shear  strain  in 

the  little  prism  is  bb'  diride^ 

0      by  p  B  or  o  o',  so  that  it  is  rcc  : 

hence  the  shear  stress  is  x  r  c 

(see  Art.  282).     If  a  is  the  ares 

of  the  end  of  the  little  prism  ii: 

square  inches,  the  shear  for<34 

..^  acting  on  it  is  n  r  o  a,  and   sl 

this    acts    in   the   direction    a, 
^g*  188.  ri^t  angles  to  the  radius,  iti, 

moment  about  o  o'  is ,  n  r^  cc  a 
But  we  have  a  similar  moment  for  every  such  little  area  into  whicl 
the  cross-section  may  be  divided,  and  to  find  the  total  torque  we  m  visi 
take  the  sum  of  all  such  terms.  Now,  n  and  a  are  the  same  every- 
where, so  that  in  taking  such  a  sum  our  only  diflSculty  is  with  tin 
factors  r^a.  But  the  sum  of  all  such  terms  as  r^a  is  called  tli€ 
motnent  of  inertia  of  the  section  about  the  axis  o  o',  and  it  has  been 
calculated  for  us.  Thus,  if  d  is  the  diameter  of  a  round  shaft,  the 
moment  of  inertia  of  its  section  about  an  axis  through  its  centre 
at  right  angles  to  the  section  is  r  d*  -^  32,  and  for  a  hollow  sliaft 
whose  outside  diameter  is  d  and  inside  diameter  d,  the  moment  oi 
inertia  is  ir  (d*  —  d*)  -r  32  ;  and  hence  we  see  that  the  twisting 
moment  t  necessary  to  produce  a  twist  of  a  radians  per  inch  in  a 
round  shajt  of  diameter  d  is  t  ^zim  a  D*/d2  ....  (1),  and  for    a 

hollow  shaft  it  is  t  =  ir  n  a  (d*  -  d*)/Z2 (2).     The  torsional 

rigidity  of  a  shaft  is  defined  as  a  if  a  =  t/a.  The  values  of  a  'W^H 
be  found  in  Table  XV., 'Art.  5S2,  for  various  sections  of  shaft.  The 
verification  of  these  rules  is  an  excellent  laboratory  exercise. 

296.  The  strength  of  a  sliaft  is  to  be  calculated  on  the  assiunp- 
tion  that  rupture  occxure  wYvea  >i)aft  %\iS«.T  stress  n  r  a  mentioncn 


,.'-' 


APPLIED   MECHANICS.  353 

above  exceeds  the  greatest  shearing  Htress  to  which  the  mat<>nHl 
ought  to  be  subjected ;  and  as  the  stress  is  grcHt<»Ht  when  r  is  the 
outer  radius  of  the  shaft  or  |  d,  so  that  /=  J  x  d«,  and  as  fnmi 
equation  (1)  (Art.  295)  we  find  that  n  o  is  32  t  -t-  »  d*,  we  know 
that/=:  |i)  X  32t  -T-  »D*,  and  this  is  the  condition  of  wtrength 
of  a  cylindric  shaft.     It  is  more  comjiactly  put  in  the  form 

T  =  —^  for  solid  cylindric  shafts  ....  (1), 

and  in  the  same  way  we  get 

T  =  —  - -"^  for  hollow  cylindric  shafts  .  .  .  .  (2), 

loD  ' 

/  being  the  breaking  shear  stress  of  the  material  in  (lounds  \h}y 
square  inch,  t  the  twisting  moment  in  pound-inches  which  will 
cause  rupture,  d  the  outer  diameter,  and  d  the  inner  diameter  (if 
the  shaft  is  hoUow)  in  inches. 

We  see,  then,  that  the  strength  of  a  solid  shaft  depends  on  the 
cube  of  its  diameter,  whereas  its  stiffness  depends  on  the  fouith 
power  of  its  diameter. 

As  to  the  practical  rule  given  in  ( 1 )  (Art .  294) ,  wt*  saw  in  Art .  182 
that  torque  in  pound-/«0/,  multiplied  by  angular  velocity  in  radians 
per  minute,  divided  by  33,000,  is  the  horse-power.  As  we  use  t  in 
pound-inches,  t  =  12  x  33,000  x  H/2vn.  If  we  use  this  in  (1)  of 
this  article  and  take/=  9,000  lbs.  per  sqiuire  inch,  we  find  the  usual 
practical  rule  (1)  (,^.  294).  Talnng  /=  4,600  for  cast  iron  and 
13,500  for  steel,  we  find  the  rules  for  these  matenals  already  j?iven. 

297.  Shaft!  Subjeoied  to  Twisting  and  Bending. — It  is  most 
convenient  here  to  assume  that  a  student  has  read  the  larger  print 
in  the  next  chapter,  and  knows  that  if  u  roimd  shaft  of  diameter 
D  inches  is  subjected  to  a  bending  moment  m  pound-inches  there 
are  compressive  and  tensile  stresses  through  the  cross-section  at  the 
circumference  of  amount  j^  =  32M'jrD'  =  2aM,  say  ...  .  (1)  for 
a  solid  shaft,  and  32md/»(d*— <Z*)  =  2*m,  say  .*.  .  .  (2)  for  a 
hollow  shaft,  if  rf  is  the  internal  diameter.  We  have  just  found 
that  the  shear  stress  on  the  same  interface,  due  to  a  twisting 
moment  t,  is  /  =  a  t  and  6  t  ....  (3)  for  the  solid  and  hollow 
shafts.    The  other  stresses  across 

other  interfoces  at  the  point 
ought  now  to  be  studied,  but  it 
will  be  found  that  it  is  only 
necessary  to  determine  the  prin- 
cipal BtressM  there — ^thatis,  the 
greatest  and  least  tensile  or  com- 
pressive stresses  which  act  across 
any  interfaces. 

298.  In  Art.  292  we  had  a 
simple  case  of  the  general  rule 
for  stresses  given  in  Art.  290, 
and  this  is  another  case  nearly 
as  simple. 

Suppose  that  across  an  inter- 
face A  c  at  right  angles  to  the  Fi 
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paper  we  know  that  there  is  a  normal  stress  (either  tensile 
compressive)  p  lbs.  per  square  inch  and  a  shear  stress  //  that 
planes  parallel  to  the  paper  there  is  no  stress ;  that  on  the  pla 
at  right  angles  to  ac  and  the  paper  there  is  no  normal  stri 
Consider  the  equilibrium  of  the  prism  a  c  d,  and  find  the  tract 
on  A  D  of  ^  lbs.  jier  square  inch.  For  the  sake  of  ease  of  calculat 
we  will  assume  a  c  to  be  1  inch,  and  that  the  prism  is  1  inch 
right  angles  to  the  paper.  Now,  when  there  is  shear  stres 
across  a  c  there  is  also  an  (^qual  shear  stress /across  d  c  (Art.  21 
What  are  the  forces  with  which  stuff  outride  acts  on  the  pris 
The  resultants  of  the  forces  on  the  faces  are  : — On  a  c,  a  horizoi 
force  2f  and  a  vei-tical  force  /,  because  a  c  is  1  square  inch  in  ar 
on  D  c,  a  horizontal  force  /  x  area  of  n  c  or  /.  d  c  or  /.  cot 
as  A  c  is  i  ;  on  a  d,  a  force  q  x  area  of  a  d  or  q  .  cosec.  ^,  and  \ 
iovQe  and  its  direction  are  what  we  desire  to  calculate.  Givei 
it  would  be  easy  to  calculate  q  and  its  direction  ;  but  our  probl 
is  even  simplei*.  It  is  this :  Find  on  what  plane  a  d  there  is  o: 
a  noimal  stress  q  with  no  tangential  component,  and  find 
ResoMng  forces  horizontally,  /  cot.  9  •{-  p  •=z  q  cosec.  B  x  sin, 
or  /  cot.  0+j'^  =  y....(l).  Resohing  forces  vertical 
f-=zq.  cosec.  9  ,  cos.  0,  or  f=zq.  cot.  0  ....  (2).  Hence, 
(2)  gives  us  coi.9=flq,  using  this  in  (1),  we  find  /2/^  +pz=q 

^2  ^pq—p  ;  so  that  q=^\V±   ^.^ip^~¥p (3). 

It  is  easy  to  find  9.    There  are  two  answei*s,  differing  b; 
right  angle.  A  stress  is  called  a  principal  stress  if  it  is  normal 
the  interface,  and  we  see  that  we  have  in  (3)  the  two  values  of 
principal  stress  due  to  a  combination  of  tensile  jf  and  shearj 
stress  /,  such  as  we  have  supposed.    The  principal  stresses 
across  interfaces  which  are  at  light  angles  to  one  another. 

Example. — At  an  interface  j;  =  6  tons  per  square  inch  i 
/  =  5  tons  per  square  inch,  then  ^  =  3  -|-  5*83 ;    so   that 

principal  stresses  are  8*83  tons  per  square  inch  in  tension  s 
2*83  tons  per  square  inch  in  compression  at  right  angles  to  < 
another. 

Exercise, — Wrought  iron  is  not  to  receive  a  greater  tensile 
compressive  stress  than  5  tons  per  square  inch.  Tliere  is  alread; 
tensile  stress  of  4  tons  per  square  inch  across  an  interfaice.  Wl 
shear  stress  may  also  cross  that  interface  ? 

Ans,^  p  :=  4  and  ^  =  5  =  2+  \/4  -f-  /2  from  (3),  and  hei 
f=  2*24  tons  per  square  inch. 

Exercise. — A  round  shaft  is  in  torsion,  and  the  shear  str 
produced  across  the  section  near  the  circumference  is  8,000  lbs.  ] 
square  inch.  At  the  same  section  the  shaft  is  subjected  to  bendii 
and  a  compressive  stress  of  6,000  lbs.  per  square  inch  is  prodai 
across  the  same  interface.  What  is  the  greatest  compressive  str 
in  the  material  there  ? 

Ans.,  q  =  3,000  +  V9  x  r6«  +  64  x  10«  =  11,644  lbs.  ] 
square  inch. 

Exercise.— It  p  and  /  are  equal,  find  them  that  q  may  be  j' 
6  tons  per  square  inch. 

An%.^  EacYi  oi  them  is  3*71  tons  per  square  inch. 
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299.  We  see,  then,  that  a  hollow  round  shaft  8ti1jj(K;t<'(l  to  the 
twigting  moment  t  and  the  landing  moment  m  in  really  subjected, 
at  points  near  the  circmnference,  to  the  maximum  compn'snivc  or 

tensile  stress  q  where  q  =  bu  -{■  \^  f^^u^  -\-  h'^T^  (hvv  (2)  and  (3)  of 
Art.  297),  or 


and  in  solid  shafts 


=  ,7n^^>)W+^--^^^M 


rf*) 


i^h 


^  ^  Jl*  i  **  "^  "^  *•'  "^  '''  }   •  •  •  •  ('')• 


and    least    compressive    or    tensile    stress 
solid    shaft   when    it    is   subjected    to 


Hence     the    greatest 

existing  in  a   hollow   or 

T  and  M   is  exactly  the  same  as  the 

greatest    shearing    stress    in    a   shaft 

subjected  only  to  a  twisting  moment 

M+   a/mMII^ (6). 

300.  An  overhung  crank  shaft  (Fig. 
190)  is  subjected  to  a  ^Tcnch.  If  the 
greatest  force  exerted  at  the  pin  a,  at 
right  angles  to  the  ci-ank,  is  f,  the  twist- 
ing moment  is  f  .  a  c,  and  we  may  take 
the  bending  moment  as  f  .  b  c  if  b  is  the 
middle  of  the  j  oumal.  Hence  the  wrench 
is  equivalent  to  a  twisting  moment 

F  (b  c  4-  >/  B  0*  +  A  c^),  or  F  .  (b  c  4-  A  b), 
a  rule  which  is  perhaps  a  little  un- 
expected. 

301.  Ordinary  shafts  are  of  wrought  iron  or  mild  steel,  materials 
such  that  their  resistances  to  compression,  tension,  and  shearing 
are  not  very  different,  and  therefore  when  they  are  subjected  to  t 
and  M  we  at  once  calculate  (6),  and  say  that  the  strength  of  the 
shaft  is  the  same  as  if  it  were  subjected  to  this  twisting  moment 
only.  The  practical  rule  (Art.  294)  is  worked  on  the  idea  of  a  twisting 

moment  only,  or  d  (x  %/  t.     If  there  is  also  a  bending  moment  m, 
which  is  of  the  value  k  t,  then  the  rule  becomes  oadently 


e^  =  3-3  y  M  4-  v'  M*-*  +  t2,  <^  =  3-3  V  T  \/>t  +  ^/  Ar2  +  1. 

The  extreme  values  of  k  for  many  kinds  of  shaftinij^  have  been 
worked  out,  and  the  consequent  change  in  the  multiplier  of  (1),  by 
means  of  shrewd  guessing  and  calculation ;  but  to  my  mind  it  is  h 
better  reconmiendation  of  the  rules  given  at  the  end  of  Art.  294 
that  they  are  consistent  with  theory  and  with  the  best  practice  of 
engineers. 

I  have  given  here  the  usual  theory  of  shafts  subjected  to 
twisting  and  bending ;  it  assumes  that  the  strength  is  determined 
by  the  maximum  stress.  A  true  theory  would  take  account  of  the 
considerations  of  Art.  294a. 

If  a  tensile  stress  jt>  and  a  shearing  stress  /  act  on  VXi'^  «»asv& 
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inleriaoe,  anii  li  /»'  and  ji^  are  tho  principal  atresaeB,  we  see  (rom 
(3)  of  Art.  298  that 

P,  =  hP+  ^jy'  +  f, 
I'l  =  il'  -  •/\P''  +  P- 

The  theory  of  Arts.  290  and  292  tolls  ub  that  fracture  will  lake 
pltico  if  w'^ii  —  u'pi  >/j,  where  «i^,  n',  and/,  are  caiutanta  which 
ought  to  be  known  for  tho  material.  If  ji  ie  a  compreBsive  Btnws, 
wa  have  fracture  if  mp^  —  ap^  >  f^. 

Tho  probable  values  of  »«,  b,  w',  n'  for  cast  iron  are  given  in 
Art.  292.  For  wrought  iron  and  mild  steel  it  ia  possible  Mat  ^  of 
Art.  29'1  is  0,  and  hence  i«  :=^  J,  b  =:  J,  w'  =  J,  n'  =  J.  Hence 
we  have  fracture  either  on  the  compressive  or  tensile  side  of  a 
shaft— that  is,  whether  p  is  compressive  or  tensile  streBs— if 
•/\p''  +/">  fs-  Hence,  if  a  shaft  is  subjected  to  the  twisting 
moment  t  and  the  bending  moment  u,  we  calculate  an  equivalent 
twisting  moment  •/■^  +  a'',  and  assume  that  the  shaft  ia  subjected 
to  this  alono. 

For  materials  in  general,  and  probably  even  in  the  case  of 
wrought  iron  and  mild  steel,  the   equivalent  twisting  moment 
ought  to  be  calculated  from 


h  and  iare  coi)Btants,depend- 
ing  upon  the  nature  of  the 
material,  which  are  not 
known  at  the  present  time. 


FiB.  IW. 

302.  'ITtu  demonstration  of  Art.  296  is  found  to  agree  with  experi- 
ment ,  but  its  results  must  not  lie  applied  except  to  shafts  whie h  src 
circular  in  lecUon.  Our  assumption,  which  experience  warranted. 
WHS  that  when  such  a  shaft  as  .1  B  (Fig.  191]  is  fixed  at  b,  and  when 
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to  tw  arm,  cd,  a  twiating  couple  in  applied,  ovory  H(r 
in  a  section  remaina  utmigbt,  and  moven  ihrvuiiit  I'hc  r 
aa  every  other  line.  But  it  nui  be  Bhonn  thnt  Ihix  in  ii< 
for  &  shaft  of  any  other  than  a  ciruulnr  w-ctiuii.  IIiiih. 
192)  be  the  centre  of  gntvity  of 
the  section  p  Q »,  and  lei  an  >r 
Biippoee  that  a  shaft  of  this 
SKcnon  is  subjected  to  the  sort 
ofstiain  I  haveileecribed.  Thu 
shear  strain  at  the  point  p  in 
in  the  direction  r  K,  perpen- 
dicular to  o  r.  Let  its  amount, 
which  we  know  to  be  o  P  x 
angle  of  twist,  be  represented 
by  the  length  of  ph.  It  is 
easy  to  show  that  this  is  just 
the  same  as  a  shear  strain  y  n 
in  the  direction  f  n,  normal  lo 
the  surface  of  the  shaft  at  P, 
together  with  a  shear  strain  in 
the  direction  ft,  tangential  to 
the  shaft  at  p.  But  sheav 
strain  in  any  direction  is  al- 
ways accompanied  by  a  similar  strain  in  h  plaiif  iit  right  aiigl.'s 
to  this  direction  (see  Art.  282),  so  that  9in<f  «.■  have  thr  Khiiir 
FN,  we  must  also  have  a  ahcar  [-arallct  to  thi'  axis  uf  thi'  ininin 
dong  the  surface  at  r,  and  this  cumot  b«  produced  marely  by 
a  twiating  momuiL  Wcuiiiat 
imagino  that  along  with  the 
twisting  moment  there  is  a 
force  distributed  ovei-  the  »iu-- 
face  of  the  shaft  to  ]>rudiui' 
the  above  effects.  Thir  reault 
of  an  exact  investigation  (Ail. 
313)  is  that  a  twisting  couple 
products  a  greater  twist  than 
'■■  might  appear  from  what  1  havi' 
said  in  Art.  29<'i,  and  it  alnu 

,— „  --    ...turaUy  plane  sections  of  Iho  shaft. 

Thus  Fig.  193  is  the  shape  assumed  by  e   '         ■■        ■         ■■■  ■■ 


by  a  thin  layer  of  a  different  colour  from  the 
test.  Deeper  shading  Indicates  greatei'  distanci 
bom  the  obserrer  who  is  looking  towards  tht 
filed  end  of  the  shaft.  Thf  arrows  show  the 
direction  of  the  twisting  moment.  In  the  fol 
lowing  three  sections,  instead  of  the  torqiio  foi'  a 
twist  of  one  radian  being  equal  to  k  times  tht 
moment  of  inertia,  of  the  cross- section,  it  is  onU 
■84  times  this  lor  a  square  section  (Fifr-  IB''),"  6-* 
section  Fig.  196,  and  -6  tinioH  it  for  the  section  Fi| 
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the  square  section  has  only  '88  times  the  torsional  ligidity  of  a 
f'vlindric  shaft  of  the  same  sectional  area ;  Fig.  196  has  -67  times, 
and  Fig.  197  has  '73  times  the  torsional  ngidity  of  a  cylindric  shaft 
of  the  same  sectional  area. 

The  numbers  in  the  column  headed  w ,  Table  XV. ,  expi-ess  the  rela- 
tive strengths  to  resist  twisting  of  the  yarious  sections  there  figured. 

The  torsional  rigidity  of  an  elliptic  section  whose  principal 
semi-diameters  are  a  and  b  is  j<ira^6^/{a^  -f  6^).  If  m  is  the 
twisting  moment,  the  shear  stress  at  a  point  x,  y  (the  axis  of  x 

being  a)  is  2  m  <yiAx^  +  a^t/^lira^h^.  This  is  greatest  at  the  end  of 
the  minor  axis,  being  2  tulvalr^. 

The  torsional  rigidity  of  a  rectangle,  if  its  length  is  two  or 
more  times  its  breadth,  is,  with  some  accuracy,  the  same  as  that 
of  the"  inscribed  ellipse  multiplied  by  the  ratio  of  their  polar 
moments  of  inertia.  The  greatest  shear  stress  occurs  at  the  middle 
of  the  longer  side  of  the  boundary,  and  is  3  m  (a^  +  ^)/8  aH^y  if  m 
is  the  twisting  moment  and  a  is  half  the  longer,  b  half  the  shorter, 
side  of  the  rectangle. 

303.  A  very  interesting  result  of  the  investigation  is  that  there 
is  always  greatest  distortion  at  that  part  of  the  surface  of  a 
shaft  where  the  surface  is  nearest  the  axis.  Thus  in  an  elliptic 
shaft  the  substance  is  most  strained  at  the  ends  of  the  shorter 
diameter  of  the  section.  Imagine  a  very  light  box  to  be  made 
so  as  to  contain  frictionlese  liquid  exactly  of  the  shape  of  a 
shaft.  If  we  give  a  sudden  turn  to  the  box  about  the  axis, 
the  liquid  will  be  left  behind  if  the  box  is  circular  in  sec- 
tion, but  it  will  have  motions  relatively  to  the  box  which  can 
very  readily  be  imagined  if  the  shaft  is  not  circular  in  section. 

Now  the  actual  velocity  of 
the  liquid  at  any  place  re- 
latively to  the  box  is  in 
the  same  direction  as,  and  is 
proportional  to,  the  shear  in 
a  similar  shaft  when  it  is 
twisted.  This  has  been 
proved  by  Lord  Kelvin.  You  will  see  from 
this  that  there  is  very  little  strain  at  the  projecting  ribs  of  the  shaft, 
whose  section  is  shown  in  Fig.  196,  and  just  at  the  projecting 
angles  of  Figs.  195  and  197.  This  reminds  me  of  a  general  remark 
which  I  have  to  make,  and  which  I  must  leave  without  proof.  A 
solid   of  any  elastic  substance  cannot  experience  any  finite  stress 

or  strain  in  the  neighbourhood  of  a  project- 
ing point,  unless  acted  on  by  outside  forces 
just  at  the  point.  In  the  neighbourhood  of 
an  edge  it  may  have  strain  only  in  the  direc- 
tion of  the  edge,  and  generally  there  will  be 
exceedingly  great  strain  and  stresses  at  any 
re-entiunt  edges  or  angles.  An  important 
application  of  the  last  part  of  the  statement 
is  the  well-known  practical  rule  that  ever>' 
re-entering  edge  or  angle  ought  to  be  rounded 
to  prevent  risk  of  rupture  in  solid   pieces 


o 
Fig.  198. 


Fig.  200. 
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designed  to  bear  stxeiiH.  An  illiutration  of  the  principU'  is  the 
stress  at  the  centre  of  the  circular  outline  in  the  thi-ee  HcctionH 
of  shafts  (Figs.  198,  199,  and  200).  In  Fig.  198,  at  o,  there  is 
no  stress  when  the  shaft  is  twisted;  in  Fig.  199  tht;  stress  inay  he 
calculated ;  in  Fig.  200  the  sti-ess  is  exceedingly  gi-eat  for  ev»»n  the 
smallest  twist  (see  Art.  302). 

EXERCISES. 

N.B. — ^A  nuMit  nsnal  error  of  students  is  to  forget  that  moments  in 
pound-inches  are  not  numerically  the  same  as  in  pound-feet.  Beginners 
had  better  leave  the  exercises  invoh-ing  bending  moment  until  they  have 
studied  bending. 

1.  A  shaft  1  inch  in  diameter  can  safely  transmit  a  torque  of  2,400 
pound-indies.  What  diameter  of  shaft  would  be  required  for  transmitting 
15  H.P.  at  200  revolutions  per  minute?  -/w*.,  \\  inch. 

2.  Find  the  horse-power  which  may  be  transmitted  by  a  shaft  4 
inches  in  diameter  when  running  at  150  revolutions  per  minute,  if  the 
stress  due  to  twisting  be  limited  to  9,000  lbs.  per  sc^uare  inch. 

Ans.,  273. 

3.  A  line  of  steel  shafting  is  80  feet  long ;  if  a  twisting  moment  of 
4,000  pound-inches  be  applied  at  one  end,  wliat  will  be  the  total  angle  of 
twist,  the  diameter  of  the  shaft  being  2J  inches?  What  horse-power 
will  this  transmit  at  220  revolutions  per  minute  'r    An$.,  5  -2"* ;  14  H.P. 

4.  A  solid  wrought-iron  shaft  is  to  be  replaced  by  a  hollow  steel  shaft 
of  the  same  diameter.  If  the  material  of  the  latter  is  30  i)er  cent, 
stronger  than  that  of  the  former,  what  must  be  the  ratio  of  internal  to 
external  diameter  ?    What  is  the  percentage  saving  in  weight  h 

Ans.f  1-44  ;  46  per  cent. 

5.  The  amount  of  twist  in  a  solid  shaft  is  to  be  limited  to  1°  for  each 
10  feet  of  length.  Find  the  diameter  for  a  twisting  moment  of  50  tun^ 
inches,  the  modulus  of  torsional  rigidity  being  10,000,000  lbs.  per  squr.rc* 
inch.  Ans.^  5*2'*  inches. 

6.  A  wrought-iron  shaft  is  subjected  simultaneously  to  a  l^endiiig 
moment  of  8,000  pound-inches,  and  to  a  twisting  moment  of  lo,000 
pound-inches.  Find  the  twisting  moment  equivalent  to  these  two  and 
the  least  safe  diameter  of  the  shaft,  the  safe  shear  stress  being  taken  at 
8,000  lbs.  per  square  inch.  Ans.,  25,000  pound-inches;  2-52  inches. 

7.  Find  the  diameter  of  a  shaft  for  a  winding  drum  which  works 
under  the  following  conditions :  the  load  lifted  is  IJ  ton ;  diameter  of 
drum,  5  feet ;  width  of  face  of  drum,  26  inches  ;  distance  from  inner  face 
of  drum  to  the  middle  of  the  bearing  of  shaft,  13  inches;  maximum 
stress,  7,000  lbs.  per  square  inch.  Ans.^  o'44  inches. 

8.  A  wrought-iron  shaft  3  inches  in  diameter,  and  making  140  revolu- 
tions per  minute,  is  supported  at  wall  brackets  16  feet  apart.  There  is  a 
pulley  on  the  shaft,  midway  between  the  bearings;  if  the  resultant  side 
pidl  due  to  the  weight  of  the  pulley  and  the  i)ull  of  the  belt  be  210  lbs., 
what  is  the  greatest  horse-power  the  shaft  will  transmit  with  safety !'  Safe 
shear  stress,  7,800  lbs.  per  square  inch.  Aua.^  66. 

9.  A  bar  of  iron  is  at  the  same  time  under  a  direct  tensile  stress  of 
5,000  lbs.  per  square  inch,  and  to  a  shearing  stress  of  3,500  lbs.  per 
square  inch.  What  would  be  the  resultant  equivalent  tensile  stress  on 
the  material?  Aus.^  6,801  lbs.  square  inch. 
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10.  Taking  the  safe  tensile  stress  of  wrought-iron  to  be  10,000  lbs. 
per  square  inch,  determine  whether  it  would  be  safe  to  subject  a  piece  of 
"^Tought-ii-on  to  a  tensile  stress  of  3J  tons  per  square  inch,  together  with 
a  shear  sti-ess  of  3  tons  per  square  inch. 

Ana,  Unsafe;  max.  stress  =  11,700  lbs.  square  inch. 

11.  A  wrought-iron  shaft  is  subjected  to  a  twisting  moment  of  36,000 
pound-inches  and  a  bending  moment  of  18,000  pound-inches ;  find  the 
diameter  when  the  maximum  shear  stress  is  8,000  lbs.  per  square  inch. 
Find  also  the  twisting  moment  which  alone  would  produce  a  shear  stress 
of  the  same  numerical  value. 

12.  A  screw  propeller-shaft  10  inches  in  diameter  is  subjected  to  a 
twisting  moment  of  35  ton-feet,  and  to  a  bending  moment  of  10  ton-feet, 
due  to  the  weight  of  the  shaft  and  the  pitching  of  the  ship.  What  is  the 
maximum  compressive  stress  if  the  thrust  of  the  screw  be  10  tons  ? 

Ant.,  2*9  tons. 

13.  A  shaft  12  inches  diameter,  transmitting  a  twisting  moment  of 
100  ton-feet,  is  also  subject  to  a  bending  moment  of  20  ton-feet.  Find 
the  maximum  stress  induced.  Ans,^  4*3  tons  per  square  inch. 

14.  Find  the  diameter  of  a  wrought-iron  shaft  to  transmit  90  horse- 
power at  130  revolutions  per  minute.  If  there  is  a  bending  moment 
equal  to  the  twisting  moment,  what  ought  to  be  the  diameter  ? 

Ans.,  *27  inches. 

15.  A  steam-engine  crank  is  12  inches  long,  and  the  greatest  force 
which  is  transmitted  through  the  connecting-rod  is  9,000  lbs.  Find  the 
diameter  of  the  wrought-iron  ci'ank-shaft,  taking  the  safe  shear  stress  at 
9,000,  the  distance  of  the  centre  of  the  crank-pin  from  the  centre  of  the 
bearing  nearest  it  being  10  inches,  measured  horizontally. 

Ana.t  4*76  inches. 

16.  A  round  shaft  3  inches  diameter,  find  the  sizes  of  equivalent 
shafts  of  square,  elliptic  and  rectangular  sections  if  the  breadth  and 
thickness  of  each  of  these  latter  are  as  1  to  2.  If  these  shafts  are  20  feet 
long,  and  they  are  transmitting  20  H.P.  at  100  revolutions,  what  is  the 
total  twist  on  each  of  them,     n  =  10,500,000. 

Am.y  Rectangle,  2*16  x  4*3  inches;  ellipse,  minor  axis,  2*38  inches; 
square,  2*73  inches  side.  Twist  on  circular  shaft  =  2*073%  on  square 
shaft,  1-78*';  elliptical  shaft,  1*05°;  rectangular  shaft -93°. 
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CHAPTER    XV. 

MORE   DIFFICULT   THEORY. 

304.  Mathematicianh  endeavour  to  help  engineer  (iiuliidiiig 
in  this  term  all  men  who  apply  the  principles  of  natural  science)  by 
investigations  concerning  id^  elastic  material  shapiHl  like  actual 
beams  and  shafts.  The  mathematical  analysis  is  exact  and 
difficult,  and  only  a  few  problems  have  yet  been  solved,  and  it  is 
only  by  leaving  out  terms  that  seem  insi^iticant  that  we  are  abh* 
to  apply  the  results  to  actual  problems.  The  engineer  recognises 
from  the  beginning  that  his  problems  are  too  comj>licate<l  for  any 
exact  mathematical  investigation.  He  therefore  leaves  out  his 
apparently  insignificant  tei-ms  rather  at  the  bepfinninp:  than  the 
end ;  but  indeed  he  leaves  them  out  in  any  part  of  his  investiga- 
tion if  they  are  likely  to  give  trouble,  for  he  recogiiis<»s  from  the 
beginning  that  his  theory  is  only  to  guide  him,  and  that  the  final 
appeal  must  be  to  experiment.  The  engineer  looks  ujion  the 
phenomena  involved  in  the  loading  of  the  tie-bar  as  simple  because 
experiment  is  easy ;  whereas  the  mathematician,  seeing  that  a 
lateral  contraction  accompanies  an  axial  elongation,  regards  it  as 
complicated. 

The  engineer  ought  to  study,  and  develop,  and  eonect,  by 
experimental  observations,  his  usual  method  of  invest igjit ion  as 
described  in  this  book,  but  he  ought  also  to  study  the  mathema- 
tician's treatment  of  the  subject,  and  l(*t  it  assist  him  as  he  lets 
experiment  assist  him.  The  following  very  short  sketch  needs 
much  time  for  its  proper  comj)rehension ;  it  is  fiom  the  math(»- 
matician's  point  of  view.  Students  may  pui-sut^  the  subject  in  Mr. 
Love's  treatise  on  elasticity,  or  Thomson  and  Tait's  treatise  on 
natural  philosophy. 

305.  The  consideration  of  homogeneous  strain  in  general  (wh(>n 
any  portion  of  stuff  in  the  shape  of  a  sphere  is  changed  into  what  is 
eaUed  the  strain  ellipsoid,  any  three  co-orthogonal  diametei-s  of  the 
sphere  becoming  conjugate  diameters  of  the  ellipsoid,  planes 
parallel  to  one  another  remain  parallel ;  all  jwirallel  lines  get  the 
same  fractional  changes  in  length)  is  not  so  difficult  as  it  is 
tedious.    Unfortunately  the  authors  of 

books  insist  on  its  being  studied.  For 
our  purposes  we  have  only  to  deal  with 
infinitesimal  strains,  and  this  is  easy. 
Suppose  that  a  point  a;,  y,  z  is  dis- 
placed to  x  +  u^y-^-v,  z-\-w  where 
«,  v,  w  are  very  small,  then 

du   J.       dv  dw  ,,, 

are  the  tensile  strains  of  the  stufE  in 

directions  parallel  to  a?,  y,  z.    In  Fig.     o 

201  let  the  axis  of  of  be  at  right  angles  V\%.  ^(A.. 
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to  the  plane  of  the  ^Miper.  I^et  the  tmees  of  two  planes,  c  b  and  c  a, 
X)arallel  to  o  y  and  o  z,  and  i>erpcndicular  to  the  paper, become  changed 
to  c'  b',  c'  a'.  The  angle  by  which  a'  c'  b'  is  lens  than  the  original 
right  angle  is  evidently  a  shear  strain.  I  shall  caU  the  amount  of 
it  a  ;  and  as  it  is  a  shear  of  planes  normal  to  y,  parallel  to  z,  or  a 
shear  of  planes  normal  to  z,  parallel  to  y,  there  is  no  great  harm  in 
calling  it  a  shear  about  the  axis  of  x.  Now  the  angle  turned 
through  by  c  A,  clockwise,  is  really  the  horizontal  motion  of  a  minus 
the  horizontal  motion  oif  c,  divided  by  ac,  since  the  angle  is 
very  small.  But  this  is  dvjdz.  Let  the  student  be  quite 
sure   of   this   fact.      Similarly  the  angle,   anti-clockwise,  turned 

through    by    cb,    is    dwjdy,   and  hence   «  =  -       4-    _    ....  (2). 

Similarly  if  b  and  c  are  to  y  and  z  what  a  is  to  jr,  then 
,        du   ,   dw  dv   .   du 

A  student  may  keep  these  in  mind  by  means  of  the  nmemoiiic 

a     b     c  \ 

X    y     2  I  ...  .  (2). 

Notice  that  the  average  rotation  of  c  a  and  c  b,  clockwise,  in  Fig. 
201,  is  half  the  algebraic  sum  of  the  angles  turned  through  by  c  a 
and  c  B,  or,  calling  the  average  rotations  of  the  material  uij  alx)ut 
the  axis  of  x,  w.^  about  the  axis  of  y,  a^  about  the  axis  of  z, 

(dw      dv\    ,   _i(du      dw\    ^  _.(dv       du\  .^^ 

It  is  evident  that  when  wj  =  ui-j  =  wg  =  0,  or  thei*e  is  «o  rotation, 
it  means  that  the  strain  is  pure,  or  that  the  three  principal 
diameters  of  the  strain  ellipsoid,  called  the  principal  axes  of  strain, 
remain  parallel  to  their  original  directions. 

Shear  strain  involves  no  change  of  volume ;  and  if  the  edges 
parallel  to  x,  y,  z  of  the  unit  cube  become  I  ■\-  e,  \  -f- /,  1  -|-  ^,  the 
volumetric  dilatation  or  strain  is  ^  -|-  /  +  ^,  since  these  are  small. 
Or  if  1)  is  used  for  this,  then 

du       dv       dw  ,  . 

The  conditions  cJ,  —  Wg  =  W3  =  0  are  evidently  the  conditions 
that  there  is  a  function  <p  (called  the  strain  potMitial),  such  that 

dip  d<f>  d<p         ,  ^v  A    •  XI-         . 

u  =  , -,  V  =  =-,  w  =  J    ;  and  w(;  see  that,  m  case  there  is  no 
dx  dy  dz 

cubical  dilatation,  (4)  becomes 

fP^      d2<t>       d^  _ 

dx^  ^  d^^  dz'2-^""  (•'^- 

At  any  point  o  of  a  body  let  there  be  three  planes  of  reference 
meeting  at  the  three  mutually  perpendicular  axes  of  a?,  of  y,  and  of  z. 
Let  tensile  stresB  be  called  poalUve.  Across  the  plane  of  yz  (usually 
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called  the  plane  x,  because  the  axlH  of  ;r  is  noraml  to  it)  l(>t  the 
stress  be  resolved  into  its  three  comi>onent8 — x  r,  parallol  to  o  x  ; 
Yxj  parallel  to  oy;  and  Za-,  parallel  to  or.  Across  the  planes  y 
and  z  let  the  component  stresses  be  xy,  \  y,  Zy,  and  xz,  Y-,  Z;. 
To  find  the  streM  components  k,  o,  u  in  the  three  directions  acroM 
any  plane  whose  direction  cosines  (or  the  direction  cosines  of  its 
normal)  are  /,  m,  m,  consider  the  equilibrium  of  the  tetrahedron 
formed  by  the  four  planes  under  the  action  of  the  tractions  acting 
from  material  outside  it.  The  area  of  the  sloping  face  being  a, 
the  areas  of  the  other  faces  are  /a,  m  a,  and  n  a.  The  resultant 
force  on  each  area  is  stress  multiplied  by  each  area.  We  have, 
then,  resolving  parallel  to  a?,  FA:=Xjr7A  +  xyiwA  +  XrWA 
and  two  other  equations.     Hence, 

F  =  / Xx  +  mxy  -\-  niLz 

K=  I  Zx  +  m  Zy  -\-  nzz. 

In  a  fluid  the  static  stress  is  always  normal  to  any  interface. 
Hence  f,  o,  and  h  are  in  this  case  the  components  of  a  normal  stress 
p  on  the  new  plane,  and  all  the  tangential  stresses  vanish.     Hence, 

F  =  /p  =  Zxx    or    p  =  Xx 

G=mP=Zf»Yy     or      r  ZZZ.Yy 

H=«p  =  nzar    or    T  ^  Zz; 

so  that  the  stress  is  the  same  across  any  interface  whatsoever. 

306.  Now  consider  in  the  general  case  the  equilibriimi  of  a  paral- 
lelepiped whose  comer  is  at  o  (Fig.  202),  the  co-ordinates  of  which 
are  x,  y,  Zj  and  let  the  co-ordinates 
of  the  opposite  comer  o'  be 
a?  +  8a?,  y  +  8y,  2  -f  8z,  and  let 
us  consider  the  equilibrium  of  all 
the  surface  tractions  acting  on  the 
faces  from  the  outside.  The  re- 
sultants of  the  normal  forces  meet 
in  the  centre,  and  as  there  are  no 
volumetric  forces,  they  are  in 
equilibrium.  They  are  not  shown 
in  Fig.  202. 

We  show  the  tangential  forces 
per  unit  area  with  which  outside 
stuff  acts  on  inside  on  three  of 
the  faces.  The  other  three  faces 
have  similar  forces,  the  arrows 
being  in  opposite  senses  to  these.* 
Hence  their  moments  are  jtMt  the 
same  as  the  moments  of  these 


Fig.  202. 


about   axes   through  the  centre. 

It  is  easy  to  take  into  account  the  fact  that  there  may  be  volumetric 
'(^foeg,  and  that  z  x  on  the  x  plane  through  o'  is  not  equal  to  z  a:  on  the  x 

P^e  through  o,  but  is  rather  ^x'\-Bx  —  Zx.    We  do  this  later,  and  it  is 

®*»y  to  see  that  these  extra  terms  vanish  in  the  present  problem. 
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Taking  momenta  of  the  figuied  forces  about  the  axis  through  o 
parallel  to  a*,  we  find 

'Ay  .  ix  .  Bz  .  A  5 /^  =  Y  J  5a?  .  5y  .  J  55 ;  so  that  Zy  ==  Ys. 

This  is  Canchy's  theorem.     We  call  each  of  them  s.     In  the  same 
way  we  have  the  other  two  i^elations  here  given : — 


7. 


y 


Yz  =  s;    z^  =  xa  =  t;    Xy 


Yx  =  U. 


We  also  give  the  names  p  to  Xy,  u  to  Yy,  r  to  z^. 

s,  T,  u  are  the  shear  stresses,  and  p,  q,  and  h  are  the  normal 
tensile  sti'esses  in  the  material.  Hence  our  equation  may  be 
written : — 

F  =  /  P  +  7HV  -{-  HT  \ 

o  =  Iv  +  mo.  +  na  \  ,  .  .  ,  (1). 

n==  It  -^  ma   -j-  « r  ) 

Exercise. — Across  what  intei-faces  at  a  point  are  the  streeses 
noimal  ?  That  is,  find  the  principal  BtreBses  and  their  directions. 
If  F,  G,  and  H  ai-e  the  components  of  a  force  b  normal  to  the 
plane  /  m  w,  then  « /  =  f,  «  w  =  o,  m  w  =  h  ;  and  if  we  sub- 
stitute these  in  (1),  remembering  that  l^  -\-  m^  +  n^  ■=.  \^  we 
can  find  /  m  n  and  b.  The  answer  tells  us  that  there  are  always 
three  directions  and  amounts  of  principal  sti-ess. 

In  oui'  most  general  state  of  stress,  Fig.  203  shows  the  surface 
tractions  acting  on  the  element  5a;  5y  ^zfrom  the  outside.     Imagine 

equal  and  opposite  forces  on  the 
other  three  faces. 

Now  let  us  consider  volumetric 
forces  and  the  rates  of  variation  of 
the  sti'ess.  On  the  faces  meeting  at 
o  we  have  pqrst  and  v.  But 
the  forces  on  the  other  faces  are,  a8 
regards  normal  forces, 

,  .       rfp         ,    ,      ^<i 

» +  **  •  di  • 

On  5y  .  9z  we  have  also  u  -f-  ^^  j~ 

d  T 
and  T  +  5a? .  ^  ;    on  5^  .  5a?  we 

have  u  +  8y  •  j-    and  s  -|-  5c  .  5-  ; 
ay  as 

Now  we  know 


Fig.  203. 


on  5a? 


5v  we  have  t  +  5^  3—  and  s  +  5«  . 


dz  "'"*  "  '  ""  '  rfz  * 
that  the  parts  of  these  forces  p  and  p,  h  and  s,  etc.,  balance  in- 
dependently ;  therefore  we  need  only  consider  the  extra  ones  as 
shown  in  Fig.  204. 

If  the   volumetiic  force  in   the  direction  of  increasing  a?  is 
/7 .  X  .  5a? .  5y  .  52,  then 
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We  have  similar  equations  for  the  other  directions,  and   the>e 
redace  to  the  following  equations  of  oquilibrium  : — 


P^  -^  jZ 

Note  that  we  have  assumed 
on  the  boundary' 
of  the  element  to 
balance,  in  prov- 
ing Cauchy's  the- 
orem, or  that  the 
bodily  f orcesha  ve 
no  moment.  They 
may  have  some 
moment  in  the 
matter  in  which 
magnetic 
stresses  act,  but 
in  ordinary  stress 
phenomena  we 
assume  the 
truth  of  Cauchy's 
theorem. 

If  the  mate- 
rial is  fluid,  so 


(2). 


the  moments  due  to  the  forces 


that 
=  0, 


8  =   T 


f    X    + 


=    0,  p  Y    + 


P^    -^      A 


=  V 

dv 

dx 
do. 

dm 
di 


=  0, 

=  0. 

Example,— Let  Fig.  204. 

px  be  called  tr, 

the  force  on  unit  volume,  say  the  weight  in  poundn  of  1  cubic  foot, 
then  p  is  pressure  in  pounds  per  square  foot  at  any  depth  in  a 
fluid  under  parallel  vertical  gravitational  force. 

If  there  is  motion  in  the  general  case,  wo  must  uso  x  —     -^ 
instead  of  x  merely,  where  u  is  the  displacement  in  the  diiectioii 
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of  increasing  x  of  the  mass  p  .  hx  hy  Zz  ;  and  hence  we  have  three 

,.       VI     dv.dv.di,  d^u  /„. 

equationH  bke  --   +   ,     -f    ,     H-  P  x  =  p  --....  (3). 

dx        dy        dz  dfi 

At  any  element  of  sui-face  of  a  body  (/  m  n  being  the  direction 
cosines  of  its  normal),  if  there  are  surface  tractions  with  com- 
jwnents  r  o  h,  the  condition  (1)  is  to  be  satisfied  at  the  surface. 

Now,  taking  the  luiit  cube,  and  letting  o  be  -  ,  the  reciprocal 

of  Young's  modulus,  and  letting  fi  be  the  lateral  contraction  in  a 
tie-bar  of  the  material,  when  a  is  the  axial  elongation ;  under  the 
action  of  p,  q,  and  r,  the  edges  become  lengthened  by  the  amounts 
c'y  fj  and  /7,  where  e  =  p  a  —  (q  -f  r)  /3,  or 

e  =z      Pa  -  Q/3  -  R/S  \ 

f=-pfi  +  da  -  iifil (4). 

^=  -P/S  -  Q/3  +  Ra) 

Sohdng  these  equations,  we  find,  wnting  d  for  e  +  f  -\-  y,  and 

recollecting  thi^  fact  that   a=        -]-==_,  /3  =  -     —  — , 

3x       9k       e  6n       9k 

tt  =  \  I)  -t-  2  n/  I  . ,  .  .  (o), 
r:=Ad  -f  2^y  ) 

where  \  stands  for  k  -  |  n  ;  k  being  the  modulus  of  elasticity  of 
bulk,  N  being  the  modulus  of  rigidity. 

lip  8,  T,  and  u  are  the  shear  sti-esses,  and  «,  b,  and  c  arc  the  shear 
strain^  (see  Ai*t.  305),  s  =  n  «,  t  =  y  b,  u  =  n  c  .  .  .  .  (5).     In 

that  Ai-t.  we  used^ ,  etc.,  instead  of  e,  etc.,  and  so  we  can  ^xite 

du  ' 

'  dx  I 

dv    '  /  ■■  \ 

u  =  \d  +  2xt-  j.....  (o), 

.    «     dw 
r  =  A.d-|-2n, 

az  ' 

where  d  stands  for  ,    -f    ,    +  i— ,  and  we  also  have 

dx       dy       dz 


V*t 


(dw       dv\        _      /du   ,    dw\        _      /dv    ,    du\     ,^, 
dy        dz/  \dz        dx/  \dx        dy/" 

dyr  =  T  .de  -\-  q  .  df  -^  K.dy  -\-  »  .  da  +  t  .  db  -{-  v  .  d^...{6) 

was  proved  by  Lord  Kelyin  to  be  a  complete  differential  in  two 
cases— first,  at  constant  temperature  ;   second,  when  the  changes  of 
strain  occur  so  quickly  that  no  heat  is  gained  or  lost  by  the  stuff. 
Using  (6),  we  find  that  <i  w  is  a  complete  differential  if 

2  w  =  (\  +  2/x)  (^  +  /  +  ^)2  4-  M  («2  4-  *2  +  ^2  -  4fy  -4ge 

-^ef) (7): 

^1.  A           dw     .                dw     .  ,_, 

so  that  r  —     ,    t  etc.,  u  —  -t— ,  etc (7). 
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Kircfaboff  pointed  out  that  w  cannot  be  nep:Htivc>.  When  w  Ih  0, 
the  whole  body  moves  as  a  rigid  body.  He  hIho  8howe(l  that  if  the 
six  strains  be  given  at  every  iK>int  in  a  bo<ly  it  is  neeessary  to 
impose  six  independent  conditions,  such  as  those  of  St.  Vcnant 
given  in  (7)  of  Art.  308.  Without  tht^^  there  may  be  "  rigid 
body  "  displacements  as  well  as  the  strains.  He  also  showtKl  that 
if  the  surface  displacements  or  surface  fon'cs  on  a  Ixxly  arc  given, 
there  is  only  one  solution  possible  (Keh-in  showt^  that  there  was 
also  an  unstable  solution).  Keh*in  had  shown  that  one  was  poHsible. 

St.  Venant  showed  that  in  calculating  the  strains  due  i<j  surface 
loads  it  is  only  in  the  neighbourhood  of  the  plat^c  that  the  actual 
distribution  of  the  surface  force  is  of  any  imi)ortan{'e.  This  is 
(Milled  the  principle  of  •qv^Mllttat  loads. 

Converting  the  sti-esses  in  (3)  into  strains,  wt-  havf 


!•>  »0  M 

with  two   other   tKiuations.      V"*   means  _}_  .       _l  . 


dx^ 


The 


sm-face  conditions  become  f  =  /  (\  d  -f  2  n  e)  -\-  m  x  r  -f  w  n  b,  with 
two  others.  Translating  this,  we  have  the  sui-face  conditions  (1) 
becoming 


(9). 


Here  (hi^  is  an  element  of  the  nonnal  to  the  surface. 
(8)  or  (3)  may  be  written 


(A  +  2n)-:--2n^^  +  2.v 


ffuf.,    , 


(Pu 


<W 


(10), 


d\s 

dx       "*'  dy 

with  two  other  equations. 

If  we  neglect  x,  y,  z,  the  volumetiic  forces,  diifcrentiatc  (10), 
etc.,  with  regard  to  ar,  etc.,  and  add,  we  get 

d'hy 


{\  -f  2n)  v'^i>  =  p 


dt^  ' 


(H)^ 


a  well-known  equation  showing  that  there  is  wave  propagation 
with  velocity  =  a/  -"^     ^.     Diiferentiatc;  the  third  of  (8)  with 

respect  to  y,  and  the  second  with  regard  to  z,  and  subtract,  and 
we  get 

•   .   (12), 
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and  two  other  cqiiationH.     These  are  equations  of  distortional  wave 
propagation  with  a  velocity  =  A  /  -• 

307.  To  illustrate  this  method  of  study,  let  us  consider  the  prob- 
lem of  the  thick  cylinder  of  Art.  275.  There  we  considered  it  from 
the  stress  point  of  view.  We  shall  now  consider  it  from  the  strain 
l>oint  of  view.  At  any  point  in  the  material  at  the  distance  r  from 
the  axis  there  is  a  radial  displacement,  which  we  shall  call  ?/,  as  if 
the  dirc(;tion  r  were  oiu*  old  direction  x.  There  is  displacement  at 
right  angles  to  w,  and  its  fractional  amount — that  is,  the  strain — is 
evidently  ?//r,  because  if  a  radius  r  increases  to  r  -f  ?«,  the  circum- 
ference of  the  circle  increases  to  2rr  {r  -\-  u),  ho  that  the  fractional 
increase  of  the  eircimiference  is  w/r.  Ijct  us  imagine  any  tensile 
strain  i)arallel  to  the  axis,  which  we  call  the  direction  of  r,  to  be 
constant.  It  is  evident,  also,  that  the  strain  is  irrotational,  and  also 
that  the  three  principal  shears  are  0.  We  make.these  statements  to 
show  that  we  ar(^  considering  the  old  practical  problem ;  but  the 
mathematician  jmts  it  rather  in  this  way :  he  assumes  certain 
strains  to  exist ;  he  works  out  a  mathematical  problem,  and  he  takes 
his  chance  of  the  results  fitting  any  practical  case. 

1.  No  bodily  forces,  and  the  problem  a  static  one — that  is,  the 
strains  independent  of  time.  Then  u  =  ^  +  -,  and  equation  (8) 
or  (10)  becomes 

Hence 

</%       I  du       u  

ar^       r  dr       r^  ^  ' 

And  we  find  on  trial  that  ?/  =  a  r  -f  b  r"^  .  .  .  .  (3)  where  a  and  b 
are  arbitrary  constants.  Knowing  the  strains,  equation  (5)  (Art. 
306)  enables  us  to  find  the  stresses. 

r  =  2  (A  +  n)  A  -  2xBr--  ....  (4), 
u  =  2  (A  -f  n)  A  4-  2NBr-2  ....  (5), 
K  =  A\  +  2n^o  ....  (6). 

The  first  two  of  these  are  the  values  obtained  in  Art.  275. 

Exercise, — Show  that  d  is  constant  throughout  the  shell.     (2)  gives 

(thi,      r-3 —  « 
_+     rfr         =  0, 
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which  is 


The  first  integral  is 


-=^,  +     r  =  0. 
dr 

du      H  .     . 

-;-  +  -=  (constant. 
dr       r 

But  D  =  -  -  4-  - ,  and  is  therefore  constant  throughout  the  space  for 
which  the  differential  equation  (2)  holds. 

2.  Rotatillg  Cylinder. — ^Volumetric  force  err  acting  radially  on 
unit  mass,  a  being  angular  velocity.  Using  this  in  (8)  or  (10)  of 
Art.  306,  inst^Eid  of  (1),  we  have 

If  we  try  u  =  Af'^  we  find  that  w  =  1,  «  =:  —  1  will  satisfy  (7)  if 
A  is  an  arbitrary  constant ;  also  «  =  3  will  satisfy'  (7)  if  a  =^ 
—  pa^S  (A  4-  2  n)  ;  and  hence 

i»  =  Ar+Br-^— pa2r»/8  (A  +  2n) (8) 

where  a  and  b  are  arbitrary  constants.  Ha\'ing  the  strains,  we 
can  calculate  the  stresses 

(du      u\       _     du 

If  we  let  p  =  0  when  r  =  r^  and  r  =  p  when  /•  =/'o,  and  we  let 
a  =  0,  we  get  the  answers  given  in  Art.  275  for  a  thick  cylinder. 

Taking  up  this  rotatioiuil  case  by  the  method  in  the  text  (Art. 
275),  in  the  case  of  a  cylindric  body  rotating  with  angular  velocity 
a,  if  p  is  the  mass  per  unit  volume,  taking  into  accoimt  the 
centrifugal  force  on  the  element  whose  equilibriiun  is  considered, 
equation   (1)  becomes  p  ,  dr  -\-  r  .  dp  -  r'^pc?  .  dr  =  q  .  dr^  and 

dp* 
this  ifip  -{-  r~-  ^  r^pa^  =  q.    The  solution  now  becomes 

J,  =  c  +  Br-2  +  JpaV (12). 

Let  us  take  ^  =  0,  both  outside  and  inside. 

O^c  +  Brr^  +  JpaV, 
0=c4-Bro-2  +  JpaV. 
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Fpoin  these  we  find 


2        f  '2  •  *^ 


i       r  2  _  ,.  2  \  -.  _  2 1.  2 ^.  _  2  ..  2 

.y  -  Tpa  I  -  /    +  r,-2-  ,.,-2 /  ' 

This  is  f^ieatest  where  ?•  =  ;'„. 

To  apply  our  results  to  a  rotating  solid  cylinder,  siuce  we  have 
no  statement  of  the  inside  stress,  the  central  condition  being  that 
there  is  no  radial  displacement  of  the  material  at  the  centre,  it  is 
necessary  to  write  our  equations  in  terms  of  the  strains  i-ather  than 
the  stresses.    Using,  then,  the  equations  of  Ai-t.  306,  letting  r,  =  0, 

2 

?<  =  A  /•  +  i{  /'-l  —  — , '--^    -  A  and  hence  b  =  0  if  the  cylinder 

is  complete  to  the  centre.     We  know,  therefore,  n  everywhere, 
and  we  can,  if  we  please,  now  use  the  values  of  p  and  </. 

The  solution  is  only  to  be  i-egarded  coiTect  for  a  cylinder,  not 
for  a  thin  disc,  because  the  above  gives  a  value  for  b,  the  stress 
parallel  to  the  axis,  and  there  is  no  surface  force  on  the  disc.  For 
the  disc  we  use  Dr.  Chree's  more  correct  solution.     Dr.  Chree's 

...        ....        _   ^  (fu     ^      u  dw  du       dtc. 

solution   IS   this : — Let   e  ~  -r-,   /  =  -  ,    a  ^=  -.  ^    ^  =  -j-  -f  -— 

dr  r    •         ffz  dz      dr 

We  can  now  easily  write  out  the  equations.     Try  if  the  solution  is 

2  /  '  ~  \  2 

w  =  II  (1  -  cr)  I  (3  f  <r)  dh'-  (1  +  0-)  r^  }  +  ^-^^r  (1  +  «•)  ;•  {t^-^z^ 

t<;  =  -"^^«r((3  +  <r)  aH  -  1  (1 -f  «r)  r'-^ J  -  ^ ^r^  i-t-? z  {t'-z'Y 
4  E     w  '  ^  '         )      3  E       1  —  <r     ^  ' 

it  is  easy  to  get  the  stresses  from  these  values. 

In  this  solution  the  planes  z  =  -^l  are  free  fi-om  stress,  and 
there  is  no  tangential  stress  on  the  circumference,  and  the  resultant 
normal  traction  per  unit  length  of  the  circumference)  is  0  when 


'"'£/"• 


/•  :=  «  (that  is,  I        i»  .  //«  =  0  when  r  =r  «).     By  the  principle  of 
J-/ 

equipollent  loads^  this  means  that  there  is  no  practical  departure 
from  the  real  condition  of  things  beyond  a  short  distance  inside 
the  edge. 

308.  Bending  or  Twisting  a  Prism. — A  straight  prismatic  sm- 
face  with  plane  ends  bounds  isotropic  material.  Surface  tractions 
are  applied  to  the  ends  only.  The  axis  of  the  prism  is  the  axis 
of  r,  one  end  being  the  origin.  When  we  speak  of  bending,  the 
deflection  wiU  be  in  the  direction  of  x  (that  is,  bending  will  take 
place  in  the  plane  .cz). 
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The  student  will.refcr  back  to  Fig.  203  to  Mi"*'  tho  fxact  vifniitt^^- 

ffy 


tions  of  the  stresfles  f,  «,  h,  and  8,  t,  r,  and  the  Htrainh  f 


dw        .  dw       dv   ,        dn       dw 

^«  dy       dz  dz       djr 


dx       dy 


also  to  the  eqiiationB  of  equilibrium  (3),  and  to  the  t><iiiationH  (5) 
which  express  the  stresses  in  terms  of  the  strains,  and  also  to  the 
boimdary  conditions  (1).  He  had  better  write  out  these  equations 
here.  We  do  so,  and  give  them  new  reference  niunbers.  We 
assume  neither  volumetric  forces  nor  dynamical  foifes  in  (3),  now 
called  (1). 


d  V      dv       dr ^ 

fix       dy        dz 

dx       dy        dz 
dr      dn       dn 

,U  +  rfy  +  rf.-  =  ». 

e  =  va  —  0(Q  -^  H)  I 
fz=Qa  -i3  (P  +  R) 
^=  Ra    -  iS(p  -I-  Q)  ) 


u  =  X 1)  -f  2  n/ 
R  ^  AD  +  2tfg 
8  =  N  a,  T  =  N  *,  I-  =  N  <? 


(1). 


(2),  or 


.  .  (2). 


D  stands  for  e  -{-/-{-  y.     A  is  k  -  J  n. 


1 


1 


*       3n'**9k""e'^~6n 


Our  old 


9  k' 


(Poisson's  ratio),     k  is  the  modulus  of  elasticity  of  bulk :  x  is  the 
modulus  of  rigidity,  and  the  surface  tractions  are 

r  =  /  p  -j-  wi  u  +  *»  T  ) 

o  =  /r-f-mQ  +  «8>    ....  (3). 

H  =  It  -\-  ms  +  w  R  ) 

It  is  to  be  remembQred  that  the  mathematician  axttwues  a 
certain  condition  of  strain,  and  takes  his  chance  of  its  fitting  some 
particular  practical  problem.  If  it  happens  to  fit  the  conditions  of 
the  problem  exactly,  it  is  an  exact  solution  of  the  problem ;  and, 
accordin'g  to  Art.  3(>6,  it  is  the  only  solution.  If  it  does  not  exactly 
fit  the  conditions  (as,  for  example.  Dr.  Chret^'s  solution  of  the 
rotating  disc),  we  discuss  the  discreiwiucy  to  see  whether  it  is 
essential  or  negligible  for  practical  engineering  puii)oses, 

St.  Venaiit  studies  the  case  of  the  prism  under  the  following 
assumptions :  r  =  q  =  u  =  0  .  .  .  .  (4).  There  is  no  normal 
stress,  therefore,  in  the  directions  x  ox  y  (that  is,  Imlcroii^  ttwsL 
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fibre  to  fibre);  there  may  be  tangential  force  acting  from  fibre 
to  fibre  in  a  direction  parallel  to  z.     Hence  equations   (1)   give 

di  ds  dT       ds       dB, 

dz  dz  die       dy        dz  ^  ' 

The  surface  conditions  (3)  become 

/t  +  ms  =  0  .  .  .  .  (6). 

He  also  assumes  that  the  origin  is  fixed,  and  that  particles  in  the 
directions  of  the  axes  of  z  and  y  just  there  are  fixed.  This  means 
that  at  the  origin 

«  r=  0,  V  =  0,  tfc'  =  0,  ^^  =  0,  ^  =  0,  ^  =  0 (7). 

The  following  purely  mathematical  work  is  tedious,  but  quite 
easy.  The  student  will  do  it  carefully  for  himself,  following  our 
directions.  Inserting  (4)  in  (2),  so  as  to  calculate  the  strains, 
we  find  that 

dtt dv dtv  . 

Ix  -  dy  --'"'dz""  ^^^ 

where  er  is  Poisson's  ratio,  or  /3/a,  or  ^^/(^  +  n).  Also  u  =  0 
means  that 

r/T       -  ...  d^u   .      d^w  . 

-J-  =  Q  means  that  -=-7r  +  -3 3-  =  0,  , 

^2  dz-       dz,dx         '\ (10), 

— -  =  0  means    that    -. =.-  +  -j-s  =0 

dz  dz .  dy       dz^ 

and  the  last  condition  of  (5)  gives 

/    dhi       ,    ^^    ,    d^w  dH     \  d'hi      ^         d^v 

^  \dx  .  dz  "^  dx^  ^  dy^  ^  dy  .  dz)  "^  ^  d^TTdz^  ^d^Tdz 

+  (^  +  2n)^  =  0....(11). 
The  first  and  second  of  (10)  and  (8)  give 

(11)  and  (8)  give,  after  simplification, 

dhc       d'ho       c^dhv       ^  ,,„, 

Differentiate  (13)  with  respect  to  «,  and  (LO)  with  respect  to  x 
and  ^,  and  use  (8)  to  eliminate  u  and  f ,  and  we  get 

Differentiate  (10)  with  respect  to  y  and  a?,  add  and  use  (9),  and 
we  get 

^w ^  ^ 

dx  »dy  ,  dz 
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Differentiate  (10)  with  re«i)ect  to  y  and  Xy  and  ust»  (8)  and  (14), 
and  we  get 

Hence  -?-  u  linear  in  z,  and  linear  in  x  and  //  separately.  Hence 

^-  =  a  +  aiX  +  Oay  +  «  (/3  +  /3i^  +  fi^H)  •  •  •  •  (I")- 

[a  and  /9  are  here  any  constantfl,  and  not  the  coefficientH  of  formula 
(2)].     Now  use  (8)  with  (17),  and  also  (9),  and  we  have 

w  =  -  <r    (oar  4-  Jai*2  4-.  a^yz  +  fizx  -|-  ^zx  +  J  $^X'z)  - 

where  Wj  and  Uq  are  functions  of  y.     Similarly, 

t;  =  —  (T  (ay  +  Ojary  +  J  Ogy^  +  /g^y  4.  ^^j.,jz  +  J-  /Soy^s)  - 

where  v^  and  V|  are  functions  of  j*.  Now  try  these  in  (9),  and  find 
values  of  Mq,  Vij  fo»  ^'p  *"<^  S^* 

m;  n  z  (a  4-  oi*  +  oay)  +  ^  2^  (^  ^.  ^^^  ^  3,^^)   ^  ^^  (^.,  y)  -  0. 

Using  this  in  (13),  we  see  that  we  must  solve 

To  get  the  complete  solution,  we  find  the  general  solution  when 
the  right  hand  side  is  zero,  and  add  to  it  a  particular  solution. 
For  the  particular  solution,  try 

^  =  Aa:2  +  By--i-c  xy-  +  i)  x^y^ 

and  we  find  it  to  be 

This,   then,  is  what  we   must    add  to  the  general  solution    of 

~  4-  ~^  =  0,  taking  cai*e  that  the  value  of  <b  so  found  enables 
ax^       ay 

the  whole  value  of  w  to  satisfy  the  boundary  conditions.  We 
may  now  write  out  w^ 

w  =  «  (a  4-  aia?  4-  o-^y)  4-  i^^  (/8  +  ^i^  +  /S^y)  -  A  {  4^  (^'  +  V') 

+  /Siary*-'  +  /S-^^y  }  +  <^. 

809.  Boundary  Condition. — Use  (2)^  and  find  from  the  above 
^'alues  of  w, «,  tc  values  of  s,  t,  and  r.  Use  them  in  (6).  Integi-ate 
both  sides  of  the  equation  round  the  boiuidary  of  a  croas-sectiou^  Owvid 
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tiunsfoiin  the  line  integrals  to  surface  integrals  over  the  section. 
This  gives  us  /3  =  0.     Hence  our  complete  answers  are : — 

u  —   -  ff  (ax  +  i  (i^x^  +  *>ty  +  J  ^^xh  -t  fi^t/z) 
V  =    -  <r  (ay  +  a^xy  +  ^  a^y^  +  ^^xyz  +  i/Soy'-^z) 

\xy{^y  +  fi<^) 

where  4>  satisfies  -^  +   ,-?  =  0  at  all  points  of  any  cross-section, 

ux        (ty 

and  the  condition 

'g  +  ».  J  =  ^.  («>^  -  ly)  +  /8,  Ti&V  +  (^^  -  t)  {mxy  +  ily^ 

-  ><ry^~\  +  fti  I'iw.Fy'''  +  (I  -  <r)(&y  +  i»»2)  -».<r^J (19) 

at  all  points  of  the  cylindric  Iwundarj'.  The  stresses  at  any  point 
are  p  =  0,  ft  =  0,  c  =  0. 

2'y^  I  -  (^  -  ')  ft^y] 

n  =  B[a  +  a^x  +  a^y  +  z  (fi^x  +  fi^V)] 

By  giving  any  values  to  a,  a^,  02,  /Sq,  /3i,  ^  we  get  all  the  poBsible 
solutions.  It  must  he  rememhered  that  a  point  xyz  has  the  new 
position  X  -\-  w,  y  ■{■  v^  w  +  z. 

Notice  that  if  /Sq,  /Sj,  fi.2  are  0,  then  <p  =  0,  because  s  =  n  , - 
and  T  =  N  -^,  and  each  of  these  is  0  at  the  boundary,  and  the  only 

ttX 

conditions  to  be  satisfied  by  <p  are  that  I  •—  -h  tn-p  =  0  at  the 

boundary.  Hence  ^  may  be  a  constant,  or  rather  a  function  of  z  ; 
but  it  is  0  where  2=0,  and  hence  4)  =  0  everywhere. 

310.  Example  1. — Let  all  the  arbitrary  constants  vanish  except  a. 
We  must  remember  that  a  is  any  arbitrary  constant,  and  is  not  the 
a  of  Art.  289.  Then  «  =  -  <rour,  v  =  -  aay^  «?  =  «5,  R  =  e  o,  and 
the  other  stresses  vanish.     We  have,  therefore,  a  tie  iMur. 

311.  Exatnple  2. — Bending. — Let  all  vanish  but  oi,  then  m  =  - 
J  ttj  (z^  +  ax^  -  ffy%  V  =  -  a^ffxy,  w  =  aixz.  Hence  p  =  0,  q  =  0, 
R  =  E  OjiT,  s  =  0,  T  =  0,  u  =  0.  The  shape  of  the  centre  line  is 
obtained  by  putting  a:  =  0, 1/  =  0,  and  we  havei^  =  -  i  «i«^>  ^  =i^» 


T  = 


(20). 
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m;  =  0.     So  that  it  becomes  the  arc  of  a  i>arabola,  or  nt»arly  a  circU- 
of  curvature  Oj,  lying  in  the  phine  x,  z.     'Yhv  total  fon^'  jiHrallcl  ti» 

z  acrosH  the  section  =  I   I  k  OyX  .  ffx  .  ffy  =  0,  Ixfuus^  ./•  is  iiieasure<l 


=JJ 


from  the  centre  of  area.  Hence  the  tmctionH  at  a  section  an*  a 
torque  merely,  called  here  a  bending  moment,  whose  amount  is 
e^'idently  -  e  ai  ij  where  i^  is  the  moment  of  inertia  of  the  section 
about  the  axis  of  y  in  the  section.  Since  w  =  aixz,  and  we  mak(> 
z  =  Zq  a.  constant,  we  have  the  displacement  at  all  points  in  a 
section.  The  section  remains  plane,  and  turns  through  the 
angle  ^qOi. 

Change  of  Shape  of  Section. — Take  a  portion  of  the  section 
of  rectangular  shape.  The  boundaries,  having  been  a;  =  ±  a,  y  =  ±  A, 
have  become  x  =  ^a  ~  ^aitr  (a^  -  y'-*),  y  =  ±  *  -  troibx.  So  that 
the  boundary  consists  now  of  two  straight  lines  and  two  arcs  of 
parabolas.  We  note  that  the  upper  and  lower  surfacf^  of  the 
beam  are  anticlastic  surfaces,  the  principal  curvatures  being  in  the 
ratio  (T.  Note  (Art.  330)  the  result  of  the  ordinary  theory.  It  is 
then  eWdent  that — at  all  events,  when  the  bending  moment  is 
constant — the  hypothesis  on  which  our  ordinary  theorj'  is  based, 
namely,  that  a  plane  cross-section  remains  plane,  agrees  with  the 
more  fundamentally  correct  theory.  But  we  have  now  to  notice 
that  this  case  .of  tlje  St.  Venant  theory  only  contemplates  small 
displacements,  and  may  not  be  applied  to  cases  where  the  displace- 
ments are  large.  The  -ordinary  theory  is  more  useful,  therefore, 
for  it  makes  the  shape  of  the  centre  line  to  be  circular,  as  it 
obviously  must  be ;  and  no  attention  need  be  paid  to  the  fact  that 
this  case  of  the  St.  Venant  theory  makes  it  the  arc  of  a  parabola. 

312.  Example  3. — Let  all  the  constants  except  /S^  vanish,  and  let 
j3q  be  called  -  t.  Then  i#  =  -  r  zy,  v  =  r  zx,  w  =  fp  {x,  j/),  where 
T  is  a  constant  and  «?  is  a  function  of  x  and  y  only.     We  find  that 

p  =  Q  =  R  =  0,  8  =  N  (^  +  Tx\  T  =  N  ( ;^  -  -   ryV  r  =  0,  and 

at  the  boundary  ^^,  +  '»  X  =  r  {ly  -  mx).  Eveiy where  in  the 
section  -j\  +   ,%  =  0.     The  total  tangential  force  pamllel  to  x  is 

I  I  T  .  r/i:  .  dy.    On  writing  this  out,  it  will  be  found  tmnsfonuable 

and  into  n  I  j  ^  (~  -  ry)  f-  m.c  (j^  *"  '^^)  (  ^^*  ^""'^"^  ^^^ 
boundary,  and  this  is  0  by  the  boundary  conditiow     ^viwc^  \\vfe 
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resultant  force  pai-allel  to  ic  is  0,  and  the  resultant  force  parallel 
to  y  is  0.    So  that  the  forces  over  the  section  are  a  torque 


^1    I   )^(j^  +  ''"'^)~y(j^~''"y)(^^*^y»  which  is  equal  to 

tni  +  nI   \lx^-y-^\dx.dy  =  q'Sri,  say,  where  i  is  the 

moment  of  inertia  of  the  cross-section  about  its  centre. 

This  case,  then,  is  that  of  a  prism  subjected  merely  to  a 
twisting  moment  ^  n  r  i.  When  the  section  is  circular,  ^  is  1,  and 
T  is  the  angle  of  tmst  per  unit  length  of  the  prism.  When  the 
section  is  not  circular,  q  is  not  1,  and  is  called  St.  Venant's  torsion 
factor.     To  solve  the  problem,  then,  when  the  shape  of  section  is 

given,  we  must  find  4>  such  that  ^  ^  +  y^  =  0  all  over  the  section, 

with  the  boundary  condition  l^  -\-  m-~  =  r  (ly  -  mx).     To  do 

(tx  dy 

this,  it  is  well,  as  in  many  other  such  problems,  to  find,  first,  a 

coniugate  function  il^,  such  that  -  ^  +  - -^  =  0,  and  ^  =  — ,  and 
^  ^  ^'  dx^        dy^  '  dx       dy' 

~  =  -   J  .     So  that  the  boundarv  condition  becomes 

dy  dx  "^ 

I  ~  -  m-^  =  T  (ly  -  mx), 
dy  dx  ^ 

Now  we  sec  by  trial  that  if  i^  =  i  t  (a:^  +  y^)  +  c,  the  boundarj- 

condition  is  satisfied  for  ^  =  ry,  and  ^  =  rx.     It  is  evident, 

,       .„  d^      d^ 

then,  that  if  we  can  find  a  solution  of  -~  +  y^  =  0»  subject  to 

the  condition  i^  =  ^  t  (a;^  -f  y^)  -f  c  at  all  jwints  of  the  boundar}-, 
we  have  the  coiTect  answer. 

x'^       1/2 

Hxample.— "Prism  of  elliptic  section,  -g-  +-^  =  1,  giving  the 

shape  of  the  boimdary.  It  is  found  by  guessing  that  rf/  =  a  (x^  -  y^) 
is  a  solution,  if  a  is  properly  evaluated  to  satisfy  the  boimdary 
condition.      So  that   a  {x^  -  y^)  =  ^r  {a^  -{-  y^)  +  const,  at  the 

boundary— that  is,  where  y^  =  —{a^  -  x^).    We  substitute  this, 

and  find  that  A  is  i  T  (d^  -  i^)f(d^  +  ^).  So  that  if<  =  a  (^c^  -  ^, 
and  d>  =  -  2Axy. 

Evidently  the  curves  in  the  section  along  which  ^  is  constant 
are  rectangular  hyperbolas,  with  the  princijSl  diameters  as  axes. 
The  total  twisting  couple  is 


nI     l(-a;2  +  yti 


M  =  TNI  +  2an  I   \{-x^  +  y^)  dx,dy  =  ^;^^.Nri. 
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The  shears  are  now  easily  calculated. 

8  =  N  ( -  2  A  a;  +  T  ir),  T  =  N  (  -  2  a  y  -  t  y), 

s  is  greatest  when  a:  =  a,  then 

2^  4v^r2    1  ) 

^  =  "^ /?^ "^ ""  +^' =-^  =  (^^)-^ I **^'  '"*""{• 

The  maximum  stress  anywhere  in  the  Hection  is  the  vahie 

of  T  when  y  =  b,  viz.  n  t  -g p;.    For  /  is  a  maximum  when 

b^j^  +  a^  is  greatest.  Now,  whatever  be  the  value  of  x  for 
which  the  maximum  occurs,  for  that  value  of  x  the  maximum  will 
be  when  y  is  greatest — namely,  on  the  boundary.  Put  x  =  a  cos.d, 
y  =  b  sin.«,  then  b^  +  a*y^  becomes  a^^  p  +  («2  -  ifi)  sin.^e], 
which  is  obviously  greatest  when  0  =  90°.  Hence  the  stress  is  a 
maximum  at  the  extremities  of  the  minor  axis. 

Example, — Torsion  of  a  Shaft  whoM  Section  is  an  Equilateral 
Triangle. — Let  3  a  be  the  vertical  height  of  the  triangle,  then  the 

equation <^  the  boundary  \b  (x  -  a)  {x  -  y  ^/  3  +  2a)  (or  +  y  ^  3  + 
2a)  =  0,  or  a^  -  dry^  +  Za  {af^  +  y*-*)  -  4a»  =  0.  The  function  i^  = 
A  (a^  -  3  xy^)  satisfies  the  differential  equation,  and  a  {x^  -  3  xy^) 

-  |t  (rr^  +  y^)  will  be  constant  over  the  boundary  if  a  =  ~  p~~- 

Hence  4,  =  -  ^  (a:»  -  3ary'-*),  and  ^  =  -  ~  (y^  -  Zx^y)  ....  (1). 

From  this  it  is  easy  to  find  the  stmins  and  strcHses.  It  will  hi) 
found  that  the  shear  is  0  in  the  comers,  and  in  a  maximnm  at  the 
middle  of  the  sides. 

318.  Approximate  FormnlsB. — St.  Venant  worked  out  <p  and  the 
strains  and  stresses  for  a  number  of  sections,  and  he  found  that  if 
the  section  of  a  shaft  is  not  too  different  in  any  two  of  its 
dimensions  across  the  centre,  the  torsional  rigidity  (or  twisting 

moment  per  unit  angle  of  twist)  is  a  =  m  —  where  *  is  the  area 

of  the  section  and  i  its  moment  of  inertia  about  its  centre  of 
gravity ;  n  is  the  modulus  of  rigidity,  and  m  is  a  number  which 
does  not  greatly  differ  in  different  cases,  m  =  '02533  for  an 
ellipse;   and  in  the  sections  examined  its  lowest  value  was  -023, 

and  its  highest  was  '026.  Consequently,  if  we  take  a  =  ~  »^n/i  in 
all  such  cases,  there  is  no  gi'eat  eiTor. 
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314.  Non-uniform  Flexure. — In  Art.  309  lot  all  the  constants 
be  zero  except  /Sj.     The  displacements  are 

ic  =  ip  +  ^A  \z^x  -  iry2  J 

where  <b  satisfies  -7^  +  -,-?  =  0  at  all  points  of  a  normal  section ; 
and  at  the  boimdary  the  condition 

l^  +  ^/»^  =  i3i  [^  M^  +  (2  +  or)  [mxy  +  \  ly'')  -  iay'l 

The  stresses  at  any  point  of  a  section  z  =  constant,  ai-e 
s  =  n(^-  (2  +  0")  fiixy  I,  parallel  to  the  axis  y, 

>  T  =  N  (  -^^  -  ^  /Sj  (trx^  +  2  y^)  I,  pai-allel  to  the  axis  x, 

11  =  K  fi^zXy  parallel  to  the  axis  z. 

The  total  force  parallel  to  x  (really  the  shearing  force  x  at  the 
section)  turns  out  to  he  e  i  /Sj,  and  the  resultant  total  force  parallel 


1  I   \xy  .  dx  .  dy. 


to  y  (call  it  a  shearing  force  y)  is  e  /Sj  I   \xy  ,  dx  .  dy,  and  this  is  0 


if  the  axes  are  principal  axes  ;  and  we  shall  assume  them  to  be  so. 
The  resultant  stress  pamllel  to  z  vanishes.  The  couple  about  the 
axis  of  y  is  -  z^i  e  i.  The  couple  about  the  axis  of  z  may  be 
A\'ritten  out.  By  a  combination  of  this  and  previous  solutions,  we 
have  the  case  of  any  twisting  and  bending  couples  applied  to  a 
prism.  If  we  merely  take  the  case  of  a  prism  being  bent,  being 
fixed  at  one  end,  and  loaded  at  the  other  with  a  load  W,  we  must 
make  our  twist  0  ;  and  hence  we  must  use  the  solution  in  which  a^ 
was  constant,  together  with  this  in  which  ^^  is  constant,  so  that 
the  two  twists  may  just  neutralise  each  other.  We  get  this 
condition,  we  find,  by  taking  a,  and  /Sj,  such  that  Oj  +  /Sj/  =  0.  In 
this  case  we  have  a  total  tangential  force  parallel  to  x  of  the 
amount  w  =  x  =  e/3iI,  and  a  couple  ¥.^\  (/-«),  or  w  (/  -  5), 
which  we  usually  call  a  bending  moment,  due  to  a  load  w  at  the 
distance  /  fi"om  the  fixed  end  of  the  beam,     ai  =  -  ^l  =  -  w  //e  i. 

w 

The    equation    to   the  centre   line    is   x  =     -   (\zV  -  ^c^).     We 

JS  X 

see,  therefore,  that  the  ordinary  theory  is  right  as  to  the  shape  of 
such  a  beam.     The  cvxrNTxture  av  is  the  bending  moment  at  the 
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fixed  end  divided  by  ei,  the  flexural  nudity.     'Vhv  di8i»lacoin<*nts 
are,  if  there  is  no  twist. 


w 

Ki  ' 


it  = 


2bi 


[(z2  -  2lz)x  -  2xi/]  +  <). 


Notice  from  w  and  f>  that  the  change  of  shape  of  the  mn-tion  is 

dw       w 

as  given   in  Art.  311.      The  strain  g  —  —-  =        {z  -  T)  x    (that 

is,  the  tensile  strain  at  any  point  of  the  section  is  jnHJiKirtional 

to  .r).     -     =  e  =  '     (f  {I  -  z)  X,  f  =   .    =    -   (I  -  z)  x.     >\  c  nmv 
'      dx  EI  "^       ^y       EI 

write  out  the  shear  strains  a  and  b  in  terms  of  ^,  etc.     c  =  0. 

Now  in  cases  that  have  been  considered  in  which  x  and  y  arc 
small  compared  ^-ith  /  -  z,  it  is  foimd  that  ^  is  of  the  third  degrw 
in  X  and  y.  80  that  a  and  b  are  small  compared  with  ^,  /,  and  y. 
For  the  same  reason,  the  term  2  xy^  is  not  im^wrtiint  in  w  al)ove. 
And  the  engineer's  theory  based  on  the  assumption  that  a  plane 
section  remains  plane,  may  be  taken  as  correct.  When  x  and  y 
are  not  small  compared  vrith  I  -  z,  we  must  find  4>,  and  this  in 
difficult.  As  iv  contains  4),  although  the  tensile  strain  is  i>ro- 
portional  to  x,  the  plane  section  does  not  remain  plane  if  beams  an* 
short.  St.  Venant's  solution  assumes  that  w  is  distributed  in  a 
particular  manner  over  the  end  section.  But  by  the  principle  of 
equipollent  loads  the  actual  distribution  of  w  is  of  very  little 
consequence,  except  close  to  the  end  section  itself,  and  hence  is  of 
no  practical  importance  exc(»i)t  in  beams  that  ai*e  not  long  in 
comparison  with  the 
values  of  x  and  y  in 
their  sections. 

816.  Vertical  loads 
are  often  applied  to 
beams  on  their  hori- 
zontal top  surfiices. 
We  know  from  the 
principle  of  equipollent 
loads  that  the  actual 
distribution  has  little 
effect  except  in  the 
neighbourhood  of  the 
surfaces  to  which  the 
loads  are  applied.  We 
can  obtain  a  fairly 
clear    notion    of    the  ^'^^'  -^■''• 

effect  by  thinking  of 
the  load  on  a  plane  surface  bounding  an   infinite  elastic  solid. 
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M.  Boussinesq  has  given  the  solution.*  The  following  brief 
memorandum  may  be  useful,  oo  being  the  plane  surfece 
bounding  the  inftnite  isotropic  solid,  m  is  a  point  within, 
situated  at  a  distance  mx  =  5  below  the  surface,  k  is  any 
element  of  the  surfece,  situated  at  the  distance  k  m  =  /• 
from  the  point  m,  and  subject  to  a  given  exterior  surface 
pressure  Kp  =  jf  per  unit  area,  having  the  component  k^*  =  jt;* 
per  unit  area  along  km.  The  pressure  which  a  plane  ele- 
ment K  E^  taken  through  m  parallel  to  the  surface  o  o  will 
support  per  unit  area  in  consequence  of  the  pressm'e  p  will  be 

found  directed  along  k  m  produced,  and  is  eqiuil  to  m  f  =     Vj. 

If,  as  a  particular  case,  the  pressui-e  kv  =p  be  normal,  then 

p^  =  p  COS.  NMK  =  p  ^,  and  mf  =  Zpz^l2T)'*.     If  we  want  the 

vertical  component  of  m  f,  we  have  Zpt^ft  xr^. 

Generally. — Let  %vi  be  the  normal  force  per  unit  area  at  any 
point  on  the  plane  bounding  surface  at  the  point  x  =  ;r^,  y  =  y\ 
z  =  0,  the  axes  of  ^r  and  y  being  in  the  plane,  and  the  axis  of  z 
being  the  noi-mal  to  the  plane  dra\*Ti  into  the  material. 

Ijet  <^  =  I   I  u'l .  rdx^ .  dy^,  and  x  =  I   I  K^i  log.  {z  -f-  /•)  dx^  .  dy^, 

where  r  is  the  distance  from  x^y^O  to  xyz.     Then  w,  v,  and  w  being 
the  displacements  at  :r,  y,  2, 

1  ^x  1       d^<p 


u  =  - 


r  = 


iir  {\  +  "s)  dx       i-K^  dz  .  dx^ 

_    J rfx i_   d^i^ 

4  IT  (A  4-  n)  rfy       ^leJi  dz  .  dy^ 
-  _  1  rfx  1        ^4)  X  4-  2  X         2 

^  ~       4ir(X  +  N)  7^   "  4 iTN  *  d^  "^  4irN  (X  -f  n)  ^'^' 

From  M,  i\  and  w  all  the  strains  and  stresses  may  be  calculated  at 
any  point. 

*  The  interested  student  may  refer  to  a  paper  read  by  Prof.  Cams  Wilson 
before  the  Physical  Society  of  London  (June,  1891)  on  '*  The  Influence  of 
Surface  Loading  on  the  Flexure  of  Beams/'  and  to  another  by  Dr.  Chree. 
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BBKDING. 

316    In  Fig.  206,  c  d  is  a  beam  canying  a  weight  w.     We 

know  that  the  beam  transmits  the  weight  to  the  walls,  and  that 

in  doing  so  the  beam  is  kept  in  a  strained  condition ;  we  must 

consider  what  is  the  state  of  strain  in  the  beam.     To  observe 

this  it  will  be  well  to  take  a  beam  which  is  very  visibl  y  strained, 

a  beam  of  indiarabber.     a  B  is  its  appearance  when  lying  on 

the   table;    draw    upon 

it  a  number  of  paraUel 

lines  in  chalk  or  pencil, 

a  h,  c  df  e/f  etc.     Now 

if  we  support  the  beam 

at  its  two  endsj  and  load 

it,  we  find  that  the  lines 

a  h,  c  d,   etc.,    remain 

straight,  but  they  are  no 

longer  parallel.     We  find 

the  distance  a'  c'  to  be 
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than  a  r,  but  b'  d  is  greater  than  h  d.     In  fact,  a  c  is 

compressed,  h'  d*  is  extended.     We  find  also  that  along  the 

line  e'  f'  there  is  neitiier  compression  nor  extension,    e'  f' 

remains  of  its  old  length,  although  it  is  no  longer  straight. 

If  we  consider  each  cross  section 

of  such  a  beam  we  see  that  the 

upper  part  of  it  is  in  compression, 

the  lower  part  of  it  is  in  exten- 

^on,  and  there  is  a  straight  line 

m  the    middle    where    ^ere    is 

neither  compression  nor  extension. 

1^8  line  is  called  the  neutral  axis 

of  the  cross  section,  and  all  these 

axes  lie  in  a  surface  called  the  neutral  surface  of  which  e'  f'  is 

wi  edge  view.    Fig.  207  is  a  magnified  drawing  of  the  small 

portion  of  the  beam  between   two  cross  sections,      c  e  f  d 

^^Wg  its  original  shape,  c'  e'  f  d'  its  shape  when  strained. 

*^dentlv  there  is  more  comnression  at  c'  «'  than  at  V  m'. 


382 


APPLIED   MECHANICS. 


The  compression  becomes  less  and  less  as  we  come  nearer  h'  j', 
then  the  extension  begins,  and  becomes  greater  and  greater  as 
we  get  farther  away  from  h'  j'  until  we  get  to  d!  f^  where  it  is 
greatest.  If  the  material  is  likely  to  break  in  compression 
it  will  be  most  likely  to  break  at  c'  e'.  If  it  is  likely  to  break 
in  tension  it  will  be  most  likely  to  break  at  d'  f . 

317.  If  we  know  the  compression  or  extension  at  any  place, 
we  can  calculate  what  it  is  at  any  other  place,  for  the  strain  is 
evidently  proportional  to  the  distance  from  the  middle.  Thus  if 
at  e'  there  is  a  compressive  strain  of  -002,  that  is,  there  is  a 
compression  of  '002  foot  for  every  foot  in  length,  then  at  m\ 
half-way  between  j'  and  e',  there  is  only  a  strain  of  '001.  There 
is  the  same  strain  at  i'  the  same  distance  below  j',  but  it  is  now 
an  extension.  The  material  resists  being  strained  in  this  way, 
and  the  pushing  and  pulling  forces  which  it  exerts  at  the  section 
efy  Fig.  207,  are  just  the  forces  required  to  balance  all  the 
other  forces  acting  on  the  part  e  d  t/\ 

As  e'  D  t/'  is  a  body  kept  at  rest  by  forces,  and  which  is  no 
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longer  altering  in  shape,  it  is  to  be  regarded  as  a  rigid  body.* 
Now  what  is  the  condition  under  which  it  is  kept  at  rest  1 

318.  The  beams  used  by  us  are  almost  never  deformed  so 
much  as  the  beam  shown  in  Fig.  206,  and  indeed  our  theories 
are  only  true  on  the  assumption  of  exceedingly  small  changes  of 
shape.  Let,  then,  the  part  e'  d  t/'  be  drawn  less  deformed  as 
E  D  T  F  in  Fig.  208,  and  consider  its  equilibrium.  We  had 
better  consider  more  weights  than  one,  loading  it. 

The  forces  w^,  Wo,  and  Wg  represent  loads,  'and  p  is  the 

*  In  books  on  mechanics  you  may  have  read  much  about  rigid  bodies  and 
the  laws  of  their  equilibrium,  and  you  may  have  thought  that  such  bodies 
had  no  existence ;  but  vou  must  remember  that  we  can  r^ard  a  c]^uanti^  of 
water,  or  a  piece  of  steel  spring,  or  a  rope,  as  a  rigid  body  for  the  time  being, 
//  it  is  being  acted  on  by  f  otc«&^  and  is  no  longer  changing  Us  shape. 
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supporting  force  at  the  end  t  of  the  beam.  In  Art.  99  we  saw 
that  if  all  the  loads  on  a  structure  are  ^iven,  the  supporting 
forces  may  be  calculated. 

319.  We  are  now  considering  only  horizontal  beams  on 
which  the  loads  are  only  yertical  and  the  supporting  forces 

vertical:  Students  had  better  work  again  here 
a  few  exercises,  to  iind  the  supporting  forces 
when  the  loads  are  given.  Either  neglect  the 
weight  of  E  D  T  F  itself  or  imagine  it  represented 
by  Wg.     Suppose,  then,  p  to  be  known. 

Tbe  molecular  forces  acting  on  the  »urface 
E  p  (by    the  material   to    the   left    upon    the  ^j^'^  .,^, 

material  to  the  right  of  E  f)  balance  all  the 
external  forces  acting  upon  e  d  t  f,  namely,  w^  w^„  w.^, 
and  p.  Art.  98  gave  the  following  tJjree  as  the  conditions 
of  equilibrium. 

I.  The  upward  tangential  resultant  of  the  molecular  forces, 
which  I  shall  call  s,  the  shearing  force  at  the  section,  is  equal 
to  Wj  -I-  Wg  -h  W3  —  p.  The  student  ought  now  to  work  a  number 
of  exercises.  Given  loads,  iind  supporting  forces ;  find  s  at 
many  sections ;  show  all  answers  in  one  diagram  and  call  it  the 
diagram  of  shearing  force.  Observe  that  we  assert  nothing  as 
to  how  this  shearing  force  is  distributed  over  the  section.  We 
shall  find  in  Art  369  that  it  is  most  intensely  dis- 


m^ 


tiibuted  about  the  middle  parts  near  the  neutral 

axis  00.  '"*" 


0 


II.  As  the  loads  are  all  vertical  there  is  no  «- 

horizontal  component  in  the  resultant  of  the  mole-  * 

cular  forces;  in  fact,  all  the  pushing  forces  on 
E  p  balance  all  the  pulling  forces.  Figs.  209, 
210  show  E  F  magnified,  its  actual  shape  and  side 
elevation  also.  At  H,  a  point  in  e  f  at  the 
(listance  y  from  o  o  the  neutral  axis,  the  pushing  — 

force  per  square  inch  or  the  compressive  stress  .  — 
Wng  proportional  to  y,  let  us  call  it  c  y,  when  ^  JTJ 
c  is  some  constant ;  if  a  point  is  at  h'  (Fig.  209),  pj.,  210. 
we  shall  call  o  h'  a  negative  value  of  y,  so  that  a 
pulling  force  is  regarded  as  the  negative  of  a  pushing  force.  Now 
at  H  let  there  be  an  exceedingly  small  portion  of  area  a,  the 
force  on  this  is  c  y  a,  and  we  must  have  the  sum  of  all  such 
terms  wcya  for  the  whole  area  to  be  zero.  This  is  only  another 
^y  of  saying  that  the  pushing  and  pulling  forces  are  equal. 
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All  the  terms  c  y  a  have  the  same  multiplier  c ;  hence  what 
we  state  is  that  if  every  little  portion  of  area  a  be  multi- 
plied by  its  y,  the  sum  is  zero.     When  this  is  so,  Art.  109  tells 

us  that  o  o,  the  neutral  axis,  must  pass  through  the  centre  of 
gravity  of  the  area.  This  is  why  we  are  always  so  anxious  to 
find  the  centre  of  gravity  of  the  section  of  a  beam.  The  rules 
for  finding  the  centre  of  gravity  of  the  area  are  given  in 
Art.  111.  We  are  now  about  to  find  the  value  of  c.  Notice 
that  if  we  know  c  we  know  the  stress  at  any  point  in  the 
section,  and  we  particularly  want  to  know  c.  o  E  or  c.  o  f,  the 
greatest  stress. 

III.  The  moments  of  all  the  molecular  forces  about  any  axis 
balance  the  moments  of  Wp  Wg,  Wg  and  p  about  the  same  axis. 
Now  as  these  are  all  vertical  forces,  if  we  choose  an  axis  at 
right  angles  to  the  plane  of  bending  (the  plane  of  the  paper)  in 
the  plane  E  f,  notice  that  about  any  such  axis  these  moments 
will  be  the  same  j  hence  we  speak  of  the  moments  of  Wj,  Wg,  Wg 
and  p  about  any  such  axis  as  the  bending  moment  M  about  the 
section  e  f.  When  it  tends  to  make  the  beam  convex  upwards 
I  call  it  positive.     Hence  m  =  -  pt p  -h  Wj 'i  E  -h  Wg'j  e  -|-  Wg'L E. 

The  student  ought  to  practise  the  calculation  of  M  for  many 
sections  of  a  beam  and  then  show  his  answers  in  a  diagram, 
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Fig.  211. 

We  have  an  easy  graphical  method  of  drawing  such  a 
diagram  (see  Art.  349).  We  call  it  a  diagram  of  bending 
moment. 

320.  Very  well,  then,  the  sum  of  the  moments  of  all  such 
molecular  forces  a&cya  must  be  equal  to  m.  Take  the  moments 
about  0  o,  the  neutral  axis ;  the  moment  of  cyaiscya  x  y 
or  c  y^  a.  Now,  when  every  little  portion  a  of  an  area  is  multi- 
plied by  the  square  of  its  distance  from  a  line  and  the  sum 
taken,  it  is  called  the  moment  of  Inertia  I.  of  the  whole  area 
about  the  line,  and  it  is  easy  to  find  I.  for  any  area  about  tiie  axis 
o  0.  Part  of  Cha}).  VII.  is  devoted  to  this  subject  of  moments 
of  inertia.  We  have,  then,  c  I  =  m,  or  c  =  m/I  ;  and  hence  the 
compressive  stress  p  at  points  y  inches  from  the  neutral  axis  is 
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;>  =r  M  yfL .  .  .  (1).  As  y  is  greatest  at  points  like  e  or  f,  we  have 
the  greatest  compressive  and  tensile  stresses  at  these  points. 
In  fact,  the  greatest  compressive  stress  in  the  section  is  at  E, 
and  its  amount  is  o  e.  m/I  .  .  .  (2) ;  the  greatest  tensile  stress  is 
at  F,  and  its  amount  is  o  F.  H/T ...  (3),  and  these  two  expressions 
give  us  the  great  laws  of  strength  of  beams.  If  we  know  the 
stresses  which  the  material  will  stand,  we  know  whether  the 
section  e  f  will  withstand  the  bending  moment  M. 

821.  If  the  material  is  cast  iron  it  is  advisable  to  have  o  E= 
about  4^  times  o  f,  because  cast  iron  will  stand  about  4^  times 

as  much  compressive  as  tensile  stress.  Hence 
the  usual  economical  cast-iron  sections  are  as 
shown  in  Fig.  211,  with  centres  of  gravity 
near  the  bottom  boundaries  of  the  sections. 
Whereas  in  wrought  iron  and  mild  steel  and 
other  materials  the  resistance  to  compressive 
stress  is  much  the  same  as  the  resistance  to 
tensile  stress,  and  consequently  o  e  is  made 

equal  to  o  F,  and  the 
usual  economical  sections 
are  as  shown  in  Fig.  221. 

322.  In  the  model,  Fig. 

212,  which  shows  a  beam 
fixed  at  one  end  and  loaded 
at  the  other,  part  of  the 
material  has  been  removed, 
and  instead  of  it  we  have 
inserted  a  chain  or  link  a, 
which  is  only  capable  of 
exerting  a  pull,  and  a  rod  b,  which  is  only  capable  of 
exerting  a  push.  It  is  found  that  forces  acting  merely 
horizontally  on  M  N  o  F  are  not  sufficient  to  keep  it  at  rest ; 
^e  also  need  an  upward  force  at  m  f,  which  is  equal  to  the 
height  w,  together  with  the  weight  of  m  N  o  f  itself.  We  see  then 
^t  at  such  a  section  as  M  f  of  a  beam  we  need  pulling  and 
pushing  forces,  but  also  to  satisfy  the  first  condition  given  above 
ve  need  the  shearing  force  at  m  f.  In  fact,  an  upward  force  w' 
niust  be  exerted  at  m  f  equal  to  the  weight  w  and  also  to  the 
weight  of  M  N  0  F.  At  M  F  the  bending  moment  is  w  x  o  F, 
together  with  the  weight  of  m  n  o  f  x  the  distance  of  its  centre 
of  gravity  from  M  f.  This  is  to  be  balanced  by  the  pull  in  the 
chain  a  or  the  push  in  the  rod  B,  for  these  are  eqvxaX,  Tm3X\iV^\^^ 
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by  the  distance  between  their  lines  of  action.  If  a  beam  is 
long,  the  shearing  force  exerted  by  the  material  at  a  section  of 
the  beam  is  usually  not  so  important  to  consider  as  the  pushing 
and  pulling  forces,  and  in  many  cases  it  is  neglected.  When  a 
beam  is  very  short  the  shearing  force  becomes  more  important 
to  consider. 

323.  We  shall  now  take  a  case  in  which  there  is  only  bending 
moment  to  be  balanced  by  the  materia]  at  a  section.  Let  a  b 
(Fig.  213)  be  a  strip  of  wood  or  metal  originally  straight,  whose 
weight  we  shall  neglect.  Fix  or  solder  to  the  ends  stout  pieces 
of  metal,  and  by  means  of  cords  and  weights,  or  in  any  other 
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way,  exert  couples  on  these  ends  as  shown.  Consider  now  the 
equilibrium  of  any  portion  say,  c  D  B  (Fig.  214).  At  the  sec- 
tion c  D  we  know  that  pulling  and  pushing  forces  must  be 
exerted  by  the  material  which  exists  at  the  left  of  c  d  on  the 
material  which  exists  at  the  right  of  c  D,  and  the  moments  of 
these  just  balance  the  moment  of  the  forces  p  and  p,  and  this  is 
evidently  the  same  at  any  section  of  the  strip.  The  bending 
moment  at  any  section  is  then  the  moment  of  the  couple  or 
torque  M  acting  at  either  end.  Magnifying  the  section  E  F,  as 
in  Fig.  210,  and  representing  the  amounts  of  the  pulling  and 
pushing  stresses  by  arrows,  we  see  as  before  that  as  the  sum 
of  all  the  forces  one  way  must  be  equal  to  the  sum  of  all  the 
forces  acting  the  other  way,  and  as  the  stress  at  each  place  is 
proportional  to  distance  from  o,  the  part  where  there  is  no 
stress  or  the  neutral  axis  is  as  before,  a  line  through  o 
at  right  angles  to  the  paper,  and  this  must  pass  through 
the  centre  of  gravity  of  the  section.  We  see  also  that  the 
stresses  at  all  points  of  the  section  are  given  by  (1),  and  if  we 
particularly  desire  to  know  the  greatest  stresses  they  are 
given  us  by  (2)  and  (3). 

324.  Unsyxninetrical  Bending. — If  the  bending  moment  m  in  a 
section  is  about  an  axis  o  ^  through  o  the  centre  of  gravity  of  the 
section,  and  if  this  ib  not  a  •^jtm'd'^  «aa&  V»ft«  kd.  114),  but  makes 
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Fig.  215. 


the  angle  x^  o  x  =  a  with  a  principal  axis  o  x  (al)out  which  the 
moment  of  inertia  is  i,),  the  other  being  oy  (about  which  the 
moment  of  inertia  is  ij,  then  m  may  be  resolved  into  m  cos.  a  alx)ut 
o  X,  and  m  sin.  a  about  o  y.  The  stresses  and  strains  duo  to  these 
separately  have  now  to  be  combined 
to  obtain  the  actual  stresses  and  strains 
due  to  M.  Thus  at  a  point  whose  co- 
ordinates referred  to  the  principal  axes 
are  x  and  y^  we  have  the  total  stress 

^  _  M  COS.  g  .  y      M  sin,  a  .  x 

•^  ii  la 

If  /  is  put  equal  to  0,  we  find  the 
position  of  the  neutral  line.  It  evi- 
dently is  like  o  q,  and  makes  the  angle 
j8  =  Q  o  X  with  o  X,  such  that  tan. 

j8  =  -*  tan.  a.  It  is  now  easy  to  find 

the  points  which  are  at  the  greatest 
distance  from  oq,  and  these  are  the 
points  at  which  there  is  greatest  stress. 

Exercise, — In  a  beam  of  rectangular  section,  if  the  axis  about  which 
the  bending  moment  takes  place  is  at  right  angles  to  a  diagonal,  show 
that  the  greatest  stress  is  at  comers,  and  is  of  the  amount  &  u.  -t-  hd  ly  \i  b, 
d,  and  d  are  the  breadth,  depth,  and  diagonal  of  the  rectangle. 

325.  The  line  which  passes  through  the  centre  of  gravity 
of  every  cross  section,  being  neither  extended  nor  compressed, 
is  of  the  original  length  of  the  strip.  When  the  beam  is  bent 
as  in  the  figure,  A  B  becomes  longer  than  this,  and  a  b  shorter, 
yet  their  ends  are  in  the  same  planes  a  a  and  b  b.  Thus  the 
strip  may  be  considered  as  a  bundle  of  fibres  lying  in  arcs  of 
circles  which  have  the  same  centre  and  subtend  the  same  angle 
at  that  centre.  If  we  know  their  relative  lengths  we  can  tell 
where  the  centre  of  the  circle  is.  Now  we  know  the  stress  per 
square  inch  on  a  certain  fibre,  and  we  know  its  original  length, 
hence  we  can  calculate  its  present  length  (see  Arts.  241  and  265), 
and  its  length  is  to  the  length  of  the  neutral  fibre  as  its  radius 
is  to  that  of  the  neutral  fibre.  In  this  way  we  find  that  the 
radvus  oftlie  neutral  fibre  is  numerically  equal  to  tlie  inodulus 
of  elasticity  of  the  material  multiplied  by  the  inovient  of  inertia 
of  the  cross  section^  and  divided  by  the  bending  moment  at  the 

section^  or  the  curvature  ~  —  "t^  •  •  •  (^)* 

To  put  it  in  another  way  : — The  curvatxirem  E\^,1^1  \i^\s\^ 
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angular  change  per  unit  length,  is  the  angle  between  c'  d*  and 
t'  f  if  h'  j'  is  unity.  But  this  angle  is,  strain  afc  y  -4-  y,  or 
/?  -T-  E2/ .  .  .  (5)  and  by  (1)  this  becomes  (4).  The  form  (5)  is 
sometimes  useful  in  indicating  the  greatest  curvature  which 
may  be  given  to  a  beam  without  hurt,  by  making  'p  the  greatest 
stress  which  the  material  will  stand,  y  being  the  greatest  distance 
of  any  point  in  the  section  from  the  neutral  axis  on  the  com- 
pression or  tension  side.     In  the  same  way  it  is  easy  to  see  that 

if  a  beam  was  already  bent,  having  a  curvature  — ,  the  change 

of  curvature =  —,-••  (^)- 

T  T-Q         E  I 

Example. — A  straight  strip  of  tempered  steel,  07  inch 
broad,  0*1  inch  thick  (this  represents  the  depth  of  a  beam),  is 
subjected  to  a  bending  moment  of  100  pound  inches  :  find  its 
radius  of  curvature.  Answer : — The  moment  of  inertia  of  the 
section  is  0*7  x  -1  x  1  x  -1  -^12,  or  -0000583.  The  modulus 
of  elasticity  of  steel  is,  say  36,000,000,  and  36,000,000  x 
•0000583  -f-  100  gives  21  inches  for  the  radius  of  curvature  of 

the  bent  strip.  The  curvature  is  sr-  If  ^^'^  strip  was  already 
bent  before  the  load  was  applied  and  had  a  radius  of  curvature 
50  inches,  then  the  change  of  curvature  ~  ~  ka~9i  )  hence 

r  =  14*8,  or  if  the  new  bending  takes  place  in  an  opposite  way 
to  the  old  so  that  the  new  curvature  is  called  negative  for  our 

111 
purpose,  ^7:  —  -  =irrj  so  that  r  =  —  36*2  inches. 
50        r      21' 

Exercise. — A  beam  is  supported  horizontally  on  two  points,  one  under 
each  end ;  c  is  a  point  of  the  beam  one-fourth  of  its  length  from  one  of 
the  points  of  support.  Compare  the  curvature  at  c,  supposing  the  beam 
to  be  uniformly  loaded,  with  what  it  would  be  if  the  beam  were  without 
weight  and  the  load  concentrated  at  the  middle  point,  the  total  load  in 
both  cases  being  the  same.  Ans.j  As  3  to  4. 

326.  When  a  beam  is  loaded  in  any  way,  we  know  now  how 
to  find  the  bending  moment  at  any  place,  and  if  we  know  the 
modulus  of  elasticity  of  the  material,  and  the  moment  of  inertia 
of  the  section,  we  can  find  the  curvature  of  the  beam.  We 
may  draw  a  bent  beam,  then,  in  the  same  way  as  we  draw  the 
springs  of  Fig.  216,  but  the  beam  \a  »o  little  curved  usually  that 
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-we  have  difficulty  in  getting  compasses  long  enough.  In  this  case 
it  is  usual  to  diminish  all  the  radii  in  some  large  proportion, 
remembering  that  the  deflection  of  the  beam  as  you  draw  it  is 
increased  in  this  proportion.  For  a  l>eani  fixed  at  one  end  and 
loaded  at  the  other  we  get  a  curve  just  like  the  portion  s  t  in 
Fig.  216  c,  s  being  the  fixed  end  and  t  the  loadeil  end. 

The  following   method    is    not    perhaps    ho    instruetivt*    for 
beginners,  but  it  is  the  quicker  und  inon.'  accunito  method.     The 


CO 
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theory  is  given  in  Art.  358.  Suppose  A  c  D  s  b  is  a  diagram  showing 
the  value  of  m  -^  e  i  at  every  place,  e  being  Young's  modulus,  and 
I  the  moment  of  inertia  at  each  section.  Treat  it  as  if  it  were  a 
diagram  of  loading,  as  described  in  Art.  360,  and  proceed  as  if  you 
wanted  to  find  m  ;  in  truth  what  you  will  find  is  a  diagram  which 
shows  everywhere  the  deletion  of  the  beam.  That  is,  if  you  get 
ab  oi  Fig.  349  horizontal,  you  will  have  found  the  shape  of  the 
beam  turned  upside  down.     The  scale  will  be: — If  the  beam  is 

drawn  to  a  scale  of  1  inch  represented  by  n  inches,  and  if  —  is 

drawn  to  a  scale  of  unity  in  pounds  and  inches  represented  by 

3  inches,  and  if  an  area  of  1  square  inch  on  the  diagram  of  — 

in  Fig.  237  is  represented  on  the  diagram  of  Fig.  236  by  v  inches, 
then  a  deflection  of  the  beam  of  1  inch  is  represented  by  a  distance 
of  3  n^  v/o  H  inches,     o  h  is  to  be  in  inches. 

327.  Elastic  Curve. — If  we  take  a  straight  uniform  strip  of 
steel  and  subject  it  to  two  equal  and  opposite  forces  in  the  same 
straight  line,  the  strip  will  assume  one  of  the  fomis  shown  in 
Fig.  216,  which  all  go  under  a  common  name — the  elastic  curve. 
Now  consider  the  part  p  b,  Fig.  216  a.  Neglecting  its  own 
weight,  it  is  acted  on  by  a  force  P  at  b,  and  at  P  there  must  be 
an  equal  and  opposite  force  to  produce  balance.  There  is  a 
force  at  p  tending  to  compress  the  steel,  but  what  is  of  more 
importance  is  the  fact  that  f  produces  a  bending  moment  at  P, 
and  the  amount  of  it  is  the  force  x  the  distance  p  K.  Now  our 
strip  is  everywhere  of  the  same  material  and  section,  and  the 
only  thing  that  can  alter  is  its  curvature.  This  curvature  at 
any  place  we  know  to  be  greater  when  the  bending  moment  is 
greater,  and  less  when  the  bending  moment  is  less  ;  in  fact,  the 
radius  of  curvature  is  inversely  proportional  to  the  bending 
moment,  and  this  really  comes  to  the  fact  that  the  radius  of 
curvature  at  any  place  p  is  inversely  proportional  to  the 
distance  p  k  ;  or  if  the  distance  P  k  of  any  point  from  the  line 
of  force  is  called  a:,  as  r  =  e  i/m  or  E  i/r.ar,  and  as  E  I  and  p  are 
constant,  r  x  is  constant. 

We  can  obtain  the  shapes  shown  in  Fig.  216  in  two  ways : 
first,  by  taking  a  straight  strip  of  steel  and  performing  the 
operation ;  secondly,  by  drawing  the  curves  in  a  series  of  arcs 
of  circles.  Suppose  we  have  calculated,  as  in  the  above  example, 
that  the  modulus  of  elasticity  of  the  material  multiplied  by  the 
moment  of  inertia  of  its  cross-section  is,  say,  200  in  inches  and 
lbs.,  and  suppose  we  know  that  the  force  acting  at  B  is  10  lbs., 
low  that  the  radiua  oi  curvature  at  p  is  equal  to  200 
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divided  by  the  bending  moment  at  p,  which  is  10  x  p  k.    In  fact, 
the  radius  of  curvature  at  P  is  equal  to  20  divided  by  p  k  or  x. 
Choose  now  in  Fig.  217  the  point  c  as  the  middle  point  in  the 
strip.     Suppose  c  d  or  the  value  of  a;  for  c  to  be  4  inches,  then 
the  radius  here  is  5  inches.     Take  c  o  =  o  inches,  and  with  o 
as    centre  describe  a  small  ai*c,  c  E.      Join 
E    o  and  produce  it.      Now  at  E  measure 
K  F,  the  value  of  x  for  E,  and  suppose  you 
find  it  3-4  inches ;  divide  20  by  3*4,  and 
we  get  5*88  inches,  and  set  this  new  radius 
off  from  E  to  o'.     Take  o'  as  a  new  centre, 
and  describe  the  short  arc  E  G  of  any  con- 
venient small  length,  and  in  this  way  proceed 
until  the  curve  is  finished.   This  is  not  a  very 
accurate  method  of  drawing  the  curve  unless 
the  arcs  are  very  short,  and  small   eiTors   are   apt  to  have 
magnified  evil  effects,  but  I  know  of  no  better  exercise  to 
impress  upon  you  the  connection  between  radius  of  curvature 
of  a  strip  and  the  bending  moment  which  produces  it.     You  are 
therefore  supposed  to  have  actually  drawn  one  such  curve  at 
least   before   proceeding    with   your    study   of  this 
subject*     There  is  a  way  of  diminishing  errors,  easy 
to  discover  for  yourself  if  you  are  interested. 

328.  Parts  of  these  curves  happen  to  be  the  shape 
taken  by  liquids,  because  of  their  capillary  action, 
between  two  parallel  solid  faces.  They  are  also  the 
shapes  of  the  arches  which  are  best  fitted  to  with- 
stand fluid  pressure.  Thus,  for  instance,  in  Fig.  218 
the  curve  from  m  to  N  is  of  tire  shicpe  of  the  curve 
Fig.  216  6,  from  m  to  N,  the  fi'ee  water  level  being  the  line  A  b  ; 
and  in  Fig.  219  the  middle  line  of  the  joints  of  the  arch  m  to  n 
is  the  same  curve  inverted.  The  water,  whose  pressure  it 
resists,  has  as  free  water  level  the  line  A  b  in  the  relative  posi- 
tion of  the  line  of  force  to  the  elastic  curve. 

329.  When  a  strip  of  elastic  material  is  bent,  it  not  only 
alters  its  shape  in  the  well-known  way,  but  it  alters  the  form  of 
its  cross-section.  On  the  convex  side  of  the  strip  the  breadth 
becomes  concave,  and  on  the  concave  side  of  the  strip  the 
breadth  becomes  convex.  It  is  very  easy  to  try  this  for  your 
self  on  a  broad  strip  of  steel  or  a  bar  of  india-rubber.  These 
saddle  shapes  of  the  surfaces  are  due  to  the  fact  that  when  each 
fibre  is  pulled  it  gets  thinner  as  well  as  longer  (see  Art.  265'\^ 


M 


Fig.  218. 


392 


APPLIED   MECHANICS. 
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and  when  it  is  pushed  it  gets  broader  as  well  as  shorter,  and  it 
is  very  curious  that  this  action  should  not  interfere  perceptibly 

with  the  laws  of  bending  as  I 
have  given  them  to  you.  In 
all  probability  it  does  so  in- 
terfere, however,  in  the  case 
of  a  very  broad  thin  strip  of 
material  greatly  curved. 

330.  In  any  section  of  a 

beam,  consider  a  rectangular 

portion  of  area  of  breadth,  h 

(parallel  to  the  neutral  line) 

and  depth  d.     It  evidently 

undergoes  a  change  of  shape  of  outline  whose  character  does  not 

depend  upon   what  portion  of  the  section  it  is  in.      But,   for 

ease  of  calculation,  let  us  take  it  to  be  symmetrical  above  and 

below  the  neutral  line  oo  (Fig.  220).  The 
cmrature  of  the  beam  is  m/ei.  The  com- 
pressive stress  at  a  distance  p  from  the  neutral 
line  is/=  My/i.  This  produces  compressive 
strain,  but  it  also  produces  a  lateral  thickening 
strain  $f  {see  Art.  265) .  Hence  the  breadth 
b  of  the  rectangle  at  any  place  y  becomes 
broadened  by  the  amoimt  b  m  yjS/i,  and  hence 
the  straight  sides  a  c  and  b  d  alter  to  the 
straight  sides  e  h  and  o  l.  Also  the  dimensions 
parallel  to  a  o  and  b  o  on  the  a  b  side  of  o  o 
lengthen  equally,  and  on  the  c  d  side  they 
shorten  equally.  Consequently  a  b  and  c  d  be- 
come arcs  of  circles  with  the  same  centre, 
y  is  J  <;  at  A  b,  and  -  J  rf  at  c  d.  Consequently 
EG  =  A  (1  +  M  id$/i),  HL  =  a  (1  -  M  i^jS/i).     And  if  r  is  the 

,.        .     ,      ,  r  +  id       1+  iiidfi/i        ,  ,  r         i 

radius  of   o'  n  o  ,  ^  =  ? — ^,  and  hence  3  =  — ,^,  or 

'  r  -  ^d      1  -  iMrfjS/i'  d      udfi' 

r  =  i/m  $.    The  student  will  recollect  that  we  used  a  in  Art.  266  to 

represent  - ;  and  $  is  the  smaller  number,  such  that  /3/a  was  called 
b 

Poisson's  ratio  a.    We  see  now  that  the  cur\'ature  of  o'  n  o'  is  c 

times  the  curvature  of  the  neutral  line  of  the  beam.     In  the  above 

case  the  curvature  of  either  the  top  or  bottom  surface,  or  of  the 

neutral  surface,  is  anticlastic  or  saddle-shaped. 

Exercise. — One  side  of  a  plate  of  metal  is  at  6i**c  and  the 

other  is  at  Og^c.     The  plate  when  cold  is  plane.     What  is  now 

its  curvature,  and  what  is  the  greatest  stress  in  the  material 

if  curvature  be  prevented?     Ans, — a^.  (81— ^3)  V^**      (This 

measures   the   specific   curvature   of    the  surface,    being   the 

product  of  the  two  principal  radii  of  curvature  at  any  point 

of  the  suri&ce,)     Greatest  stress  =e  a  (63— 63).     {See  Art.  6.) 
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CHAPTER   XVII. 

STREKOTH   AT   ANY    SECTION    OF   A   BEAM. 

331.  Obsebve  that  in  any  section  of  a  beam,  the  stress  being 
greatest  at  places  furthest  away  from  o  o  (Fig.  220),  these  are 
places  where  the  material  is  most  useful  in  resisting  bending.  In 
some  cases,  as  in  railway  girders,  economy  of  mateiial  and  its 
w^eight  are  so  important  diat  there  is  very  little  area  of  section  ex- 
cept at  s  and  f,  where  there  are  two  booms  or  flanges  each  of  area 
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Fig.  221. 


A  :  one  where  nearly  all  the  compressive  forces  act  {/a.  is  the  total 
compressive  force  ify  is  the  compressive  stress),  and  one  where 
nearly  all  the  tensile  forces  act  (being  equal  to  the  same /a), 
and  the  sum  of  their  moments  about  o  (or  any  parallel  line  at 
right  angles  to  the  plane  of  bending),  being  f  K  d  '\i  d  is  the 
distance  from  e,  the  centre  of  one  boom,  to  f,  the  centre  of  the 
other  (and  called  the  depth  of  the  beam),  is  equal  to  the  bending 
moment.  In  plate  girders  there  is  a  thin  web,  or  perhaps  two 
(Fig.  221),  holding  the  booms  or  flanges  in  their  proper  posi- 
tions ;  in  open-work  girders  there  are  diagonal  braces  to  do 
this.  The  function  of  the  web  or  diagonal  braces  is  to  resist 
the  shearing^  forces,  and  we  have  good  reason  to  know  (see 
Art.  334)  that  the  booms  or  flanges  need  be  proportioned  only 
to  withstand  the  bending^  moment.     In  Fig.  100  vre  lvQ.d  '^ 
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girder  with  few  diagonal  pieces.  Now  we  already  know  that 
for  absolute  certainty  in  calculating  the  forces  exerted  by  the 
pieces  it  was  necessary  to  imagine  pin  joints  not  merely  between 
the  braces  and  the  booms,  but  between  one  piece  of  boom  and 
the  next.     Evidently  this  is  nothing  more  than  assuming  that 

each  piece  can  only  exert  a  pulling 
or  pushing  force,  and  has  no  shear 
in  a  cross  section.  It  will  be  found 
in  Art.  369  that  there  is  practically 
no  shear  in  the  cross  section  of  the 
flanges  of  even  a  plate  girder,  and 
that  the  above  easy  practical  rule 
(yAc?=M)  used  so  generally  by  en- 
gineers is  quite  legitimate. 

332.  When  the  web  is  a  plate  it 
is  hardly  worth  while  to  calculate 
whether  it  will  resist  the  shearing 
force ;  we  always  find  that  the  web 
which  is  thick  enough  (never  less 
than  f  inch)  to  let  the  girder  be 
handled,  and  to  let  other  girders  be 
fastened  to  it  and  pieces  to  prevent 
buckling,  is  ever  so  much  larger  to 
resist  shearing  than  is  merely  ne- 
cessary for  this  purpose.  Plate 
girders  are  used  up  to  75  and  even  100-feet  span  for  railway 
bridges.  For  great  spans,  as  in  the  Menai  tube  of  Fig.  222, 
this  form  is  no  longer  thought  to  be  economical. 

In  open-work  girders  it  is 

necessary  to  make  the  calcula- 
tion, and  it  is  done  in  the 
following  way.  In  built-up 
structures,  if  iron  and  timber 
are  used,  it  is  well  to  use 
timber  for  the  struts  (see 
Art.  372),  because  it  is  late- 
rally large,  and  iron  for  the 
ties.     In  structures   in  which 

different  materials  are   used,    expansion  is  different   in   the 

different  parts,  and  there  ought  to  be  no  redundant  parts. 

Thus   if  four  pieces   form  a  parallelogram   and   it  has  two 

diagonal  pieces,  of  the  six.  oiift  ia  ^^MTLdiaxit.      If  all  expand 
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equally  there  is  no  great  harm,  bat  if  on 
anoUier  great  weakness  may  reenlt. 

Bitrelte. — A  hinged  aqnaro  of  four  plocca  ut  iron,  i 
tvo  diagonal  pieMs,  one  of  bnw8  and  the  other  of  ii 
ue  of  equal  cnws  section,  and  three  timeu  that  ut  Uie  bnuu  one.  HiL'tu  in 
DO  initiat  attain  in  them  a.t  0°  C.  What  aro  the  ford's  iu  the  I'ieces 
at  30°  C.  f 

333.  Bednndant  parts  are  often  useful  in  stiSening  a  struc- 
ture when  the  loads  are  apt  to  be  very  different  at  different  times. 
When  it  is  necessary  to  reject  redundant  parte  we  need  no 

rules ;  common-sense  wilt  tell  i)^  for  example,  that  if  the  bars 

are  long  and  slender  we  ought  to  reject  the  struts  rather  than 

the  ties.     When  there   are  do  redundant  bars,  the  student 

follows  the  graphical  method  of  Cbap-VIII.,  or  the  correspoml- 

iog  analytical  method  which  gives  the  same  answer.    When  there 

ate  redundant  bars  he 

mast  make  certain  as-  I 

tomptlona.    Thus,  if  a 

table    with    fairly    uni- 

tormly   distributed  load 

upon  it  has  20  legs,  we 

uually  assume  that  each 

1^  has  a  twentieth    of 

the  load  if  they  are  all 

equal  in  length  and  the 

floor    equally     yielding 

everywhere.       Probably 
this  is  wrong,  and  if  we 
had  sufficient  information,  we  might  see  r 
common-senBe  to  suspect  more  load  o 
others.     But  we  can  do  no  better. 

are  the  booms  in  compression  and  tension,  if  b  d  is  /i  inches,  the 
verlioal  distance  between  the  centres  of  area,  and  if  the  sectional 
area  of  each  is  a,  then,  as  we  have  seen,/ a  A  =  the  bending 
■ootnent  at  the  section  B  D.  We  are  supposed  to  know  s,  the 
tolal  shearing  force  at  the  section.  This  is  the  force  with 
which  the  material  to  the  left  of  b  d  acts  upwards  on  the 
material  to  the  right  of  b  d.  If  the  push  or  pull  in  a  diagonal 
piece  is  P,  the  upward  component  of  this  is  p  sin.  fl  if  fl  is  its 
inclination  to  the  horizon,  and  the  total  shearing  force  is  resisted 
'•y  the  Tertical  components  in  the  diagonal  pieces.  Thus  if 
all  the  di^ional  bars  are  of  iron,  and  if  thej  are  w^viall^  v£ia\.\weA 
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B  of  the  legs  than  on 
1  Fig.  224  B  c  and  D  E 
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at  45°  to  the  vertical,  if  the  force  in  each  of  them  is  p,  the 
upward  component  of  each  is  p  cos.  4:5"  or  p/v^g;  if  there  are  n  of 
them  crossing  the  vertical  plane  b  d  then  n  ^1  <^<^  is  the  whole 
shearing  force  s.  If  s  is  known,  p  may  be  calculated.  When  a 
figure  is  drawn  it  is  easy  to  see  which  piece  exerts  a  push  and 
which  exerts  a  pulL 

Exercise. — In  Fig.  224  there  are  four  diagonal  pieces  crossing 
the  section  at  45**.  If  the  bending  moment  at  bd  is  3  x  10® 
pound-inches  and  b  p  is  5  feet,  find  the  area  of  the  boom  at  B  or 
at  D.  If  the  shearing  force  at  b  d  is  4  x  10^  pounds  find  the 
probable  push  or  pull  in  each  of  the  four  diagonal  pieces  and 
distinguish  struts  from  ties.    Ans.^  5  X  10^  -;-/;  7*07  x  10*. 

If  instead  of  Fig.  224  we  have  a  section  of  a  Warren  girder 
with  only  one  diagonal  piece  crossing  the  section  at  an  angle  of 
60°  with  the  horizontal,  what  is  the  push  or  pull  in  it?  -irw., 
4-62  X  105. 

Exercise, — If  only  one  diagonal  piece  at  45**  meets  a  boom 
and  a  vertical  piece,  show  that  the  force  in  the  vertical  piece  is 
equal  to  the  total  shearing  force  in  the  girder  section  at  the 
place. 

As  the  student  must  by  this  time  have  drawn  diagrams  of 
shearing  forces,  he  knows  that  when  the  load  of  a  beam  is 
uniformly  distributed  over  it  the  shearing  force  is  greatest  at 
the  left  end,  diminishes  to  zero  at  the  middle,  and  increases 
positively  to  the  right-hand  end  of  the  beam.  The  diagonal 
pieces  are  therefore  large  at  the  ends  of  abeam  and  small  in  the 
middle,  and  especially  in  large  girders,  for  much  of  the  load  of 
any  large  girder  must  be  distributed  uniformly. 

334.  We  see  that  when,  as  in  large  girders,  we  think  greatly 
of  economy  and  we  know  our  loads  and  that  they  are  vertical,  we 
have  flanges  or  booms  whose  sizes  may  be  calculated  with  a  fair 
amount  of  correctness.  Even  in  smaller  beams  to  carry  vertical 
loads,  it  is  convenient  to  look  at  what  occurs  at  a  section  from 

this  point  of  view ;  that  the  flanges  resist  the  bending  moment 
and  the  web  the  shearing  stress.  Taking,  in  Fig.  223  for 
example,  h  the  vertical  distance  in  inches  from  the  middle  of  the 
top  flange  to  the  middle  of  the  bottom  ;  A .  the  area  of  the  top 
flange,  A^  the  area  of  the  bottom  one,  in  wrought  iron  we 
make  Ac  =  At,  because  y*c  is  much  the  same  asy^*  but  in  cast 
ironic  is  4^  times /j,  and  hence  we  make  4 J  Ac=  A^;  or  the 
bottom  flange,   which  ia  in  tw^aion,  4^   times  the  area  of 
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the  top  one.  The  bending  moment  ia  /^  A^  or  /^  A^  multi- 
plied by  h. 

Exercise, — The  top  and  bottom  flanges  of  a  rolled  section 
of  wrought  iron  are  8"  x  f ".  The  web  is  of  same  thickness. 
The  height  over  all  is  12^.  What  is  the  bending  moment  when 
the  greatest  tensile  stress  is  10,000  lbs.  per  square  inch  ) 

Work  this  in  two  ways.  I.  The  tensile  or  compressive  force 
in  each  flange  is  8  x  |  x  10,000=50,000  lbs.  The  value  of  h  is 
12*- 1"  or  llf.  Hence  the  bending  moment  is  11|  x  50,000, 
or  569,000  pound-inches.     II.  The  moment  of  inertia  of  the 

^'       V.    .  '.          .    1       •     •    8x128     7f  X  (10i)»     «^^ 
section  about  its  neutral  axis  is  — y^ — ^ — r^ — ^^  =  ooo. 

This  divided  by  6  is  z,  the  strength  modulus,  and  10,000  z,  or 

647,000,  is  the  bending  moment. 

335.  The  above  example  gives  a  fairly  good  idea  of  the  error 

m  adapting  the  usual  practical  rule  for  a  railway  girder  where 

there    is   almost   no   web   to   a    rolled    girder    where    there 

is  a  web.     The  web  is  here  distinctly 

of  importance  in  resisting  bending 

moment.      Some  engineers,  instead 

of  taking  h  from  centre  to  centre  of 

flange,  take  it  the  height  over  all ; 

but  even  if  we  take  A=12"  in  the 

above   we    still    have    an    answer 

which  is  about  7  per  cent,  too  small. 

The  error  is  on  the  safe  side. 

Nevertheless,  it  is  always  better 

to  keep   to    the   correct   rule    of 

Art.  320  in  girders  which  have  an 

important  web,  and  in  all  mechanical 

©ngmeering  calculations  we   keep   to   the    correct    rule.       I 

therefore  give  here  a  list  of  the  values  of  i  and  of  z  for  various 

forms  of  section. 

Exercise, — Show  that  the  centre  of  gravity  o  of  the  area  in 
^g.  225  is  2  inches  above  the  bottom.  Take  it  as  a;  inches. 
The  middle  of  the  bottom  rectangle  is  a;  - 1  from  o  and  the 
nuddle  of  the  top  one  is  3^-05  from  o.  Hence  (x—^)  5  = 
(H-x)  5  or  03=2  inches.     The  moment  of  inertia  of  the  top 
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Fig.  225. 


J^tangle  about  axis  o  o  is 


5x13 
12 


+  5  ( 1  i)2  =1 2 1 1.     The  moment 
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of  inertia  of  the  bottom  rectangle  about  axis  o  o  is 

(1^)2=11| ;  and  the  sum  is  i=33A.    z^  for  the  top  is 
Zg  for  the  bottom  is  i  -^  2  =  16j. 

TABLE  VI. 


Moment  of  Inertia  of  Section. 


z  =  i/y 
Strength  Modulus  ol 


12 


•»-  .-■  ---•■ 


1-1 


^:g=;^M 


i 


12 


12 


khd^ 


a/ 2  88 

~J2" 


6  rf, 
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Moment  of  Inertia  of  Section. 


(bh2-  bh^f  -  4bh*A(h  -  A)5 


12(hh  -  bh) 


bh^ 
36 


f-     36(*-fAj) 


I   -i 


1 


[  i*  (^  -  ^')  +  *,  ( V  +  ^^^)\ 


z  =  i/y. 
Strength  Moduliu)  of  Section. 


Al3) 


(kh2  -  AA'-*)*-*  -  4  MH  bh  (h  -  A)'"^ 
6(bh2  +  bh^  -  2bnh) 


'   =  24 


z"  = 


AA-' 
24 

12 


z'  = 


./» 


z    = 


12  (2  6  +  *i) 
*  +  4*6i  +  V;^ 
T2"(*  +  2Ai) 


z'  = 


a;^ 


l"  =- 


I 


z   = 


.'/ 


z     =  — 


I 

I 

X 
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Moment  of  Inertia  of  Section. 


J     M^^  -  h{^)  +  h  W  +  V)  +  h 


[ 


+  J,  (A,»  +  A/)  +  *3  (^^i'  -  a/ jl 

V  -  »  -  ^  -J 


Ss.'T 


-64^^^-^^) 


-  ^^-^j 


(Parabolic  segment) 
^^j^^s^^^t  175 


z  =  i/y 
Strength  Modulus  of  Seci 


z'  = 


a;* 


z"  =- 


I 


z    =   -r- 


z"  =- 


I 
a; 


32 


D-^ 


IT         1)4    -     rf4 
32*      ~D 


h'^ 


jr   /«d8    -  h<P\ 
32\         D       V 


"'  =  35  **' 


APPLIED   MECHANICS.  401 

Exeretse. — ^Find  the  greatest  load  that  may  he  uniformly  distributed 
0^  a  cast-iron  girder  having  top  and  bottom  flangw  unit<>d  by  a  web,  of 
the  following  dimensions: — Width  of  upper  flange*  3  inches:  of  lower 
flwige,  9  inches ;  total  depth,  12  inches ;  thickness  of  each  flange  and  of 
the  web  being  1  inch;  distance  between  the  points  of  supports,  10  feet; 
^heu  the  greatest  admissible  stress  in  the  compression  flange  is  6  tons  \)or 
square  inch,  and  that  in  the  tension  flange  H  tons  per  square  inch. 

Atut.j  9*8  tons. 
336.  Proportioii  of  Depth  to  Length  In  Bailway  Oirden. — It  is 
usually  assumed  that  maximum  economy  of  weight  in  booms  and 
diagonal  pieces  leads  to  a  most  economical  ratio  of  depth  d  to 
length  /,  but  we  must  confess  that  we  feel  dissatisfied  with  the  easy 
mathematical  statements  sometimes  deduccnl  on  this  subject  from 
incomplete  data.  Take  it  that  in  girders  of  the  same  style  the 
diagonal  pieces  make  some  known  angle  with  the  horizontal.  JM 
us  take  45**,  for  example.  Then  each  bar  of  length  d^/2  and 
cross-section  a  withstands  a  shearing  force  s  =  o/  x  -/  2,  where  / 
is  the  shear  stress,  and  has  a  weight  rf-/  2  .  o  (-28),  or  the  weight 

is  d  V2  ('28)  7—7=^.     The  weight  of  the  corresponding  pieces  of 

boom  is  2d  A.  ('28),  where  xfd  =  m,  where  /  is  also  the  tensile 
stress.     Total  weight  of  a  bay  is  therefore 

2rf(-28)^4-(y)2rf8....(l), 

or  the  weight  in  pounds  per  inch  run  of  the  girder  is 

•56  /M        \  ,„, 

-^(^   +  8)....  (2). 

We  see,  therefore,  that  if  the  inclination  of  the  diagonal  pieces  is 
fixed,  the  greater  d  is  the  better ;  and  there  is  no  most  economical 
depth  of  a  girder  derivable — at  all  events,  from  these  simple 
considerations.  It  is  true,  however,  that  making  the  depth  great, 
if  the  inclination  is  constant,  means  that  we  are  increasing  the 
length  of  the  unsupported  part  of  the  (5ompres8ion  boom  and  struts, 
and  they  may  need  more  lateral  bracing ;  or,  as  it  is  better  to  put 
it,  the  cost  of  the  compression  members  per  pound  will  increase. 
Again,  the  weight  of  the  platform  will  also  increase.  These  are, 
however,  questions  of  a  different  kind,  difficult  to  settle  by 
elementary  mathematical  equations  when  systems  are  so  different. 
Writing  down  such  general  expressions  as  we  may,  there  is 
e^^dence  that  there  is  greater  economy  in  weight,  whatever  there 
may  or  may  not  be  in  cost,  in  letting  the  depth  get  less  where  the 
bending  moment  is  less,  instead  of  keeping  it  constant. 

The  most  important  matter,  how  the  natural  period  of  vibration 
of  a  bridge  ought  to  come  in,  seems  never  to  be  brought  forward  in 
these  calculations.  Professor  Milne  finds  that  the  horizontal  trans- 
verse deflection  is  the  most  serious  motion  of  a  railway  bridge.  It 
begins  when  the  train  is  perhaps  200  feet  or  more  away ;  it 
becomes  accentuated  with  every  passing  cama^e,  and.  'vlaen.  IV^a 
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whole  tram  lias  passed  there  is  the  natural  vibration  of  the  bridge, 
which  continues  for  some  time.  These  vibrations  are  due  to  lurdi- 
ing  of  carriages  and  impact  of  wheel-flanges  against  the  rails. 
Sometimes  a  light  waggon  seems  to  produce  much  larger  effectfi 
than  the  heavy  locomotive,  and  there  is  some  speed  of  train  with 
which  the  vibration  is  much  more  serious  than  with  quicker  oi 
slower  speeds.  Bridges  have  not  yet  been  studied  from  this  point 
of  view,  and  engineers  must  for  the  present  rely  upon  their  large 
factors  of  safety.  We  are  sure  that  more  attention  ought  to  be 
paid  to  these  lateral  vibrations,  which  seem  to  be  greatly  accen- 
tuated when  gusts  of  wind  are  acting  laterally. 

The  Board  of  Trade  rule  is  5  tons  per  square  inch  on  wrought 
iron  and  6^  on  steeL  This  is  not  sufficiently  safe.  It  is  well  to 
say  5  in  tension  on  iron,  4  in  compression,  and  steel,  say,  ^  greater. 
In  some  large  bridges  it  is  estimated  that  stresses  due  to  wind  are 
greater  than  those  due  to  rolling  loads. 

The  force  acting  on  the  rails  in  the  direction  of  their  length  is 
sometimes  as  much  as  ^th  of  the  weight  of  a  train  if  the  train  is 
quickly  stopped. 

As  for  the  vertical  motion,  its  consideration  will  probably  lead 
to  some  rule  connecting  maximum  deflection  t/^  under  static  load, 
and  length  of  girder  /.  There  is  a  vague  sort  of  imderstanding  that 
^1  shall  be  something  between  ^^th  and  T^oth  of  /.  If  beams  are 
of  uniform  strength  and  depth,  d,  the  curvature  is  constant,  being 
2//Erf  {see  Art.  362),  /  being  the  greatest  stress  in  every  section; 
and  hence  in  girders  supported  at  the  ends  the  deflection  i/i  is 

equal  to  J^fjAd-R.    If,  now,  we  take  y^  to  be  ?/l,200,  =  -—- 

1,Z\/U  4  0  E 

or  ^  =  3^y.    Taking  E//as  3,000,  ^  =  10 (3). 

It  is  not  quite  fair  to  say  that  the  calculation  of  the  probable 
loading  of  railway  bridges  is  more  scientific  in  America  than  in 
Britain.  British  engineers  differ  much  more  in  their  assumed 
loads  than  American,  but  in  neither  case  can  it  be  said  that  there 
is  a  scientific  basis  for  the  rules  in  use.  It  is  very  important  that 
the  student  should  know  this,  because  there  is  sometimes  a  pre- 
tence of  accuracy  of  treatment  in  bridge  calculations  which  is 
quite  misleading.  The  following  rules  are  more  common  than 
others,  and  may  well  be  used  in  academic  problems. 

In  ordinary  railway  bridges  the  greatest  possible  rolling  load 
may  be  taken  as  if  it  were  a  static  load  of  w^  tons  per  foot-run  for 
a  double  line,  where  w^  =  Z^  +  176//,  if  /  is  the  span  in  feet- 
This  is  really  on  some  such  assumption  as  that  a  rollii^  load  must 
be  multiplied  by  1  j  to  convert  it  into  the  equivalent  static  load. 
The  diminution  with  length  is  due  to  the  &ct  that  the  engine 
weight  is  more  intense  per  foot  than  other  parts  of  the  train.  The 
weight  of  the  platform  may  be  taken  as  w^  =  0*7  +  0072  /  tonB 
per  foot  of  the  span  for  a  double  line,  w^  increases  with  the  span 
because  of  greater  wind-bracing  and  the  greater  width  of  larger 
spaois  necessary  for  lateial  sUibility. 
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Half  of  every  term  may  be  taken  for  a  single  line,  and  used 
even  as  low  as  for  15-feet  spans.  A  railway  girder  is  usuallv 
built  with  80  much  negative  deflection  or  ^'  camber/*  as  it  is  callca, 
that  it  will  become  just  about  level  when  loaded. 

From  (2)  of  Art.  336,  taking  m  as  proi»ortional  to  wP,  if  m-  is 
the  total  load  per  foot  run,  and  s  as  propoi-tional  to  i/7,  the  whole 

weight,  Wj,  of  the  girders  per  foot  run  is  equal  to  J  a  -      -^  bw\  I, 

where  a  and  b  are  two  constants.  If  we  take  it,  as  is  usual,  that 
Ijd  is  nearly  constant  (say  10,  as  above  mentioned),  this  becomea 
Wj  =  Iwje,  where  e  is  some  constant.    Now, 

u>i  +  io^  / 

Hence  its  =     e     ,     or  - — >  (wi  +  «?,)  .  .  .  .  (4), 
y-1  c-l 


axAw  =  (iTi  +  M'2)/(  1  —  j. 


Whatever  may  be  the  worth  of  this  reasoning,  it  gives  us  a  rule 
which  is  taken  to  hold  in  all  railway  g^ders.  The  value  of  «  is 
about  1,000  feet  for  plate  web  girders,  1,200  for  lattice  girders  of 
ordinary  construction,  and  1,400  feet  for  bow-string  and  well- 
designed  lattice  girders. 

337.  Small  pistons  for  cylinders  up  to  20  inches  diameter  are 
packed  so  as  to  be  steam-tight  in  the  following  way.  The  method  is 
quite  wrong.  Suppose  the  cylinder  is  to  be  15  inches  diameter ;  there 
are  two  or  more  grooves  turned  in  the  piston  block,  about  ^  inch 
or  more  broad  and  ^  inch  deep,  to  receive  cast-iron  rings.  Many 
such  rings  may  be  made  at  the  same  time.  A  hollow  cylinder  of 
cast  iron  is  turned  up  about  15^  inches  outside  and  14^  inches 
inside,  and  many  rings  are  cut  from  it.  Each  ring  has  a  piece  cut 
out,  so  that  when  it  is  sprung  into  place  in  the  piston  groove  it 
may  be  jammed  into  the  cylinder,  its  ends  coming  now  close 
together.  The  cylinder  keeps  it  smaller  than  its  unstrained  size, 
and  the  pressure  all  round  is  assumed  to  be  uniform. 

Exercise  for  Students. — Prove  that  the  pressure  is  not  uniform 
all  round.* 

To  show  that  the  pressiure  cannot  be  uniform  all  round  in  the  usual 
JJ^thod  of  manufacture.  The  ring  unloaded  is  of  a  circular  shape ;  loaded,  it  is 
^ttlar  and  of  smaller  radius.  The  bending  moment  must  therefore  be 
P^^^stant.  Let  us  try  what  distribution  of  pressure  p  will  produce  a  constant 
"^^oing  moment;  that  is,  using  the  above  symbols,  if  Mo  is  the  bending 

foment  at  the  end  where  6  =  0,  Mo  +  r^  I     p  sin.  <p  .  d<p^M,  a  constant. 

rv.  Jo 

^differentiating  with  regard  to  8,  we  find  p  sin.d  ^  0  ;  and  as  this  is  true  for 
J^  Values  of  6,  we  must  have  p  =r  0  everywhere.  That  is,  the  shape  can  only 
p  ttudntained  by  couples  applied  at  the  two  ends.  It  is  quite  a  usual  thing 
y^e  workmen  beating  such  a  ring  out  of  shape  near  the  joint,  after  it  has 
"^  manufactured,  b^use  it  is  known  that,  so  far  from  pressing  uniformly 
^  round,  it  does  not  even  fit  the  cylinder,  but  concentrates  its  pressure  at 
•^rtain  points.  . 
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The  following  method  of  making  a  piston  ring  produces  uni- 
form pressure  all  round,  even  if  the  section  of  the  ring  varies  very 
greatly.     A  ring  is  cast  which  is  larger  than  what  is  required  ;  a 

piece  is  cut  from  it,  and  the  two 
free  ends  are  brought  together 
by  a  clamp.  This  clamp  pulls 
on  both  ends,  and  the  more 
nearly  the  resultant  pull  is  tan- 
gential to  the  mean  cylindric 
surface  at  the  end  the  more 
nearly  perfect  will  the  ring  be. 
The  ring  is  now  turned  up  to 
the  size  of  the  cylinder  and 
finished.  It  is  undamped,  and 
may  be  sprung  into  place. 

To  prove  that  the  pressure 
must  be  imiform  all  round.  In 
Fig.  226  let  bpa  be  part  of  a 
piston  ring  constrained  to  be  of 
the  size  of  the  cylinder,  of 
radius  r.  It  may  either  be  kept 
in  its  present  shape  by  the  equal 
and  opposite  forces  f  at  its  ends, 
Fig.  226.  ^^  ^y  pressures  p  lbs.  per  inch 

of  its  length.  Let  us  suppose  at 
first  that  p  may  not  be  the  same  all  round,  being  some  function  of 
the  angle  a  o  p  =  6.  Draw  p  a  perpendicular  to  o  a.  f  without  j;  pro- 
duced bending  moments  at  all  the  sections  of  the  ring;  the 
pressures  p  without  f  must  produce  the  same  bending  moments. 
Let  A  o  p  =  6.  Let  a  o  r  =  <^,  where  p  and  r  are  any  two  places 
on  the  ring,  and  a  is  one  end.     Bending  moment  at  p  due  to  f 

is  M  =:r  F  .  A  a,  Or 

M  =  F  r  (1  —  C08.6)  ....  (1). 

The  pressure  at  r  on  the  element  r  .  $<^  is  ^r$<^,  and  the  bending 
moment  due  to  this  at  p  is  'pv^  .  50  .  sin  (6  —  <^),  and  we  require 

pr^  sin.(6— <^)  .  rf<^  =  f  r  (1  —  cos.d)  ....  (2). 
0 

In  the  integral^  is  a  function  of  <^.   Now  we  know  that  in  genera 

f  (a?)  .  rfa:  =   I     f  (a  —  x)  ,  dx^ 
0  Jo 

and  hence  equation  (2)  is 

r^  \     p  sin.^  .  rf<^  =  F  r  (1  ~  cos.6)  ....  (3). 
Jo 

Differentiating  with  regard  to  6,  we  have  r'^p  sin.6  =  p  r  sin.  6,  or 

p  =  y\t^  a  coi\&ta.nt ....  (4). 


i 
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It  will  be  observed  that  the  pressure  p  is  imiform  all  the  way 
round,  even  if  the  ring  varies  greatly  in  section.  It  is  quite  true 
that  ihe  proof  assumes  the  thickness  to  be  everywhere  incon- 
siderable.  If,  however,  we  assume  a  uniform  thickacss,  it  is  easy 
to  see  that  if  the  resultant  force  f  exercised  by  the  clamp  acts  on 
each  end  exactly  at  the  mean  radius,  there  is  absolutely  a  constant 
pressure  per  inch  all  the  way  round.  In  Japan,  twenty  years  ago, 
Professor  K.  H.  Smith  tola  me  that  the  above  proposition  was 
true.  I  worked  out  the  proof  very  easily.  I  do  not  think  that  it 
has  been  published  before. 

The  usual  method  of  making  the  rings  is  very  much  more 
mischievous  than  it  may  appear  to  be  on  a  hurried  examination. 
It  seems  to  me  that  if  the  correct  method  is  adopted,  care  being 
taken  as  to  the  proper  method  of  applying  the  clamp,  piston  ring^ 
may  be  made  in  this  way  for  the  very  IsLrgest  cylinderH,  and  it  is 
evident  that  there  must  be  a  very  great  reduction  in  the  cost  of 
large  pistons  in  consequence. 

338.  Curvature. — The  curvature  of  a  circle  is  the  reciprocal  of  its 
radius ;  and  of  any  curve,  it  is  the  curvature  of  the  circle  which 
best  agrees  with  the  curve.  The  cur>'ature  of  a  curve  is  better 
given  as  "  the  angfular  change  (in  radians)  of  the  direction  of  the 
curve  per  unit  length."    Now  draw  a  very  flat  curve,  with  very 

little  slope  t.     Observe  that  the  change  in  i  or  -^  in  going  from  a 

)oint  p  to  a  point    q    is    almost    exactly  a  change    of    angle 

change  m  ^  is  really  a  change  in  i,  the  tangent  of  an  angle ;  but 

when  an  angle  is  very  small,  the  angle,  its  sine  and  its  tangent, 

are  all  equal  I .     Hence,  the  increase  in  -^  from  p  to  q,  di^-ided  by 

the  length  of  the  curve  p  Q,  is  the  average  curvature  from  r  to  a  ; 
and  as  PQ  is  less  and  less,  we  get  more  and  more  nearly  the 
curvature  at  p.    But  the  curve  being  very  flat,  the  length  of  the 

arc  p  ft  is  reaUy  8a?,  and  the  change  in  -^  divided  by  Bx,  as  Bx  gets 
less  and  less,  is  the  rate  of  change  of  ^  with  regard  to  a;,  and  the 

dX 

symbol  for  this  is  ^.     Hence  we  may  take  ^  as  the  curvature 

of  a  curve  at  any  place,  when  it  is  everywhere  nearly  horizontal. 
If  the  beam  was  not  straight  originally,  and  if  ^  was  its  small 

deflection  from  straightness  at  any  point,  then  ^  ^  was  its  original 

curvature.     We  may  generalise  the  following  work  for  beams 

not  straight  to  begin  with  by  using  ^^  {y  -  y')  instead  of   ^ 

everywhere. 

It  is  easy  to  show  that  a  beam  of  uniform  strength — that  is,  a 
beam  in  which  the  maximum  stress  /  (if  compressive,  positive  •,  if 
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tensile,  negative)   in  every  section  is  the  same — has  the   same 
curvature  everywhere,  if  its  depth  is  constant. 

If  rf  is  the  depth,  the  condition  for  constant  strength  is  that 

M  M 

—  ,  Id  =  +  /,  a  constant.     But  -  =  e  x  curvature ;  hence  curva- 
I  —  I 

ture  =     "^ 


E.  d' 


Example. — In  a  beam  of  constant  strength,  it  d  = r->  then 

y-2  =  —  («  +  bx).     Integrating,  we  find  —^*j-  =  e  +  ax  +  \  bs^, 

and,  again,  try.  y  =  e  +  ex  ■{•  ^  (u^  +  ^ .  bjfi^  where  e  and  c  must 

be  determined  by  some  given  conditions.     Thus,  if  the  beam   is 

fixed  at  the  end,  where  a:  =  0,  and  -r  =  ^  there,  and  also  y  =  0 

ax 

there,  then  c  =  0  and  e  =  0. 

339.  In  a  beam  originally  straight,  we  know  now  that  if  a:  is 

distance  measured  from  any  place  along  the  beam  to  a  section,  and 

if  y  is  the  defiection  of  the  beam  at  the  section  and  i  is  the  moment 

of  inertia  of  the  section,  then 

where  m  is  the  bending  moment  at  the  section,  and  e  is  Young'a 
modulus  for  the  material. 

We  give  to  -~^  the  sign  which  will  make  it  positive  if  ^^ 
ctx 

is  positive.     If  m  would  make  a  beam  convex  upwards  and 
is  measured  downwards,  then  (1)  is  correct.     Again,  (1)  wouL 


W 


t 


Q 


.t«-— ♦ 


Fig.  227. 

be  right  if  m  would  make  a  beam  concave  upwards  and  y 
measured  upwards. 

Example  1. — Unifomi  beam  of  length  I  fixed  at  one  »: 
loaded  with  weight  w  at  the  other.     Let  x  be  the  distance      o^ 
a  section  from  the  fixed  end  of  the  beam.     Then  m  =  w  (?  -  a;) ; 
that  (1)  becomes 


0O 
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Integrating,  we  have,  as  e  and  i  are  constants, 

If  dx  ' 

From  this  we  can  calculate  the  slope  everywhere. 

To  find  e  we  must  know  the  slope  at  some  one  place.  Now, 
we  know  that  there  is  no  slope  at  the  fixed  end,  and  hence 

^  =  0,  where  a:  =  0 ;  hence  c  =  0.     Integrating  again, 

To  find  c,  we  know  that  y  =  0  when  a?  =  0,  and  hence  c  =  0  ; 
so  that  we  have  for  the  shape  of  the  beam — that  is,  the  equation 
giving  us  y,  the  deflection  for  any  point  of  the  beam — 

y  =  ^,(ii»»-  i^....(3). 

We  usually  want  to  know  y  when  a?  =  /,  and  this  value  of  y 
is  called  d,  the  Tna-riTmiTn  deflection  of  the  beam ;  so  that 

^  =  3Tr  •  •  •  (*)• 

Example  2. — ^A  beam  of  length  /  loaded  with  w  at  the  middle 
and  supported  at  the 


V^ 


W 


Fig.  228. 


2 


ends.      Observe  that 

if  half  of  this   beam 

in  its  loaded  condition 

has  a  casting  of  cement 

made  round  it  so  that 

it  is  rigidly  held,  the 

other  half  is  simply 

a  beam  of  length  \  /, 

fixed  at  one  end  and 

loaded    at    the   other    with   ^    w,    and,    according    to    the    last 

example,  its  maximum  deflection  is 

D  =  ^  -  ^^   ^   or  75 ....  (5). 

3  Bi  48  .  EI  ^  ' 

The  student  ought  to  make  a  sketch  to  illustrate  this  method  of 
solving  the  pro  wem. 

Example  3. — Beam  fixed  at  one  end  with  load  w  per  unit 
length  spread  over  it.  The  load  on  the  part  vq.\bwxvq.otw 
{I  ~  x).  The  resultant  of  the  load  acts  at  midway  between  p  and 
a,  so,  multiplying  by  J  (/  -  «),  we  find  m  at  p,  or 

u  =  ^w  {I  -  x)^  .  .  .  .  (6). 
Using  this  in  (1),  we  have  —- f^  =  l^  -  2lx -\-  x^.     Integrating, 


to 


dx^ 


we  have  -^  ^  =  Ph^  -  Ix^  +  ^xi^  ■\-  c.     This  gives  us  the  slope 
IV    dx 


408 


APPLIED   MECHANICS. 


everywhere.     Now  -f-  =  ^  where  a:  =  0,  hecause  the  beam  it 
there.     Hence  c  =  0.     Again  integrating, 


^^CkiOf 


vv^.>^>vvv>v>v^.^^vywv>| 


— *• 1-X •* 


Fig.  229. 


and  as  y  =  0  where  a;  =  0,  c  =  0,  and  hence  the  shape 
beam  is 

^  =  if^i  f^''"^'  -  4&'  +  **)•••  •  (7). 

y  is  greatest  at  the    end  where  x  =  ly   so  that  the  ma: 
deflection  is 


D  = 


iv 


24B,3'*'«'"  =  ^^- •••(«) 


if  w  =  M??,  the  whole  load  on  the  beam. 

Example  4. — Beam  of  length  I  loaded  uniformly  with 
unit  length,  supported  at  the  ends.     Each  of  the  sup;^ 
forces  is  half  the  total  load.     The  moment  about  p  of  \u}l, 
distance  pa,  is  against  the  hands  of  a  watch,  and  I  ca 
direction  negative :   the  moment  of  the  load  w  {\l  -  x) 
average  distance  ^  p  a  is  therefore  positive,  and  hence  the  b( 
moment  at  p  is 

-  [W  (¥  -X)  -iu^  {¥  -  ^)'}  ,  or  -  \^iivP-  iwx^^  .  . 

so  that,  from  (1),  ei  ^^  =  -  j  ^ivP  -  ^wx^  > .      Integratii 


Fig.  230. 


dy 


il-x-yr 


^w) 


have  EI  -  -  =  -  4 wJ^x  +  i wx^  +  c,  a  formula  which  enables 
ax 

find  the  slope  everywhere      c  is   determined  by  our  kno^ 


that 


dy. 


-t\=^  0  where  a;  =  0,  and  hence  c  =  0.     Integrating 
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Biy  =  -^gipP^fi  +  -fftMC!*  +  c,  and  c  =  0,  because  y  =  0  where 
x=  0,    Hence  the  shape  of  the  heam  is 

*  =  ilTi  (''^  -  2**)  •  •  •  •  (10). 

y  is  greatest  where  x  =  ^l,  and  is  what  is  usually  called  the 

5  w  Z' 
maximum  deflection  d  of  the  beam,  or  d  =  ^^j —  if  w  =  /ir,  the 

total  load. 

Example  6. — In  any  beam,  whether  supported  at  the  ends  or 
not,  if  t<;  is  constant,  integrating  (4)  of  Art.  357,  we  find 

du 

—  =  b  +  iox,  and  u  =  a  +  bx  -^  ^wji^  ....  (5). 

In  any  problem  we  have  data  to  determine  a  and  b.  Take  the  case 
of  a  uniform  beam  uniformly  loaded,  and  merely  supported  at  the 
ends.  Measure  y  upwards  from  the  middle,  and  x  from  the 
middle.  Then  m  =  0  where  x  =  ^l  and  -  ^Z,  0  =  a  +  J  W  +  iwl^j 
and  0  =  a  -  JW  +  ^wP,  Hence  ft  =  0,  a  =  -  ^wfi,  and  (6) 
becomes 

M  =  -  iwP  +  iirar* (6), 

which  is  exactly  what  we  used  in  Example  4,  where  we  afterwards 
divided  m  by  ei,  and  integrated  twice  to  find  y. 

With  regard  to  the  following  important  practical  problem : — When 
uie  sizes  of  an  angle  iron  are  given  to  find  the  least  radius  of  gyration  of 
its  section  about  a  line  through  its  centre  of  gravity,  I  give  students  a 
comber  of  angle  irons  every  year ;  for  each  of  them  they  find  the  least 
nidioB  of  gyration.  From  the  tabulation  of  these  results  I  hope  to  get  an 
wnpirical  formula.  I  had  hoped  to  be  able  to  publish  this  now,  but  I 
«ive  not  yet  obtained  a  sufficient  number  of  results. 
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CHAPTER    XVIII. 

SOME   WELL-KNOWN    RULES    ABOUT    BEAMS. 

340.  When  beams  have  the  same  section  everywhere  we 
look  for  the  place  where  the  bending  moment  is  greatest,  as 
that  is  the  place  where  fracture  tends  most  to  take  place,  and 
we  find  the  cross  section  to  withstand  this  greatest  bending 
moment.  We  shall  now  consider  such  a  uniform  beam  loaded 
and  supported  in  various  ways. 

Thus,  the  load  may  be  hung  from  one  end  of  the  beam,  the 
other  end  being  rigidly  fixed,  say  by  being  built  into  a  wall. 
When  we  say  that  the  end  of  a  beam  is  fixed,  we  mean  that  it 
is  rigidly  held  in  position,  whereas  when  we  say  that  a  beam  is 
supported  at  its  ends,  we  mean  that  it  is  merely  held  up  there. 
In  Table  VIII,  six  ways  are  shown  in  which  the  same  length  of 
beam  is  supposed  to  be  loaded.     The  total  load  is  supposed  to 
be  the  same  in  every  case,  and  the   length   from  A  to  B  is 
supposed  to  be  the  same.     Then,  we  see  that  when  the  beam  i& 
fixed  at  both  ends,  and  the  load  spread  over  it,  it  is  twelve  times 
as  strong  as  when  one  end  is  fixed,  and  the  whole  load  hung  from 
the  other  end.     This  means  that  if,  with  the  beam  fixed  at  one 
end,  a  load  of  one  ton,  hung  at  the  other  end,  breaks  the  beaim . 
then,  when  fixed  at  both  ends,  and  the  load  spread  uniformly 
over  it,  the  same  sized  beam  will  carry  12  tons.     Hence,  B^ 
experiments  are  made  on  the  strength  of  the  beam  when  load^-« 
in  any  of  these  ways  we  know  what  its  strength  ought  to  be  wh^^ 
loaded  in  any  of  the  other  ways.     Now  a  great  many  expeKT 
ments  have  been  made   upon    beams  of  rectangular  sectio:3 
supported  at  both  ends  and  loaded  in  the  middle,  the  third 
given  in  the  Table  ;  and  from  these  experiments  we  know  h 
to  find  the  load  which  such  a  beam  will  carry.     Having  fo 
this,  we  know  that  when  loaded  and  supported  in  a  different  w^aa 
the  beam  will  carry  more  or  less  according  to  the  number* 
the  column  headed  "  Strength." 

341.  If  M  is  the  bending  moment  and  z  the  stren^ft 
modulus  of  the  section,  and  /  the  stiess  which  the  matax^ 
will  stand,  M  =  z/.  .  .  .  (1). 

Let  us  take  as  an  example  beams  of  rectangular  sect>ioii, 
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breadth  b,  depth  d;  the  strength  modulus  is  b  cP/6,  so  ih&t 

H  =/b  cP/6 (2). 

Now  our  theory  is  based  on  the  idea  of  perfect  elasticity  ; 
we  cannot,  therefore,  assume  that  m  is  the  bending  moment 
which  will  break  a  beam  i£/ia  tlie  ultimate  tensile  or  compres- 
dve  stress,  because  our  theory  cannot  hold  beyond  the  elastic 
limit,  but  we  find  by  experiment  that  the  breaking,  bending 
moment  is  proportional  to  b  cP.  Thus  if  rectangular  beams  of 
the  same  material,  but  of  different  lengths  (I  feet),  breadths  (b 
inches),  and  depth  (d  inches)  are  supported  at  the  ends  and 
loaded  in  the  middle,  we  find  that  the  breaking  load  w  lb.  follows 
with  fair  accuracy  the  rule — w  =  c  6  d^/l  (3)  where  c  is  given  in 
the  following  table  and  stands  for  1/18  of  our  old/.  It  is  well 
to  try  to  remember  that  doubling  the  breadth  of  a  beam  doubles 
its  strength,  but  doubling  its  depth  gives  four  times  the  strength. 

TABLE    VII. 
Beams  Supported  at  the  Ends  and  Loaded  in  the  Middle. 


Nature  of  Material. 


Teak        . 
Oak 

English  Oak 
^. 

^©ech      . 
^tchPine 
5^  Pine 

^^^jch 

^-•.^Mlroii 

'rought  Iron 
-«inmered  Steel 
^-^Xlarble 
^^ood  Sandstone 


e  to  Calculate  Strength. 


e  to  Calculate  Deflection. 


820 
450  to  600 

557 

675 

518 

544 

450 

370 

284 

600 

337 
2,540 
3,470 
6,400 

150 
50  to  80 


•00018 
•00044  to  00020 
•0003 
•00026 
•00031 
•00035 
•00023 
•0005  to  0002 
•00041 
•00023 
•00061 
•000024 
•000016 
•000013 


The  numbers  given  in  this  table  are  merely  the  average 

alues  found  by  various  experimenters.     You  may  wish,  how- 

^"ver,  to  find  for  yourself  whether  they  are  correct  or  not.     You 

^-re  designing  a  beam  of  pitch-pine,  say ;  then  take  a  rod  of 

l>itch-pine,  1  foot  long,  1  inch  broad,  1  inch  deep  ;  support  it  at 

"the  ends,  and  load  in  the  middle  till  it  breaks  :  the  Table  says 

"that  the  load  will  be  644  lbs.,  but  you  may  find  it  to  be  more 
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or  less  than  this.  Remember  also  that  it  is  near  the  middle 
that  your  beam  is  likely  to  break ;  this,  then,  ought  to  be  the 
soundest  and  most  evenly  grained  part  of  the  timber  if  possible 
and  the  specimens  which  you  try  ought  to  be  as  nearly  at 
possible  the  same  kind  of  timber. 

If  your  beam  is  loaded  or  supported  in  any  of  the  other  five 
ways  described  in  Table  VIII.,  you  will  multiply  the  breaking 
load  which  you  .have  found  by  the  number  called  strength  ii 
Table  VIII.     The  reason  is  obvious. 

342.  In  certain  standard  cases  we  like  to  state  algebraicall} 
the  amount  of  bending  moment  at  any  section  of  a  beam.  W< 
shall  do  this  in  the  six  standard  cases,  so  well  known  to  all  carpen 
ters,  shown  in  pages  413  to  415. 

I.  Beam  of  length  I  inches  iixed  at  one  end  A,  loaded  onl] 
with  w  at  the  other  end  b.  At  a  section  x  inches  from  b  th< 
bending  moment  is  evidently  M  =  w  a.  The  shearing  force  ij 
s  =  -  w.  The  diagram,  Case  I.,  shows  M.  Notice  that  M  i 
greatest  at  a,  and  is  then  w  Z. 

II.  Beam  fixed  at  A  (Case  II.,),  load  w  lb.  per  inch  of  iti 
length  or  total  load  w  spread  uniformly.  Note  that  the  load  oi 
p  B,  if  p  is  a  section  x  inches  from  b,  would  be  w  x,  and  th( 
resultant  of  this  acts  at  the  distance  |  x  from  the  section,  » 
that  its  moment is^  xxwxor  ^wx^.  It  is  greatest  at  A,  beinj 
there  J  to  Z^.     s  the  sheaiing  force  at  p  is  —  wx.     Note  tha 

-nr 

t^  Z  =w,  80  that  the  bending  moment  anywhere  is  J—  a;2  and  i 

V 

^  w  Z  at  the  end  a.  The  shearing  force  at  the  end  A  i 
numerically  greater  than  anywhere  else,  being  —  w. 

III.  Beam  of  length  I,  load  w  in  middle  supported  at  th 
ends.     The  supporting  forces  are  each  |  w.    At  a  section  x  inche 

from  either  end  th 
bending  moment  i 
—   J  w  a,  being  - 


-Z  J i 


fl^/\AAA/\AAMAAAAAAMAAAji(\AAAiAAA^  Yf  I       at     tho       middh 


HR  Of* — x~  y 


I 


and  the  shearin 
force  s  is  -  J  w  f ror 
A  to  the  middle,  whe: 
it  suddenly  change 
^«'  281.  and  becomes  -f  ^  ^ 

from  the  middle  to  £ 

IV.  Beam  of  length  I  supported  at  the  ends,  load  w  lb.  pe 

inch  of  its   length  or  total  \oa.d  w   spread   uniformly    {se 
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Fig.  231).  The  supporting  forces  at  a  and  b  are  each  ^  w 
or  ^w  l.  At  p  if  o  P  =  a;,  the  bending  moment  is  the  moment 
of  the  supporting  force  about  p  minus  the  moment  of  the  load 
on  p  B,  or,  since  o  B  =  J  Z  and  P  B  =  J  Z  -  ar, 

M  =  ^  {^  w I  {^  I  -  x)  -  w  (^l  -  x)^(il-x)}, 

and  this  simplifies  toM=  -  ^  w  (l^  —  i  a^).  It  is  numerically 
greatest  at  the  middle  where  a;  is  o,  being  there  —  ^  to  Z^  or 
-  J  w  Z.     The  shearing  force  at  p  is  J  w;  Z  — 1/7  (J  Z— oj),  or  w  x. 

The  student  ought  himself  to  draw  all  the  diagrams  of  M 
(bending  movement)  and  s  (shearing  force). 

The  diagrams  of  M  for  cases  V.  and  VI.  are  shown  in  the 
figures.  (Case  VI.  will  be  worked  out  in  Art  360).  They  are 
simply  the  diagrams  of  III.  and  IV.  with  the  average  value  of 
M  subtracted  from  every  ordinate — that  is,  the  whole  diagrams 
are  lowered  by  this  amount.  The  diagrams  of  s  are  exactly 
the  same  whether  a  beam  is  merely  supported  at  the  ends  or  is 
fixed,  if  the  loading  is  symmetrical  (see  Art.  362) — that  is,  the 
fixing  does  not  alter  the  actual  supporting  forces  at  the  ends. 

We  have,  in  fact,  the  following  rule  for  finding  the  bending 
moment  diagram  for  a  uniform  beam  symmetrically  loaded, 
fixed  at  the  ends.  Find  the  diagram  of  bending  moment  as  if 
the  beam  were  merely  supported  at  the  ends  ;  raise  it  by  a 
distance  equal  to  its  average  height.  We  now  have  the  diagram 
of  the  bending  moment  when  the  ends  of  the  beam  are  fixed. 
The  shearing  force  diagram  is  not  altered  by  fixing  the  ends. 
If  for  any  two  kinds  of  loading  we  have  the  diagrams  of  M 
3Jid  8,  then  for  the  two  kinds  of  loading  applied  at  the  same 
tune  we  simply  add  algebraically  the  ordinates  of  the  separate 
diagrams. 
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343.  At  the  Imperial  College  of  Engineering,  in  Japan,  we 
bad  a  testing-machine  with  which  I  made  a  great  many 
experiments  with  my  students.  It  increased  the  load  on  a 
beam  at  a  uniform  rate,  and  registered  the  load  and  deflection 
of  the  beam  at  every  instant — that  is,  it  drew  a  curve,  each 
point  of  which  showed  the  deflection  and  the  load  which  pro- 
duced it.  Mr.  George  Cawley,  instructor  in  mechanical 
engineering  at  the  college,  lithographed  a  number  of  these 
curves,  taken  by  himself  ;  and  although  the  experiments  were 
made  on  Japanese  wood,  so  that  the  actual  amounts  of  load  and 
deflection  are  not  of  general  interest,  yet  the  shapes  of  the 
curves  are  so  interesting  as  to  be  worthy  of  publication.  With 
only  one  exception,  two  beams  were  broken  and  two  curves 
taken  for  each  kind  of  wood.  The  mean  of  these  two  curves 
has  been  given  in  Fig.  232  — that  is,  a  curve  lying  between  the 
two.  The  specimens  were  all  free  from  knots.  They  were  all 
28  inches  long  and  1 J  inch  square.  The  distance  o  w  repre- 
sents one  ton,  and  the  distance  o  D  repi^esents  a  deflection  of  2 
inches,  so  that  the  scale  of  the  diagram  is  known.  The  load 
was  in  each  case  added  to  at  a  uniform  rate,  beginning  with  o, 
and  the  rate  at  which  it  increased  was  one  ton  in  two  minutes, 
and  we  see  from  the  figure  that  practically  only  in  three  cases 
did  the  breaking  of  the  beam  take  more  than  two  minutes. 
The  end  of  each  curve  shows  where  the  specimen  broke ;  it  is 
^y  to  see  where  the  curve  ceases  to  be  a  straight  line — that 
18,  where  the  law,  "  Deflection  is  proportional  to  load,"  ceases 
to  be  true ;  and  this  point  is  therefore  the  elastic  limit.  In 
some  cases  the  load  corresponding  to  the  elastic  limit  is  less 
than  half  the  breaking  load,  and  in  some  cases  greater 
^^an  this,  but  usually  it  may  be  seen  that  it  is  about 
oue-half. 

314.  What  about  beams  that  are  not  rectangular  in  section] 
^^pposewe  have  a  beam  of  the  same  section  everywhere,  whose 
strength  and  stiffness  we  know,  and  suppose  we  want  to  know 
^Q«  strength  and  stifihess  of  another  beam  which  has  the  same 
^orm  of  section — that  is,  suppose  the  new  section  is  such  that 
^11  the  old  lateral  dimensions  are  increased  in  a  certain  ratio — 
^^en  the  strength  and  stiffness  increase  in  this  ratio  ;  if  all  the 
old  vertical  dimensions  are  increased  in  a  certain  ratio,  then  the 
strength  increases  as  the  square  of  this  ratio,  and  the  stiffness 
^icreases  as  the  cube  of  this  ratio.  The  effect  of  change  of 
length  is  just  the  same  as  it  was  with  rectangular  beams,  and 
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we  know  the  eflfect  produced  by  different  methods  of  supporting 
and  loading  the  beam  from  Table  VIII. 

From  Arts.  341  and  342  it  is  evident  that  the  load  which 
a  beam  will  carry  without  breaking  is  proportional  to  the 
strength  modulus  of  its  section  divided  by  the  length  of  the 
beam.  The  deflection  of  the  beam  is  proportional  to  the  load 
multiplied  by  the  cube  of  the  length,  divided  by  the  moment 
of  inertia  of  the  cross  section. 

345.  Beams  of  aniform  strength  are  those  in  which  the 
nature  of  the  loading  is  exactly  known,  and  every  section  is  made 
just  of  such  a  shape  and  size  as  to  be  equally  ready  to  break 
with  all  the  other  sections.  There  is  no  difficulty  in  making  z, 
the  strength  modulus,  exactly  proportional  to  M.  Thus  taking 
up  the  four  well-known  cases  already  described ;  let  us 
design  beams  of  rectangular  section  everywhere  of  breadth  6 
or  depth  d,  or  of  circular  section  of  diameter  d,  which  shall 
be  of  uniform  strength.  Note  that  for  a  rectangular  section 
z  a  6€^,  and  for  a  circular  section  z  a  d^.  In  the  case  of  the 
circular  section,  the  plan  and  elevation  of  the  beam  are  of  the 
same  shape. 

Case  1. — M  =  wa;,  so  that  bd'^  <x  x.  Keep  h  constant,  the 
elevation  showing  e^  is  a  parabola.  Keep  d  constant,  the  plan 
showing  6  is  a  triangle,  u'  a  x^  so  that  plan  and  elevation  are 
vhat  is  sometimes  called  the  cubic  parabola ;  anyhow,  it  is  easy  to 
draw. 

Case  2. — m  a  x^^  so  that  hd'^  a  x^.  Keep  h  constant,  the 
elevation  showing  £f  is  a  triangle.  Keep  d  constant,  the  plan 
showing  6  is  a  parabola,  v^  en  x^  \  the  plan  and  elevation  are 
easily  drawn. 

Case  3. — From  the  middle  to  each  end,  this  beam  is  the  same  as 
the  beam  of  Case  1. 

Case  4.— M  a  (/«  -  4^2)^  go  that  U'^  a  {p  -  ^s^).  Keep  h 
constant,  the  elevation  showing  ^^  is  an  ellipse.  Keep  d  con- 
stant, the  plan  showing  h  is  two  parabolas,  d*  a  (/^  -  4  a:^),  so 
that  the  plan  and  elevation  ai'e  easily  drawn. 

We  cannot  treat  Gases  5  and  6  in  the  same  way,  because 
we  only  know  m  in  these  cases  on  the  assumption  that  the  beams 
are  of  the  same  section  everywhere  [see  Art.  362). 

EXERCISES. 

Boiled  girder  section,  or  two  equal  flanges  and  web,  like  a, 
Fig.  223.     In  Table  VI.  we  see  that  the  moment  of  inertia  is 

I  =  I  ^  _  (i  _  ^,)  ^j3  j  ^  12, 

and  the  strength  modulus  z  is  i  divided  by  \d^\id  is  the  depth 
over  all,  d\  the  depth  between  the  flanges,  h  breadth  of  either  flange, 
^i  the  thickness  of  web. 
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1.  liCt  the  student  calculate  i  and  z  in  all  the  cases  of  the  following 
Table,  page  421. 

2.  Taking  /  =  20  tons  per  square  inch  for  iron,  and  30  tons  for  steel, 
find  f'L  in  each  case.  This  is  the  greatest  bending  moment  in  inch-tons 
which  each  section  will  stand. 

3.  Show  that  a  beam  /  feet  long,  supported  at  the  ends  and  loaded  in 
the  middle,  will  break  when  the  load  in  tons  is  /z  -r-  3  /.  Calculate  this 
for  /  =  10  feet  in  each  case  of  the  table. 

4.  Beams  10  feet  long.     For  one  ton  at  the  middle  the  deflection  in 

2  240  X  120* 

inches  is  d  =  ^V  •  i^ — tt^s .  or  2*688  -^  i.     Find  this  in  each  case. 

*"     30  X  10*  X  I 

I  take  E  the  same  for  iron  and  steel — namely,  30  x  10*  lbs.  per  square 

inch. 

5.  An  iron  beam  of  the  rolled  girder  section  of  the  table,  18  inches 
deep,  25  feet  long,  fixed  at  the  end*.  What  is  the  breaking  load  if 
spread  uniformly  H 

Am.,  The  load  for  a  10-foot  beam  in  the  table  is  89  tons  ;  for  a  25-foot 

89 
beam,  supported  at  the  ends,  and  loaded  in  the  middle,  it  is  ^  x  10,  or 

35-6  tons.     Table  VIII.  shows  that  fixing  at  the  ends  and  loading  all  over 
allows  us  three  times  ad  much  breaking  load,  or  106*8  tons. 

6.  What  is  the  mid-deflection  of  the  beam  of  Exercise  5,  flxed  at  the 
ends,  when  the  load  spread  all  over  is  20  tons  ? 

-^M*.,  For  a  10-foot  beam  it  would  be  '00223  x  -125,  according  to  the 
**  deflei'tion  "  column  of  Table  YTIL;  and  for  a  25-foot  beam  we  multiply 
by  25^  -r-  10»,  and  the  answer  is  -0044  inch. 

7.  Compare  the  strength  to  resist  bending  of  a  wrought-iron  I  section 
when  it  is  placed  like  this :  I,  and  like  this :  m.  The  flanges  of  the 
beam  are  each  6  inches  wide  and  1  inch  thick,  and  the  web  is  \  inch 
thick,  and  measures  8  inches  between  the  flanges.  An*.,  4*67  ;  1. 

8.  What  is  the  greatest  stress  in  a  bar  which  is  subject  to  a  bending 
moment  of  4,000  inch-pounds  (1)  if  the  section  is  a  circle  of  f  inch 
radius:  (2)  if  of  I  form,  2  inches  deep  and  1  inch  wide,  the  web  and 
flangt's  each  being  f  inch  thick.  Am.,  5*4  tons;  3*1  tons. 

9.  The  dimensions  of  the  section  of  a  cast-iron  girder  are  the  follow- 
ing :  top  flange,  4  bv  1^  inches;  bottom  flange,  12  by  \\  inches;  web, 
16  bv  \\  inches.  IVtermine  the  position  of  the  neutral  axis,  and 
calculate  the  moment  of  inertia  of  the  section.  Find,  also,  the  moment 
of  rt'sistaniv?,  the  greatest  permissible  tensile  and  compressive  stresses 
Kuntf"  2 1  and  1\  tons  per  square  inch  respectively.  If  the  girder  be  20 
fet^t  lung,  and  is  sup(H>rted  at  its  two  ends,  find  also  the  greatest  safe  load 
whioh  it  will  carry  when  uniformly  distributed  along  its  length. 

^i*^..  71  inv  h  fn»m  top ;  2,280*5  inch-units ;  800  ton-inches ;  26|  tons. 

UK  l»^ud  the  moment  v>f  n^stance  to  bending  of  a  beam  of  wrought 
iivu  which  ha*  a  stvtiim  like  that  of  the  third  figure  in  Table  VI.,  taking 
^  ~  4  iuohe($;  depth,  5  inches;  the  thieknees  of  metal  everywhere,  \ 
Ukch ;  and  f  =  20  tons  per  square  inch.  What  is  the  greatest  load, 
pla^vil  at  the  ivntiv,  which  a  lO-foot  beam  of  this  section  will  stand  when 
*up)Kvjtcvl  at  K»th  end*?  ^n*.,  60  45  inch-tons;  2  tons. 

U.   In  a  \\umght-irvxi\  ginler,  supported  at  both  aids,  the  section  is 

that  Jthowu  in  tht>  ihirvl  tigiuv  of  Tiihle  VI.     a  =  8  inches,  4=7  inches, 

*^  ^  l<»  luchcsi,  i»  =*  V^  \uc)m!«.    The  len^  is  24  leei.     Find  the  greatest 
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imifonnly  distributed  load  which  the  girder  will  safely  bear,  taking 
/  =  9,000  lbs.  per  square  inch.  Calculate  the  deflection  at  the  middle  of 
the  beam.  Arts.,  12*29  tons;  0*447  inches. 

12.  A  steel  plate  girder,  70  feet  span,  7  feet  deep,  has  a  uniform  load 
of  1  ton  per  foot,  a  detached  load  of  10  tons  at  the  middle,  and  loads  of  5 
tons  each  at  15  feet  on  each  side  of  the  centre.  Find  the  diagram  of 
bending  moment,  and  state  its  amount  at  the  detached  loads.  Calculate 
the  best  areas  of  cross-section  of  the  booms  at  the  middle.  Take  6  tons 
per  square  inch  in  compression  and  7  tons  in  tension  as  safe  stresses. 

Arts. J  21- 13  square  inches;  18*1  square  inches. 

13.  A  hollow  tube  of  wrought  iron  20  feet  long,  3  inches  outside  and 
2^  inches  inside  diameter.  Find  its  weight.  What  is  its  deflection  with 
its  own  weight  ?  What  further  weight  on  its  middle  will  it  carry  safely 
rf/=  4^  tons  per  square  inch?        Ans.,  145*2  lbs. ;    44  inch ;  158  lbs. 

14.  The  supporting  forces  of  a  35-foot  beam  are  20  and  15  tons. 
There  is  a  load  uniformly  spread  of  10  tons,  and  one  detached  load. 
Find  the  detached  load  and  its  position,  and  find  the  bending  moment  at 
the  detached  load,  and  also  at  the  middle. 

Ans.y  26  tons  at  21  feet  from  one  end ;  252  foot-tons ;  218*7  foot-tons. 

15.  A  beam  70  feet  long,  with  weights  of  5,  2,  4,  6,  and  5  tons  at 
distances  10,  20,  30,  35,  and  60  feet  from  one  end.  Find  the  bending 
moment  at  each  of  these  places,  and  find  the  supporting  forces. 

Atu.,  117*1,  184*3,  231*4,  234,  and  1029  foot-tons;  11*7  tons;  10*3 
tons. 

16.  If  we  take  it  that  /  really  means  some  kind  of  ultimate  stress 
which  ought  to  be  considered  in  the  formula  for  a  rectangular  section : 

Greatest  bending  moment  =  / .  -^, 

we  know  that  in  a  beam  of  length  /  inches,  the  breaking  load  at  the 
middle  being  w,  the  beam  being  supported  at  the  ends,  the  breaking 

bendmg  moment  must  be  w//4,  and  hence   we  have  w//4  =/  ^  ,  or 

6 

w  =  }/ .  -y^.     In  the  beams  of  Table  VII.,  *  =  1  inch,  d  =  1  inch,  I  =  12 

inches.     Calculate  /  for  each  of  the  materials  mentioned  in  Table  VII. 

17.  A  beam  12  inches  long,  1  inch  broad,  1  inch  deep,  has  a  deflection 

D  for  a  load  of  1  lb.     The  values  of  d  are  given  in  Table  VII.  for  many 

materials.    They  are  there  called  e.     Calculate  the  Young's  modulus  in 

V  tr/* 

each  case.     Here  d  =  -— —  becomes 

48  b  I 


E  = 


wP   _  1  X  12>  X  12  _  432 


48i<f         48  X  1  X  <? 


Thii^  for  English  oak  <y  =  -0003,  or  3  x  lO"**,  and  hence  e  =  1,440,000. 

iv!r*i    ;A^^^^^^'  ^'^^  ^y  <^^'^ry  number  in  the  "deflection"  column  of 
Table  \  II.  to  find  Young's  modulus. 

18.  A   bar  of  wrought   iron   3   inches  broad  and   1^^  inch  thick   is 
supported  m  a  horizontal  position  at  two  points  2*  feet  apart.     What 

cwtTy'''"  ""'^'^'®  ^'^^^  ^  ''^''^  ^>'  placing  there  Tload  of  15 

lo     A     *     •  vi^  1.         .  Ans.,  0*064  inch, 

is*.  A  stmight  bar  of  wrought  iron  1  inch  x  1  inch  in  section  is 
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loaded  as  a  tie  hsur  with  5  tons.  It  is  found  that  the  portion  between  two 
points  on  it,  4  feet  apart,  elongates  '019  inch.  What  is  the  value  of  b? 
It  the  bar  be  subject  to  a  bending  moment  of  1,800  inch-pounds,  what 
would  be  the  radius  of  curvature?  Find  also  the  greatest  stress  and 
deflection  if  the  bar  be  supported  at  points  4  feet  apart  and  loaded  with 
120  lbs.  Ans.y  28*3  x  10«;  109  ft. ;  8,040  lbs. ;  0-0123  inch. 

20.  A  squai;^  bar  I  inch  x  j^  inch  is  subjected  to  a  bending  moment  of 
350  inch-pounds.  What  is  the  greatest  stress  in  the  bar,  and  the  radius 
of  the  circle  into  which  it  is  bent,  e  being  taken  at  2,000,000  lbs.  per 
square  inch  ?  Am.,  4,978  lbs. ;  12-5  ft. 

21.  A  bar  of  deal  6  feet  long,  2  inches  broad,  and  3  inches  deep, 
supported  at  the  ends,  is  broken  by  a  weight  of  1,200  lbs.  suspended  at 
the  centre.  What  uniformly  distributed  load  would  a  beam  of  th(^  same 
length  and  material  bear  if  the  depth  were  4  inches  and  breadth  3  inches  ? 

Ans.y  6,400  lbs. 

22.  Sketch  the  diagrams  of  shearing  force  and  b(;nding  moment  for  a 
uniform  beam,  supported  at  both  ends,  30  feet  long,  weighing  10  lbs.  per 
foot  run,  and  carrying  a  load  of  1  ton  at  a  point  12  feet  from  one  end. 
Give  the  numerical  values  of  the  shearing  force  and  bending  moment  for 
the  middle  transverse  section  of  the  beam. 

Ans.y  896  lbs. ;  174,780  inch  lbs. 

23.  A  beam  42  feet  span  supports  five  wheels  of  a  locomotive.  The 
fore  wheel  is  1  foot  from  the  left  end,  and  the  distances  between  the 
wheels,  in  order,  are  5,  8,  10,  and  7  feet,  and  the  loads  transmitted  to  the 
beam,  in  order,  are  5,  6,  11,  12,  and  9  tons.  Find  the  maximum  bending 
moment.  Ans.y  3,612  inch  tons. 

346.  In  designing  railway  girders  the  theory  of  bending  is 
found  to  lead  to  useful  rules  ;  but  in  machine  design  some  judg- 
ment is  necessary  in  applying  rules,  and  want  of  judgment  is 
conspicuous  sometimes  in  the  writers  of  books  on  this  subject. 
What  we  would  urge  upon  students  is  the  necessity  for  a  great 
respect  being  shown  to  what  are  sometimes  called  "rule-of- 
thumb-proportions " :  great  respect,  tempered  by  criticism. 
When  all  the  people  of  an  old  trade  have  made  a  pedestal  or 
hanger  of  much  the  same  proportions,  we  must  remember  that 
these  proportions  have  been  reached  at  considerable  cost  in 
trials  and  failures. 

347.  The  Teeth  of  Wheels.— When  toothed  wheels  drive 
each  other,  their  teeth  tend  to  break  like  little  beams  fixed  at 
one  end.  It  is  usual  in  considering  their  strength  to  regard  the 
pressure  between  two  teeth  as  acting  at  a  corner,  because  this 
may  accidentally  occur,  and  it  is  the  most  trying  condition. 
There  are  usually  two  pairs  of  teeth  in  contact  at  once,  so  we 
consider  that  only  half  the  total  horse-power  has  ever  to  be 
transmitted  by  one  pair  of  teeth.  This  transmitted  horse-power, 
multiplied  by  33,000,  divided  by  the  circumferential  velocity  c^l 
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the  wheel  in  feet  per  minute,  is,  of  course,-  the  force  in  pounds 
which  each  tooth  has  to  withstand  {see  Art.  41).  Imagine  the 
tooth  to  tend  to  break  at  a  section  ahcdb^  Fig.  233,  making  45" 

with  the  depth  a  H,  just  as  we  know 
it  would  break  if  the  comer  were 
struck  smartly  with  a  hammer.     This 

m 

consideration  leads  to  the  rule  that 
the  square  of  the  pitch  is  propor- 
tional to  the  force,  divided  by  the 
greatest  safe  stress  per  square  inch 
to  which  the  material  may  be  sub- 
jected. If  teeth  are  so  carefully 
trimmed  up  that  we  imagine  the  load 
always    to    be    distributed    over    the 

m 

whole  breadth,  it  is  easy  to  see  that 
the  pitch  ought  to  be  proportional 
to  the  force  per  inch  breadth  of  wheeL  Taking  the  first 
case,  it  is  easy  to  see  that  the  practical  rule  becomes 


Fig.  233. 


p  =  c  v^H'r 

where  H  is  the  horse-power  transmitted  at  a  velocity  of  r  feet 
per  minute.  If  p  is  the  pitch  in  inches,  c  may  be  taken  as  7  for 
well-made  cast-iron  wheels  working  without  shock ;  c  is  9  ftH* 
ordinary  mill  wheels  ;  c  is  1 1  in  wheels  subjected  to  shocks  ;  c 
is  also  usually  taken  as  1 1  in  mortise  wheels.  At  high  speeds 
c  is  usually  taken  greater  as  shocks  are  probably  greater. 

Exercise, — A  spur  wheel  making  100  revolutions  per  minute 
has  60  cogs  of  3  inch  pitch  (the  circumference  is  therefore  180 
inches,  or  15  feet,  so  that  v  =  1,500  feet  per  minute) ;  what 
power  ^-ill  it  transmit  safely  ?  Here  vpr'c^  is  1,500  x  9  -^c^,  so 
that  the  horse-power  is — 

275  in  the  most  favourable  case, 

167  in  mills, 

112  when  there  is  much  shock. 

When  teeth  are  well  trimmed  we  may  take  it  that  the  above 
numbers  fore  ought  to  be  diminished  by  25  percent,  if  the  breadth 
of  the  wheel  is  four  times  the  pitch.  In  very  broad  bevel  wheris 
the  above  velocity  is  to  be  taken  as  the  average  velocity.  In 
ordinary  or  narrow  bevel  wheels  it  is  the  velocity  of  the  inner 
parts  of  the  teetlu 
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348.  Similar  Structures  Similarly  Loaded. — If  a  girder  is 

loaded  mainly  by  its  own  weight,  then  any  other  girder  made  to 
tlie  same  drawings  bat  on  a  different  scale  would  be  a  similar 
stmctore  similarly  loaded ;  and  this  is  the  name  given  to  all 
stractures  made  from  the  same  drawings  but  to  different  scales, 
if  dieir  loads  are  in  the  same  proportions  to  the  weights  of  the 
rtmctures  themselves.  It  wiU  be  found  that  in  all  such  cases  the 
stress  at  similar  places  is  proportional  to  the  size  of  the  structure 
— that  is,  the  weakness  of  the  structure  is  in  direct  proportion 
to  its  size. 

This  is  easily  seen  if  we  imagine  the  structure  to  be  such  a 
Bimple  one  as  a  rod,  a,  Pig.  234,  carrying  a  weighty  ball,  w.     If 
Uiere  is  another  sach  arrangement,  of  twice  the  size  in  every 
direction,  the  area  of  cross  section  of  the  rod  would 
be  four  times  as  great ;  but  the  load  to  be  carried 
woald  be  eight  times  as  great,  and  therefore  the 
stress  per  square  inch  at  a  section  would  be  twice 
as  great — ^that  is,  the  larger  rod  and  ball  would  be 
twice  as  weak.      As  the  stress  would  be  twice  as 
great  and  the  length  of  the  rod  twice  as  great,  the 
eitension  would  be  four  times  as  great     The  exten- 
sion of  the  rod  per  foot  in  length  would  only   be 
twice  as  great     In  the  same  way  a  beam  of  cast 
iron,  1  inch  square  and  1  foot  long,  is  1,700  times 
too  light  to  break  with  its  own  weight,  whereas  a 
beam  of  cast  iron  whose  length,  breadth,  and  depth 
are  in  the  same  proportion,  if  1,700  feet  long  and       Fig.  234. 
1,700  inches  square  in  section,  would  break  with 
its  own  weight.      The  deflection  of  similar   beams  similarly 
loaded  is  proportional  to  the  square  of  their  dimensions ;  but 
tbe  deflection  per  foot  of  length  is  only  proportional  to  their 
dimeDsions. 

Imagine  similar,  beams  of  the  same  material  whose  similar 
tensions  are  as  1  to  s  and  the  loads  are  as  1  to  s*^  ;  evidently 
bending  moments  will  be  as  1  to  s^;  moments  of  inertia  of 
cross  sections  will  be  as  1  to  s^ ;  curvatures  at  similar  places 
^  be  equal ;  deflections  will  be  as  1  to  s- ;  stresses  will  be  as 
Itos. 

If  we  dare  take  the  loading  of  similar  ships  as  1  to  s"  where 
*  is  something  between  2  and  3,  bending  moments  will  be  as 
Itoaf'*'^;  curvatures  will  be  as  1  to  s"~';  deflections  will  be 
•»  1  to  s""* ;  stresses  will  be  as  1  to  s""** 

o* 
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In  machines,  accelerating  forces  are  proportional  to  s  x 
masses  x  N^  if  n  is  the  number  of  revolutions  per  second  or  per 
minute.  Hence  in  similar  machines  the  forces  are  proportional 
to  s*  n2,  bending  moments  are  proportional  to  s^  N*2,  curvatures 
to  s  n2,  deflections  to  N^  s^,  stresses  to  s^  n^.  If,  therefore,  the 
stresses  due  to  mere  accelerations  in  machines  are  to  be  the 
same,  s  N  must  remain  constant — that  is,  if  the  size  of  a  machine 
is  doubled  its  speed  must  be  halved. 

348a.  Strong^  of  Ships. — Let  a  c  represent  the  length  of  a 
ship.  Imagine  the  ship  divided  by  sections  at  equidistant 
points  in  a  c.  Let  the  ordinates  of  the  curve  w  represent 
the  weights  of  these  portions,  and  the  ordinates  of  the  curve  b 
represent  the  buoyancy  or  weights  of  water  displaced  by  them. 
The  two  areas  must  be  equal,  and  their  centre  of  gravity  lie  on  the 
same  ordinate.  The  ship  is  **  water-borne  "  at  d  and  e.  We  take 
the  vertical  distances  between  a  b  d^  and  a  w  d^,  and  between  c  b  b^ 
and  c  w  e^,  as  representing  the  downward  load  per  foot  or  per  inch 

6 


Fig.  234a. 


on  a  beam  a  d,  and  on  c  e  and  the  vertical  distances  between  d^  b  b^ 
and  D^  w  E^  as  upward  load  per  foot  or  per  inch  on  the  part  of  the 
beam  de.  If  wo  set  off  these  distances,  therefore,  as  ordinates 
from  a  line  a  c  (Fig.  234a),  we  have  the  curve  of  positive  and 
negative  loading  of  a  beam.  We  can  use  them  to  obtain  the  shear- 
ing force  and  bonding  moment  at  every  section  of  the  beam  or  ship. 
Even  when  lying  level,  it  is  evident  that  the  loads  on  a  ship, 
regarded  as  a  beam,  are  in  other  directions  besides  the  vertical. 
Shipbuilders  must  also  take  account  of  the  loading  due  to  the 
inertia  of  the  parts  of  the  ship  in  her  various  kinds  of  motion. 
When  these  loading  forces  are  known  it  is  not  difficult  to  calculate 
the  strength.  Besides  the  strength  as  a  whole,  it  is  important  to  see 
how  each  part  communicates  the  load  on  it  to  the  general  system. 
The  complete  problem  is  therefore  a  complicated  one,  which,  how- 
ever, can  all  be  worked  out  according  to  the  principles  given  in  this 
book.  The  general  student  is  supposed  to  know  the  above  simple 
method  of  obtaining  loading  and,  therefore,  bending  moment  and 
shearing  force  at  each  section  of  the  ship  as  if  it  were  a  beam. 
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CHAPTER    XIX. 

DUGBAMS   OF   BENDING    MOMKNT   AND   SHEARING   FORCE. 

349.  When  a  beam  is  loaded  in  any  way  whatever,  it  is  easy  to 

obtain  by  a  graphical  method  the  diagram  of  bending  moment ; 

in  feet,  in  finding  the  supporting  forces  one  finds  the  diagram 

of  bending  moment     Let  a  b  (Fig.  235)  represent  the  length  of 

a  beam  which   has   three  ver- 
tical loads— 1,    2,  3.     To  find 

^^  vertical  supporting  forces 

at  A  and  B,  draw  the  unclosed 

force  polygon,  k  l  (Fig.  236) — 

before  the  student  arrives   at 

this  part  of  the  book  he  will 

probably     have    drawn     other 

force  polygons   where   all   the 

sides  were  really  in  the  same 

straight  line— 1,  2,  and  3  (Fig. 
^36),  representing  in  direction 
and  magnitude  the  three  loads 
of  Fig.  235.  Choose  any  point 
0.  Join  o  K,  o  1  2,  0  2,  3,  and 
0  L  (o  2,  3,  means  the  line  join- 
ing o  with  the  point  where  the 
sides  2  and  3  meet).  Now  draw 
the  link  polygon  (Fig.  235), 
beginning  at  any  point  a,  in  the  vertical  from  A,  and  ending 
in  the  point  b.  Now  a  6  is  the  side  closing  the  link  polygon. 
Draw  ON  (Fig.  236)  parallel  to  ab  (Fig  235).  Then  ln  is 
the  amount  of  the  supporting  force  at  b,  and  N  K  is  the 
amount  of  the  supporting  force  at  a.  Also  draw  any  vertical 
line,  ST  (Fig.  235).  Then  the  length  s  t,  intercepted  by  the 
sides  of  the  link  polygon,  represents  the  bending  mojnent  of  the 
beam  at  amy  point  p  on  some  scale  which  it  is  easy  to  find. 

To  prove  this  :  Draw  o  h  horizontaUy.  The  moment  at  any 
point  p  due  to  the  supporting  force,  n  k  at  a,  is  n  k  x  a  p  ,  ana 
this  is  equal  to  o  h  x  ft;  for,  hy  similar  tnanglos, 

flfT:TF::oN:NK, 
and  therefore 


\ 


Fig.  236. 
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This  second  proportion  gives  n  k  .  a  p  equal  to  o  h  .  t  f.  In  the 
same  way  the  moment  at  p  due  to  the  force  1  is  o  h  .  f  s ;  and 
hence  the  true  moment  at  p,  being  the  difference  of  these,  is 
o  H  .  8  T.  Let  the  student  prove  as  an  exercise  that  if  the  beam  is 
drawn  to  a  scale  of  I  inch  represented  by  x  inches,  and  if  the  loads 
are  drawn  to  a  scale  of  1  pound  represented  by  y  inches,  then  s  t 
is  the  bending  moment  at  p,  on  a  scale  such  that  1  pound-inch  is 

represented  by  -^  inches,  o  h  being  measured  in  inches. 


OH 


If  the  load  is  not  concentrated  at  a  number  of  points,  it  is 
usual  to  imagine  it  divided  into  a  number  of  loads,  each  of  which 
acts  at  one  point.  The  diagram  of  bending  moment  is  drawn  in 
the  way  which  I  have  just  described,  and  then  for  the  polygon 
with  its  straight  sides  we  substitute  a  curve  which  touches  all  the 
sides  of  the  polygon. 

After  you  have  found  a  diagram  of  bending  moment,  if  you 
wish  to  see  the  effect  of  additional  loads,  draw  a  diagram  for  these 
loads  as  if  they  acted  alone,  but  take  care  that  the  horizontal 
distance  o  h  is  the  same  as  before.     Add  together,  the  ordinates  of 
your  two  diagrams  to  get  your  new  diagram  of  bending  moment 
for  all  the  loads. 
350.  It   is  very  unfortunate  that  this  subject  is  usually 
taken  up  from  an  academic  standpoint.     Students  discuss  much 
theory  sufficiently  well  for  examination  purposes,  but  they  do  not 
understand  the  most  elementary  things.     They  seldom  state  on 
a  drawing  what  is  the  actual  bending  moment  in  pound  or  ton- 
inches  at  any   section.     Nor,  indeed,   do  they  ever  seem   to 
use  these   drawings   for   practical  purposes.     Instead  of  one 
diagram  covering  a  large  sheet  of  paper,  we  have  the  usual 
diagram  looking  like  a  mere  book  illustration  in  size. 

A  student  will  find  that  unless  he  works  a  number  of 
exercises  graphically  he  cannot  comprehend  this  subject.  Let 
him  take  such  an  exercise  as  this.  A  beam  a  b  is  loaded  with 
5  tons  at  c,  7  tons  at  d,  2  tons  at  E  where  a  c  is  8  feet,  A  D  is 
13  feet,  A  E  is  18  feet,  a  b  is  24  feet.  It  is  also  loaded  with  1 
ton  per  foot  from  a  t<  c,  0*5  tons  per  foot  from  c  to  D,  0*7  tons 
per  foot  from  d  to  e,  and  0*8  tons  per  foot  from  E  to  b.  It  is 
worth  while  making  a  diagram  for  the  distributed  load,  its 
ordinate  showing  the  amount  of  load  per  foot  or  per  inch. 

Take  also  a  case  with  no 
detached  loads  but  only  a 
diagram  showing  w  lb.  per 
inch  as  shown  in  Fig.  237. 
We  divide  the  area  up  into  a 
convenient  number  of  parts, 
G  ¥  H  A,  F I K  H,  &c.     Find  the 
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centre  of  gravity  of  u  l  K  and  let  the  arrow  there  represent 
the  area  u  l  k — that  is,  the  load  on  the  portion  K  l.     The 
student    ought   to   state   to   what  scale    his   area   represents 
load.     Thus  we  represent  the  whole  by  a  number  of  detached 
loads;  we  draw  the  diagram  of  bending  moment  which  is  a 
polygon,  but  it  is  to  be  noticed  that  lines  p  h,  i  k,  j  l,  ckc,  pro- 
duced, meet  the  polygon  at  points  which  are  on  the  true  bending 
moment  diagram  for  the  distributed  load,  and  so  the  curve  is 
easily  drawn  touching  the  polygon  at  these  points. 

361.  It  is  proved  in  Art.  339  that  if  d  is  the  greatest  distance 
moved  by  any  point  in  a  beam,  and  this  is  called  the  beam's  deflec- 
tion, and  if  the  cross-section  is  the  same  everywhere,  w  the  load, 
L  the  length,  i  the  moment  of  inertia  of  the  section,  and  e  the 
modulus  of  elasticity, 

•O^    T  3 

D  =  - —    for  a  beam  fixed  at  one  end  and  loaded  at  the  other. 

3  EI 

3  w  l' 
D  =  -  - —  for  a  beam  fixed  at  one  end  and  loaded  uniformly. 

O  <j  E  I 

D  =  i_  ^^^    for  a  beam  supported  at  the  ends  and  loaded  in 
16  3  E I  the  middle. 

D  =  5  -1  ^il    ^^^  *  beam  supported  at  the  ends  and  loaded 

8 1 63  E I  uniformly. 

The  third  of  these  formulae  is  the  one  most  needed.     It  is  by 

means  of  this  formula  that  the  modulus  of  elasticity  is  generally 

determined.      Thus   in   careful  experiments  with  an  iron  beam 

1  inch  broad,  1  inch  deep,  carried  on  supports  24  inches  asunder, 

suppose  we  find  that  a  load  of  2,000  lbs.  produces  a  deflection  of 

1    X    1  o<    1    X    1 
one-quarter  of  an  inch.     Now,  i  for  the  beam  is   — 

or  — .     The  third  formula  given  above  becomes 

_    I    2,000  X  24   X  24  X  24 

16  3  E  X  tV  ' 

and  from  this  we  find  that  e  is  27,648,000  lbs.  per  square  inch. 

Again,  taking  the  third  of  the  cases  shown,  I  find  that  560  lbs. 
produced  a  deflection  of  0-22  inch  in  a  beam  of  wood  24  inches 
long.  If  inch  square,  supported  at  the  ends.     Here 

I    =  1-75  X   1-75  X  1-75  x  1*75  -^  12,  or  -781, 
,       ^„         1   560  X  24  X  24  X  24 
and      -22  =  ^^^  3TTT8I     ^  ' 

from  which  we  find  that  e  is  938,656  lbs.  per  square  inch. 

Again,  from  Table  VII.,  we  see  that  a  beam  of  teak  12  inches 
long,  1  inch  broad,  1  inch  deep,  gets  a  deflection  of  00018  inch  for 
a  load  of  1  lb.     Here  the  moment  of  inertia  of  the  cross-section 

is  r^  and  -00018  =  ^- ,  from  which  we  find 

12  16  3  B  X  Y*a 

that  E  for  teak  is  2,400,000  lbs  per  square  inch. 
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362.  Take  a  small  beam,  A  B,  Fig.  238,  supported  at  the  ends, 
and  load  it  in  the  middle.  Measure  carefully  the  deflection  or 
lowering  of  the  middle  point  This  is  called  the  deflection  of 
such  a  beam..  Now  this  distance  will  usually  be  small,  and  so 
we  had  better  magnify  it  by  letting  the  string  c  w  pass  over 
the  little  axle  E,  which  carries  a  long  pointer.  This  pointer  will 
show  on  the  scale  p  k  a  magniflcation  of  the  deflection.     We 


Fig.  238. 

shall  find  that  the  more  load  we  place  at  c  the  greater  is  the 
deflection ;  and  in  fact  the  deflection  is  proportional  to  the  load, 
until  our  loads  become  great  enough  to  produce  permanent  set, 
when  (Art.  244)  the  deflections  increase  more  rapidly  than  the 
load.  If  now  we  use  a  beam  of  the  same  material  but  of  double 
the  breadth,  then  for  the  same  load  we  shall  get  one-half  the  old 
deflection.  If  we  use  a  beam  of  double  the  depth,  then  for  the 
same  load  we  shall  get  only  one-eighth  of  the  old  deflection. 
Also,  if  we  double  the  length  of  our  beam,  using  the  same  load, 
we  shall  get  eight  times  the  old  deflection.  A  very  instructive 
series  of  expenments  may  be  made  very  easily  in  this  subject, 
and  we  shall  not  thoroughly  understand  the  matter  unless  we 
make  a  few  such  experiments.     It  is  found  that  a  beam  of  pitch 
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pine,  1  foot  long,  1  inch  broad,  and  1  inch  deep,  supported  at 
its  two  ends  and  loaded  in  the  middle,  is  deflected  -00035  inch 
by  a  load  of  1  lb.  This  explains  the  numbers  given  in  Table  VII. 
It  is  found  that  if  the  same  beam  is  iixed  at  one  end  and  loaded 
at  the  other  (first  case  of  Table  YIII.),  the  deflection  is  16  times 
as  great,  whereas  if  the  beam  is  fixed  at  both  ends  and  the  load 
is  spread  uniformly  (last  case  of  Table  VIII.),  the  deflection  is 
only  -125,  or  one-eighth  as  great.  This  explains  the  "deflec- 
tion "  column  of  Table  VIII. 

The  rule,  then,  to  find  the  deflection  in  inches  of  any  beam 
loaded  in  any  of  the  ways  shown  in  Table  VIII.  is  this : — Multiply 
together  the  cube  of  the  length  in  feet^  the  total  load  in  pounds,  the 
number  called  deflection  in  Table  VIII.,  and  the  number  called 
^flection  in  Table  VII,  and  divide  the  jrroduct  by  tJie  breadth  of 
the  beam  in  inches,  and  by  the  cube  of  the  depth  in  inches. 

Example. — A  beam  20  feet  long,  10  inches  broad,  15  inches 
deep,  of  pitch  pine,  fixed  at  one  end  and  having  spread  all  over 
it  a  total  load  of  4,000  lbs. — what  is  its  deflection  ?  Here  the 
number  in  Table  VIII.  is  6,  and  in  Table  VII.  it  is  00035  ;  hence 
we  have  20  x  20  x  20  x  4,000  x  6  x  00035  divided  by  10,  and 
again  divided  by  15  times  15  times  15,  which  gives  as  answer  1  99 
inch.     The  end  of  the  beam  would  be  deflected  this  distance. 

A  beam  is  said  to  be  stifi"  if  its  deflection  is  small,  and  we 
say  that  the  stiffiiess  of  a  beam  supported  and  loaded  in 
the  various  ways  shown  in  Table  VIII.  is  for  tlie  various  cases 

— ,  -,  1 ,  1  '6,  4,  8.     In  fact,  a  beam  of  a  certain  length  carrying 
16  6 

a  certain  load  is  128  times  stiffer  when  it  is  fixed  at  the  ends 

and  loaded  uniformly  than  when  it  is  fixed  at  one  end  and 

loaded  at  the  other  end. 

It  is  well  to  remember  that  when  we  double  the  breadth  of 
a  beam  we  double  its  strength  and  also  its  stifthess,  but  if  we 
double  its  depth  we  get  four  times  the  strength  and  eight  times 
the  stiflness.  Beams  required  to  be  very  stiff"  ought  to  be  veiy 
deep.  Care  must  be  taken,  however,  that  they  are  laterally 
supported,  else  they  will  buckle.  Jf  you  double  the  length  of 
a  beam  you  get  half  the  strength,  but  you  only  get  one-eighth 
of  the  stiffness. 

353.  The  student  must  see  that  the  heights  of  the  points 
on  the  force  polygon ;  for  example,  the  heights  of  the  points 
between  1  and  2,  2  and  3,  kc.  (Fig.  236),  above  n,  give  him  the 
ordinates  of  his  shearing  force  diagram  so  that  he  can  obtain 


432 


APPLIED   MBCHANICS. 


this  diagram  by  horizontal  proj^tion.  When  the  loads  are 
distributed,  at  points  like  H,  K  and  L  of  Fig.  237,  the  ordinates 
are  the  same  as  if  the  loads  were  detached,  and  they  may  be 
joined  by  a  curve. 

We  shall  now  consider  a  number  of  cases  where  arithmetic 
and  algebra  help  out  our  graphical  methods  of  working. 

364.  If  the  loads  on  a  structure  are  Wj,  Wj,  etc.,  the  stresses  and 
strains  every  where  are  the  sum  of  those  that  would  be  produced  if  each 
load  acted  alone.  We  find  this  true  in  all  cases  that  we  try,  unless, 
indeed,  in  certain  cases  where  instability  is  produced.    It  is  usually 

supposed  to  be   a  mere 
E  statement  of  the  mathe- 

^  matical  law  of  superposi- 

tion of  small  effects.  We 
know,  at  all  events,  that 
the  bending  moment  at 
any  part  of  a  beam  due 
to  loads  Wj,  Wo,  etc. ,  act- 
ing together,  is  the  sum 
of  the  bending  moments 
due  to  each  acting  singly. 
Hxercise.—lnYig.  239 
loads  R  =  10  tons  and  s  = 
15  tons  act  at  the  ends  c 
and  D ;  supporting  forces 
p  and  Q  act  at  a  and  b. 
Draw  the  diagrams  of 


Fig.  289. 


c  A  =  5  feet,  A  B  =  15  feet,  b  d  =  3  feet, 
bending  moment  and  shearing  force. 

Answer. — c  e  f  d  c  is  the  diagram  of  bending  moment,  where 
A  E  represents  50  foot-tons  and  b  f  represents  45  foot-tons.  The 
supporting  forces,  which  are  easily  foxmd  graphically  and  analytic- 
ally, are  v  =  1033  tons,  q  =  14-67  tons.  Hence  the  diagram  of 
shearing  force  isDOHUKLCD,  where  d  g  =  -  15,  b  i  =  -  0*33, 
A  K  =  +  10,  all  in  tons. 

Exercise. — In    Fig.  240  a   weightless  beam  rests   on   supports 


■m,, 


Fig.  240. 


F 


at  A  and  b  ;    torques  m^  and  tn^  are  applied  at  c  and  d.     Find 
the  bending  moment  and  shearing  force  everywhere. 

Eviflently  p  and  o.  are  equal  and  opposite ;  p  x  a  b  =  wii  -  m^ 

Q  = ^ ?.      If  p  is  an  upward  force, 


or   p  = 


nil  —  i)u 


AB  AB 

Q  must  be  a  force  holding  the  beam  down  at   b.      Thus,   let 
m^  =  30  ton-feet,  m^  =  17  ton-feet;   let  ab  be   15   feet.      Then 
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P  =  13/15  ton,  Q  =   -  13/15  ton.     s  is  zero  from  d  to  »,  -  13/15 
ton  from  b  to  a;    and  again  zero  from  a  to  c.     The  bending 

moment  from   d  to  b  is 
^  *^  constant  and  equal  to  #/i, ; 

from  B  to  A  it  inci-eases 
to  m.r,  and  remains  con- 
stant fi*om  A  to  c. 

coHJKDcis  the  dia- 
gram of  bending  moment, 
where  c  o  =  a  h  represents 
f«i,  and  J  B  =  K  D  =  m^ 
dbepacd  is  the  dia- 
gram of  shearing  force 
where  b  e  =  a  f  =  - 
Fig.  241.  13/15. 

Exercise. — Let  the  beam  of  Fig.  240  have  moments  m^  and  »i.j 
applied  at  its  ends,  as  shown  in  Fig.  241 ;  also  let  it  have  a  load  of 
Wi  lbs.  (say  5  tons)  at  t  (say  that  a  t  is  6  feet).  This  of  itself 
would  produce  bending  moment,  as  shown  at  alb  of  Fig.  242, 
where  tl  is  -  18  ton-feet, 

and  would  produce  support-  v  x 

ing  forces  p  =  3  tons,  q  =  2 
tons.  The  shearing  force 
diagram  is  bxvtunab, 
where  b  x  =  t  v  =  2  tons, 
and  AN  =  Tu=  -  3  tons. 
Now  imagine  the  beam 
loaded  with  1  ton  per  foot 
on  c  A  and  0*5  tons  per  foot 
on  B  D.  If  c  d'  =  ar,  the 
bending  moment  at  d'  is  1  x  :r  x 
or  12-5  ton-feet.     The  bending 

Similarly  the  bending  moment  curve  d  f  is  parabolic,  the  moment 

}teing  J  X  0-5  X  3^  or  2  25 
ton- feet  at  b,  shown  at  b  f. 
The  bending  moment  due 
to  the  loads  on  the  ends 
would  be  c  E  F  D  over  the 
whole  beam,  and  the  sup- 
porting forces  would  be 
p  =  5-6833,  Q  =  0-8167. 
The  shearing  force  dia- 
is  DiJKAECD  (Fig.  246),  where  bi  =  -  1^  tons,  bj  =  ak 
=  -  0-6833  ton,  a  e  =  5  tons. 

Now  imagine  the  beam  to  have  a  uniformly  distributed  load 
of  J  ton  per  inch  be- 
tween A  and  B.  The  sup- 
porting forces  reqvdred 
by  this  are  p  =  2  5  and 
Q  =  2*5  tons.  The  bend- 
ing moment  diagram  is  a 
parabolic  curve  a  e  b,  where 


Fig.  242. 


^  X  OT  ^  x^^  and  at  a  it  is  J  (c  a)^ 
moment   curve  c  e  is  parabolic. 


Fig.  243. 


gram 
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D  B  =  -  9*376  ton-feet.     The  shearing  force  diagram  is  b  o  d  h  a  b 
(Fig.  244),  where  bo  =  2-5  tons,  a  h  =  -  2*5  tons. 

Let  the  student  work 
out    all    these    diagrams, 
and  add  all  the  ordLiates 
together. 

Now  let  him  obtain 
the  same  result  by  one 
graphical  construction. 
The  continuous  loading 
he  will  break  up  into  a  number  of  detached  loads,  and  the  following 
example  will  show  him  how  to  work  the  problem.  Let  the  beam 
K  L  N  p  be  loaded  and  supported  as  shown  in  Fig.  246.  Use  Bow's 
lettering. 

366.  In  Fig.  246a  the  loads  are  given,  half -barbs  being  used  for 


Fig.  245. 


B 


Fig.  246. 

the  arrow-heads ;  the  missing  comer  of  the  force 
polygon  ABCDEFOHi  is  I.      Choose  a  pole 

0     and    loin     with 


Fig.  246a. 


ABC,  etc.    We  can- 
not yet  draw  0  i.    Now 
start  at  k,  or  any  point  in  the  line  of 
load  AB   (Fig.    246),  and  draw  a  line 
through  the  space  a  parallel  to  0  a  (Fig. 
246a)  to  meet  (produced)  the  force  ai 
in  Q.     Also  draw  k  x  through  the  space 
B  parallel  to  0  b   to  meet  the  load-line 
B  c  in  X.     Draw  x  w  through  c  parallel 
to  0  c,  and  so  on  to  r.     Now  join  r  and 
Q.     This  is  parallel  to  the  missing  line 
0  I  (Fig.  246a),  which  may  now  be  drawn 
and   I  found,     h  i  and  i  a   (Fig.  246a) 
are    the    amounts    of    the     supporting 
forces.     The  diagram  qaxwvutsrq 
is    the    diagram   of    bending   moment, 
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vertical  distances  such  as  vy  representing  the  bending  moment 
at  each  corresponding  section.  The  scale  of  measurement  may 
be  computed  by  Art.  349.     "We  have  positive  bending  moment 


Fig.  247. 

(tending  to  make  the  beam  convex  upwards)  between  k  and  z' 
and  between  m'  and  p,  and  we  have  negative  bending  moment 
between  z'  and  m'.  t!  and  m'  are  places  of  no  bending  moment, 
where  the  beam  has  no  curvature ;  they  are  called  points  of 
inflexion.  The  shear  force  diagram  1,  2,  3,  4,  5  presents  no 
difficulty. 

It  is  usual,  when  we  finish  the  work,  to  draw  the  diagram  of 
bending  moment  as  in  Fig.  247,  the  ordinates  being  measured,  not 
from  a  broken  line  as  in  Fig.  246,  but  from  a  horizontal  line. 

Travelling  Loads. 

366.  I.  Suppose  the  load  w  (Fig.  248),  to  travel  over  the  beam 
from  A  to  B.     When  w  is  at  any  point  c,  between  a  and  d,  the 


Fig.  248. 

shearing  force  at  n  (say  Sd  )  is  positive,  and  equal  to  the  reaction  q. 

This  positive  shear  at  d  increases  with  q  as  the  load  approaches  d, 

w 
and  in  the  limit,  when  w  is  very  near  to  d,  it  has  the  value  —  x. 

At  the   instant  the  load   passes   p,   the   shearing  force  at  d 

w                      w 
diminishesb  y  the  amount  w,  and  becomes      x  -  w,  or (l  -  x), 

thus  becoming  negative,  and  equal  to  the  reaction  at  p  ;  and  as  the 
load  moves   on  towards   b,   the  negative   shear  at  d  diminishes 
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numerically.  We  thus  see  that  the  greatest  positive  shearing  force 
at  any  place  occurs  wlion  the  load  is  just  to  the  left  of  the  place, 
and  the  greatest  negative  shear  when  the  load  is  just  to  the  right. 

(L  -  X). 


w 


Expressed  algebraically  : — Max.  +  Sd  =       x 


max.  -  sd  =  - 


w 


These  are  the  equations  to  straight  lines,  and  the  corresponding  diagrams 
are  set  out  in  Fig.  248  ;  that  for  maximum  positive  shear  is  the  triangle 
ABE,  and  that  for  maximum  negative  shear  the  triangle  b  a  f. 

Next  consider  the   maximum  bending  moment  at  d  (say  max.  Md). 


^^^^^^^^ 


Fig.  249. 

As  the  load  advances  from  a  towards  d,  Md  increases,  since  its  value  is 
Q  (l  -  x),  and  a  increases.  When  the  load  passes  d,  Mi,  diminishes,  since 
its  value  is  now  p  x,  and  p  diminishes.  Therefore  the  maximum  value 
of  Mn  occurs  when  the  load  is  at  d,  and  its  value  is  given  by  the  equation 


max.  Mj,  =  p  x 


/  \  L  -   X 

or  Q  (l  -  x)  =  w X. 


This  is  the  equation  to  a  parabola  passing  through  a  and  b,  axis 
vertical,  the  ordinate  of  the  vertex  {see  Fig.  248)  being  w  l/4. 

II.  Two  travelling  loads  Wj  and  Wg  at  a  fixed  distance  /  apart ; 
draw  the  diagrams  of  maximum  positive  and  negative  shearing 
force  and  maximum  bending  moment. 

As  the  front  of  the  first  load  Wi  ai)proaches  d,  +  s  d  increases, 
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since  its  value  =  o. ;  when  Wj  passes  d,  s  d  undergoes  a  sudden 
diminution  by  the  amount  Wi ;  and  as  w,  moves  from  d  towards  b 
the  value  of  +  s  d  increases,  on  account  both  of  the  advance  of  Wj 
towards  b  and  the  approach  towai-ds  d  of  the  other  load  w^.  This 
increase  goes  on  until  Wg  crosses  d,  when  there  is  a  second  sudden 
drop  in  the  value  of  +  s  n»  followed  by  a  gradual  increase  until  Wg 
arrives  at  b.  We  see  that  the  maximum  positive  or  negative  Sd 
occurs  when  the  front  or  back  respectively  of  Wi  or  w^  is  at  i). 

To  draw  the  diagram  :  Draw  the  diagrams  of  s  for  the  front 
and  back  of  each  of  the  loads  w,  and  Wg  in  its  passage  across  the 
beam ;  the  boundary  line  is  the  diagram  required.  The  diagram 
for  front  of  Wi  will  be  a  straight  line  through  a,  the  equation  of 

X 

which  is  +  s  =  Q  =  Wj  -,  until  Wg  comes  on,  when  the  slope 
suddenly  alters,  the  s  at  front  of  Wj  then  being 

■V  -v    7  Y  7 

+  s  =  Q  =  Wj  -  -h  wa  — —  =  (Wi  +  W2)  ^  -  Wg  -. 

Wi    -4-    W 

The  slope  now  is ^,  and  the  diagram  of  s  in  front  of  wi 

continues  a  straight  line  in  this  direction.  Next,  for  s  at  back  of  Wj . 
This  is  equal  to  s  at  front  -  Wi  for  all  positions,  and  the  diagram 
is  a  broken  line  parallel  to  the  one  just  drawn  at  a  distance  below 
it,  equal  to  Wj.  Next,  for  s  at  front  of  w.^.  The  s  between  Wi  and  Wj 
is  the  same  at  all  points  ;  that  is,  when  Wg  is  just  coming  on,  the 
s  in  front  of  it  is  the  same  as  the  s  at  back  of  Wj.  Through  k 
draw  the  horizontal  line  k  m,  then  m  is  the  starting-point  for  the  s 

Wi    -i-   W 

diagram  in  front  of  Wg.    The  initial  slope  is ^  :  this  extends 

li 

to  a  point  distant  horizontally  I  from  b,  when  Wi  passes  off  the 

w       

beam,  and  the  slope  diminishes  to     ^.     The  diagram  for  the  rear  of 

Wg  is  parallel  to  the  line  just  drawn  and  at  a  distance  below  it, 
equal  to  Wg.  As  a  test  of  accuracy,  it  is  to  be  noted  that  this  broken 
line  should  end  at  b. 

Consider  now  the  maximum  bending  moment.  Let  Wj  +  Wg 
at  ^  be  the  resultant  of  Wj  at  a  and  w.,  at  b.      Let   ta  =  a  and 

tb  =  3.      Then  -  =  —.  that   position   being   shown  in   Fiff.   249, 
j3      Wj  o  J 

in  which  the  loads  Wi  and  Wg  are  one  on  each  side  of  d.  Let  the 
distance  of  line  of  load  Wj  fi-om  d  be  x.  The  maximum  Mj,  evi- 
dently occurs  either  when  Wi  or  w^  is  at  d,  or  for  some  intermediate 
position.     Consider  an   intermediate   position   as    shown.      Mj,  = 

"Y  I  /*•       .^        /y 

Q  (l  -  x)  -  w^x  =  (wi  +  Wo)         ^^       -  (l  -  x)  -  Wja;  =  (wj  +  Wg) 

X   -   O 


(l  -  x)  +  :r  I  (Wj  +  Wg) Wi  I  .     It  will  be  seen  that 

80  long  as  the  expression  in  the  last  bracket  is  positive,  Md  is  a 
maximum  when  x  is  greatest — that  is,  when  x  =  l^  or,  that  is,  when 
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load  Wj  is  at  D.  And  |  (w^  +  Wj)  —  w^\  is  positive  so longas 

^     *         '      When  _      —  18  >      ■  - — -J  the  expression  m 


L  -  X 


L      -     X  Wj  AJ     —     JL.  TTJ 

the  la«t  bracket  is  negative,  and  the  value  of  Mq  is  therefore  a  maxi- 
miim  when  x  is  zero — that  is,  when  load  Wj  is  at  d. 


To  draw  the  diagram,  take  point  t  in  a  b  such  that 


AT 
B  T 


Wg 

w. 


Let  A  T  be  called  the  field  of  w^,  and  B  t  the  field  of  Wi ;  then  m^  is 
a  maximum  for  any  ix)int  d  in  the  field  a  t  when  the  load  Wg,  which 
governs  that  field,  is  directly  over  point  d,  and  for  any  point  of  the 
field  B  T  when  Wj  is  at  the  point,  proWded  in  each  case  the  load  can 
completely  traverse  its  field  without  the  other  load  lea>4ng  the  beam, 
which  cx)ndition  requires  /  to  be  not  greater  than  the  smaller  of 


the  two  values 


w 


L,  or 


w^ 


L. 


Wi  +  W2     '         Wi   +  Wj 

Curve  for  field  b  t.     Putting  x  =  oin  the  expression  for  m  d,  we 

have  maximum  Mu  =  — (x  -  a)  (l  -x),  which  is  the  equa- 

tion  to  a  parabola  passing  through  b  and  a  point  n  distant  a  from  a; 
and  by  symmetry  the  curve  for  field  at  is  a  parabola  passing 
through  A  and  a  point  k  distant  fi  from  b  ;   the  two  parabolas  will 


}^VV\V,V\VV\\VV\\\^VVVVVVVV»V\VVS,V<.^V^^V.<'V'>^'^^^^^^^^ 


■^, 


^ 


I 

Fig.  250. 


be  found  to  intersect  at  i  directly  under  t.     The  distance  x  of  the 

T      ^v     /*  T        I       /w 

mid  point  of  b  n  from  a  is  o  H —  =  — ^ — .     Putting  this  value 

W     +  Wo 

in  the  equation  to  the  curve,  we  have  the  ordinate  h  y  =  — ^ • 

1       _  2  (l  _  a)2 ;  the  correspond- 

Wi     -I-    ^ffa 

ing  value  for  g  x,  or  depth  of  other  parabola  a  k,  is  o  x  =  —  - — 
(l  -  fi)'^.    When  the  distanc^i  I  is  greater  than  the  shorter  of  the 
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two  fields,  there  is  then  a  third  parabola  through  a  and  b  corre- 
sponding to  the  greater  of  the  two  loads  taken  alone  by  method 
shown  in  Case  I. 

III.  A  load  as  of  a  travelling  train,  w  lb.  per  unit  length,  comes 
upon  a  girder  a  b  from  the  left,  covering  it  from  end  to  end,  and 
then  leaving  it.  Show  that  the  greatest  positive  shearing  force  at 
a  section  d  occurs  when  the  front  of  the  train  reaches  n,  and  that 
the  greatest  negative  shearing  force  occurs  when  the  rear  of  the 
train  leaves  d.     Also  find  the  maximum  bending  moment  at  d. 

We  have  seen  that  any  load  produces  positive  s  if  it  is  to  the  left 
of  D,  and  negative  s  if  it  is  to  the  right  of  d.  Hence,  to  produce  the 
greatest  positive  s  at  d,  there  ought  to  be  no  load  to  the  right  of  d, 
and  for  greatest  negative  s  at  d  there  ought  to  be  no  load  to  the  left  of 
D,  so  the  proposition  is  proved.  When  the  train  covers  a  d,  s  at  d  =  q, 

.  .  .  (1),  being  shown  by  do  in  Fig.  250.     When  the 
train  covers  d  b,  s  at  d  is  -  p,  or  -        (l  -  x)^  .  .  .  .  (2),  being 

£i  li 

shown  at  D  H  in  Fig.  250.  b  e  and  f  a  are  numerically  equal  to  half 
the  load  when  it  covers  the  span.  The  curves  a  e  and  b  f  are 
parabolic,  the  equations  of  which  are  given  in  (1)  and  (2)  respect- 
ively. The  student  ought  now  to  add  to  the  ordinates  of  Fig.  250. 
the  shearing  force  due  to  a  uniformly  distributed  constant  load, 


or 


"^^^^^ 


^^^^^ 


U 1 ij         

i         '         ' 


Fig.  261. 


and  write  out  in  words  actually  what  s  is  as  a  train  rolls  on,  covers, 
and  rolls  off  the  bridge. 

Next  consider  the  maximum  m  at  d.  Any  load  anywhere  on  a 
girder  increases  the  bending  moment  anywhere.  llcnce  where 
load  due  to  a  travelling  train  comes  upon~a  girder,  covers  the  girder, 
and  leaves  it,  the  bending  moment  at  any  place  is  never  greater 
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than  what  it  is  when  the  whole  girder  is  covered.  Therefore,  the 
maximum  bending  moment  will  occur  when  the  girder  is  fully 
loaded.     A  curve  to  this  is  known  to  be  a  parabola  through  a  and 

W  L 

B,  the  depth  of  vertex  being  -5-. 

o 

IV.  Travelling  load  of  uniform  intensity  «?lb.  per  unit  length, 

of  length  /  less  than  the  span  l.     The  maximum  positive  s  occurs 

when  the  front  of  the  load  is  at  d,  and  maximum  negative  when  the 

rear  of  the  load  is  at  d  ;  so  that  while  the  load  is  only  partially  on 

the  beam  the  diagram  of  maximum  +  s  will  be  a  parabola  similar 

*  to  that  of  Case  III.,  the  equation  being  for  a  distance  /  from  a 

tv  x^ 
maximum  +  s  =  — — .   When  the  load  comes  wholly  on  the  beam,  as 

z  ii 

in  Fig.251,  the  diagram  alters ;  maximum  -f-8  =  Q=  —  (x-s)  or 

yf  /  I  \       w 

—  (  X  -  -  1.     The  equation  to  a  straight  line  slope  — ,  intersecting 

A  B  at  a  distance  -  from  a,  and  therefore  tangential  to  the  parabola. 

The  diagram  of  positive  s  is  most  readily  set  out  by  first  drawing  the 
line  E  c,  as  shown  in  figure,  then  drawing  the  parabola  to  touch  it 
at  E,  and  the  line  A  b  at.  a.  A  similar  curve  set  out  downwards 
from  b  wiU  be  the  diagram  of  maximum  negative  s. 

Maximum  bending  moment  at  d.  It  is  easily  seen  that  the 
maximum  m  d  occurs  either  when  the  front  a  or  the  rear  b  of  the 
load  is  at  d,  or  for  some  intermediate  position,  as  in  Fig.  251.  To 
find  value  of  m  d  for  an  intermediate  position  let  the  condition  of 
the  co-ordinates  be  as  in  Fig.  251. 


wx^ 


Md  =  Q  (l  -  x)  -  --  =  —   n  x  +  X  -  -  j(L  -  X)      - 

du 
For  a  maximum,        "  =  0  (x  being  constant),  .*.  maximum  m  d  occurs 

X.      ^l  ^  V  A        L-x  X        .        ,b1)       an 

when  —  (l  -  x)  -  wx  =  0,  or  =  ,         :  t.e,  when  —   =  r— , 

L^  ^  '  X  I  -  x'  ad6d 

or  the  maximum  m  u  occurs  for  such  a  position  of  the  load  that  d 

divides   it  and  the  beam  into  segments,  the  ratio  of  which  are 

respectively  equal. 

/  -  x 
Putting  this  value  of  x,  namely  x  =  I. ,  into  the  expres- 

sion  for  m  n,  we  have  maximum  m  d 

~   L  |_     +         t        "  2  J  ^''  ~  ^-'  2l='".  ~ 

=  H'"  21)^  ('■-'') 

equation  to  a  parabola  passing  through  a  and  b,  the  depth  of  the 
vertex  being 

•     «  ^^  t  ^\        WL        Vfl.  ,       ^.      ^^,, 
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MORE    DIFFICULT   CASES   OF    BENDING   OF    BEAMS 

367.  We  do  not  usually  trouble  oursehes as  to  whether  we  call  the 
bending  moment  which  makes  a  beam  convex  upwards  positive  or 
negative,  representing  it  by  upward-drawn  or  by  downward-drawn 
ordinates.  There  is  the  same  sort  of  choice  in  regard  to  shearing 
force.  But  for  the  sake  of  ha^dng  plus  signs  in  the  following 
expressions  (1)  and  (2),  we  had  better  adhere  to  the  following 
definitions.  A  section  which  is  being  sht?ared  is  supposed  to  be  at 
the  positive  distance  x  to  the  right  of  the  zero  point.  Loads  are 
positive  forces  ;  supporting  forces  are  negative.  Positive  shearing 
force  s  means  that  the  material  to  the  left  of  a  section  acts  with 
downward  force  on  the  material  to  the  right  of  the  section. 
Positive  bending  moment  m  causes  a  beam  to  be  convex  upwards ; 
positive  y  at  a  place  is  a  downward  displacement.  When  this  is 
the  case  we  know  that 


^^  =  »        en 

dx         ^  ^' 


di ^y M 

dx       dap'       E I 

In  the  same  way  we  can  show  that 


(2). 


d  M 
dx 


—  s  .  •  .  .  («ij, 


d  s 
dx 


—  w 


<S)- 


To  prove  (3)  and  (4),  consider  the  equilibrium  of  the  portion  of 
beam  between  the  sections  a  b  and  c  d.  At  a  b  there  is  the  bending 
moment  m  and  shearing  force  s,  and 
at  CD  there  are  m  '-f  5  m  and  s  -f  5  k, 
and  0  O  is  S  a?.  The  forces  acting  on 
this  portion  of  beam  are  shown  in 
Fig.  252.  The  load  being  w  i>er 
unit  length,  the  residtant  load  here 
is  w  .  hx.  Hence,  considering  the 
vertical  forces,  58=  w  .  Sx  ord  a  dx 
—  w  .  .  .  .  (4).       Taking    moments 

about  O'f  u-\'  B.Sx  +  ^10  (Sa?)*-^  =  m  -f    

5  M  or  5  M/5a?  =8  -\-  ^w  .dx;   and  in 
the    limit,   as  6x    gets    smaller    and 


n         ^M 

smaller,  -j—  =  s 
dx 


(3). 


368.  We  saw  (Art.  349)  that  if  we 
have  a  diagram  of  to  we  can  find  easily, 
graphically,  the  diagram  of  m.  We 
now  see  that  if  the  value  of  m  at  Fig.  252. 

every  section  be  divided  by  the  value 

of  E  I  there,  and  if  we  treat  this  diagram,  showing  m/e  i  every- 
where, exactly  as  we  treated  the  tv  diagium,  we  obtain  y. 
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This  graphical  method  of  working  is  quick  and  accurate.  If  we 
only  possessed  an  accurate  mechanical  integrator,  such  that  when 
given  a  curve  showing  x  and  v,  v  being  a  function  of  x,  we  could 
at  once  draw  another  curve  whose  ordinate  for  a  particular  value 
of  Xi  represented  the  area  of  the  o  curve  up  to  that  place  from  some 
datum  value  of  a?,  we  could  easily  solve  more  difficult  problems.  I 
have  often  done  this  by  counting  squares  on  squared  paper ;  also  I 
have  worked  to  obtain  a  number  of  points  in  the  new  curve  by 
using  a  planixneter  a  number  of  times.  We  see  now  that  if  we 
know  Wy  the  integral  of  to  shows  s,  the  integral  of  s  shows  m,  the 

M 

integral  of   — ■  shows  »,  and  the  integral  of  i  shows  y,  the  shape  of 

the  beam.  When  we  integrate,  however,  we  must  settle  the  start- 
ing value  of  the  new  ordinate,  and  this  is  what  usually  gives 
trouble.  Thus  the  starting  value  of  s  (when  we  integrate  u?)  is 
not  zero,  but  depends  upon  the  supporting  forces. 

The  student  must  see  very  clearly  that  the  change  in  t,  in  going 
from  one  value  of  x  to  another,  is  equal  to  the  area  of  the  me  i 
curve  between  those  places. 

369.  I  have  found  the  arithmetical  method  of  Art.  214  very  satis- 
factory. Its  accuracy  depends,  of  course,  on  the  number  of  ordinates 
taken.  A  student  ought  to  test  for  himself  the  accuracy  of  the 
method  on  some  such  exercise  as  the  following,  of  which  he  knows 
the  answer. 

A  beam  of  rectangular  section  H  inch  broad,  2  inches  deep,  and 
of  length  15  inches,  is  fixed  at  one  end  and  is  loaded  uniformly  with 
\0  lb.  per  inch.  Its  e  is  25  x  10*,  find  m  everywhere  and  y.  Here 
I  =  225  X  4'  -7-  12,  or  I  =  12.  ar  is  distance  in  inches  measured 
from  the  free  end.  Imagine  the  free  end  to  be  on  our  left  and  the 
rest  of  the  beam  on  our  right.  The  table  gives  the  whole  work, 
and  needs  almost  no  explanation. 

The  student  who  thinks  will  have  no  difficulty  in  working  out 
a  problem  of  this  kind.  To  find  such  a  number  as  m  for  a?  =  9,  for 
example,  we  add  the  average  value  of  130  and  140  to  the  previous 
M,  and  so  get  855. 

We   know   that   i   is   0   when  a;  :=  15,    and    so   we   subtract 

3,752  X  10"  from  all  the  found  values  of  i -\-  c.  In  the  same 
way  to  get  the  last  column  we  add  39,801  to  every  number  of  the 
previous  column. 

Let  us  compare  our  results  with  the  true  answers,  which  the 
student  can  easily  work  out  as  in  Art.  339  :  s  =  50  +  10  a:,  m  =  50 

^^  ^         I  -ll,250  +  25a;2  +  |a:8| 


dx       3  X  10® 


y  — 


3  X  108 


I  119,531  — 11,250  a; +  .^a:»-l-  |  r*  | 


Thus  when  a;  =  15,  m  =  1,875,  as  in  the  table.     When  a;  =  0,  t  or 

8  8 

dt//dx=  —  Z,1b^  X  10""  ,  whereas  the  table  gives  —3,752  x  10"". 
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Again,  when  a;  =  0,  y  =  39,844  x  10      ,  whereas  the  table  gives 

39,801  X  10  ,  which  is  the  same  for  all  practical  purposes.  After 
having  worked  this  example  a  student  must  feel  confidence  in 
using  this  method  of  integration  which  gives  us  answers  so  readily. 


X 

10 

.  s 

M 

M 

XI 

i  +  c 

i 

8 

y  +  c 

y 

• 

X  10* 

X  10 

X  10 

X  lo' 

X  10 

0 

10 

50 

0 

0 

-  3,762 

0 

39,801 

1 

10 

60 

55 

18 

9 

-3,743 

-3,747 

36,054 

2 

10 

70 

120 

40 

38 

-3,714 

-7,476 

32,325 

3 

10 

80 

195 

65 

91 

-3,661 

-11,163 

28,638 

4 

10 

90 

280 

93 

170 

-3,582 

- 14,785 

25,016 

5 

10 

100 

375 

125 

279 

-3,473 

-18,312 

21,489 

6 

10 

110 

480 

160 

421 

-3,331 

-21,714 

18,087 

7 

10 

120 

595 

198 

600 

-3,162 

-24,956 

14,845 

8 

10 

130 

720 

240 

819 

-2,933 

-27,998 

11,803 

9 

10 

140 

855 

285 

1,082 

-^2,670 

-  30,800 

9,001 

10 

10 

150 

1,000 

333 

1,391 

-2,361 

-33,315 

6,486 

11 

10 

160 

1,155 

385 

1,750 

-  2,002 

-  35,497 

3,304 

12 

10 

170 

1,320 

440 

2,162 

-  1,590 

-  37,293 

2,508 

13 

10 

180 

1,495 

498 

2,631 

-1,121 

-  38,648 

1,153 

14 

10 

190 

1,680 

560 

3,160 

-592 

-39,505 

296 

15 

200 

1,875 

625 

3,753 

0 

-39,801 

0 

360.  Beams  Fixed  at  the  Ends. — If  the  loading  on  a  symmetrical 
beam  is  symmetrical  so  that  we  find,  graphically  or  any  other  way, 
the  diagram  of  bending  moment  m  as  if  it  were  supported  at  the 
ends,  we  know  that  equal  and  opposite  torques  arc  needed  to  fix 
the  ends.  Thus,  if  a  b  is,  say,  a  beam  of  uniform  section  and  has 
a  loading  of  any  kind  whatsoever  which  will  produce  (the  beam 
bein^  only  supported  at  the  ends)  a  diagram  of  bending  moment  m 
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Fig.  268. 


such  as  is  shown  in  a  o  d  £  b  (Fig.  263),  and  if  equal  and  opposite 
torques  are  appKed  to  fix  the  ends  such  as  alone  would  produce  the 
diagram  of  bending  moment  shown  to  scale  in  b  o  f  a,  then  the 

algebraic  sum  of  the  two  (for 
&  the  A  c  D  E  B  is  negative  and 
A  B  o  F  A  positive)  is  shown 
in  A  F  c'  d'  b'o  B  A,  being 
positive  from  a  to  c*  and 
from  e'  to  B,  so  that  in  these 
parts  the  beam  is  convex 
upwards ;  -and  being  nega- 
tive from  c'  to  e',  where 
the  beam  is  concave  upwards. 
We  want,  then,  to  know 
exactly  how  much  g  b  or 
AF  must  be  to  fix  the  ends  of  the  beam.  Now,  the  difference 
of  slope  of  beam  between  a  and  b  is  nothing  if  the  ends  are  both 
fixed,  and  therefore  the  total  area  of  the  bending  moment  diagram 
must  be  zero  (since  e  i  is  constant,  we  say  m  instead  of  m/ei). 
Hence,  the  area  of  the  portion  c'  d'  e'  being  negative,  must  be 
numerically  equal  to  the  sum  of  the  areas  a  c'  f  -f-  b  e'  o.  In  fact, 
the  average  ordinate  of  the 

M  curve  must  be  zero,  and        r  e- 

therefore  we  raise  the  m 
curve  A  c  D  e  B  A  by  its 
average  height  to  get  the 
M  curv'^e. 

Example  1. — Beam  of 
length  /,  with  load  w  in 
the   middle,    fixed    at    the 

ends.  The  diagram  of  m  is  a  d  b  a  (Fig.  264),  where  n  d"  re- 
presents \  w/;  raise  it  therefore  by  the  amount  Jw/,  and  we  find- 
A  F  c'  d'  E'  o  B  A.  Evidently  a  f  =  —  d"  d'  =  o  b  =  ^  w/.  The 
beam  is  convex  at  the  ends,  concave  in  the  middle,  equally  ready 
to  break  at  ends  and  middle,  and  the  points  of  inflexion  are  half- 
way between  ends  and  middle  {see  Art.  342) 

Example  2. — Beam  a  b  of 
F  &      length   /,  with  total  load  w 

spread  imiformly.  a  d  b 
shows  the  m  curve,  a  parabola, 
the  diagram  of  bending  mo- 
ment if  the  beam  were  merely 
supported  at  the  ends,  d  d" 
being  \  wl.  The  average  or- 
dinate' of  A  D  B  A  is  ^  D  d". 
Kaising  the  diagram  by  this 
amount,  we  find  the  true 
diagram  a  f  c'  d'b'  o  b  a  of  m  for  the  beam  fixed  at  the  ends.  There 
is  ^i_  w/  at  each  end  and  -^i_  w/  at  the  middle  {see  Art,  342).  The' 
points  of  inflexion  are  at  c'  and  e',  no  longer  exactly  half-way 
between  ends  and  middle. 

361.  Students  will  do  well  to  work  at  least  one  complicated 


Fig.  254. 
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example  of  a  uniform  beam  fixed  at  the  ends  with  symmetrical  loading. 
If  the  beam  varies  in  section,  but  is  symmetrical— that  is.  if  at  two 
points  equally  distant  from  the  two  ends  the  sections  are  the  same, 
and  if  the  loading  is  s^-mmetrical,  first  obtain  the  m  curve  graphi- 
cally and  measure  m  at  a  number  of  equi-distant  pointt$.  Thus,  for 
some  beam  of  20  feet  long,  let  us  suppose  that  the  values  of  m  as 
measured  are  given  in  the  following  table.  We  need  not  use  e,  as 
we  will  suppose  it  to  be  constant. 


Distance 

-  m 

Valaes  of 

I 

in  inches  to  the 

4th  power. 

1 
1 

from  end 
in  feet. 

in 
ton-feet. 

1 

M. 

1 

15 

500 

03 

•002 

17-85 

3 

25 

300 

0833 

•00333 

7-85 

5 

35 

250 

140 

•004 

-   2-15 

7 

40 

320 

125 

•003125 

-   715 

9 

44 

360 

•122 

•002778 

-1115 

11 

44 

360 

•122 

•002778 

-1115 

13 

40 

320 

•125 

•003125 

-  715 

15 

35 

250 

•140 

•004 

—  215 

17 

25 

300 

•0833 

•00333 

+  7-85 

19 

15 

500 

■03 

•002 

+  17^85 

1 

rotal 1 

■0006 

•03046 

i 

Average       ...     0*1 

0006 

•003046 

We  see  that  the  area  of  the  —  curve  is  to  be  zero,  and  if  tn.  is 

I  * 

the  unknown  bending  moment   applied   at   each   end   to   fix  it, 
M  =  m  +  mj ;  so  that  the  average  value  of  ^  must  be  zero, 

or  the  average  value  of must  be  equal  to  nii  multiplied  by  the 

average  value  of  — .     Hence  Wj  is  equal  to  the  average  value  of 

Ml  1 

-  divided  by  the  average  value  of-. 

In  the  above  case  this  is  0-10006 -r- 0  003046,  so  that 
Ml  =  32-86  ton-feet;  and  m  =  32*85  +  m  (algebraical  sum)  is 
the  true  bending  moment  everywhere 

362.  The  shearing  force  diagram  in  the  symmetrical  cases  is  the 
same  whether  a  beam  is  fixed  or  only  supported  at  the  ends ;  and 

as  —  is  not  altered  by  the  fixing,  the  shearing  force  is  everywhere 
the  same  in  the  beam,  and  the  deflection  due  to  shear  is  the  same. 


446 


APPLIED   MKGHANIG8. 


The  solution  just  given  is  applicable  to  a  beam  of  which  the  i 
of  every  cross-section  is  settled  beforehand  in  any  arbitrary  manner, 
so  lung  as  i  and  the  loading  are  symmetrical  on  the  two  sides  of  the 
middle.     Let  us  give  to  i  such  a  value  that  the  beam  shall  be  of 

miifonn  strength  everywhere;  that  is,  that  -  z  =f (2),  wher 

z  is  the  greatest  distance  of  any  point  in  the  section  from  the 
neutral  axis  on  the  compression  or  tension  side,  and  /  is  the 
constant  maximum  stress  in  compression  or  tension  to  which  the 
material  is  subjected  in  every  section.    Taking  »  =  ^<?,  where  d 

is  the  depth  of  the  beam,  (2)  becomes  —  d  =  +  2/ ....  (3),  the 

+  sign  being  taken  over  parts  of  the  beam  where  m  is  positive, 
the  -  sign  when  m  is  negative.  As  the  area  of  the  m/i  curve  from 
end  to  end  of  the  beam  is  to  be  zero,  and  m/i  =  2//rf,  we  see  that 
the  area  of  a  curve  showing  everywhere  the  value  of  1/rf  ought  to 


be  zero. 


jiy- 


0  ....  (4),  the  positive  sign  being  taken 


from  the  ends  of  the  beam  to  the  points  of  inflexion,  and  the 
negative  sign  being  taken  between  the  two  points  of  inflexion. 
We  see,  th^i,  that  to  satisfy  (4)  we  have  only  to  solve  the 
following  problem.     In  the  figure  eatucoe  is  a  diagram  whose 

ordinates  represent  the  values  of   .  or  the  reciprocal  of  the  depth 

of  the  beam  which  may  be  arbitrarily  fixed,  care  being  taken, 

however,  that  d  is  the  same 
A  c      at  points  which  are  at  the 

same  distance  from  the 
centre,  b  f  o  e  is  a  diagram 
of  the  values  of  what  the 
bending  moment  m  would 
be  if  the  beam  were  merely 
supported  at  its  ends.  We 
are  required  to  find  a  point 
p  such  that  the  area  of 
E  p  T  A  =  area  of  poo' t, 
where  o  is  in  the  middle  of 
the  beam.  When  found,  this  point  p  is  a  point  of  inflexion,  and 
p  R  is  what  we  have  called  m^.  That  is,  m  -  p  r  is  the  real 
negative  bending  moment  m  at  every  place,  or  the  diagram  e  f  g 
must  be  raised  vertically  tiU  r  is  at  p  to  obtain  the  diagram  of  m. 
Knowing  m  and  d,  it  is  easy  to  find  i  through  (3). 

It  is  evident  that  if  such  a  beam  of  nniform  strength  is  also  of 
uniform  depth,  the  points  of  inflexion  are  half-way  between  the 
middle  and  the  fixed  ends. 

363.  In  the  most  general  way  of  loading,  the  bending  moments 
required  at  the  ends  to  fix  them  are  different  from  one  another. 
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Thus  in  Yig.  257  let  afcgba  be  what  the  bending  moment  •• 
would  be  if  the  beam  were  merely  supported  at  its  end«  :  let  fixing 
moments  nti  =  a  h  and  m,  =  e  b  be  ap{4ied  at  the  end:»,  producing 
of  themselves  {see  Art.  354)  a  bending  moment  diagram  shown  by 
AHEBA,  or,  ifADisx,  then  r  d,  the  bending  moment  produced  by 


the  end  couples  is  mi  + 


X,  if  /  is  the  length  a  b.    Let  us 


call  this  m^  +  hx.    Hence  MorRD  -  Dsis 

=  m,  +  ^JT  —  m  .  .  .  .  (1), 

.  -  (2). 


or 


ib^         II  I 


Fig.  267. 

Now,  as   I  is  known,   let   AJ1J2J3J4BA  be   dra^Ti   to   represent 

the  value  of  —  everywhere.     Let  it  be  integrated  ;  that  is,  let  such 

an  ordinate  as  d  k^  (call  it  y)  represent  the  area  of  a  j^  J2  d,  and  so 
obtain  a  Kj  Kj  Kj  b  a,  and  let  Yi  be  the  value  of  this  when  a:  =  a  b. 

Also  integrate  - ,  and  say  that  the  ordinate  of  the  resulting  curve 


Fig.  258. 

A  L]  Lj  I13  b  A  is  X,  and  let  Xj  be  the  value  of  this  when  ;r  =  a  b. 
Integrate  also  the  curve  whose  ordinate  is  —  everywhere,  calling 
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the  answer  /i,  and  /ij  its  value  for  x  =  a  b  ;  then  (2)  becomes, 

since  ^  is  the  same  at  both  ends, 
ax 

0  =  frtj  Yj  +  i  Xi  -  /Uj  .  .  .  .  (3). 

Again  integrating  y,  x,  and  /li  (but  it  is  only  necessary  to  get  the 
areas  over  the  whole  length  at  once),  caUing  the  answers  Tj,  Xi, 
and  Mj,  we  see  that,  since  at  the  two  ends  y  is  0, 

0  =  IWj  Tj  +  i  Xj   -  Mj  .  .  .  .  (4). 

The  two  unknowns,  m^  and  ^,  can  noy  be  found  from  (3)  and  (4).* 
We  give  in  Art.  365  an  example  completely  worked  out.  The 
column  headed  vi  represents  the  bending  moment  in  ton-feet  due 
to  a  given  set  of  loads,  if  the  beam  were  merely  supported  at  its 
ends.  These  values  may  be  found,  of  course,  by  the  graphical 
method  of  Art.  349.  The  values  of  i  are  supposed  to  be  given  us, 
and  they  are  in  inches  to  the  fourth  power. 

364.  We  shall  now  consider  a  beam  fixed  at  one  end,  b,  and 
merely  supported  at  the  other,  a,  which  is  on  the  same  level  as  b.  If, 
as  before,  m  Is  the  bending  moment  at  any  place,  d,  which  would 
exist  if  the  beam  were  supported  at  each  end,  and  if  m^  is  the 
fixing  couple,  the  true  bending  moment  is 

Take,  first,  a  simple  case,  a  uniform  beam  uniformly  loaded  with 
w  lb.  per  inch.  It  is  easy  to  prove,  as  in  Art.  339,  that  m  — 
-  \  wlx  +  J  WQ^^  and 


Hence 


E i^  =  -yX  -  \  wlx  +  \ wx^  ....  (2). 


Bi'-:^  =  ^''2^2  _  J^/^2  j^^^ux^  +  e (3), 


dy      f/ij 
dx 

*  We  have  used  the  symbols  M,  x,  T,  fi^  Xi,  Ti,  M,  r,  T,  Mi,  Xi,  Ti,  fearing 
that  students  are  still  a  Uttle  unfamiliar  with  the  symbols  of  the  calculus. 
Perhaps  it  would  have  been  better  to  put  the  investigation  in  its  proper 
form,  and  asked  the  student  to  make  himself  familiar  with  the  usual  symbol, 
instead  of  dragging  in  fresh  symbols. 

After  (3)  above,  write  as  follows  : — 

[dpi  ^  C  dx  .   ,C  X  .dx       |m,        ^  ... 

Again  integrating  between  limits, 

H  ri 


H:"at-jx--ix- 


J.    I     -.     I  =  OT.i     1  I  T   W    1  I I  I  ,  —   0    ...    .    (5). 


The  integrations  indicated  in  (4)  and  (5)  being  performed,  the  unknowns  wji 
and  b  can  be  calculated  and  used  in  (1).  The  student  must  settle  f  or  himsell 
which  is  the  better  course  to  take— to  use  the  formidable-lookmg  but  really 
easily  understood  symbols  of  this  note,  or  to  introduce  the  letters  whose 
meaning  one  is  always  f orgettmft. 
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and  r 


Ely  =g|^  -  Ti^^^  +  ^^""^ 

•jL  wx*  -\-  ex  ,  .  .  ,  (4).  ^^^"^ 

We     need    not     add    a  ^^^        \ 

constant  here,  because  y  .^^"^                 \^ 

is   0  when   a:  is  0.      In  'K           "5            ^^                             ^ 


— v 


(3)  and  (4)  we  insert  the        ^v  I  ' 

conditions  that  ^^-^  I  / 

■-'  —  0  when x  —l\     ...  -' 

^  I     (0),  Fig.  259. 

y  =  0  when  x  =  I) 


and  we  find 

2 


0  =  -f  -  ^\wl^  +  c (6), 


0  = -g2^-  ^V^^*  +  ^ (7). 

From  these  we  find  that  e  =  -^  tvP,  m^  =  \  wl^,  so  that  the  time 
bending  moment  everj'where  is  given  by  (2),  and  the  shape  of  the 
beam  by  (4).  The  slope  of  the  beam  at  the  supported  place  is 
«/8y48  E  I. 

If  the  loading  is  of  any  kind  whatsoever,  and  if  the  section 
varies  in  any  way,  it  is  necessary  to  be  able  to  integrate  a  function 
when  given  as  the  ordinate  of  a  curve.     We  have,  as  before,  in  (I 

Bf^  =  ^.£+'l'....(8). 
dx^       111  ^ 

X  w 

Let  the  integral  of  -  be  called  x,  and  the  integral  of      be  called  /x, 

and  let  curves  be  drawn  showing  the  values  of  x  and  fi.  Let  their 
values  when  x  =  the  Xj  and  /xj.     Then 

4l  =  T-  +  ''  +  '----(^)- 

We  can  now  integrate  (9)  again,  and  obtain  e^/  ;  but  if  we  do 
not  actually  wish  to  find  the  shape  of  the  beam,  we  need  only  use 
the  two  ideas — first,  that  y  =  0  when  re  =  0,  and  this  shows  that  no 
new  constant  needs  to  be  added ;  secondly,  that  y  =  0  when  x  =  I; 
and  hence,  if  the  areas  of  the  whole  x  and  /*  curves  from  ;r  =  0  to 
X  =z  I  are  Xj  and  m^,  we  have 

O^-'J^Xi  +  Mi  +  c/ (10). 
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Also,  iising  in  (9)  Ihe  statement  that  ^-  is  zero  when  x  =  l,we 


have 


0  =  Y^i  +  Ml  +  <?...  .  (11). 


*w* 


From  (10)  and  (11)  we  can  find  c  and  — *.     Using  the  value  of  m^ 

so  found,  we  find  the  bending  moment  everywhere  given  in  (1).* 

1  f  in  the  above  exercise  we  imagine  the  supported  end  at  a  to 
be  raised  a  distance  a  above  its  original  position,  or  that  b  has 
settled  downwards  by  this  amount,  find  (supposing  the  beam,  fixed 
at  one  end,  b,  to  be  imloaded)  what  upward  force  at  a  (call  it  p) 
will  cause  it  to  rise  through  the  distance  a.  We  have  only  to 
assume  that  there  is  an  additional  supporting  force  of  this  amount, 
and  that  the  bending  moment  due  to  it  acts  as  well  as  the  other — 
in  fact,  instead  of  ( 1 ),  we  have  as  the  bending  moment 

366.  It  is  very  important  that  the  student  should  work  out  care- 
fully such  an  exercise  as  the  following.  A  beam  is  given  with  loads, 
and  we  know  m  and  i  at  every  place.  The  integrations  to  be 
performed  are  much  the  same  whether  it  is  a  case  of  a  beam  fixed 
at  the  ends  or  fixed  at  one  end  and  merely  supported  at  the  other, 
and  therefore  we  give  both.  The  two  results  are  stated  imme- 
diately after  the  table. 

*  Without  using  the  letters  /u,  x,  /ui,  Xi,  etc.,  the  above  investigation  is 


dy  _m-2\x  ,     .   fw  ,     ,  tci\ 


Integrating  (9)  between  the  limits  0  and  U  and  recollecting  that  y  is  zero  at 
both  limits, 


"=-H>?r>+0" 


^<te  +  rf....(10). 


Also  using  in  (9)  the  statement  that  y  is  zero  when  oc  =  ^,  we  have 


"=4-]'=Tr>-^r^ 


911 

dx-\-  e  ,  .  .  ,  (11). 


The  integrations  in  (10)  and  (11)  being  performed,  the  unknowns  y  and  c 
can  be  calculated.     The  true  bending  moment  everywhere  is  what  we  started 


m^ 


with,  m  +  "7  ^» 
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Beam  Fixed  at  the  Ends.— ^i  +  m^  Tj  +  p  Xj  =  0,  where  m 

the  bending  moment  where  a:  =  0,  nig  where  x  =  ly  f  =  ^ 

or  -  1-366  +  0548  mi  +  -548  p  =  0 ;  also  -  m,  +  fWj  jj  +  p  Xi  = 
or  -  16-276  +  -6748  mj  +  4-062  p  =  0.  Hence,  f»,  =  30- 
p  =  -  -6673,  fits  =  19*23.  Adding  p  a:  to  w,  we  fina  the  ti 
bending  moment  m  given  in  the  tenth  column  of  the  table.  It  v 
be  found  that  if  every  value  of  m  be  divided  by  the  correspond] 
value  of  I,  the  algebraic  sum  for  the  whole  beam  is  -  '0( 
instead  of  0— a  very  close  approximation  to  accuracy.  1 
student  may  easily  proceed  to  find  the  shape  of  the  beam. 

Beam  Fize4  at  One  End. — Where  x  =  I  and  the  bendi 
moment  is  tWg,  supported  merely  at  the  other,  where  a;  =  0, 

-  /*,  +  pXj  +  <?  =  0, 
where  <?  is  e^  at  a;  =  0,  or  -  1-365  +  -5482 p  +  c  =  0; 

-    M,    +   P  .  Xi   +  <?/  =  0, 

or     -    15-276  +  4  062P  +  20  c  =  0. 

Hence  p  =  — ^  =  1744,  or  m^  =  3488,  and  c  =  -4091.    Add 

p  a;  to  »i  everywhere,  we  find  the  true  bending  moment  m  givex 
the  eleventh  column  of  the  table.  The  student  may  easily  proc 
to  find  the  shape  of  the  beam. 

366.  As  we  have  proved  (Art.  367),  since 

dy  _  .    di  _ 
dx        '    dx 

we  have  a  succession  of  curves  which  may  be  obtained  £rc 
knowing  the  shape  of  the  beam  y  by  differentiation,  or  which  nu 
be  obtained  from  knowing  w,  the  loading  of  the  beam,  by  integr 
tion.     Knowing  w^  there  is  an  easy  graphical  rule  for  finding  J 

knowing  — ,  we  have  the  same  graphical  rule  for  finding 

Some  rules  that  are  obviously  true  in  the  w  to  u  construction  at 
need  no  mathematical  proof  may  at  once  be  used  without  math 

matical  proof,  in  applying  the  analogous  rule  from  —  to  y.    Th.i 

the  area  of  the  —  curve  between  the  ordinaies  Xy  and  x^  is  tl 

EI  "* 

increase  of  i  from  x-^  to  iCg,  and  tangents  to  the  curve  showing  0 
shape  of  the  beam  at  x^  and  x^  meet  at  a  point  which  is  vertical 
in  a  line  with  the  centre  of  gravity  of  the  portion  of  area 

the  curve  in  question.     The  whole  area  of  the  —    curve  in- 

span  H  J  is  equal  to  the  increase  in  ■-•  from  one  end  of  the  span 
the  other,  and  fhe  tatigeivla  Vo  t\ift  "beam  at  its  ends  h  j  meet  in 


M 

du 

<fs 

J 

~— 

S) 

z^ 

w. 

BI 

dx 

/ 

dx 

7 
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point  p,  which  is  in  the  same  vertical  as  the  centre  of  graAdty  of  the 

M 

whole  —  curve.  These  two  rules  may  be  taken  as  the  starting- 
point  for  a  treatment  of  the  most  diflBcult  problems  in  beams 
by  graphical  methods. 

If  the  vertical  from  this  centime  of  gravity  is  at  the  horizontal 
distance  hg  from  h  and  gj  from  j,  then  p  is  higher  than  h 
by  the  amomit  h  g  x  t  y,   the  symbol  i  ^  being  used  to  mean 

the  slope  at  h;  j  is  higher  than  p  by  the  amount  gj  x  i  at  j. 
Hence  j   is  higher  than  h  by  the  amount  HG.i^  +  Gj.t^ 

a  relation  which  may  be  useful  when  conditions  as  to  the  ^elati^•o 
heights  of  the  supports  are  given,  as  in  continuous  beam  problems. 

367.  Theorem  of  Three  Moments. — For  some  time  railway  engi- 
neers, instead  of  using  separate  girders  for  the  spans  of  a  bridge, 
fastened  together  contiguous  ends  to  prevent  their  tilting  up,  and 
so  made  use  of  what  are  called  continuous  g^ders.  It  is  easy  to 
show  that  if  we  can  be  absolutely  certain  of  the  i)ositions  of 
the  points  of  support,  continuous  girders  arc  much  cheaper  than 
separate  girders.  Unfortunately  a  comparatively  small  settlement 
of  one  of  the  supports  alters  completely  the  condition  of  things. 
In  many  other  parts  of  applied  mechanics  we  have  the  same 
difficulty  in  deciding  between  cheapness  with  some  uncertainty 
and  a  greater  expense  with  certainty.  Thus  there  is  much  greater 
uncertainty  as  to  the  nature  of  the  forces  acting  at  riveted  joints 
than  at  hinged  joints,  and  therefore  a  structure  with  hinged  joints 
is  preferred  to  the  other,  although,  if  we  could  be  absolutely 
certain  of  our  conditions,  an  equally  strong  riveted  structure 
might  be  made  which  would  be  much  cheaper. 

Students  interested  in  the  theory  of  continuous  girders  will  do 
well  to  read  a  paper  published  in  the  "  Proceedings  of  the  Royal 
Society,"  cxcix.,  1879,  where  they  will  find  a  graphical  method  of 
soMng  the  most  general  problems.  We  shall  take  here,  as  a  good 
example  of  the  use  of  the  calculus,  a  uniform  girder  resting  on 
supports  at  the  same  level,  with  a  uniform  load  distribution 
on  each  span.  Let  a  b  c  be  the  centre  line  of  two  spans,  the 
girder  originally  straight,  supported  at  a,  k,  and  c.  The  distance 
from  A  to  B  is  /]  and  from  b  to  c  is  l^y  and  there  are  any  kinds  of 
'loading  in  the  two  spans.  Let  a,  b,  and  c  be  the  bending  moments 
at  A,  B,  and  c  respectively,  counted  positive  if  the  beam  is  convex 
upwards. 

At  the  section  at  p  at  the  distance  x  from  a  let  m  be  what  the 
bending  moment  would  have  been  if  the  girder  on  each  span  were 
quite  separate  from  the  rest.  We  have  already  seen  that  by 
introducing  couples  m^  and  m^  at  a  and  k  (tending  to  make  the 
beam  convex  upwards  at  a  and  b)  we  made  the  bending  moment  at 
V  reaUy  become  what  is  given  in  Art.  363.  Our  m.^  =  a,  Wi  =  b, 
and  hence  the  bending  moment  at  p  is 

B  -  A             d'^u  ,  , 

m  +  A  +  a;  -y— =  ei— .^ ^1>), 
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where  m  would  be  the  bending  moment  if  the  beam  were  mereb 
supported  at  the  ends ;  and  the  supporting  force  at  a  is  lessened  b; 
the  amount  a  -  b 

-  .       ....  (2). 
'i 

Assume  e  i  constant  and  integrate  with  regard  to  a?,  and  we  havi 


I 


-      „  M    -    A  dt/  ,-. 

m.dx  +  AX  +  ix^  — J  -    +  «?,  =  E  I  .  -p  .  .  .  .  (3). 


iign  I   I  fn  .  £^  . 


Using  the  sign  I   Xm.dx.dxto  mean  the  integration  of  th 

I   \m.dx.dx  +  ^Ax^  +  h  ^  ~  j~    +  ^i^  +  ^=Ei-y-.--('4 

As  y  is  0  when  x  =  0  and  it  is  evident  that  I  \m.dx.dx  = 
when  ^  =  0,  tf  is  0.  Again,  y  =  0  when  x  =  li.  Using  f. 
symbol  /*i  to  indicate  the  sum   I   Xm.dx.dx  over  the  whole  spa 


fi  +  i^h^  +  i  ^i   (»  -  a)   f  ^1^1  =  0 (5). 

From  (3)  let  us  calculate  the  value  of  e  i  -^  at  the  point  b,  ai 

(tx 

lot  us  use  the  letter  ai  to  mean  the  area  of  the  m  cur\'e  over  tl 


I,  or  I      m  . 

Jo 


span,  or  I      m  .  dx;  so  that  e  i  ^  at  b  is 


flj    +    A  /,    H-    ^  /i   (b    -    a)    +£?!....   (6). 

But  at  any  point  Q  of  the  second  span,  if  we  had  let  b  q  =  J?,  ^ 
should  have  had  the  same  equations  as  (1),  (3),  and  (-i),  usinp:  t^ 
letters  b  for  a  and  c  for  b  and  the  constant  e^.    Hence,  meiki^ 

this  change  in  (3),  and  finding  ei  --   at  the  point  b  where  x  —  ^ 

we  have  (6)  equal  to  e^  or 

C.2  -  e^'=  rtj  +  A  /,  +  J  /i  (b  -  a)  .  .  .  .  (7), 
and  instead  of  (5)  we  have 

/A,  +  4  B/a^  +  J  /,2  (c  -  B)  +  e;^  =  0 (8). 

Subtracting  (5)  from  (8),  after  dividing  by  /j  and  I21  'wc  have 
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The  equality  of  (7)  and  (9)  is 

A^i  +  2b  (^1  +  /a)  +  0^2  =  6  (^^  -  flfj  -  ^=*^ (10), 

an  equation  connecting  a,  k,  and  c,  the  bending  moments  at  three 
consecutive  supports.  If  we  have  any  number  of  supports,  and  at 
the  end  ones  we  have  the  bending  moments  0  because  the  girder  is 
merely  supported  there,  or  if  we  have  two  conditions  given  which 
will  enable  us  to  find  them  in  case  the  girder  is  fixed  or  partly 
fixed,  note  that  by  writing  down  (10)  for  every  three  consecutive 
supports  we  have  a  sufficient  number  of  equations  to  determine  all 
the  bending  moments  at  the  supports. 

Example.  —Let  the  loads  be  w^  and  tv.^  per  unit  length  over  two 
consecutive  spans  of  lengths  l^  and  l.^     Then 

m  =   -  ^  wlx  +  ^  tcx^^     I  m  .  dx  =   -  J  wlx^  +  ^  ux^j 

and    flfj  =  -  Yo  ^1^'     I   \»i'dx,dx=   -  ^\  wlx^  +  ^fWX^^ 

and  fi  =   -  ^i^f^'ih*i  /^2  =   -  ^i^'-h*- 

Hence     ,    +  «!  -  y^  becomes  -  ^  w.j/./  -  ^!.\  l^^  +  ^^  w^l{\ 

or  "  -    ^V  («*'2'2'  +   W'l^i^), 

and  hence  the  theorem  beronies  in  this  caso 

a/,  +  2  B  (^1    \-  h)  +  c  A,  =  \  {ivJ./  +  W'/i^)  ....  (10). 
If  the  spans  are  similar  and  similarly  loaded,  then 

A  +  i  h  +  c  =  I  wl^  ....  (II). 

Case  1. — A  uniform  and  uniformly  loaded  beam  rests  on 
three  equidistant  supports.  Here  a  =  c  =  0  and  b  =  +  ^tol^. 
m  =   -  ^w  (fx  -  x^)y  and  hence  the  bending  moment  at  a  point 

X 

p  distant  x  from  a  is  -  ^iv  {Ix  -  x^)  +  0  -  -  ^  wl^.  The  sup- 
porting  force  at  a  is  lessened  from  what  it  would  be  if  the  part  of 

A    —    B 

the  beam  a  b  were  distinct  by  the  amount  shown  in  (2)   — - — 

or  J  wl.  It  would  have  been  J  wl^  so  now  it  is  reaUy  f  wl  at  each 
of  the  end  supports,  and  as  the  total  load  is  2  wly  there  remains 
^wl  for  the  middle  support.     (See  also  Example  on  next  page.) 

Case  2. — A  uniform  and  uniformly  loaded  beam  rests  on  four 
equidistant  supports,  and  the  bending  moments  at  these  supports 
are  a,  b,  c,  d.  Now,  a  =  d  =  0,  and  from  sjnnmetry  b  =  c. 
Thus  (11)  gives  us  0  +  ob  =  \wt^  or  b  =  c  =  Xivl^.  If 
the  span  a  b  had  been  distinct,  the  first  support  would  have  had 
the  load  ^tvl;  it  now  has  |  tvl  -  ^  t<;/  or  ^  wl.  The  supporting 
force  at  d  is  also  ^  wl.  The  other  two  supports  divide  between 
them  the  remainder  of  the  total  load,  wbieh  is  aVlo^c^^^^x:  *i  "wl,  «j^\ 
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80  each  receives  \^  tvl.     The  supporting  forces  aie  then  ^  tol, 

Exei'ciae. — A  student  ought  to  work  at  least  one  exercise  like  tha 
following  : — If  a  beam  a  b  c  has  any  kind  of  loading,  and  varies  in  section^ 
in  any  way,  and  is  supported  at  three  places,  a  and  c,  on  the  same  level,  b^ 
on  a  level  b  inches  below  a  or  c,  first  find  the  diagram  of  bending- 


Fig.  2t)0. 


moment  and  the  deflection  y  everywhere  of  the  beam,  assuming 
support  B  not  to  exist.  Find,  in  particular,  yi,  the  deflection  at  the  poixxt; 
B.  Now  consider  a  new  problem — the  same  beam  supported  at  two  plac5^>s, 
and  with  only  an  upward  force  at  b.  Find  what  the  force  b  must  b^  "t^* 
cause  a  deflection  upwards,  yi  -  b,  at  b,  and  what  the  upward  deflectioi*.  « 
everywhere  is.  This  force  b  is  eWdently  the  supporting  force  at  b  in  'tSi^^e 
real  problem,  and  the  deflectiofi  in  the  real  problem  everywhere  is  y  —    ^- 

Example, — Uniform  loading  w  per  inch  on  a  b  and  on  b  c,  eax^l 
of  length  I;  beam  of  uniform  section,  the  supports  all  on  »slxjc^Q 
level.     (1)  If  prop  b  is  absent,  the  deflection  at  b  would  be  {A^J^- 

•"^SQ)  ,^,  ^^^-^.    CaUthisJ.    Each  of  the  supporting  forces    is 
'  384         EI  XT'         o 

wl,     (2)  Beam  of  length  2/,  supported  at  the  ends.    If  an  up'wa-i^ 
force  B  produces  an  upward  deflection,  we  know  that  S  =  ^*y  -   (2  ^^  • 


Hence  we  have  -^ 


B  (2  If 


T) 


2wl .  (2/)' 


EI 

,  and  B  =  ^wl — that 


18, 


EI         384         EI 
when  a  uniform  and  uniformly  loaded  beam  is  on  three  equidista-n^ 
supports,  the  supporting  forces  are  ^wl^  ^wl,  and  f  u?/. 
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CHAPTER    XXI. 

BENDING  AND   CRUSHING. 

368.  Stress  over  a  Section. — When  any  portion  of  a  column 
or  beam  or  arch  on  one  side  of  a  section,  b  o,  is  acted  upon  by 
^oads  and  supporting  forces,  we  can  generally  find  one  force, 
''©presenting  the  resultant  of  the  stresses  at  the  section,  which 
^ill  balance  them  all.     If,  instead  of  a  force,  we  merely  get  a 
couple,  then  the  section  is  exposed  solely  to  bending  moment, 
*nd  we  know  now  how  to  find  the  effect  of  this.     If  the  force 
^s  parallel  to  the  section,  then  we  know  that  the  section  is 
^ither  exposed  to  mere  shearing  strain  or  shearing  and  bend- 
^iig,  as  in  a  horizontal  beam  with  vertical  loads;  but  if  the 
^orce  is  iuclined  to  the  section,  there  will  usually  be  shearing 
^nd  bending,  and  besides  this  a  uniform  distribution  of  com- 
pression or  extension  all  over  the  section.     In  practice  we 
generally  find  that  compression  and  bending  alone  have  to  be 
^^usidered.     Thus,  if  BC  (Fig.  261)  is  the 
®dge  view  of  the  section  of  a  structure, 
^  being  a  line  at  right  angles  to  the  paper 
through  its  centre  of  gravity,  and  if  p  is 
^he  resultant  of  all  the  forces  supposed  in 
^he  plane  of  the  paper  which  act  on  the 
^tiriicture  to  the  right  of  the  section,  let 
^   and  s  be  the  resolved  parts  of  p  normal 
^  and  tangential  to  the  section ;  then  s  is 
palanced  by  an  equal  and  opposite  shear- 
^^g  force  which  must  be  exerted  by  the  Fig.  2t)i. 

^^a.terial  to  the  left,  p  is  a  compressive 
*Oad  which  is  spread  uniformly  over  the  section,  producing 
^  compressive  stress  p/a  if  a  is  its  area ;  but  besides  this  we 
ba.ve  in  the  section  the  varying  compressive  stress  on  the  b 
^ide  of  o  and  the  tensile  stress  on  the  c  side  of  o,  which  the 
bending  moment  p .  o  d  produces.  In  fact,  the  compressive 
stress  at  any  place  which  is  at  the  distance  y  from  o  on  the 

«^           .        . ,    .    P        p .  o  D  ,^. 

^^uipression  side  is  -  -f  2/  •  •  •  •  v-)- 

The  student  ought  to  draw  a  slice  between  two  parallel 
^^'fOfls-sectioDB  like  b  c  near  one  another,  and  dtB^v?  ^iVia  q^Wt^^ 
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of  shape,  first  making  it  uniformlj  thinner  because  of  p/a,  and 
then  making  it  wedge-shaped.     We  have,  in  fact,  the  wedge- 
shape  c'  e'  f  d  of  Fig.  207,  where  h' j'  =  H  J,  and  in  addition 
we  have  to  imagine  fi  f  moved  parallel  to  itself  in  the  direc- 
tion c  d' ;  but  studente  must  draw  this  for  themselves.     They 
will  see  that  the  result  may  be — compression  everywhere,  buti 
much  more  at  B  than  at  c ;  or  compression  everywhere  andl. 
just  no  stress  at  c ;  or  compression  at  B,  tension  at  c,  andi. 
a  neutral  line  somewhere  between.     Most  people   have   th^^ 
habit  of  calling  the  line  througli  o  the  neutral  line  of  th^^ 
section,  although  it  is  the  neutral  line  only  when  the   com.  — 
ponent  p  is  zero. 


The  proof  of  the  above  statement  is  this :  Assume  that  a  plai 
section  remains  plane,  it  follows,  as  it  did  in  Art.  319,  that  there  S.^ 
a  neutral  line,  say  at  o',  at  right  angles  to  the  paper.  Let  ax::^-^ 
point  H  be  at  the  distance  z  from  o' ;  the  compressive  stress  th^-^r^ 
is  ez  say,  where  c  is  some  constant.  The  force  on  a  small  aree^  -  , 
there,  is  cza.  Then  v  =  cl,za  . ..  (2)  and  p.od  =  CZza.y , .  .^  5i  ^ 
because,  if  o  h  =  y,  za  .y  is  the  moment  of  za  about  o.  N~  ^z>^% 
z  —  y  +  o  o',  80  that  equation  (2)  is 

i»  =  e;  .  ()  o'  5  rt  +  c  18  y  .  a  =  c  .  o  o'  .  A  .  .  .  .  (4), 

because  5  yfl  =  o ;  and  p.od  =  c  5  y'%  +  c5oo'.y.a=<ji....  ^<5^ 
if  I  is  the  moment  of  inertia  of  the  area  about  o.     We  sec  tlxs^ 

POD  p 

cy  from  (5)  is   ~ —  y  and  c  .  o  o'  from  (4)  is  -  ;  but  the  suds.     «f 

these  is  C2,  the  compressive  stress,  and  so  we  have  proved  (1). 

If  the  section  is  rectangular,  the  dimension  ^at  right  angles  f o 
the  paper  being  1,  and  no  being  rf,  then  i  =  1  x  d^jVl  ajad 
A  =  I  A  d.     The  compressive  stress  is  least  at  c  where  y  =  -  J-  ^, 

or  by  (1),  the  compressive  stress  at  c  is  ^  -  — ^, —  ....  f^)- 

•  a  a^ 

As  o  D  gets  greater,  the  compressive  stress  at  c  becomes  less  vJtX'^ 
there  is  a  value  of  o  i>  which  just  causes  c  to  have  no  sti-e^^ 
a  greater  value  of  o  i)  than  this  would  create  tensile  stress  at     * 
We  usually  tak(^  it  that  in  a  masonry  joint  there  ought  to  ^ 
no  tensile  stress,  and  hence  in  a  masonry  joint  the  limiting  val*-' 
of  o  D  is  given  by  putting  (6)  equal  to  zero ;  that  is,  6  .  o  d  =  rf. 

Hence  d  must  fall  within  the  middle  third  of  the  mason^ 
joint,  B  c,  if  there  is  to  be  stability.     This  is  the  fundament-' 
lule  in  the  design  of  arches  and  buttresses.  Another  conditic 
of  stability  for  a  masonry  joint  is  that  s  shall  not  exceed  tl 
frictional  resistance,  or  the  angle  J  D  L  must  be  less  than  t' 
angle  of  repose  (see  Art.  96)  for  the  materials. 

The  above  rule  is  very  generally  useful  in  machine  desi^ 
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but  we  need  not  give  many  examples.   Fig.  262  is  a  crane-hook. 
'^he  section  at  b  o  is  not  usually  elliptic ;  rather  like  an  ellipse, 
'  ^th  the  end  at  b  blunter  than  that 
At  c.   If  o  is  a  line  at  right  angles  to 
the  paper  through  the  centre  of  grav- 
^^y  of  the  section,  and  w  is  the  load, 
'he  stress  at  any  place  is  that  due  to 
*  bending  moment  w  .  o  d,  together 
^th  a  tensile  stress  due  to  w  being 
spread  uniformly  over  the  section. 

When  a  weight  w  hangs  from  a 
^racket,  as  in  Fig.  263  the  strength 
^^  any  section,  such  as  o,  is  merely 
^^Iculated  from  the  bending  moment 
Vr .  D  B,  because  when  the  distance 

D  B  is  considerable 
the  stresses  due 
to  the  bending 
are  usually  many 


times  greater  than 
those  due  to  w, 
divided  by  the  area 
of  cross-section. 


! 

1 

'    1 
i 

i 

1 
^ 

1 

V 

-J^-^— 


I 


Fig.  262. 


369.  Shear  Stress  in  Beams. — Let  the  dis- 
tance measured  from  any  section  of  a  beam,  say 
Fig.  263..  at  o  (Fig.  264),  to  the  section  at  a  be  .r,  and  let 

o  B  =  X  +  Sx.  Let  the  bending  moment  at 
c'  A  c  be  M,  and  at  d'  b  d  be  m  +  5  m.  TiCt  a  c  be  the  compressive 
side  of  0  c'.  Let  o  a  b  (Fig.  264)  and  a  a  (Fig.  265)  represent  the 
neutral  surfeice.  We  want  to  know  the  tangential  or  shear  stress 
/,  at  E  on  the  plane  c  a  c'.     Now  it  is  known  that  this  is  the  same 


c    P 


£ 
HI 


6- 


c^ 


Fig.  264. 


^ 


C  D 

Fig.  266. 


as  the  tangential  stress  in  the  direction  £  f  on  the  plane  e  f,  which 
is  at  right  angles  to  the  paper,  and  parallel  to  the  neutral  surface 
at  A  B.    Consider  the  equilibrium  of  the  picc-e  of  beam  e  c  n  f,  shown 
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in  Fig.  265  as  s  c  B,  and  also  shown  magnified  in  Fig.  266.  We 
have  indicated  only  the  forces  which  are  parallel  to  the  neutral 
8iir£9u;e,  or  at  right  angles  to  the  sections.  The  total  pushing  forces 
on  Mv  are  greater  than  the  total  pushing  forces  on  v  e,  the  tangential 
forces  on  e  p  making  up  for  the  difertuce.  We  have  only  to  state 
this  mathematically,  and  we  have  solved  our  problem. 

At  a  place  like  h  in  the  plane  c  a  c',  at  a  distance  y  from  th& 

neutral  surface,  the  compressive  stress  is  known  to  beji;  =  —  y  ;  an(i_ 

if  6  is  the  breadth  of  the  section  thers,  shown  as  h  h  (Fig.  265),  th 
total  pushing  force  on  the  area  e  c  b  is 


p  = 


f^^    M  mT^^ 

=  1       *-y.rfy,  orp=     I       *y  .  rfy (1). 

Jae    ^  Vae 

Observe  that  if  b  varies,  we  must  know  it  as  a  function  of  y  befoK:- 
we  can  integrate  in  (1).  Suppose  we  call  this  total  pushing  forc:^. 
on  E  c  by  the  name  p,  then  the  total  pushing  force  on  d  f  will  lz» 

dv 
V  -V  ^x  .  -J-,     The  tangential  force  on  b  f  is  /,  x  area  of  b  f,  c:>:Hr 

fg  .8j7.ee,  and  hence 

f^.U.^JL  =  Zx.  ^-,  or/,  =  —  .  -^-  .  .  .  .  (2). 

Example. — Beam  of  uniform  rectaagnlar  section,  of  constsk.icx't 
breadth  b  and  constant  depth  d.     Then 

UiibC^^       ,         12Mri^„n  6m,,  _„ 


and  hence 

Atf^^*^"    ~  '^^  ^dx 


/.  =  x!r3(l^-AE'^)^....(3); 


80  that  /,  is  known  as  soon  as  m  is  known.     As  3:7  is  the  sheari^ri  g" 


du  . 
dx 


force  over  the  whole  section,  we  may  regard  (3)  as  telling  us  ^^b^* 
fraction  of  the  total  8  there  is  on  every  square  inch. 

As  to  M,  let  us  choose  a  case— say  the  case  of  a  beam  suppox^*^^ 
at  the  ends,  and  loaded  uniformly  with  w  lb.  per  unit  length.  <^' 
the  beam.     We  saw  that  in  this  case,  x  being  distance  from.   tlJ^ 

middle,  -  a  =  ^ivP  -  ^wx-.     Hence  -=-  =  wx,  so  that  (3)  is 

^«=  -^(i^-AE2}t^.;r....(4). 

U  we  like,  we  may  now  use  the  letter  y  for  the  distance  a  b  ;  »^^ 
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we  see  that  at  any  point  of  this  beam  x  inches,  measured 
horizontally  irom  the  middle,  and  y  inches  from  the  neutral  axis, 
the  shear  stress  is 

/.  =  ^  (i*^  -  y')  ^  •  •  ■  •  (s). 

Observe  that  where  y  =  0  the  shear  stress  is  greater  than 
at  any  other  point  of  the  section — that  is,  at  points  in  the 
neutral  axis.  The  shear  stress  is  zero  at  c.  Again,  the  end 
sections  of  the  beam  have  greatest  shear.  A  student  has  much 
food  for  thought  in  this  result  (5).  It  is  interesting  to  find  the 
directions  and  amounts  of  the  principal  stresses  at  every  point  of 
the  beam — that  is,  the  interfaces  at  right  angles  to  one  another  at 
any  point  across  which  there  is  only  compression  or  only  tension 
without  tangential  stress. 

We  have  been  considering  a  rectangular  section.  The  student 
ought  to  work  exercises  on  other  sections  as  soon  as  he  is  able  to 
integrate  lyy  with  regard  to  y  in  { 1 )  where  h  is  any  function  of  y. 


•j: 


•AC 

He  will  notice  that  (       by  .  dy  is  equal  to  the  area  of  e  h  c  h  e 

AE 


(Fig.  265)  multiplied  by  the  distance  of  its  centre  of  gravity  from 
A  A.     Taking  a  flanged  section,  the  student  will  find  that/,  is  small 

in  the  flanges,  and  gets  greater  in  the  web.  Even  in  a  rectangular 
section^  became  rapidly  smaller  further  out  from  the  neutral  axis ; 
but  now  to  obtain  it  we  must  di^'ide  by  the  breadth  of  the  section, 
and  this  breadth  is  comparatively  so  great  in  the  flanges  that  there 
is  practically  no  shearing,  the  shear  being  confined  to  the  web; 
whereas  in  the  web  itself  /does  not  vary  very  much.  The  student 
already  knows  that  it  is  our  usual  custom  to  calculate  the  areas  of 
the  flanges,  or  top  and  bottom  booms  of  a  girder,  as  if  they  merely 
resisted  compressive  and  tensile  forces,  and  the  web  or  the  diagonal 
bracing  as  if  it  merely  resisted  shearing.     He  will  note  that  the 

shear  in  a  section  is  great  only  where  — ,  or  rather  -r~  (  -  ),  is 
great.    But,  inasmuch  as  in  Art.  357  we  saw  that  -r-  =  s,  the 

t%  JO 

total  shearing  force  at  the  section,  there  is  nothing  very  extra- 
ordinary in  finding  that  the  actual  §hear  stress  anywhere  in  the 
section  depends  upon  its  value. 

Deflection  of  Beams  due  to  Shear. — If  a  bending  moment 
M  acts  at  a  section  of  a  beam,  the  part  of  length  lix  gets  the 
strain-energy  \  m*^  Sjt/e  i,  because  m  hxjv.  i  is  the  angular  change, 
and  therefore  the  whole  strain-energy  in  a  beam  due  to  bonding 
moment  is 


2eJ    I 


dx  .  .  ,  .  (6). 
If  /  is  a  shear  stress,  the  shear  strain-energy  ^ct  \wv\\.  nc\\vkv^ 
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is  f*l2v  ....  (7),  and  by  adding  we  can  therefore  find  its  total 
amount  for  the  whole  beam. 

By  equating  the  strain-energy  to  the  loads  multiplied  by  half 
the  displacements  produced  by  them  we  obtain  interestiug  rela^ — 
tions.     Thus  in  the  case  of  a  beam  of  length  /,  of  rcctangula^^^ 

section,  fixed  at  one  end  and  loaded  at  the  other  with  a  load  w      ^ 
at  the  distance  x  from  the  end,  m  =  wx,  and  the  energy  diL< 

to  bending  is 

-w2/8/6bi (8). 


1   fw^aja^ 
2e  I       I 

9^0 


The  above  expression  (6)  gives  for  the  shearing  stress 

/=j7.a'P-y')w....(9).  . 


LS 

o 


ms 


The  shear  strain-energy  in  the  elementary  volume  b.  9x.  By 
b.  hx.  hy.  f^l2  N.     Integrating  this  with  regard  to  y  from  - 1<^ 
+  ^d,  we  find  the  energy  in  the  slice  between  two  sections  to 
3  w2/.  Sx/b  N  b  df  so  that  the  shear  strain-energj'  in  the  bean-M. 

3  w2//5  ^  bd (10). 

If  now  the  load  w  produces  the  deflection  z  at  the  end  of 
beam,  the  work  done  is  J  wz  ....  (11).      Equating  (11)  to     "tl^e 
sum  of  (8)  and  (10)  we  find 


W  /»       6     w  Z 


3ei  "^  5 


N  bd 


.,..(12). 


Note  that  the  first  part  of  this  due  to  bending  is  the  deflectii<^^ 
as  calculated  in  Art.  339,  Example  1.  We  believe  that  the  oiH^^^ 
part  due  to  shearing  has  never  before  been  calculated. 

370.  Springs  which  Bend. — We  consider  the  bending  in  spi-ii^^ 
of  regular  shape,  such  as  spiral  springs,  later,  in  Art.  521.     Bti"t    it 

seems  natural      f^ 
consider      cert^»^^ 
irregularly  shaf>^ 
springs  here.     X-^* 
Fig.  267  show  tJie 
centre  line   of     ^ 
spring  ^xed  at  ^  -^» 
loaded  at  b  writh 
a    small   load      ^ 
in    the    direction 

Fig.  267.  shown.     To  fio^ 

the    amount      ^^ 
j^elding  at  b,  the  load  and  the  deflection  are  supposed  to  be  very 
small.     Consider  the  piecie  of  spring  bounded  by  cross-sections  a^ 
p  and  Q.     Let  p  q  =  8«,  the  length  of  the  spring  between  b  and 
p  being  called  s. 
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The  l)ending  moment  at  p  is  w .  p  r  or  w  .  a;,  if  :r  is  the  length 
of  the  perpendicular  from  p  upon  the  direction  of  w.  Let  b  &  be 
called  y.  Consider  first  that  part  of  the  motion  of  b  which  is  due 
to  the  change  of  shape  of  qp  cUotie;  that  is,  imagine  a  q  to  be 
perfectly  rigid  and  p  b  a  rigid  pointer.  The  section  at  q  being 
fixed,  the  section  at  p  gets  an  angular  change  equal  to  8*  x  the 

change  of   cun-atiure  there,  or  5«        or   - ....  (1),  where 

EI  EI 

E  is  Young's  modulus  and  i  is  the  moment  of  inertia  of  the  cross- 
section.  The  motion  of  b  due  to  this  is  just  the  same  as  if  i'  b 
were  a  straight  pointer ;  in  fact,  the  pointer  p  \\  gets  this  angular 
motion,  and  the  motion  of  b  is  this  angle  multiplied  by  the  straight 

distance  p  b,  or  — '- .  p  b  .  .  .  .  (2).     Now   how  much   of   b's 

EI  ^    ' 

PR 

motion  is  in  the  diiection  of  w  ?    It  is  its  whole  motion   x     - 

p  B 

or  X  — ,  and  hence  b's  motion  in  the  direction  of  w  is  — '- . . .  (3). 

PB  EI  ^   '^ 

Similarly   b's  motion   at  light  angles  to  the  direction  of   w  is 

EI  ' 

In  the  most  general  cases  it  is  easy  to  work  out  the  integrals  of 
(3)  and  (4)  numerically.  We  usually  divide  the  whole  length  of 
the  spring  from  b  to  a  into  a  large  number  of  equal  parts  so  as  to 
have  all  the  values  of  8«  the  same,  and  then  we  may  say  (A  being 

•  8      W 

the  whole  length  of  the  spnng)  that  we  have  to  multiply   -* 

«>  E 

oc  xv 

upon  the  average  values  of  —  and  —  for  each  part.  In  a  well- 
made  spring,  if  d  is  the  breadth  of  a  strip  at  right  angles  to  the 
paper  and  t  its  thickness,  so  that  i  =  ^^^  bt^^  we  usually  have  the 

spring  equeiUy  ready  to  break  everywhere,  or  ^  =  /,  a  constant. 
When  this  is  the  case  (3)  and  (4)  become  — —  .  -  and 
-^ —  .  -.  And  if  the  strip  is  constant  in  thickness,  varying  in 
breadth  in  proportion  to  x,  then  -^-^  .  x  is  (3)  and     ^  '      .  y 

is  (4).     If  X  and  y  are  the  x  and  y  of  the  centre  of  graA^ty  of  the 

2  fsx 
'  curve  (see  Art.  110),  -^ —  is  the  total  yielding  parallel  to  w%  and 

'Et  n  r      ~ 

this  is  what  we  generally  desire  to  know.  -^^'^  is  the  total 
yielding  at  right  angles  to  w. 

371.  struts. — As  we  have  already  said,  when  a  very  short 
^lumn  is  loaded  (as  it  usually  is)  in  such  a  way  that  the 
JJJaterial  is  prevented  from  swelling  laterally,  it  will  withstand 
exceedingly  great  loads  without  fracture.     It  is  only  when  the 
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length  of  a  square  or  round  prism  is  three  or  four  tin 
diameter  that  the  material  gets  a  chance  of  showing  ] 
behaves  under  compressive  stress ;  up  to  a  length  of  abo 
times  its  diameter  its  breaking  load  is  now  nearly  the  san 
it  remains  the  same  for  any  length  if  slight  lateral  res; 
against  bending  are  provided.  In  a  tie-rod,  want  of  unif  < 
of  stress  causes  yielding,  and  this  is  the  same  in  a  stru' 
in  a  tie  the  effect  of  yielding  is  to  remedy  the  defect, 
gets  straighter,  the  stress  better  distributed,  whereas  in  j 
local  failure  causes  bending,  instability,  and  a  worse  di) 
tion  of  stress.  In  Art.  243  we  have  discussed  the  beh 
of  material  under  uniform  axial  compressive  stress  merel 
also  in  columns  which  are  too  short  for  mere  axial  comp: 
stress.  We  now  know  that  if  b  c,  Fig.  261,  is  a  cross  sec 
a  strut,  and  if  the  resultant  load  on  the  part  of  the  st 
one  side  of  b  c  is  p  or  p,  not  only  have  we  the  usually  as 
stress  p/a  over  the  section,  but  also  the  ht 
moment  stress.  What  this  may  amount 
pends  upon  o  D ;  and  this  depends  on  two 
— first,  the  want  of  accuracy  in  applying  tl 
at  the  ends  of  the  strut,  a  matter  which  can 
taken  into  account  in  calculation  unless  we 
how  much  error  there  is ;  secondly,  the  \y 
of  the  strut. 

372.  Bending  of  Struts. — Consider  a  str 
fectly  prismatic,  of  homogeneous  material,  i 
weight  neglected,  the  resultant  force  F  at  ea* 
passing  through  the  centre  of  each  end.  IjcI 
Fig.  268,  show  the  centre  line  of  the  bent  stru 
p  Q  =  y  be  the  deflection  at  p  where  o  q  =  aj.  ] 
=  o  B  =  Z ;  yis  supposed  everywhere  small  i 
parison  with  the  length  21  of  the  strut.  L< 
Young*s  modulus  for  the  material,  and  i  th 
moment  of  inertia  of  the  cross-section  every 
about  a  line  through  the  centre  of  gravity 
section.  Then  the  result  of  the  following  th 
that  the  load  F,  which  will  produce  bending,  is  e  i  ^74 

F  y  is  the  bending  moment  at  p  and  — ^  is  the  cur>'atui 
Then  as  in  Art.  339  the  curvature  being  -  — ^  we  have 
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Notice  that  when  we  choose  to  call  ^  the  cur\'atiire  of  a  curve, 
if  the  expression  to  which  we  put  it  equal  is  essentially  i)08itive,  we 
must  give  such  a  sign  to  -r—  as  will  make  it  also  positive.  Now  if 
the  slope  of  the  cui^'e  of  Fig.  268  be  studied  as  we  studied  the 
curve  of  Art.  338,  we  shall  find  that  -ry  is  negative  fi-om  ar  =  0  to 

a:  =  0  A,  and  as  y  is  positive  so  that  -^  is  positive,  we  must  use 

-  -t\  on  the  right-hand  side. 

If  the  student  tries  he  will  find  that 

y  =  a  cos.  X  A  /  f-    ....  (2) 

satisfies  (1)  whatever  value  a  may  have.  When  :r  =  0  we  see  that 
y  =  a,  so  that  the  meaning  of  a  is  known  to  us  ;  it  is  the  deflection 
of  the  strut  in  the  middle.  The  student  is  instructed  to  follow 
carefully  the  next  step  in  our  argument.  When  x  =  I^  p  =  0. 
Hence 


«  COS.  I  ^L  =0 (3). 


How  can   this  be   true  ?      Either  a  =  0,   or  the    cosine   is   0. 

Hence,  if  bending  occurs,  so  that  a  has  some  value,  the  cosine  must  be 

•> 

0.    Now  if  the  cosine  of  an  angle  in  0,  the  angle  must  he  ^  or  *^ 
or  — ,  etc.     If  we  confine  our  attention  to  ^,  the  condition  that 
bending  occurs  is 

V  Ti  =  2  "'■•'  =  -4P-     ••••(*) 
is  the  load  which  will  produce  liending.     This  is  called  Euler's  law 

IT 

of  strength.     It  is  easy  to  see  why  we  confine  our  attention  to  - 

as  it  gives  the  least  value  of  w.     The  meaning  of  the  other  cases  is 

that  y  is  assumed  to  be  0  one  or  more  times  between  x  —  ^  and 

a;  =  /,  so  that  the  strut  has  points  of  inflexion. 

It  will  be  found  that  the  complete  solution  of  anv  such  equation 

cPxf 
as  (1),  which  may  be  written     '.^  +  it^y  =  0,  is  y  =  a  cos.  nx  +  A  sin.  nx 

where  a  and  b  are  arbitrary  constants,  a  and  b  are  chosen  to  suit 
the  particular  problem  which  is  being  solved.  In  the  present  case 
it  is  evident  that  as  y  =  0  when  x  =  I  and  also  when  j*  =  -  I 
0  =  «  COS.  nl  +  b  sin.  nl,  0  =  a  cos.  nl  -  b  sin.  «/,  bo  that  i  is  0. 
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Now  let  lis  consider  a  stmt  fixed  at  the  ends.  The  resultant 
force  p  at  an  end  no  longer  acts  through  the  centre  of  gravity  of 
the  end  section.     The  solution  is  as  before 

y  =  a  COS.  »r  ■*-  h  sin.  nx  .  .  .  .  (5). 

Differentiating  we  have 

^  =z  -  wa  sin.  fix  +  nh  cos.  mi*  ....  (6). 

dy 
Now   —  =  0  for  a^  =  0,  a;  =  /,  a;  =  -  /,  and  hence  0  =  nb,  so  that 
ox 

b  =  0  or  y  =  a  cos.  nx  .  .  ,  .  (7). 

m 

Also  0  =  -  fia  sin.  nl  =  na  sin.  nl (8). 

Now  (3)  tells  us  that  a  is  the  deflection  at  e,  where  jt  is  0,  and  if  a 
'   has  any  value,  (4)  tells  us  that  sin.  nl  is  0 — that  is,  nl  =  ir,  or 

/  y/We  I  =  X,  or  f  =  -^  -  ....  (9). 

Hence  if  a  strut  is  fixed  at  both  ends  the  load  which  it  will 
stand  before  bending  is  the  same  as  for  a  strut  of  half  the  length 
hinged  at  the  ends.  In  fact,  if  6  c  H  is  a  strut  fixed  at  the  ends, 
its  strength  is  like  that  of  a  strut  K  l  hinged  at 
K  and  L,  or  again  like  that  of  a  strut  g  k  L  fixed  at  g 
and  hinged  at  L.  The  strength  to  resist  bending  of 
"g-  a  strut  of  length  2  /  hinged  at  the  ends  may  be  cal- 
culated from  (4) ;  this  is  the  strength  of  a  strut  of 

length  3  Z,  hinged  at  one  end  and  fixed  at  the 
other,  or  of  a  strut  of  length  4 1  fixed  at  both  ends. 
p/|a         It  is  only  necessaiy,  then,  to  remember  the  rules  for 
struts  hinged  at  the  ends. 

The  load  given  by  (4)  will  produce  either  very 
little  or  very  much  bending  equally  well,  and  we 
j_        may  take  it  that  f  given  by  (4)  is  the  load  which 
will  break  a  strut  if  it  breaks  by  bending.     If  yis 
the  compressive  stress  which  ^vill  produce  rupture 
H        and  A  is  the  area  of  cross  section,  the  load  f  k  will 
break  the  strut  by  direct  crushing,  and  we  must  take 
the  smaller  of   the  two  answers.      In  fact,  we  see 
Fig.  269        that  f  K  is  £o  be  taken  for  short  struts  or  for  struts 
which  are  artificially  protected  from  bending,  and 
(4)  is  to  be  taken  for  long  struts.     Now,  even  when  great  care  is 
taken  we  find  that  struts  are  neither  quite  straight  nor  homo- 
geneous, nor  is  it  easy  to  load  them  in  the  specified  manner. 
Consequently,  when  loaded  they  deflect  with  even  small  loads, 
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and  they  break  with  loads  less  than  either/A  or  that  given  by 
(4).  Curiously  enough,  however,  when  struts  of  the  same 
section  but  of  different  lengths  are  tested,  their  breaking  loads 
follow,  with  a  rough  approximation  to  accuracy,  some  rule  as 
to  length.  Let  us  assume  that  as  f  =/a  for  short  struts  and 
what  is  given  in  (4)  for  long  struts,  then  the  formula 

p  =       J^      ....  (10) 

El7r2 

may  be  taken  to  be  true  for  struts  of  all  lengths  because  it  is 
true  both  for  short  and  for  long  ones.  For  if  Z  is  great  we 
may  neglect  1  in  the  denominator  and  our  (10)  is  really  (4); 
again,  when  I  is  small,  we  may  regard  the  denominator  as  only 
1,  and  so  we  have  w  =:/a.  We  get  in  this  way  an  empirical 
formula  which  is  found  to  be  fairly  right  for  all  struts.  To  put 
it  in  its  usual  form,  let  i  =  a  k^,  k  being  the  least  radius  of 
gyration  of  the  section,  then 

F=-^^2.    .    .    .    (11), 

1  +a 

where  a  is  4^/^  ir^. 

If  p  does  not  act  truly  at  the  centre  of  each  end,  but  at  the 
distance  h  from  it,  our  end  condition  is  that  y  =  h  when  x=  I, 
This  will  be  found  to  explain  why  struts  not  perfectly  truly 
loaded  break  with  a  load  less  than  what  is  given  in  (4). 
Students  who  wish  to  pursue  the  subject  are  referred  to 
pages  464  and  513  of  the  Engineer  for  1886,  where  initial 
want  of  straightness  of  struts  is  also  taken  account  of. 

When  we  consider,  therefore,  how  the  rule  (11)  has 
been  arrived  at,  it  is  evident  that  it  needs  to  be  tested 
by  pi'actical  experiment,  the  constants  a  for  various  materials 
and  k^  for  various  kinds  of  section  being  also  determined  by 
experiment.  This  has  been  done,  and  on  the  whole  we 
feel  fairly  well  satisfied  when  the  rule  is  put  in  the  following 
form ; — For  a  strut  whose  ends  are  hinged^  or  a  column  whose 
ends  are  not  fixed^  the  breaking  load  in  pounds  is  equal  to  the 
breaking  stress  per  square  inch  given  in  Table  IX.  multiplied 
by  the  area  of  cross  section  in  square  inches,  and  divided  by 
1  +  nB  where  n  is  given  in  Table  XI.,  and  b  is  given  in 
Table  X. 
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Exercise  for  Advanced  Stxvdenta. — Test  in  the  six  cases  of 
Table  VIII.  to  what  extent  this  rule  agrees  with  (11). 


TABLE  IX. 


Cast  Iron    ... 
"Wrought  Troll 
TimlxT 


Breaking  Stress,  in  pounds 
per  square  inch. 


80,000 

36,000 

7,200 


TABLE  X. 

Value  of  B  for  struts  of  the  sections  shotvn  in   Table  XI.     The  Jirftt  cohimn 
gives  the  Itiigth  of  the  strut  divided  by  its  least  lateral  dimension. 


Length  divided  by 

Bfor 

Bfor 

1 

B  for  Strong  Dry 

Lateral  Diuiensioii  d. 

Cast  Iron. 

Wrought  Iron. 

Timber. 

10 

0-748 

0132 

10 

15 

1-68 

0-300 

3-6 

20 

300 

0-532 

6-4 

25 

4G4 

0-832 

10-0 

30 

6-76 

1-2(X) 

14*4 

35 

9-20 

1-632 

19-6 

40 

1200 

2-132 

25-6 

45 

18-72 

3-332 

400 

EXERCISES. 

1.  Find  the  breaking  load  for  a  cylindrical  strut  of  wrought  iron 
3  inches  diameter  and  10  feet  long,  supposing  it  to  be  not  fixed  at  the 
ends.  Ans.y  30*1  tons. 

2.  A  hollow  cast-iron  pillar  10  feet  long,  and  fixed  at  the  ends,  has  an 
external  diameter  of  6  inches ;  what  should  be  the  thickness  of  the  metal 
to  carry  a  load  of  30  tons,  allowing  a  factor  of  safety  of  8  ?     Ans.,  -42  in. 

3.  What  is  the  safe  load  for  an  angle  iron,  least  breadth  3  inches  and 
74  feet  Jong,  acting  as  a  strut,  firmly  fixed  at  both  ends?  Factor  of 
safety,  6.  Am.,  3*51  tons. 

4.  The  diagonal  brace  of  a  Warren  girder  is  10  feet  long,  and  is 
composed  of  two  tee-bars  G"  x  3"  x  4",  placed  back  to  back  and 
riveted  together.  Find  the  maximum  compressive  working  load  which 
may  be  applied  to  it  when  the  ends  are  firmly  riveted  to  the  boom.  Use 
a  factor  of  safety  of  4.  Ans.f  17*5  tons. 

5.  Section  4,  Table  Vf.,  has   flanges   4*02   inches   broad,    '66  inch 

thick,  depth  over  all  8  inches,  web  42  inch  thick.     The  greatest  moment 

of  inertia  about  a  line  through  its. centre  of  gravity  is  74*2,  accoi*ding  to 

the  rule  of  the  table.     Its  least  moment  of  inertia  is  about  a  line  at  right 

,..,„,         ,    .     -56  X  (4-02)3                6-88  x   (-42)3 
angles  to  the  first,  and   is   ■ ^^^ '-  x  2  +    :^ -f  or  6*1. 


Yl 
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The  ai-ea  of  the  soction  is  7*39  square  inch.  The  ultimate  stress  Ixiing 
taken  as  45,000  lbs.  per  square  inch,  and  the  Young's  modulus  its 
30  X  1 0^  Ihs.  per  square  inch,  the  following  are  the  broiiking  loads, 
accordinjj^  to  £ulcr*s  theory,  if  it  is  the  section  of  a  strut  fixed  at  the  ends 
of  the  following  lengths.  For  these  loads  to  be  withstood,  it  is  necessary 
to  carefully  adjust  the  applictition  of  load  at  the  ends  so  as  to  have 
absolutely  no  bending  until  the  breaking  loads  are  reached,  w  =  a/  or 
4  B I  h^/l^,  if  L  is  whole  length  of  strut  fixed  at  the  ends ;  the  lessor 
answer  of  the  two  to  be  taken. 


L  in  inches 

96 

120 

144 

1 
180        216 

240 

288 

Breaking  load  in  tons 

148-6 

148-5 

148-5 

99-5      69-1 

1 

66 

38-9 

TABLE   XI. 
Values  of  n  for  struts  atid  pillars  of  the  following  srctions  :- 


S(iuare  of  side  rf,  or  rectangle  with  smallest  side 


Value 
of  n. 


^      1-00 

■ 


lloUow  rectangle,  or  square  with  thin  sides    ... 


Circle,  diameter  d 


Thin  ring,  external  diameter  d  ... 


Angle  iron,  smallest  side  d 


•  •  •  •  I 


1-. 


T 

>     0-66 


200 


Z!>W»'^A,JJJ.^ 


Cruciform,  smallest  breadth  d   .. 


200 


If  we  want  the  breaking  load  for  a  strut  whose  ends  are  not 
hinged,  it  is  necessary  to  find  in  what  way  it  tends  to  bend,  and 
to  use  the  above  rule  regarding  the  strut  as  hinged  at  two 
points  of  contrary  flexure.  Thus  in  Fig.  270  the  strut  or  column 
B  is  as  strong  as  a  strut  hinged  or  rounded  at  ]>oth  ends,  whose 
length  is  only  a  b.     The  rule  becomes — For  a  strut  fixed  at  both 
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encU,  calculate  by  the  above  nile,  but  take  n  one  fourth  of  what 
I  have  given  in  Table  XI.  For  a  strut  one  end  of  which  is 
fixed  and  the  other  is  oaly  hinged ;  calculate  the  breaking  load 
as  if  both  its  ends  were  hinged ;  then  calculate  as  if  both  its 
ends  were  fixed,  and  take  the  mean  value  of  the  two  answers. 

373.  Strata  with  Lateral  Loads. — If  the  lateral  loads  are  such 

that  by  themselves,  and  the  necessary  lateral  supporting  forces,  they 

produce  a  bending  moment  which  we  shall  call  ^  (a;),  then  (1)  Art. 

ePv 
372  becomes  t^  +  tp  {x)  =  -bi  ^^.     When  we  know  the  lateral 

loads  we  know  <f>  (a:),  and  it  is  quite  easy  to  integrate.     Thus  let  a 

strut  be  uniformly  loaded  laterally,  as  by  centrifugal  force  or  its 

own  weight,  and  then  ^  {x)  =  ^  to  {I  -  x)^  it  to  is  the  lateral  load 

.  per  unit  length.     We  find  it  slightly  more  convenient  to  take 

<f>  (x)  =  Jw/  cos.  —  ;r,  where  w  is  the  total  lateral  load.     This  is 

not  a  very  different  law.     Hence 

We  find  here  that 

iw/               X  ,„. 

y  =  -^ COS.  -^x (2). 

Observe  that  when  f  =  0  this  gives  the  shape  of  the  beam.     The 
deflection  in  the  middle  is 

^1  = ^ •  •  •  •  \^)i 


and  the  greatest  bending  moment  ft  is  /*  =  f  y^  +  J  w  /,  or 

If  w  =  0,  and  if  /i  has  any  value  whatever,  the  denominator  of  (4) 
must  be  0.  Putting  it  equal  to  0,  we  have  Euler's  law  for  the 
strength  of  struts,  which  are  so  long  that  they  bend  before  break- 
ing.    If  Euler's  value  of  v  be  called  u,  or  u  =  e  i  ii^/4 1^^  (4)  becon^es 


TT 

=  I  w  / ....  (5). 

*       u  -  r 


If  z  is  the  gi-eatest  distance  of  a  point  in  the  section  from  the 
neutral  line  on  the  compressive  side,  or  if  i  -r-  Zg  =  z,  the  least 
strength  modulus  of  the  section,  and  a  is  the  area  of  cross-section, 
and  if  /  is  the  maximum  compressive  stress  to  which  any  part  of 
the  strut  is  subjected,  ^  +  -  =/.     Using  this  expression,  if  fi 

Z  A. 


V 


stands  for  -  (that  is,  Euler*s  breaking  load  per  square  inch  of 
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F 

section),  and  if  w  stands  for  -  (the  true  breaking  load  per  inch  of 

A. 


section),  then 


(■-7)  (■-«)- 


Vfl 

4/z 


.  .  .  .  (6). 


This  formula  is  not  difficult  to  remember.     From  it  w  may  be 
found. 

EXEKCISES. 

1.  Every  point  in  an  iron  or  steel  coupling  rod  of  leng^th  2b  inches 
describes  a  radius  of  r  inches.  Its  section  is  rectangular,  d  inches  in  the 
plane  of  the  motion,  and  b  at  right  angles  to  tlds.  Wc  may  take 
w  =  Ibdm^  -i-  62,940  in  pounds  where  n  =  number  of  revolutions  per 
minute.  Take  it  as  a  sixut  hinged  at  both  ends  for  both  directions  in 
which  it  may  break.     (1)  For  bending  in  the  direction  in  which  there  is 

no  centrifugal  force  where  i  is  .    .     Euler's  rule  gives  -jo  ly"*     ^^^  ^^' 

shall  take  this  as  the  endlong  load,  which  will  cause  the  strut  to  break  in 
the  other  way  of  bending  also,  so  as  to  have  it  equally  ready  to  break 
both  ways.  (2)  Bending  in  the  direction  in  which  bending  is  helped  by 
centrifugal  force.     Our  to  is  the  above  quantity  divided  by  bd,  or,  taking 

E  =  3  X  10^,  t^  =  6-17  X  -^  X  10*.      Taking  the  proof  stress  /  for  the 

steel  used  as  20,000  lbs.  per  square  inch  (remember  to  keep/  low,  because 
of  reversals  of  stress),  and  recollecting  the  fact  that  i  in  this  other 


direction  is 


*rf8 


12' 
8-4  X 


we  have  (6)  becoming 


w(i  - 


308 


t^ 


(7). 


Thus,  for  example,  if  ^  =  1,  /  =  30,  r  =  12,  the  following  depths  d  inches 
are  right  for  the  following  speeds.  It  is  well  to  assume  rf,  and  calculate  n 
from  (7).  rf    1    1-5      2      2-5      3        4        6 


n   0 


205 


277  '  327    368 


437 


545 


2.  A  round  bar  of  steel,  1  inch  in  diameter,  8  feet  long,  or  /  =  48 
inches.  Take  p  =  1,600  lbs.  Show  that  an  endlong  load  only  sufficient 
of  itself  to  produce  a  stress  of  1,910  lbs.  per  square  inch,  and  a  bending 
moment  which  by  itself  would  only  produce  a  stress  of  816  lbs.  per  square 
inch,  if  both  act  together  produce  a  stress  of  23,190  lbs.  per  square  inch. 

Students  will  find  that  this  subject  will  well  repay  further 
study.  The  effect  of  a  small  lateral  loud  on  a  strut  is  sometimes 
very  striking.  Again,  in  tie-bars  it  is  very  important  to  consider 
the  effect  of  a  lateral  load.  The  subject  is  treated  more  fully  in  a 
l)aper  in  the  Philosophical  Jlaf/azitw,  March,  1892. 

374.  Beams  without  Compression. — In  Art.  368  we  have 
seen  that  a  tensile  load  applied  to  extend  a  beam  may  not  only 
diminish  the  greatest  compressive  stress,  but  also  the  tensile 
stress.      Again,  there  are  many  cases  of  beams  or  infinitely 
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flat  arches  in  which  there  is  no  tensile  stress  anywhere.  In 
such  a  case,  of  coui^se,  the  earth  takes'  the  necessary  tensile 
load.  When  the  pneumatic  wheel  tyre  was  invented,  Pro- 
fessor Fitzgerald  pointed  out  to  me  that  columns  to  support 
loads  and  military  bridges,  easy  to  pack  and  unpack,  might  be 
made  of  inflated  tubes,  the  solid  material  being  everywhere  in 
tension.  I  consider  this  a  notion  of  great  importance.  In  a 
thin  straight  tube  of  circular  section  if  the  greatest  bending 
moment  is  M  and  r  is  the  radius,  t  the  small  thickness  of  the 
material,  the  compressive  stress  anywhere  due  to  bending  is 

— ^  V  where  y  is  the  distance  from  the  diameter  which  is  the 

neutral   line   of  the  section   on  the  compressive  side.      The 
greatest  compressive  stress  is  m/tt  r^  t.     Now  imagine  the  tube 
to  be  subjected  to  internal  fluid  pressure  p  above  that  of  the 
atmosphere ;  there  is  a  tensile  endlong  stress  P7rR2-f27rR<or 
p  r/2  t,  and  hence  the  greatest  compressive  stress  is  m/tt  r^  t 
-  p  r/2  t     This  is  just  o  when  p  =  2  m/tt  r-^     The  greatest 
tensile  endlong  stress  is  then,  of  course,  p  KJt ;  but  this  is  equal 
to  the  lateral  tensile  stress  which  the  mere  internal  pressure 
produces.       When,    therefore,    the    internal   pressure   is  just 
sufficient  to  remove  all  compressive  stress  in  the  material,  the 
tensile  stress,  where  it  is  greatest,  is  the  same  in  all  directions 
and  is  2  m/tt  r-  t.     We  see,  therefore,  that  great  loads  may  be 
carried  by  inflated  tubes  of  thin  material  if  they  are  only  large 
enough  in  diameter,  or  by  a  bundle  of  small  tubes.      Shearing 
forces  might  be  taken  up  by  side  frameworks  like  lazy-tongs. 
1  make  no  attempt  here  at  exact  theory.     What  I  give  is 
sufficiently  correct  to  show  the  general  value  of  the  suggestion. 
One  may  go  far  in  speculation  on  this  idea — rigidity  gained  by 
using  thin  material  and  subjecting  it  to  internal  fluid  pressure, 
so  that  there  shall  be  no  compressive  stress.     The  great  ships 
of   the   future   may  owe  their  stiffness  and  strength  to  the 
general  use  of  fluid   pressure  in  those  parts  of  them  where 
cargo  is  stored,  and  the  same  pressure  which  gives  strength 
may  serve  to  keep  out  the  sea  in  case  of  a  leak.     It  is  the 
means    by    which    the    leaves    of    plants    are    made    ngid. 
Similarly,  large  flat  areas  might  be  made  of  considerable  size 
by  fastening  together  two  plane  sheets  by  means  of   many 
connecting  ties  so  that  they  may  not  balloon  out,  and  then 
inflating  them  like  an  air  cushion.     Aeroplanes  of  sufficient 
size  to  support  a  man  by  Lilienthal's  method  can  be  made  with 
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comparatively  small  internal  fluid  pressures  and  are  not  liable 
to  make  splinters  when  they  fall  to  the  ground,  these  splinters 
being  a  cause  of  considerable  risk  with  aeroplanes  made  with 
sticks  as  stiffeners.  Kites  much  larger  than  those  suggested 
for  military  purposes  might  be  made,  in  which  the  whole  kite 
might  be  like  an  air  cushion;  or  thin  tul>es  with  compressed  air 
might  take  the  place  of  the  present  bamboo  framework.  The 
inflation  might  be  maintained  automatic*a]ly. 

375.  Inflated  Columns, — Again,  a  thin  tube  of  radius  r  and 
thickness  t  has  to  act  as  a  column  carrying  a  load  w,  and  this 
is  the  load  which  is  carried  when  there  is  no  axial  tensile 
stress.  The  pressure  of  the  fluid  inside  being  p,  we  have 
T  r2  p=w.  .  . .  (1).     Also  the  lateral  tensile  stress  produced  in 

w 
the  material  is  P  RJi  or  ^,  so  that  great  loads  may  Ixi  sup- 
ported by  inflated  tubes  of  thin  material  if  th(»y  are  large? 
enough  in  diameter.  Thus,  for  example,  I  find  that  a  tower 
of  thin  steel  1,000  feet  high  would  have  in  it  a  lateral 
tensile  stress  of  only  3  tons  to  the  square  inch,  due  to  its 
own  weight  and  the  necessary  fluid  pressure.  If  large  in 
diameter,  the  hemispherical  top  cap  becomes  of  import- 
ance as  a  load  ;  while  if  the  diameter  be  not  large,  the  struc- 
ture is  possibly  in  danger  of  instability  as  a  pillar.  Any 
moderate  diameter  like  20  feet  would  bear  many  tons  on  the 
top  in  addition  to  the  weight  of  the  structure  itself.  Thus  1,000 
feet  high  and  20  feet  in  diameter  and  -01  foot  thick  would  itself 
weigh  about  125  tons.  Its  hemispherical  cap  would  weigh  6*3 
tons,  and  it  would  support  325  tons  on  its  top.  The  internal 
pressure  would  be  23  lbs.  per  square  inch  and  the  tensile  stress 
10  tons  per  square  inch.  There  would  be  no  compressive  stress. 

Neglecting  lateral  stiffness,  whether  we  assume  the  adiabatic 
or  constant  temperature  law  for  increasing  pressure  down- 
wards in  the  fluid,  we  are  led  to  rules  as  to  the  relationship  of 
radius  of  column  to  thickness  of  metal  if  the  column  is  to  have 
the  same  stress  in  its  material  at  all  levels.  In  fact,  Fitzgerald's 
idea  gives  rise  to  a  number  of  easy  and  interesting  problems 
which  I  have  worked  out,  but  for  which  I  have  no  space. 

In  all  probability  it  would  be  found  cheaper  to  use 
long  stays  from  the  top,  and  possibly  from  several  places  at 
different  heights  to  resist  lateral  motion  due  to  wind  pressure, 
etc.,  than  to  stiffen  as  with  lazy  tongs  the  sides  of  the  tube 
itself.     It  is  certain  that  the  thing  is  practical. 
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376.  Tapering  Colanm  of  Circular  SectioxL— If  x  is  the  distance 
downwards  to  any  section  where  t  is  the  thickness  and  r  the 
radius,  p  then  being  the  internal  pressure  due  to  fluid  and  ^  the 
external  pressure  due  to  the  atmosphere ;  if  /^  is  the  compressive 
stress  in  the  material  and  w^  the  weight  per  unit  volume  of  the 
metal  and  w  of  the  inside  fluid, 

Ix.lrrt.w^  ->t  -KT^.lx  .w  -\-1  vK^r.q  =  9x  .  ~-  Qtti^  +  2  wrtp). 

It  follows  from  this,  if  tt  =  cp^jyf  as  w^  is  constant  and  ^  is  a 
known  function  of  x^  that 

£  +  i{g(i  +  «)+.^f|/(.+.«)=o, 

if  a  =  1  +  ''if^lfy  where  /  is  the  greatest  stress  in  the  material ; 

P  =Po  (1  -  ixy,  q:=qo(l  -  ex^, 

'y  •  •  •  •  

where  »  ^  — ^ ,  taking  the  same  fluid  inside  and  outside.     The 
7-1 

result  is,  if  ^  is  taken  to  be  small, 

2  ^^  ^  4.  O  +  ^^  ^  log.  (1  -bx)  +  2  log.  r  =  constant. 
af  a 

If  q  is  not  small,  the  integration  seems  troublesome. 

377.  The  limiting  length  of  a  vertical  prism  supporting  its  own 
weight.— »^A  being  measured  downwards  to  any  place  from  the 
centre  of  gravity  of  the  uppermost  section,  let  y  be  the  deflection. 

Let  the  load  per  unit  length  bo  n\  and  let  w  ==   \w,dhf  the  total 


w  =   \w,  dhy 


load  above  any  section.  Considering  bending  moment  m  and  m  +  8m 
at  the  sections  at  /*  and  h  -f  SA,  we  see  that  w.5y  +  i  <o.5A.8y  =  8  m, 

so  that  w  =         =  ~-  .  -r-.     Also  m  =  -  e  i  — ^. 
rfy        dh      dy  dx^ 

In  the  most  general  case,  where  w  and  i  vary,  and  where  there 

is  a  load  f  on  the  top, 

Let  I  and  w  be  constant,  and  let  f  be  0, 

d^   ,    TV  .dy  _^  /o^ 

an  equation  whose  solution  is  useful  in  other  problems.  If  h  is 
the  total  length  of  the  column  whose  end  is  fixed  in  the  ground, 
let  X  =  hjn  and  (2)  becomes 

dx^-~'''''Tx"-^^^' 
when  m  =  

EI 

The  solution  of  (3)  in  series  may  be  indicated  by 
y=  Axi^x)  +  Bx^f^x)  ....  (4). 
If  wc  put  ^  =  0  when  a;  =  0  at  top,  we  find  u  ==  0,  and  the 
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other  part  of  (4)  is 

y  ==  A  a:  <  1 + +  otc. 

^  I        2.3.4^2.3.6.6.7     2.3.5.6.8.9.10  J 

dy 
In  this,  if  we  put  j  =  0  when  :r  =  1,  we  find 

0  =  1  -  -!^    +  '!^—    - ^i" 4-etc., 

2.32.3.6.6       2.3.5.6.8.>9^        ' 

and  by  trial  we  find  that  this  is  satisfied  by  ?n  =  7 "So.*  Hence 
if  bending  occurs,  w  h^/ei  =  7  85 ;  so  that  this  gives  us  the 
limiting  height  ii  of  a  uniform  column.  Thus  we  find  n  in 
feet  =  8  X  lO^L-^  for  thin  steel  tubes,  and  h  =  4  x  10^  l'^  for 
solid  rods  of  steel,  where  l  is  the  ratio  of  length  to  diameter. 
Thus,  for  example,  the  maximum  height  of  a  tube  8  feet  in 
diameter  is  800  feet. 

Let  A  A:^  =  I ;  a  =  diameter  in  inches.     Greenhill  g^ves 

^2pl  +  !»^j,  =  o....  (1). 

p  is  ,  - .     First  put  j)  =  xh,  then  put  a^  =  r'^;  we  get 

dr^  dr       \9jik^  / 

This  is 

r',p  +  r  ^"  +  (AV  -  u^)  z  =  0.  ...  (3), 
d)-^  dr 

4  w 
Bessel's  equation,  whore  k'^  =  q  ,  r.-^^  '*'  "^  i-     Solution  of  (.'})  is 

2  =  A  j,j^  (At)    f  « J  _  „  (Av). 
Consequently 

i'  =  a/x   I  a  j^  (A.r  5)  +  BJ~i  (Avt)  I  . 

-  =  0  when  jr  =  0,  makes  a  =  0  ; 
dx 

.  • .    jt>  =  B  a/  .r  J  _  1  (kx  ^)  .  .  .  .  (4). 

Put  2>  =  0  when  x  =  h,  the  lowest  point.     J  _  i  (A'^  ')  =  0-     I^ 

c  is  the  least  root  of  j__ ■,  (c)  =  0,  then  c  =  kh^.  Greenhill  gives 
the  expansion  of  j      ^  (^),  and  finds  root  by  trial. 

3 

378.  Stability  of  Shafts. — Rankine  considered  the  effect  of  cen- 
trifugal foi'ce  on  shafting  in  1869.  Professor  Greenhill  has  investi- 
gated the  stability  of  a  shaft  between  bearings  (see  his  Paper  to  the 
Institute  of  Mechanical  Engineers,  1883).     He  took  into  account 

*  Prof.  Maurice  Fitzgerald  published  curves  Hhowing  the  values  of  //  and 

dv 

\    when  X  =  1  for  various  values  of  ?n,  (Proc.  Phys.  Soc.  of  rx)ndon,  Oct., 

1892).  Prof.  Greenhill  had  previously  given  the  solution,  not  only  for 
uniform  solid  cylinders,  but  also  for  cones  and  paraboloids  of  revolution 
(Proc.  Oamb.  Phil.  Soc,  1881). 
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an  end  thrust,  f,  a  twisting  moment,  t,  and  centrifugal  force.  He 
found  in  practical  examples  of  propeller  shafts  that  the  twisting 
moment  was  not  nearly  so  important  as  the  thrust  in  determining 
the  maximum  length  of  shaft  for  stability  ;  in  fact,  that  the  shaft 
might  be  designed,  merely  like  a  strut,  by  Euler's  formula.  I 
consider,  therefore,  that  such  a  shaft  ought  to  be  studied  under 
the  rules  of  Art.  372. 

379.  Whirling  Loaded  Shaft. — If  a  uniform  shaft,  originally 
straight,  is  w  lb.  per  unit  length,  and  has  an  angular  velocity  of 
a  radians  per  second ;  if  b  is  its  flexural  rigidity,  or  b  i ;  if  the 
deflection  from  straightness  is  y  at  a  point  distant  x  from  the 

centre,  then  the  load  due  to  centrifugal  force  is  —  a^y  per  unit 

g 
length.  If  we  also  take  into  account  the  effect  of  gravity,  there  is 
one  position  in  a  revolution  when  the  centrifugal  force  and  the 
weight  produce  thoir  greatest  effects.  We  may  approximately 
take  it  that  the  path  of  every  point  is  a  circle,  and  that  the  weight 
is  a  radial  force  always  acting  in  the  same  direction  as  the  centri- 
fugal force.  If  we  take  into  account  also  an  endlong  thrust,  f,  we 
are  led  to  the  equation 

dx*  '^  hdx'-"  Yk^  "  yi  —  ^ ^^)» 

and  to  the  solution 

y  =  Ai  sin.  fix  +  A.2  ^OB.fix  +  A3 e  "y**^  +  A4  ^^'^ '^  —  gja?  ....  (2), 

\ 


where  ,     „ 


'^~       2  b  ^   A/   4b2  "•"  g\ 


,  .  ,  .  (3). 


g  is  to  have  the  same  values  for  equal  positive  and  negative  values 
of  X,  so  that  A]  =  0,  A3  =  A4.  Putting  y  =  0  where  x  =  l  and  con- 
fining our  attention  to  shafts  whose  bearings  do  not  constrain 
them  in  direction  at  the  ends,  so  that  d^yjdx^  =  0  where  a;  =  /  we 
find  Ai  =  0,  A2  =  y'gia'  (72  4-  0^  cos.  fil,  A3  =  a^  =  ^gl2a^  (-f  +  fiP) 
cosh  yl. 

The  bending  moment  anywhere  is  Bid^/dx^^  and  hence  the 
bending  moment  in  the  middle,  where  it  is  evidently  greatest,  is 
Mo  =  Ei  (-  /32A2+  2A372),  or 

"'^^'^  (c-Si^/ -  3^^) /«' (^^  +  ^  •  •  •  •  W- 

The  greatest  stress  at  the  middle  is 

/=-^  +  ^...(5). 

where  z  is  the  strength  modulus  of  the  section,  and  a  is  the  area  of 
the  section  ;  or  if  u  is  outside  radius  of  a  circular  shaft  we  have 

-^  ='="'"  (cosItyV   -  ^p'l)  l^''  +  *"'''^l0  +  F/«  . . . .  (6). 


(8). 
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Exercise. — Show  that  in  the  case  of  a  propeller  shaft  13*4  inches 
diameter,  of  length  98  feet  between  its  beaiings,  with  endlong  thrust 
50,000  lbs.,  if  o  ^  2  T,  or  60  revelations  per  minute,  the  important  terms 

in  the    above  calculation   are    f2/4  8^=30  x  10  ~^^,   and   wa^lffn  = 

89  X  10  ~  ^.  So  that  the  centrifugal  force  is  300  times  as  important  as 
the  endlong  thrust. 

If  we  altogether  neglect  twisting  moment  and  endlong  thrust 
and  write  «*  for  to  a^jg  b,  we  have  to  solve 

^_„V--  =  o....(0. 

Our  old  i3  =  7  =  w,  and  the  greatest  stress  is 

/=em;r  f — r — ,)  I'l^n^  .  .  .  . 

\cosh  nl       COS.  nlj 

IT 

This  is  infinite  if  cos.  nl  is  0,  that  is  if  wZ  ^  -  ;  that  is,  if 

This  limiting  length  may  be  obtained  very  simply  by  leaA-ing  out 
the  constant  term  in  (1),  as  Rankine  does. 

Mr.  Dunkerley  (Phil.  Trans,  for  1894)  discusses  the  stability 
under  centrifugal  force  of  shafts  loaded  with  pulleys,  and  he  has 
illustrated  his  results  experimentally. 

EXERCISES. 

1.  If  the  critical  length  of  a  shaft  13-4  inches  in  diameter,  subjected 
to  endlong  thrust  alone,  is  equal  to  the  critical  length  when  subjected  to 
centrifugal  force  alone,  show  that  f  =  68,500  a.  Show  that  if  the  length 
is  98  feet,  the  critical  k  is  327,600,  and  the  critical  a  is  nearly  4*1  radians 
per  second,  or  46  revolutions  per  minute. 

2.  Professor  Greenhill's  result  is  that  if  f  is  the  endlong  force,  and  t 
the  twisting  moment,  the  limiting  length' of  shaft  being  2  I,  we  have 

11^   F  t2 

4T2  ~  il  ■•"  4^7^' 

The  propeller  shaft  of  the  Cunard  steamer  Servia  is  of  wrought  iron, 
22 J  inches  diameter.  The  pitch  of  screw  is  35^  feet.  At  53  revolutions 
per  minate  the  indicated  horse-power  was  10,350.  Assuming  that  all 
this  power  is  really  utilised — an  assumption  which  is,  of  course,  quite 
wrong— prove  that  f  =  181,530  lbs.,  and  that  t  =  12*3  x  10«  pound- 
inches.     Take  e  :-=  29  x  10*,  and  show  that  the  above  formula  becomes 

-^,  =  4-98  X  10-'  +  2-8  X  10-**^, 
4  C^ 

so  that  the  twisting  moment  term  is  quite  inconsiderable  compared  with 
the  thrust  term.  Show  that  2  /  =  4,454  inches.  Consider  this  shaft  of 
22J  inches  diameter,  4,454  inches  long  between  bearings,  subjected  to  no 
thrust  or  twisting  moment,  and  not  even  to  its  own  weight ;  prove  that  it 
cannot  be  rotated  at  a  higher  speed  than  o  =  '14,  or  1^  revolution  per 
minute,  without  fracture  by  centrifugal  force. 
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METAL   ARCHES. 

380.  The  student  must  examine  drawings  and  actual  specimens 
of  bridges  to  see  how  the  weight  of  a  roadway  is  brought  to  bear 
upon  the  arched  ribs  whose  fimction  is  to  carry  weight,  trans- 
mitting it  "w-ith  certain  horizontal  forces  to  the  abutments.  Our 
problem  is,  given  the  distribution  of  vertical  loads  on  an  arch-ring 
of  which  the  shape  of  the  centre  line  and  the  shape  of  cross-section 
every^'here  are  known,  to  find  the  stress  everywhere.  If  k  z  o  is 
the  centre  line  of  the  rib  shown  in  Fig.  271,  then  any  cross-section 
H  c  is  supposed  by  oiu*  theory  to  remain  plane.     The  resultant  of 


Fig.  270. 


all  the  loads  acting  to  the  right  of  b  c,  together  with  the  resultant 
force  R  at  the  abutment,  is  a  force  whose  direction  is  shown  at  d 
by  the  direction  of  the  line  of  resistance  there,  and  the  force 
polygon  shows  its  amount.  We  saw  that  in  Fig.  261  this  force, 
which  we  there  called  f,  produces  a  bending  moment  m  at  the 
section  whose  amount  is  p  .  o  d.  But  evidently  this  is  the  same  as 
F  .  oj  (Fig.  271)  if  oj  is  perpendicular  to  f.  A  much  more 
important  thing  for  our  present  purpose  is  to  know  that  it  is  also 
equal  to  the  horizontal  component  h  of  the  force  f  multiplied  by 
the  vertical  distance  o  l.  This  the  student  will  easily  prove  for 
himself. 

Now  if  all  the  loads  are  vertical,  we  know  from  Art.  349  that 
(1),  the  resultant  force  f  at  every  joint  has  the  same  horizontal 
component  h  as  at  any  other.  This  is  represented  on  £he  force 
polygon  (Fig.  236)  by  oh.     It  is,  of  course,  also  the  horizontal 
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Fig.  271. 


thrust  on  each  of  the  abutments,  and  is  generally  called  tho 
horizontal  thrust  of  the  arch.  Of  course  the  force  polygon  shows 
all  the  forces  f  at  all  the  sections.  (2)  If  two  vertical  lines  be  drawn 
through  K  and  g,  as  in  Fig.  271,  and  if  any  line  of  resistance  be  ditiwn 
whose  ends  k'  and  o'  are  in  these  lines,  and 
if  k'  and  o'  are  joined,  the  vertical  height 
anywhere  d  t  of  this  link  polygon  is  inversely 
proportional  to  the  o  h  of  the  force  polygon 
by  means  of  which  it  is  drawn ;  so  that  if 
two'  such  figures  as  k'  z'  o'  are  drawn,  the 
vertical  ordinates  dt  are  all  in  the  same 
proportion.  We  see,  therefore,  that  since 
the  bending  moment  at  b  c  is  the  horizontal 
thrust  multiplied  by  o  l,  the  vertical  distance 
from  the  centre  line  anywhere  to  the  line 
of  resistance  there  represents  to  some  scale 
the  bending  moment  at  the  section  there. 
At  V  and  u  the  lines  cross.  These  are  points 
of  no  bending.  From  k  to  u,  and  from  o  to  v  the  bending 
moment  tends  to  make  the  arch  more  convex  upwards.  From 
v  to  u  the  bending  moment  tends  to  make  the  arch  less  convex 
upwards.  If  we  can 
only  find  the  true  line 
of  resistance  k'  z'g', 
we  know  by  Art.  129 
the  stress  in  every 
section.  The  true  po- 
sition of  k'  z'  g'  is 
determined  by  these 
conditions : — 

1.  In    an     arch 

hing^  at  the  ends,  if  k  and  g  are  the  centres  of  the  hinges, 
we  know  that  the  line  of  resistance  must  pass  through  them. 
We  only  need  one  other  condition,  and  that  is  given  by  the 
statement :  the  yielding  everywhere  of  the  arch  must  be  such  that 
the  distance  k  g  remains  constant. 

2.  In  an  arch  fixed  at  the  ends,  if  the  fixing  is  perfect,  wc  have 
the  above  condition  that  the  distance  k  g  remains  constant,  and 
also  the  condition  that  the  inclinations  of  the  centre  line  at  k  and 
G  remain  constant.  Just  as  in  the  case  of  beams  fixed  at  the  ends, 
it  is  exceedingly  difficult  to  fix  the  arch  at  the  ends  so  perfectly 
that  we  can  rely  upon  this  condition  being  fulfilled ;  and  hence,  on 
account  of  our  uncertainty,  we  prefer  to  use  arches  hinged  at  the 
ends. 

3.  The  simplest  case  of  all  is  that  in  which  there  are  three 
hinges  in  the  arch,  one  at  each  abutment  k  and  g,  and  another  at 
the  crown.  Even  when  the  loads  are  not  vertical  it  is  eas^  to  find 
the  line  of  resistance,  because  two  comers  and  a  point  m  it  are 
given,  and  we  have  merely  the  exercise  of  Art.  106. 

Any.  system  of  oblique  loads  is  given,  acting  upon  an  arch 
whose  end  hinges  are  k  and  g  and  whose  crown  hinge  is  l. 
Knd  the  resultant  of  all  the  loads  from  k  to  l,  and  let  it  be  a  b 


Fig.  272 
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(Fig.  273).     Find  the  resultant  of  all  the  loads  from  l  to  o,  and  L« 
it   lio   n  c.      Draw  a  »  and  » c  in  the  force  polygon  (Fig.  27^ 
Choose  the  \yo\e  o.     Join  o  a,  o  »,  and  oc.     Draw  k  p,  p  q,  and  (^ 
parallel  to  o  a,  o  «,  and  o  c.     The  resultant  of  a  b  and  b  c  pase^ 
through  8.     Now  join  o  s  and  draw  the  new  diag^m,  c  o'  parall 


Fig.  273. 


18 


to  G  8,  and  join  o'  b  ;  so  that  k  p,  p  q',  q'  o  correspond  to  o'  a,  o' 

and  o'c.     We  have  then  a  link  polygon.     But  it  does  not  pass 

through  L.    Produce  p  q'  to  meet  k  o  in  t.    Join  t  l  and  let  it  m 

the  given  forces  in  p"  and  q".     Join  k  p"  and  tt"  o,  and  k  p"  a"  o  i 

the  link  polygon  or  line  of  resistance  required.     I  set  the  probleic^^^^^ 

as  an  exercise  for  students,  and  one  of  them,  Mr.  Stansfield,  ga\     -^^^^ 

me  this  solution. 

If  the  loads  are  vertical,  and  k,  o,  and  z  are  the  given  hinges  •g^'^sfi, 
draw  any  line  of  resistance  k  z'  g',  its  comers  z '  and  g'  being  in  tkr^^^^^ 
verticals  from  z  and  o.  k  z"  g'  is  a  straight  line.  Draw  a  vertic»^^=^^=^^ 
z'  z  X  z"  through  z.  Construct  a  figure  on  the  base  k  g  such  th^  _-^Bat 
if  b'  is  anv  point  in  it,  b'  c  is  in  the  same  proportion  to  b  d  the 
z  X  is  to  z'  z".     This  will  evidently  be  the  true  line  of  resistan'^ 


Fig.  275 


and  the  vertical  ordinates  between  it  and  the  centre  lines  of  '^he 
portions  of  the  arch  will  be  the  bending  moments.  One  exain»j>7e 
of  each  of  these  must  be  worked  out  by  each  student.  ^ 

381.  Arch  Hinged  at  the  Ends.— Imagine  the  ranall  slico  ot 
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the  arch  between  two  sections  i»  o  c  and  b'  o'  c',  at  the 
small  distance  5«  asunder,  to  yield,  and  study  the  effect  of 
the  yielding  of  this  portion  alone,  exactly  as  wc  did  with 
our  spring  in  Art.  370.  That  is,  we  imagine  the  part  o'  o 
(Fig.  275)  to  be  absolutely  rigid  and  fixed ;  the  part  o  k  to  bo 
rigid,  but  to  move  about  o  as  centre,  as  if  ok  were  merely 
a  pointer,  the  motion  k  k"  being  the  angular  motion  of  b  c 
relatively  to  b'  c',  multiplied  by  the  straight  distance  o  k.     The 

angular  change  from  o  to  o',  if  o  o'  is  5«,  is  —  5«,  if  m  is  the 

bending  moment,  i  the  moment  of  inertia  of  b  c  about  o  through 


its  centre  of  graWty,  and  e  is  Young's  modulus ;    so  that  k  k" 


IS 


E  I 


hs  .  o  K.      The  horizontal    component   of    this    is   k  k'"   or 


K  k"  COS.  k"  K  k'" 


But  this  angle  is  the  same  as   k  o  n,  whose 
cosine  is  o  n/o  k.     Hence  the  horizontal  motion  of  k  due  to  the 


yielding  of  the  little  slice  is 


M.S«.OK       ON  M.0N.5* 

or :-z —    •  •  •  '  (I). 


EI  OK  £1 

And  as  k  does  not  pcld  at  all,  we  make  this  sum  zero.  We  beg 
to  point  out  that  we  cannot  in  the  same  way  state  the  vertical 
displacement  of  k.     If  o  n  is  called  ;/,  and  if  k  n  is  called  x,  then 

(1)  is  2  —  y  .  8«  =  0 ;  and  we  might  in  the  same  way  think  that, 

£  I 
M 

as  —  X  .  is  ia  the  horizontal  displacement  of  k  due  to  the  yielding 

£  I 

of  the  slice ;  therefore  the  sum  of  all  these  terms  ought  also  to  be  0. 
If  the  end  G  is  fixed,  this  is  true,  and  it  enables  us  to  calculate  the 

fixing  moment.     But  in  truth  2    -  x  .  Bs  is  not  0  if  g  is  hinged; 

it  is  equal  to  th6  angular  movement  at  o  multiplied  by  k  g.  Note 
that  for  the  horizontal  displacements  the  angular  yielding  at  g 
produces  no  effect.  We  draw  special  attention  to  this,  because  it 
is  usually  not  mentioned. 
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Since  M  is  rcprosentod  to  scale  by  the  distances  o  l,  (1)  becomes 

X  — '—^—^ — *  =  0  .  .  .  .  (2).     In  Fig.  276  k  z  o  is  the  centre  line 

of  the  arch  of  which  k  and  o  are  the  hinges,  k  z'  o  is  the  lino  of 
rt'siHtance  which  wc  want  to  find.  If  a  student  wishes  to  keep  (2) 
in  his  memory,  let  him  imagine  that  the  line  k  z  o  has  positive  and 
negative  density,  represented  by  m/ei  per  unit  length.  Then  (1) 
or  (2)  tells  us  that  if  the  whole  positive  part  of  the  linear  mass  is 
»ip,  and  if  \jp  is  the  distance  of  its  centre  of  gra^Hty  from  k  o,  and 
if  the  whole  negative  jmrt  of  the  linear  mass  is  m^  and  if  y,,  is  the 
distance  of  its  centre  of  gravity  from  k  g,  then  m^  y^  =  m^  Vn. 
To  find  K  z'  o,  let  k  z"  o  be  any  line  of  resistance  through  k  o 
drawn  at  random.  Then  l  n  =  k  ,  p  n,  where  h  is  an  unknown 
constant;  and  if  we  know  A;,  knowing  p  n,  we  can  find  l  n. 
Di\'ide  the  given  centre  line  k  o  z  o  into  any  number  of  equal 
})art8,  and  draw  an  ordinate  n  o  p  at  the  middle  of  each  of  them. 
All  values  of  5«  are  now 

1        J  /  ^v  .    -  <>N  •  OL       -            ,„.        ^on(ln-on) 
equal,  and  (2)  is  2 =  0  . ..  .  .  (3),  or  2 ^ '  =  0 ; 

so  that,  as  l  n  is  a:  .  p  n,  we  have  k  2 =  2 ....  (4), 

and  k  is  cA-idently  2  — ^  -r  2 —  ....  (5)       This  is  easily 

calculated.  Thus,  for  example,  take  k  z  o,  an  arc  of  a  circle,  span 
200  feet,  rise  30  feet.  For  a  given  system  of  unsymmetrical  loads, 
K  p  z"  o  was  drawn.  Di^-iding  k  z  o  into  sixteen  equal  parts  and 
raising  perpendiculars  at  the  middles  of  the  parts,  we  found  thet 
following  values.  The  curves  as  drawn  were  measured  in  inches^ 
no  attention  Inking  i)aid  to  scale.  The  values  of  i  are  in  inches 
the  fourth  ])ower.  Wc  see  that  k  =  -03014  -r  -07447  or  0-405 
Multi2)lying  (jach  value  of  px  by  this,  we  find  the  values  of  ln 
The  honzontal  thrust  conosponding  to  this  true  line  of  resistan 
is  ^n-eator  than  the  one  for  k  z"  o  in  the  ratio  1  :  0*405,  and  it—  8 
t'oice  polygon  may  be  drawn.  The  student  needs  no  further  hint:^^ — s 
for  the  completion  of  the  calculation.  The  loads  taken  were 
follows  :  — 


APPLIED    MECHANICS. 


483 


c 


M  ■ 


c^  o 

o»c*eoca»—  •.toac-rn  —  i- 
ooooooo  —  —  —  —  —  — 

ooooooocooooo 


o  o       — 


55| 


»c  o 

i>»«oc»et^o>cc»c»-c?c-rxxx 
CCC^OX'^OwO  —  X5CI-C  ?< 

coocoooooooooc 
oooooooooooooo 


1^ 


o 
o 


f  •»' 


—  X 


0> 


00  90 

x^"*eoc^xcixoxi>.?io>»-occ 

,1  c«c:0"*coc»<cc-*«'rcs-*ssn^ci  — 

♦t"^  c»o»— c^rt--««.':;ci'-i'-xxcscsc;o 

'  oooooooc^oooooco  — 

oooooooooooooooo 


!>. 


i 


«  ;c  ^ 


^  o  « 


« 


>5 

o 


ccooe9coo0'-*«ci-i^«.'5  —  xccccx.- 
<"N     «-«     >>^     ^^    ^^     ^^     Ok     ^.>     /— ^     OWi     .«.>     .^^     <-k     OK      ^>«     J-^ 


»• 
V 


o  o  o  o  o  o 
o  o  o  o  o  o 


ooooocoooo 
oooooooooo 


X 


o 


oo«oc^ic»-»t^ccociCOi''X»-wao 
Ot^o»cc»<xeo-t<»':i-scC!XC^Xr-i 

OOC^CO^O^XCiCiXl^i-tcCC^OO 

oooooooooooooooo 
oooooooooooooooo 


I>- 


1^ 

o 


;o 


c 


O  c^  r^  i^  c^  CO 

0«»«'«l<C^«'«l<XX-*'X'M-t<XCC't« 

oooooooooooooooo 
oooooooooooooooo 


o 

CO 

o 


»o       I— I  J  »H 


eo?oo«xo>-t<^^-t<o»i^xoo?c 
eooocoi'»'-*o»-H.— lO*— "Xccoocc 

XXOOiOiOOi-Hi— (OOOSOiOSXX 
OOOOOr-).— ii— I.— I.— (.— (OOOOO 
OOOOOOOOOOOOOOOO 
OOOOOOOOOOOOOOOO 


o 


0-«^«-tOr<i-'OOOO^r<0^-t<0 
O'Oi— "O-MX-fOO-^XC^O-HiriO 
C^i— Ii-H000i050505050i00— ti— (CM 


02 


is 

»4 


■^■^?c3;«tooo«to»ftc^ixs^»co*c 


C^I 


■^o-Mososooeooo— ^C^OXJOO 
.lH^H'fi^?'^»0'h>«bi--xo5a>Oi— ic^i 


C^oH|>.OOnOOOOO»OOt-.-''M 


484  APPLIED   MECHANICS. 

382.  Arch  Ring  Fixed  at  the  Ends. — In  the  case  of  a 
triciil  loading,  the  end  fixing  moments  being  called  mi,  wt 
have  this  added  on  or  subtracted  everywhere  to  the  bending 
considered  in  the  last  case ;  or,  rather,  the  bending  mom 
2)lace  o  is  o  L  -  wj,  instead  of  being  merely  o  l.     (2)  becoi 

s(°''..-'»^_2iLJ!?  =  o....(2), 

(3)  becomes 
and  (4)  becomes 

is°'LJ'2'_5^"_„^j£i!  =  o....(4). 

But  we  have  another  condition  to  satisfy.    The  angular  ch 
the  length  5a  is  —  5«,  and  the  integral  of  this  along  the  cei 

from  X  to  Y  is  0.     Hence  2 =  0,  or 

I 

»  -.1*N        ..ON  1        ^  _, 

A: 2 2 *Wi2-  =  0  .  .  .  .  (6). 

I  II  ^  ' 

When  we  find  the  summations  in  (4)  and  (5),  it  is  easy  to  c 
the  two  unknowns  m^  and  k.     When  found,  m^  will  be  to  t 


Fig.  277. 

scale  as  that  to  which  the  distances  o  l  represent  bending  i 
and  the  curve  of  Fig.  277,  x  z'  y,  obtained  when  we  know  k 
displaced  downwards  everywhere  by  the  constant  displacei 
till  its  appearance  is  that  shown  in  x'  m  y'.     A  thoughtful 

will  see  that  the  2      k  n  .  8«  summation  is  also  0  ....  (6 

EI  ^ 

case,  but  that  (5)  and  (2)  caimot  both  be  true  unless  (6)  is  a 
because  the  loading  is  symmetrical. 

In  the  case  of  an  unsymmetrical  loading,  the  bending 
everywhere  is  less  than  o  l  by  an  amount  which  is  Wj  at  the 
and  is  m^  at  the  end  y,  and  which  changes.     A  little  consw 
will  show  that  we  must  lower  the  curve  k  z'  g  of  Fig. 
amounts  shown  for  each  vertical  line  by  the  ordinates  of 
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diagram  as  k  k'  o'  o  of  Fig.  271.     If  a-  is  the  horizontal  distance  of 
the  o  of  any  section  from  k,  and  I  is  the  whole  span,  then  we  miist 

subtract  the  amoimt  w»i  +  x^-^— — *  from  the  ol  of  Fig.  276. 

Call  this  mi  +  vxy  then  (4)  becomes 

^ON       -^ON.;f         -  ... 

-  w,  2  -     -  r  2 =  0  .  ,  .  ,  (4). 

I  I 


, ^ON . PN 

I 

(5)  becomes 

As  — 

I 

--T 

1  X 

7«,  2 p2  -  =  0  .  .  .  .  (5). 

We  also  now  find  another  condition  by  stating  that  the  sum  of  the 
vertical  displacements  of  k  is  0  when  o  is  held  fixed — that  is, 

2  —  K  N  .  5«  =  0  .  .  .  .  (6),  and  this  gives  us 

Je  2 2 w,  2 p  2  —  =  0  .  .  .  .  (6) ; 

I  I  ^     I  I  ^  ' 

and  the  summations  indicated  in  (4),  (5),  and  (6)  being  effected,  we 
have  no  difficulty  in  solving  for  A:,  w^,  and  p,  and  so  finding  the 
true  line  of  resistance. 

The  table  shows  these  summations.  It  is  for  the  same  arch 
ring,  with  same  loads,  as  in  Art.  381,  and  therefore  some  of  the 
columns  are  the  same. 

» 

The  student  will  note  that  if  y^  is  the  ordinate  of  the  centre 
line  of  the  unloaded  arch  at  any  place,  and  if  y  is  the  ordinate  of 
the  loaded  arch,  and  if  y^  -  y,  the  downward  motion  of  the  point, 
be  called  2,  then,  unless  in  some  case  there  is  very  great  slope 

indeed,   we  may  take   -^  "^  {  ^  +(//)(  5  ^'^  ^^®  change   of 

curvature.  The  proof  of  this  is  easy.  Equating  this  to  m/e  i,  we 
see  that  we  have  only  to  imagine  i  at  every  place  divided  by 

j  1  +  f  -~  J   I  ■  there,  calling  it  by  the  new  name  i^,  and  we  take 

— 2  =  W**  ^^'     Having  a  diagram  showing  everywhere  the  value  of 

m/e  I,  it  is  easy  to  obtain  the  diagram  of  z  by  graphical  statics,  just 
as  in  Fig.  217  we  obtained  the  shape  of  a  beam  from  a  diagi-am 
of  m/e  I. 
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CHAPTER    XXIII. 

FORCE   OF    A    BLOW. 

388.  In  Art.  46  we  considered  what  occurs  when  a  chisel  is 
cutting  metal.     We  shall  now  consider  the  same  subject  from  a 
point  of  view  which  at  first  seems  different.     Consider  how  it 
is  that  a  blow  of  a  hand  hammer  will  indent  a  steel  surface, 
whilst  a  steady  force  applied  to  the  same  hammer-head  would 
require  to  be  very  great  to  produce  any  indentation.      The 
pressure  between  the  hammer  and  the  steel  is  very  great,  and 
it  must  be  all  the  greater  because  the  time  of  contact  is  very 
short.     Indeed,  if  a  hammer  weighs  2  lbs.,  so  that  its  mass  is 
2  -4-  32*2  or  -0621,  and  if,  just  before  touching  the  steel,  its 
velocity  was  10  feet  per  second,  then  we  know  from  the  prin- 
ciples of  mechanics  that  its  momentum  was  10  x  *0621,  or  '621. 
Now,  if  one- ten-thousandth  of  a  second  elapses  from  the  time 
of  actual  contact  until  the  hammer's  motion  there  is  destroyed 
— that  is,  until  the  elasticity  of  the  steel  is  just  about  to  send 
the  hammer  back  again  a  little — the  momentum  -621  is  destroyed 
in  -0001  second ;   hence  the  average  force  (notice  that  it  is  a 
time  average)  acting  between  hammer  and  steel  during  this 
short  time  must  have  been  '621  -^  -0001,  or  6,210  lbs.     It  is 
certain,  however,  that  this  average  force  is  less  than  what  the  - 
force  actually  was  for  some  very  small  portion  of  the  time. 
We  observe,  then,  that  we  cannot  tell  the  average  force  or 
an  impact  unless  we  know  two  things — the  momentum  and 
the  time  in  which  it  was  destroyed.    Now  the  duration  of 
an   impact   depends   greatly  upon  the  nature  of  the  objects* 
which  strike  one  another,  and  we  see  that  the  average  forc^ 
of  a  blow  is  less  as  the  time  is  greater.'    Sometimes,  instead  o0 
a  great  force  acting  for  a  very  short  time,  what  we  require  i» 
a  smaller  force  acting  for  a  longer  time.     For  instance,  when- 
cutting  wood  we  obtain  this  result  by  using  a  WOOden  mallets 
and  a  chisel  with  a  long  wooden  handle,  because  the  -force 
required  to  make  the  chisel  enter  the  wood  is  not  very  great>, 
and  we  wish  this  force  to  act  for  some  time,  so  that  much 
wood  may  be  cut  at  one  blow.     In  chipping,  we  have  the  time 
short,  because  considerable  force  is  required  to  cause  the  chisel 
to  enter  metal.     The  duration  of  an  imjiact  depends  on  the 
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shapes  of  the  bodies  and  their  masses,  and  on  the  rigidity  of 
their  materials. 

384.  Why  is  it  that  in  driving  a  nail  into  wood  onr  blows 
seem  to  be  of  no  effect  unless  the  wood  is  thick  and  rigid,  or  un- 
less it  is  backed  up  by  a  piece  of  metal  or  stone  ]     It  is  because 
the  wood  yields  quite  readily,  and  so  prevents  the  hammer 
losing  its   momentum   rapidly.      There   are   few  subjects  in 
which  people  are  so  apt  to  have  erroneous  ideas  as  in  this  one 
of  impact.     Thus  a  man  will  speak  of  the  force  produced  by  a 
Weight  falling  through  a  height  without  having  any  idea  of 
*ie  tims  during  which  the  motion  of  that  weight  is  being 
^topped — in  fact,  without  considering  what  time  the  weight 
i^  allowed  for  delivering  up  its  energy.     Now,  a  little  con- 
sideration will  show  that  the  mean  force  of  the  blow  will  be 
quite  different  according  as  the  weight  falls  on  a  long  and 
yielding  bar  or  on  a  short  and  more  rigid  one.     If  we  could 
imagine  bodies  to  be  formed  of  perfectly  unyielding  materials, 
then  the  slightest  jar  of  one  against  the  other  would  produce 
^n  infinitely  great  pressui'e  between  them  ;   and  in  the  blow 
V^roduced  by  a  falling  body  there  may  be  every  gradation  from 
Exceedingly  great  pressures  to  very  small  ones,  depending  on 
"the  yielding  power  of  the  body  that  is  struck.     Everybody  is 
Acquainted  with  the  sensation  produced  by  suddenly  placing 
^ne's  foot  on  a  level  floor  when  one  was  preparing  for  a  step 
downwards.      The    downward    momentum    of    the    body   is 
Suddenly  destroyed,   and  great  pressures  have  to  act  in  all 
^he  bones  of  the  body.    Carriages  are  hung  on  springs  for  the 
1)urpose  of  preventing  their  losing  or  gaining  momentum  with 
"too  great  rapidity  when  the  carriage  wheels  pass  over  obstacles. 
When  we  are  sitting  on  a  hard  seat  in  a  third-class  railway 
compartment,   and  the  carriage  gets  a  slight  jerk  upwards, 
momentum  is  given  much  too  rapidly  to  our  bodies  for  perfect 
comfort,  and  to  sit  on  cushioned  seats  is  preferable.    A  cannon- 
ball  is  safely,  because  comparatively  slowly,  stopped  by  sand- 
bags or  bales  of  cotton. 

385.  Example, — A  pile  driver  of  300  lbs.  falls  through  a 
height  of  20  feet,  and  is  stopped  during  0*1  second.  What 
average  force  does  it  exert  upon  the  pile  ]  A  body  which  has 
fallen  freely  through  a  height  of  20  feet  has  acquired  a  velocity 
equal  to  the  square  root  of  64*4  x  20,  or  35 -89  feet  per  second. 
Its  momentum  is  35-89  x  300  -r  32-2,  or  334-4,  and  this 
divided  by  0-1   gives   3,344   lbs.,   which,  together   with    the 
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weight  300  lbs.,  is  3,644  lbs.,  the  answer.  From  the  instant 
when  the  motion  of  the  driver  ceases  to  diminish,  the  force 
exerted  by  it  is  its  own  weight.  We  have  considered  the 
time  average  of  the  force.  The  average  force  of  friction  in 
l»ounds  between  the  pile  and  the  ground,  multiplied  by  the 
distance  in  feet  through  which  the  pile  descends  during  the 
stroke,  is  equal  to  300  x  20,  or  6,000  foot-pounds,  if  we  neglect 
the  loss  due  to  vibrations  of  the  body  and  the  energy  carried 
off  to  the  ground  to  be  wasted  in  earth  vibration,  and  if  we 
also  ignore  the  fact  that  the  weight  really  descends  a  little 

farther  than  20  feet     The  neglected  energy  may  be  the 

whole  of  the  energy  if,  for  example,  the  blow  does  not  make 
the  pile  move  further  into  the  ground.  We  can  only  be 
certain  about  a  time  average  force,  and  even  in  this  case  we 

must  assume  that  there  is  an  instant  at  which  one  of  the 
bodies  has  the  same  average  velocity  in  all  its  parts. 

385a.  Example. — A  column  of  water  in  a  pipe  6  inches 
diameter,  30  feet  long,  wjis  moving  behind  a  piston  at  15  feet 
per  second.  The  piston's  motion  is  stopjied  in  0*1  second. 
What  is  the  time  average  of  the  pressure  due  to  the  stoppage  1 

Ans.  Tiie  area  of  the  circular  section  of  the  column  of 
water  being  28*274  square  inches,  the  quantity  of  water  in 
motion  is  30  x  28-274  ^  144  cubic  feet  or  62  3  x  30  x  28-274 
-r  144  lbs.  ;  and,  on  the  assumption  that  all  the  water  has 
exactly  the  same  motion,  its  momentum  is  (62-3  x  30  x  28*274 
X  15)  -^  (144  X  32*2)  units.  The  time  average  of  the  force 
required  to  stop  the  motion  in  0*1  second  is  therefore 
(62-3  X  30  X  28-274  x  15)  ^  (144  x  32-2  x  0-1)  lbs.,  which 
is  equivalent  to  a  pressure  of  60*5  lbs.  per  squai*e  inch  over 
the  area  of  the  piston. 

386.  Suppose  a  body  A  to  strike  another  b,  and  that  W€ 
can  neglect  the  actions  of  outside  bodies  upon  them  both.  I' 
A  loses  momentum,  b  must  gain  the  same-  amount  because 
their  mutual  pressures  are  equal  and  opposite  during  the  tim* 
of  impact.  It  is  our  knowledge  of  this  fact  that  enables  lis  t- 
calculate  the  motions  of  bodies  after  they  strike  one  anothes 
Again,  for  the  same  reason,  if  from  any  internal  cause  tt» 
parts  of  a  body  separate  from  one  another,  either  violently  czi 
gently,  the  total  momentum  remains  as  it  was ;  it  is  only  tb 
relative  momentum  which  alters.  Hence,  when  a  shell  bur&'t 
in  the  air,  some  parts  move  in  the  same  direction  more  rapidJ_; 
thsLii  before,  but  others  less  rapidly  ;   one  part  may  double  iti 


APPLIED   MECHANIQB.  489 

velocity  and  another  may  drop  nearly  vertically,  its  forward 
motion  being  stopped,  but,  on  the  whole,  the  total  forward 
momentum  is  what  it  was  oiiginally.* 

887.  Examples, — If  a  cannon  were  perfectly  free  to  move 

backward  when  the  shot  leaves  it,  the  backward  momentum  of 

the  cannon  would  be  exactly  equal  to  the  forward  momentum 

of  the  shot.     Thus,  if  a  shot  of  20  lbs.  leaves  a  cannon  whose 

weight  is  2,240  lbs.  with  a  velocity  of  1,000  feet  per  second, 

the  velocity  of  the  cannon  backward  would  be   1,000  x  20 

-f-  2,240,  or  about  9  feet  per  second,  neglecting  the  fact  that 

the  gases  leave  the  gun  also  with  a  certain  momentum.     When 

a  ship  fires  her  broadside,  each  gun  runs  back,  communicating, 

as  it  is  stopped,  its  momentum  to  the  ship,  which  heels  over 

in    consequence.      A   gun  firing   the  above  shot  of   20  lbs. 

directly  astern  from  a  ship  whose  total  weight  is  600  tons 

gives  to  the  ship  (neglecting  the  momentum  of  water  moving 

>vith  the  ship)  so  much  momentum  that  its  speed  is  increased 

(n^lecting  her  friction  with  the  water)  9  -h  600,  or  '015  foot 

per  second.     We  see,  then,  that  a  ship  might  propel  herself 

l>y  means  of  her  guns.     The  steamship  Waterwitch  had  power 

f  mI  steam  pumps,  wherewith  she  brought  a  great  quantity  of 

'^w^ater  in  nearly  vertically,  and  sent  it  out  backwards  on  the 

ti^wo  sides  below  water  level.     The  momentum  given  to  the 

'w^ater  backwards  was  equal  to  the  momentum  given  in  the 

other  direction  to  the  ship.     It  is  on  this  principle  that  Hero's 

steam-engine  and  Barker^s  mill  work,  the  momentum  given  to 

jets  of  fluid  passing  out  of  certain  ])ipes  being  equal  to  the 

i^omentum  given  in  an  opposite  direction  to  the  vessel  from 

"^^hich  the  fluid  passed.     In  all  such  cases  the  propelling  force 

^11  pounds  is  numeiically  equal  to  the  momentum  of  the  fluid 

^^Uch  passes  out  in  a  second.     Thus,  if  from  a  vessel  moving 

^th  a  velocity  of  14  feet  per  second  water  comes  through 

^^ifices  of  4  sqnare  feet  in  area  with  a  velocity  (relative  to  the 

P^ifices)  of  20  feet  per  second,  then  the  quantity  passing  out 

^  one  second  is  4  x  20,  or  80  cubic  feet — that  is,  80  x  62*3,  or 

5^>984  lbs.     Now,  recollecting  that  this  water  was  first  brought 

^  and  is  now  sent  out,  what  is  the  velocity  which  we  have 

^*^ally  impressed  upon  it  in  the  process  1     At  the  beginning  it 

*  Of  course  the  kinetic  energies  of  the  parts  of  the  shell  added  together 
•'^  greater  than  they  were  before  the  shell  burst;  we  are  now  merely 
?P®ftldng  of  tlie  momentum.  The  total  momentum  of  two  equal  bodies  going 
g  opposite  directions  with  the  same  velocity  is  nothing,  whereas  their  total 
loiietie  energy  is  doable  that  of  one  of  them. 
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was  motionless  with  respect  to  the  sea ;   it  now  has  a  velocity 
of  20—14,  or  6  feet  per  second  with  respect  to  the  sea,  so  that 
the  momentum  given  to  it  is  its  mass,  4,984-7-32*2  multiplied 
by   6,  or   928*7  :    hence,  as  this  momentum  is  given  every 
second,  928*7  Iba  is  the  propelling  force  exerted  on  the  ship. 
In  one  second  the  ship  moves  through  14  feet,  so  that  the 
useful  mechanical  work  done  is  14  x  928*7,  or  13,002  foot- 
])ound8.     We  have  given  to  4,984  lbs.  of  water  a  velocity  of 
6  feet  per  second,  the  kinetic  energy  of  this  water  is  wasted, 
and  this  kinetic  energy  is  ^  of  4,984-32*2x6x6,  or  2,786 
foot-pounds.     In  fact,  we  have  altogether  spent  15,788  foot- 
pounds, and  13,002  of  this  have  been  usefully  employed,  so 
that  the  efficiency  of  the  method  is  13,0024-15,788,  or  -824, 
or  82*4  per  cent.     As  a  matter  of  fact,  however,  the  friction 
in  pumps  and  pipes  usually  causes  a  third  of  the  actual  horse- 
power  given    out  by  the  engine  to  be  wasted,   so  that  the 
true  efficiency  of  this  method  of    propulsion  is  two-thirds  ol 
the  above,  or  0:55,    or   55   per  cent,   neglecting  the  frictioi 
of   the  engine  itself.     You  will  remember  a  fact  which 
come    in    casually   here :    if   the   water   leaves   any    turbim 
water-wheel,  or   any   propeller   of   a   vessel   with    a   velocity  ^^y 
relative  to  the  still  water  into  which  it  passes,  or  if  it 
any  other  form  of  energy,  this  energy  has  been  wasted. 

388.  By  calculation  you  will  find  that,  when  two  free  ai 
inelastic  bodies  strike,  the  momentum  communicated  from  oi 
to  the  other  is  their  relative  velocity  multiplied  by  the  prodi 
of  their  masses  and  divided  by  the  sum  of  their  masses,  ai 
this  quotient  divided  by  the  time  of  the  impact  gives  the  me 
pressure.     This  pressure  acts  equally  on  both,  of  course,  bui 
may  not  hurt  both  equally.     If  the  bodies  are  surrounded 
water,  like   ships,   they  can   no   longer  be  regarded   as  f 
bodies,  and  it  is  not  easy  to  say  in  a  few  words  how  mi 
mass  we  must  add  to  the  bodies  to  represent  the  mass  of 
water,  which  has  also  to  undergo  change  of  motion.     In 
case  of  a  ship,  the  mass  of  water  to  be  moved  broadside  oi 
much  greater  than  when  the  ship  is  struck  stem  on. 

389.  A  body  falling  into  a  liquid  sets  it  in  motion,   -^Bind 
this  motion  appears  at  distant  places  more. and  more  n^^ir/p- 
instantaneously  as  the  liquid  becomes  more  and  more  mcsoDj- 
pressible.     The  nature  of  this  motion  is  known  to  us  if  ire 
know  the  velocity  of  yielding  at  the  place  of  contact,  and 
from  this   the  total  moiiventum  given  to  the  liquid.      This 
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represents  a  very  considerable  pressure  applied  at  the  place 

of  contact,  and  this  pressure  becomes  greater  as  the  velocity  of 

the  body,  before  it  touches  the  liquid,  increases.      Hence  a 

cannon-ball  fired  at  sea  rebounds  from  the  water  as  from  a 

rigid  body.     Hence  also  a  man  diving  unskilfully,  as  he  falls 

prone  on  the  water,  gets  a  very  unpleasant  shock,  whereas  a 

skilful  diver  enters  in  such  a  way  as  to  make  the  momentum 

of  the  moving  water  as  small  as  possiVjle,  and  to  make  the 

creation  of  this  momentum  gradual. 

390.  If  a  body  of  inertia  or  mass  M  with  velocity  v  overtakes 
a  body  of  mass  m^  with  velocity  v^,  the  motion  being  in  the 
Same  direction,  there  is  an  instant  when  they  move  at  the 
same  speed,  and  then  they  usually  separate.  The  equal  and 
opposite  forces  equalise  their  velocities  until  they  are  b^th 
moving  with  the  velocity  v,  such  that 

(M  +  M^)  V   =   M  V  +  M^l  .  .  .  .  (1), 

or 

^^MV-fMlvl^^ 

M  +  Ml  ^    ' 

There  has  been  a  communication  of  the  momentum,  m  (v— v), 
or  M^  (v  —  vi),  and  this  is  the  amount  of  the  impact  or  the 
time  integral  of  the  force  from  either  on  the  other.  We 
xisually  imagine  the  contact  surfaces  to  be  normal  to  the 
direction  of  motion.*     During  the  impact  the  total  kinetic 

energy, 

El  =  I  M  V2  +  I  mWI^ (3) 

becomes  lessened  to 

E  =  1  (m  H-  M^)  V-  .  ,  .  .  (4), 

the  amount  Ej  —  e  being  stored  as  strain  energy.  In  truth, 
much  of  it  travels  off  and  vibrations  take  place  (see  Art.  486), 
but  let  us  speak  of  Ej  —  e  as  the  stored  energy.  Assume 
that   the    energy   of    the   bodies   when   free    after    collision 

*  If  not  normal  we  may  speculate  on  the  connection  between  the  ideas  of 
force  as  rate  of  communication  of  momentum,  the  direction  of  the  force 
bemg  the  same  as  that  of  the  momentum  communicated,  and  yet  the 
direction  of  communication  being  different  from  both.  Students  who  have 
leisure  will  find  three  quite  neglected  letters  in  Nature  for  1878,  by  Prof. 
R.  H.  Smith,  which  will  give  them  novel  ideas  on  the  subject— ideas  likely 
to  be  of  use  to  engineers.  } 
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Eo  =  I  (m  u"  4-  M^  u^~)  is  less  than  e^  by  an  amount  which 
is  a  fraction  of  the  stored  energy,  or 

El   ^—  En  ^^  A?  (El  ^—  E)  ....   («^)j 

where  A:  is  a  constant  depending  on  the  nature  of  the  materials 
and  the  shapes  of  the  bodies.     We  know  also  that 

MU  +  M^u^  .^. 

V    =     ; T ....    (O). 

From  (2),  (5),  and  (G)  we  can  calculate  u,  u^  and  v  in  terms 
of  the  initial  velocities,  and  we  find  that 

ui  -  u  =  (v  -  vi)  yT^^TA;. 


Or,  "  the  relative  velocity  of  separation  is  v'  1  —  A;  times  the 
previous  relative  velocity  of  approach."     This  was  Newton's 

assumption.  It  is  usual  to  denote  the  ratio  v^  1  —  A;  by  the 
letter  e,  and  to  call  e  the  "  elasticity,'  but  this  is  unscientific. 
391.  Newton  found  by  experiment  that  e  =  f  for  com- 
pressed wool,  iron  nearly  the  same,  ^f  for  glass.  Hence  for 
these  substances  our  k  has  the  values  -^  and  J.  That  is,  in 
the  compressed  wool  or  iron  y^^  of  the  stored  energy  is  wasted ; 
in  glass  only  ^  of  the  stored  energy  is  wasted.  It  is  very 
difficult  for  us  to  imagine  how  this  difference  between  iron 
and  glass  should  occur ;  and  there  are  no  recent  experiments. 
Note  that  A;  =  1  or  e  =  0  indicates  the  case  of  maximum  loss 
of  energy ;  in  fact,  there  is  maximum  loss  of  energy  when  the 
two  V)odies  continue  to  move  together  im  the  bullet  and  bob  of 
a  ballistic  pendulum  do.  In  this  case  the  kinetic  energy 
before  collision  is  ^  M  v^,  and  after  collision  it  is 

i  (M  +  Ml)    ("  \  ^'^V'  )''»'•*  (M  ^  +  M'  V'F/(M  +  «')• 

Suppose  v^  =  0,  or  we  have  m  impinging  on  m^  at  rest,  the 

energy  remaining  is  |  m  v^  /  f  1  -h —  j.      Hence,  the  greater  M^ 

is  in  comparison  with  M  the  greater  the  loss.     In  fact, 

lost  energy        _  M^ 

remaining  energy       m 

So  that  the  larger  the  stationary  body  before  collision,  the 
greater  the  loss. 

392.  Example. — Thirty  gallons  of  water  per  second  enter 
a  wheel  in  a  directioii  xb  from  a  horizontal  pipe  4  inches  in 
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diameter,  the  shortest  distance  from  the  axis  of  piiM*  to  vertical 

axis  of  wheel  being  1*3  feet.     The  water  leaves  the  wheel  in  a 

horizontal  direction,  c  D,  with  a  velocity  of  3  feet  per  second, 

the  shortest  distance  l)etween  c  d  and  t)ie  axis  of  whf»el  lx*in«f 

0'8  feet.     What  is  the  turning  moment?     And  what  is  the 

{)0wer  if  the  wheel  makes  150  revolutions  per  minute  ? 

300 
A718.   The  30  gallons,  or  300  lbs.,  or  ^.^^  cubic  feet,  have 

300           144 
an  initial  velocity  of  tt^o  •  T^ oT^l.  ^^^  P^""  second,  and 

300 
mass  qoo-     The  product  is  the  momentum  ix?r  second,  and  is 

force.  Multiply  by  1  -3,  and  we  have  the  moment  of  the  force 
due  to  the  entering  water,  or  668*2  pound-fet^t.  The  same 
mass  multiplied  by  3  and  by  0*8  gives  22*36  pound- feet ;  and 
subtractinsf  this  from  the  former,  we  have  the  resultant 
moment  (or  moment  of  momentum  per  second),  645*8  pound- 
feet.  ,  Multiplying  this  by  150  x  2  tt  radians  per  minute,  and 
dividing  by  33,000,  we  find  18*4,  the  horse  power. 

393.  JSxample. — A  ball  of  4  lbs.,  moving  to  the  north  on  a 
smooth,  level  table  with  a  velocity  of  6  feet  per  second,  strikes 
another  ball,  and  aft<T  the  collision  is  found  to  be  moving  at  5 
feet  per  second  to  the  (»ast.  AMiat  was  the  amount  of  the 
impulse?  If  the  collision  lasted  0002  second,  what  was  the 
average  force  of  the  blow  ] 

A)is,  Subtracting  the  second  velocity  (in  the  way  vectora 
are  subtracted)  from  the  first,  we  find  that  tlie  sudden  gain  of 

velocity   was    ^^61   feet   per   second    in    a    direction    making 

tan.~^|^  east  of  south.     The  impulse  given  to  the  ball  was 

4 
therefore  in  this  direction,  and  of  the  amount  ^.\  ^  v^61  pound- 

seconds.     The  force,  therefore,  was  in  this  direction,  and  of 

4 
the  average  amount  •^:y(y  ^  '  61  -=-  0002  lb.,  or  485  lbs. 

?:xKH(;rsEs. 

1.  Compare  the  amountH  of  iiionieiituni  in  a  jullow  of  20  11  w.  which 
has  fallen  from  a  height  of  1  foot,  and  an  ounce  bullet  niovinj?  at  200  feet 
per  second.  Am.^  128  to  1. 

2.  A  ball  of  56  lbs.  is  jn-ojected  with  a  velocity  of  1,000  feet  per 
second  from  a  gun  weighing  8  tons.  WTiat  is  the  maximum  velocity  of 
recoil  of  the  g^m  Y  Am.,  3-1  feet  per  second. 


494  APPLIED   MKCHANICS. 

3.  There  are  two  bodies  whose  masses  are  in  the  ratio  of  2  to  3,  and 
their  velocities  in  the  ratio  of  21  to  16.  What  is  the  ratio  of  their 
momenta  ?  If  their  momenta  are  due  to  constant  forces  acting  on  the 
bodies*  respectives  for  times  which  are  in  the  ratio  of  3  to  4,  what  is  the 
ratio  of  these  forces  ?  Am.y  7  to  8 ;  7  to  6. 

4.  A  body  weighing  10  lbs.  impinges  on  a  fixed  plane  with  a  velocity 
of  20  feet  per  second.  If  the  coefficient  of  restitution  e  is  0-5,  find  the 
velocity  of  rebound,  and  how  many  foot-pounds  of  energy  are  wasted  in 
the  collision.  Ana.y  10  feet  per  second ;  93'17. 

5.  A  ball  of  6  ounces  strikes  a  bat  with  a  velocity  of  10  feet  per 
second,  and  returns  with  a  velocity  of  30  feet  per  second.  If  the  duiation 
of  the  blow  be  -^  second,  find  the  average  (time)  foi"ce  exerted  by  the 
striker.  Ans.^  0*32  lbs. 

6.  A  body  weighing  50  lbs.  moving  at  the  rate  of  10  feet  per  second 
overtakes  another  body  of  25  lbs.  mo\'ing  at  the  rate  of  6  feet  per  second. 
If  both  masses  be  perfectly  elastic,  find  their  velocities  after  the  shock. 

Ans.,  7 J  and  \\\  feet  per  second. 

7.  A  hammer-head  of  2^  lbs.,  moving  with  a  velocity  of  50  feet  per 
second,  is  stopped  in  0001  second.  What  is  the  average  force  of  the 
blow  y  Am.,  3,882  lbs. 

8.  A  shell  bursts  into  two  fragments,  whose  weights  are  12  and  20  lbs. 
The  former  travels  onward  with  a  velocity  of  700  feet  per  second,  an( 
the  latter  with  a   velocity  of   380  feet  per  second.     What   was  th< 
momentum  of  the  shell  when  the  explosion  took  place 't        Ans.,  496*8. 

9.  A  shell  weighing  20  ll)s.  explodes  when  in  motion  with  a  velocitji^j  y 
of  600  feet  per  second.  At  the  moment  of  explosion  one-third  of  th^  ~^r\e 
shell  is  reduced  to  rest.     Find  the  momentum  of  the  other  two-thirds. 

Au8.,  372-7. 

10.  Water  is  flowing  through  a  service  pipe  at  the  rate  of  60  feet 
second.     If  the  water  be  brought  to  rest  imiformly  in  one-tenth  secoi 
by  closing  the  stop-valve,  what  will  be  the  increase  of  the  pressure  of  tl 
water  near  the  valve,  the  pipe  being  taken  as  50  feet  long,  the  resistam 
of  the  pipe  and  the  compressibility  of  the  water  being  neglected  ? 

Ans.,  403  lbs.  per  sq.  in._  _«-n. 

394.  As  for  the  way  in  which  the  vibrations  take  place  ^  in 
two  colliding  bodies,  if  mathematically  treated  it  is  generaE\^E»J]j 
difficult;  but  very  good  working  notions  for  the  engine ^^neer 
are  derivable  from  the  results  of  experimental  study, 
subject  being  taken  up  in  books  on  physics  under  the  h( 
"  Acoustics."  The  best  mathematical  treatise  is  Lord 
leigh's  "  Sound."  The  time  of  an  impact  is  known  in  seve 
cases  in  which  it  has  been  calculated  from  theory.  (See  i^  —irt 
404.) 

395.  Let  us  consider  what  takes  place  when  two  ivory  In^a/y^. 
come  together.     There  is  a  certain  instant  after  they  ~~^Brst 
touch  when  their  centres  move  together  just  as  if  they  "^mi^ere 
composed  of  soft  clay — then  they  act  on  each  other  with  fiheit 
greatest  pressure ;  they  are  in  their  most  strained  condLtlou 
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and' supposing  no  loss  by  internal  friction,  the  strain  in  the 
balls  represents  an  amount  of  stored-up  energy  (see  Arts.  259, 
267)  equal  to  the  kinetic  energy  which  the  bodies  have  lost. 
It  is  very  important  to  remember  this  fact,  that  if  Ixxlies  are 
to   return  to   their  old   states  after   the   collision,  we   must 
suppose  that  during  the  collision  there  is  a  storage  of  kinetic 
energy  in  the  form  of  strain.     All  the  kinetic  energy  will  not 
be  given  out  again,  nor  can  we  say  that  it  is  all  stored,  because 
there  is  a  sort  of  internal  friction  causing  part  of  the  strain 
energy  to  be  converted  into  heat  when  any  change  occurs. 
N'ow,  if  the  whole  of  the  stored-up  energy  is  confined  to  one 
portion  of  the  body,  the  strain  may  be  too  great.     Thus,  a 
steel  rod  1  square  inch  in  section,  1  foot  long,  will  store  up 
167   foot-pounds  of  strain  energy  in  its  stretched  condition 
before  it  breaks.     For  suppose  breaking  stress  to  be  100,000 
ibs.  per  square  inch.     This  will  occur  when  there  is  a  length- 
ening or  shortening  of  '0033  foot,  so  that  the  energy  store^l 
Up  is  the  work  done   by  a  force  whose  average   amount   is 
50,000  lbs.  acting  through  -0033  foot,  or  167  foot-pounds.     If 
2  feet  of  the  same  rod  stored  up  this  same  amount  of  energy, 
"there  would  only  be  83  foot-pound*  in  each  foot  of  its  length  ; 
^nd  it  is  easy  to  see  that  the  stress  is  no  longer  the  breaking 
stress  of  100,000  lbs.  per  square  inch,  but  only  70,700  lbs. 
■per  square  inch.     As  we  store  the  same  amount  of  energy  in 
smaller  and  smaller  portions  of  a  body,  it  is  evident  that  we 
must  approach  a  condition  of  fracture. 

896.  We  see,  then,  that  at  the  i)lace  where  contact  occurs, 
^wo  bodies,  a  and  b,  are  strained  ;  but  if  A  is  of  some  very 
elastic  material,  such  as  tempered  steel,  the  strain  energy  is 
conveyed  very  rapidly  to  every  part  of  the  body ;  whereas  if  b 
is  a  feebly  elastic  body,  the  strain  accumulates  at  one  place, 
leaving  the  rest  of  the  body  unstrained,  whilst  at  this  place 
the  strain  may  produce  fracture.     This  slowness  to  communi- 
cate strain  to  the  rest  of  the  body  may  also  be  produced  by 
the  shape  of  the  body.     For  instance,  a  rod  struck  sidewise  or 
a  thin  plate  struck  in  the  middle  does  not  so  immediately  com- 
municate its  strain  to  the  remote  parts  as  a  rod  struck  end- 
wise.    Again,  the  nature  of  the  parts  of  A  and  b  in  contact 
may  be  such  that  not  only  does  the  strain  energy  leave  this 
part  of  A  rapidly,  but  innuediately  in  the  neighbourhood  of 
the  place  of  contact  there  is  a  greater  capacity  to  bear  strain 
energy  without  rupture  than  is  the  case  with  b.     Thus,  when 
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ship  A  i*anis  the  broadside  of  ship  b,  the  side  of  b  is  bent 
inwards  and  the  strain  energy  produced  is  accumulated  near 
the  place  of  contact  till  fracture  occurs ;  whereas,  not  only  is 
a's  stem  able  to  transmit  to  all  parts  of  A  with  great  rapidity 
the  strain  energy  which  must  be  stored  up  in  the  whole  mass, 
but  at  the  stem  itself  the  material  of  A  is  capable  of  with- 
standing greater  stresses  than  the  material  of  b's  side. 
Suppose,  however,  that  a's  stem  is  not  of  steel,  still  b's  iron 
or  wooden  side  will  be  perforated  if  A  has  enough  velocity ; 
a's  stem  may  also  be  damaged  in  the  impact  in  such  a  case. 

397.  A  candle  may  be  fired,  it  is  said,  through  a  thin 
deal  board  with  very  little  injury  to  its  shape,  and  the  usual 
explanation  of  this  phenomenon  given  in  books  is  that  the 
candle  has  not  time  to  get  broken.  This  explanation  is  not 
patisfactory  ;  it  is  a  little  too  vague.  If  we  had  the  board  in 
rapid  motion,  and  striking  the  candle  in  the  same  relative 
position,  the  candle  having  previously  been  at  rest,  would  the 
candle  perforate  the  board  1  There  cannot  be  any  doubt  that 
it  would.  Hence  it  is  not  the  body  struck  which  must  in 
eveiy  case  get  hurt ;  the  pressure  on  one  is  equal  to  that  on 
the  other.  Suppose  ship  a»  rushes  at  ship  b  when  b  is  broad- 
side on,  and  rams  her,  b  will  probably  be  sunk,  even  if  she  is 
a  much  larger  and  better  ship  than  A.  But  suppose  that  b  is 
able  to  meet  her  adversary  stem  to  stem,  if  they  are  equally 
strong  they  will  equally  injure  one  another,  and  if  B  is  the 
stronger  A  will  suffer  the  most.  This  case  differs  very  much 
from  that  of  the  candle,  because  we  can  assume  greater 
strength  even  for  slowly  applied  pressures  from  stem  to 
stern  of  the  ship  A  than  from  side  to  side  of  B ;  whereas  the 
strength  of  the  candle  for  slowly  applied  pressures  cannot  be 
compared  with  that  of  the  wood  which  it  punches  from  the 
board.  What  is  meant  by  the  usual  explanation,  "  The  candle 
has  not  time  to  get  deformed  "  ?  Why  has  not  the  soft  candle 
time  to  get  broken,  and  yet  the  wood  has  time  to  get  torn 
asunder]  The  fact  is,  the  wood,  if  it  were  slowly  pressed, 
would  communicate  its  strain  energy  to  every  part  of  the 
board  and  its  supports;  but  this  communication  takes  an 
appreciable  interval  of  time,  however  suddenly  the  pressure 
may  be  applied,  or  however  great  it  may  be.  As  the  strain 
energy  is  rapidly  produced  it  becomes  accumulated  near  the 
place  of  contact  to  such  an  extent  as  to  produce  fracture  of  the 
wood.     Now  the  point  of  the  candle  is  subjected  to  the  same 
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pressure  as  the  wood,  and  begins  to  get  spoiled  in  shape — that 
is,  it  is  compressed — and  this  compression  produces  a  lateral 
spreading.  In  the  meantime,  however,  the  compressive  strain 
enei^  is  communicated  very  rapidly  backwards  alonsj  the 
candle,  and  the  spreading  and  spoiling  goes  on  along  its  entire 
length,  but  is  small  at  any  point,  since  it  is  distributed  over 
the  whole  mass.  Practically,  therefore,  the  spoiling  occurs 
only  at  the  point  of  the  candle,  since  time  is  needed  for 
fracture  of  the  material. 

398.  An  earthquake,  when  it  acts  on  a  house,  usually 
tends  to  move  it  through  a  distance  of  probably  a  very  small 
fraction  of  an  inch,  but  it  does  this  in  a  very  short  time — that 
is,  the  house  gets  a  considerable  velocity.  The  mass  of  the 
house  multiplied  by  the  greatest  velocity,  and  divided  by  the 
short  time  during  which  the  momentum  is  being  communi- 
cated, gives  the -pressure  which  the  foundations  of  the  house 
are  subjected  to.  Now,  when  the  foundations  are  not  very 
rigidly  connected  with  the  ground,  the  time  of  communication 
of  the  momentum  is  lengthened,  and  the  pressure  is  conse- 
quently diminished.  This  is  the  usual  Japanese  plan  of 
|>roviding  for  earthquake  effects.  Unfortunatxily,  the  very 
means  taken  to  diminish  the  pressure  on  the  foundations  also 
diminishes  their  capability  of  withstanding  forces,  and  it  has 
not  yet  been  decided  what  sort  of  a  house  is  best  fitted  to  with- 
stand destructive  earthquakes.  Want  of  rigidity,  combined 
with  strength  or  toughness  in  the  materials,  and  especially  the 
quality  of  internal  friction  in  the  materials,  so  that  vibrations 
may  rapidly  die  away — these  are  the  qualities  needed.  They 
are  found  in  steel,  wrought  iron,  and  wood,  and  especially  in 
wicker-work,  in  a  less  degree  in  cast  iron  and  in  brick  or  stone 
set  in  cement,  and  less  still  in  brick  and  stone  set  in  bad 
mortar. 

899.  When  you  in  some  way  understand  the  possibility  of 
a  candle  perforating  a  board,  you  will  be  able  to  comprehend 
how  sand,  when  blown  in  air  against  tempered  steel,  is  able  to 
abrade  it ;  how  the  emery  wheel  and  grindstone  going  at  great 
velocities  are  able  to  cut  into  hard  metals ;  and  how  in  Cali- 
fornia a  jet  of  water  going  with  very  great  velocity  is  used  for 
mining  purposes  instead  of  iron  tools. 

400.  Quasi-Bigidity  Produced  by  Rapid  Motion. — A  top 

when  not  spinning  can  with  difficulty  be  balanced  on  its  i)oint, 
and  if  lieft  to  itself  it  almost  instantly  falls ;  whereas  when  it 


498  APPLIED   MECHANICS. 

is  spinning  the  effect  of  slightly  tilting  it  oat  of  the  perpen- 
dicular is  not  to  make  it  fall,  but  to  make  it  take  a  slow 
precessional  motion. 

There  is  a  piece  of  appamtus  called  a  gyrostat,  which  is, 
in  a  more  or  less  perfect  form,  to  be  found  in  every  mechanical 
laboratory,  and  the  student  ought  to  experiment  for  himself 
with  this  apparatus  on  the  curious  effects  of  quasi-rigidity 
which  manifest  themselves  in  tops  and  other  spinning  bodies. 
If  he  has  a  slight  acquaintance  with  astronopy  ho  will  be 
interested  in  tracing  the  connection  between  the  behaviour  of 
a  tilted  top  and  the  precession  of  the  earth's  equinoxes. 

When  a  circular  sheet  of  drawiog-paper  is  mounted  like 
a  very  thin  grindstone  on  an  axis,  and  is  gradually  made  to 
rotate  rapidly,  it  is  found  to  have  become  quite  rigid — that  is, 
it  greatly  resists  bending  as  if  it  were  made  of  steel.  In  the 
same  way  a  long  loop  of  rope,  hanging  round  a  high  pulley, 
which  gives  it  a  quick  motion,  takes  a  certain  form  which  it  is 
very  difficult  to  alter,  as  may  be  shown  by  striking  it  with  the 
hand  or  with  a  stick  :  it  resembles  more  a  rigid  rod  than  a 
flexible  rope. 

Again,  in  the  well-known  lecture- experiments  on  smoke 
rings,  we  see  that  these  little  whirlpools  of  air  have  many 
pi*operties  in  common  with  elastic  solid  bodies  on  account  of 
the  partial  rigidity  which  is  due  to  their  rapid  motion. 

In  objects  which  spin  and  rub  on  a  level  surface,  like  tops, 
we  have  the  interesting  general  rule,  "Positions  which  are 
stable  when  thei*e  is  no  spin,  are  unstable  when  there  is  spin, 
and  vice-versd,^'  Students  of  statics  insist  on  a  low  centre  of 
gravity  in  vehicles ;  students  of  dynamics  sometimes  insist  on 
a  high  centre  of  gravity,  as  giving  greater  stability  when  there 
is  rapid  motion. 

It  would  be  beyond  the  scope  of  a  book  like  this  to  explain 
these  curious  phenomena,  and  I  merely  direct  the  attention  of 
students  to  these  instances  in  order  to  incite  them  to  make 
experiments,  and  to  seek  for  the  explanation  of  what  they 
observe.  My  poi)ular  lecture  on  Spinning  Tops  may  be  worth 
reading. 

401.  Motion  Produced  by  a  Blow. — When  a  body  sub- 
jected to  a  blow  is  quite  free  to  move  in  any  way,  unless  the 
blow  acts  through  its  centre  of  gravity,  the  body  will  not 
merely  move  as  a  whole,  but  it  will  revolve.  When  the  blow 
Hct8  in  a  direction  through  the  centre  of  gravity  there  is  no 
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rotation  produced.  It  is  uaual  in  such  o,  case  to  consider  tlie 
motion  of  the  centre  of  gravity  of  tlie  body,  aud  the  motion  of 
the  body  about  an  axis  through  its  centre  of  gravity,  for  it  is 
known  that  any  motion  whatsoever 
of  the  body  consists  of  a  c  b  at  n 
of  two  such,  motions.  It  is  f  d 
that  the  kinetic  energy  comm  ted 

to  a  body  hy  means  of  a  bl 
best  calculated  in  the  follow  g  } 
if  we  know  the  nature  of  th  t  n 
— First,  find  the  kinetic  energy,  as 
if  every  portion  of  the  body  had  the 
motion  of  the  centre  of  gravity. 
Secondly,  find  the  kinetic  energy  of 
rotation  as  if  the  axis  of  rotation 
through  the  centre  of  gravity  were 
iixed  in  space.  Add  these  two  re- 
sults together.  We  may  regard  froni 
another  point  of  view  the  instan- 
taneous motion  of  a  body  when  it  is 
struck — -namely,  as  a  rotation  alioufc 
some  axis  which  does  not  itself  move. 
This  is  only  the  case  for  an  instant ; 
immediately  afterwards  we  inunt  re- 
gai-d  tbe  body  as  moving  about  another 
fixed  axis.  If  a  body  is  hinged  so 
that  it  can  only  move  about  a  fixed 
asis,  it  is  always  possible  to  find  tlie 
point  at  which  the  body  nmy  be 
struck,  and  the  direction  of  the  blow, 
which  will  tend  to  produce  an  instan- 
taneous rotation  about  this  particular 
axis,  and  therefore  to  produce  no 
pressure  at  the  hinge.  Thus  the 
balliatic  pendulum  of  Fig.  2TS  is 
always    struck  in  such  a    way,    and  pi^,  07s. 

the  point   in    which   it   is  struck  is 

called  the  "  centre  of  percnssion."  An  easy  way  to  (ind  tlio 
centre  of  percussion  is  as  follows : — Make  tlio  lKKly  vibmti! 
like  a  pendulum,  about  its  axis  of  susi>ension,  undei-  the  action 
of  gravity.  UTow  find  tlie  lemjUi.  of  tlie  equivaieiit  simple  peTt- 
duluTO.     This  is  the  distance  of  the  centre  of  percussion  from 
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the  axis.  In  a  tilt  hammer  all  blows  ought  to  be  delivered 
from  this  centre  of  percussion  if  we  wish  to  have  no  pressure 
on  the  bearings.  A  cricket-bat  or  a  rod  of  iron  tingles  the 
hand  when  we  strike  a  blow  with  it,  unless  we  hapi)en  to 
strike  at  the  centre  of  percussion.  For  a  rod  of  ii-on  free  to 
move  about  one  end,  the  centre  of  percussion  is  at  two-thirds 
of  the  way  towards  the  other  end.     (See  Art  454.) 

402.  The  Ballistic  Pendulum  of  Fig.  278  is  a  contrivance 
which  enables  us  to  measure  the  velocity  of  a  bullet.     It  con- 
sists of  a  mass  of  wood,  a,  forming  part  of  a  pendulum.     The 
bullet  is  lired  into  it,  and  the  wood  swings  backwards  in  con- 
sequence.    The  bullet  is  fired  into  that  part  of  it  which  will 
cause  no  jar  to  be  given  to  the  pivot  B.     The  momentum 
existing  in  the  bullet  before  it  enters  the  wood  belongs  now  to 
the  whole  mass  of  which  it  becomes  a  part,     c  is  a  silk  ribboik. 
which  is  pulled  through  a  moderately  tight  hole  or  over  th 
edge  of  a  table  by  the  swing  of  the  pendulum,  and  the  lengt 
6i  ribbon  pulled  through   is  found  to  be  proportional  to  th 
momentum  of  the  bullet  before  entering  the  wood. 

If  w  is  the  weight  of  the  ballet,  its  horizontal  velocity  in  1 

plane  of  swinging  being  v,  its  momentum  is  -  v.    The  moment    ^k>'S 

y 
w 
momentum  .*•      v  (if  j-  is  the  perpendicular  distance  from  b  to  t_~i-i.^. 

if 

axis  of  the  huUet)  before  impact  is  equal  to  the  moment  o/ 
momentum  after  impact ;  and  if  i  is  the  moment  of  inertia  oiS^  jl 
and  tho  bullet  about  u  after  collision,  and  a  is  its  initial  anguB^lcs^r 


C3 


velocity,  then  la  =  x  —  v  .  .  .  .  {!).     A  certain  part  of  the  wt:m.o2e 

kinetic   energy   has  been  converted  into  heat ;    tho  mechan.io«/ 
energy  now  in  tho  system,  ^  i  a\  will  be  converted  into  poterxtria/ 
energy,     w  being  the  total  weight,  the  centre  of  gravity  will     "he 
raised  through  the  distance  h  such  that  wA  =  ^la-^  .  .  .  ,  (2)  ;    so 
that,  as  a  is  known,  h  is  known.     Knowing  A,  wo  can  either  firici  ^, 
the  total  swing,  or  we  can  calculate  or  find  experimentally^   the 
length  ol  the  ribbon  which  may  be  drawn  up,  and  from  the  length 
of  the  ribbon  we  can  calculate  r. 

In  the  short  time  when  the  bullet  is  being  lodged  it  is  exer- 
cising horizontal  force  at  each  instant,  and  there  is  horizontal  force 
at  B  in  the  wime  direction.    We  may  say  that  these  external  forces 
acting  at  the  centre  of  gravity,  are  balanced  by  the  mass  of  ibe  ^ 
whole  body  multiplied  by  the  acceleration  of  the  centre  of  gravity 
at  that  instant,  and  hence  their  integral  effects  balance;  that  is, 

then,  the  impulse  --  v  +  v  (where  p  is  tho  horizontal  impulse  from 
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w 
the  point  of  sapport  in  the  sjimo  diroction)   =     -  r?  .  h  o  if  o  is 

the  centre  of  gravity,  because  a  .  i\g  is  the  velocity  prtKluced  in 
G,  and  w  is  the  weight  of  the  pendulum  and  bullet,     llence 

w  tv 

p=  -a. BO-   -r....  (3). 

9  9  ^  ' 

This  is  0,  therefore,  if 

w  .  a  .  BG  =  wv  .  .  .  .  (4). 

But  by  (1),  (4)  means  that  w  .  a  .  bo  =  yv k^a/x,  or  jr  =  A--/b  o. 
Now  this  is  the  rule  (Ai-t.  454)  by  which  wo  tind  the  lenp^h 
of  the  equivalent  simple  pendulum  or  the  distance  to  the  i)oint 
p  of  oscillation  (Art.  454).  It  also  for  this  rejison  gets  the  name 
"  ix)iat  of  |)ercus8ion." 


APPENDIX   TO    CHAPTER  XXIII. 

403.  In  the  Example,  Art.  385a,  we  had  an  example  of  stop- 
page of  water  in  a  pipe  as  if  all  the  water  had  exactly  the  same 
motion.  It  was  an  interesting  academic  exercise.  The  following 
exercise  is  also  interesting,  and  will  give  us  more  infoiination. 

Sudden  Stoppage  of  Water  in  a  Pipe  of  Uniform  Section. — 

Suppose  the  pipe  to  be  infinitely  rigid.  It  will  be  found  that  the 
effects  are  independent  of  whether  the  pipe  is  vertiial  or  horizontal, 
but  we  shall  consider  it  to  be  vertical.  It  will  be  found  on  closer 
examination  that  if  we  know  the  pressure  we  need  only  con- 
sider, in  our  problem,  p,  the  pressure  above  the  normal  pressiu*e, 
and  this  is  what  we  shall  do.  Lot  v  be  the  axial  velocity 
of  a  pai-ticle  of  water,  w  the  weight  per  unit  volume,  so  that 
w/if  is  its  mass  per  imit  volume,  often  called  p;  if  k  is  the 
cubical  elasticity  (during  quick  changes  of  volume)  and  t 
is  time ;  if  a;  is  distance  to  a  point  q  measured  along  the  pipe  in 
the  direction  of  motion,  and  if  the  pipe  is  taken  of  unit  cross- 
sectional  area;    if  x  is  the  total  distance  already  travelled  by 

a  particle  at  q,  so  that  at  x  +  I,  x  becomes  x  +  — ,  fluid 
which  once  occupied  length  1  of  the  pipe  now  occupies  length 
1  +  -— ,  so  that  its  increased  volume  is  — .  Hence,  as  pressure- 
producing  volumetric  strain  =  k  x  compressive  strain, 

dx  ... 

p=    -K^~....(l). 

dx 
Now  velocity  v  =  -,  ,  and  as  the  mass  between  x  and  a;  +  S:c  is 

p  .  Sx  and  the  pressures  are  p  and  p  +  9p,  we  have  the  force  -  Sp 


oaiiflinf?  acceleration  — ^  in  the  mass  p  .  Jar,  and  hence 

^  X  <^x 

or,  from  (1),  k  -j-j  =  p  ~^.     If  x/p  or  Y.g]w  be  called  a^^  we  have 

and  we  recognise  this  as  the  equation  of  wave  propagation  with 
the  velocity  a.    Differentiate  (3)  with  regard  to  t  and  use  v  for 

d  %l(U.  and  we  have  a^-r-.,  =   ,^  • 
'  dx^       d^ 

Let  our  problem  be  this.  When  water  is  flowing  with 
imiform  velocity  -  r^,  let  an  infinitely  rigid,  thin  diaphra 
suddenly  produce  a  stoppage  at  a:  =  0  ;  what  will  happen  ?  Co 
sider  the  pipe  only  for  positive  values  of  x.  We  have  v  =■  - 
everywhere  at  ^  =  0,  and  at  a:  =  0  we  have  v  such  a  function 
the  time  that  it  was  -  v^  till  ^  =  0,  and  ever  afterwards  v  the 
isO. 

To  make  things  simpler,  let  r^  be  a  new  variable  such  t 
v^  =  V  -\-  Vo,  and  therefore  the  conditions  are  that  r^  =  0  eve 
where  at  ^  =  0,  and  at  a*  =  0  we  have  v^  such  a  fimction  of  the  ti 
that  it  was  0  till  ^  =  0,  and  ever  aften;v'ard8  u^  -—  v^.     We  see  t 

d:»^        d^ ^  ^' 

If  w(»  let  —  1m;  denoted  by  B  in  the  usual  symbolical  way,  (4)  is 


a2  '44-  =  02^1. 


dx^ 

Solving  this  as  the  simplest  linear  equation  would  be  solved     i:^ 
were  a  quantity  independent  of  a:,  we  have 

if  A  and  «  are  functions  of  the  time  corresponding  to  a*  =  0.  -^s 

X  may  be  infinite,  b  =  0  ;  so  that 

^1  ^  ,-^^/afi^t)  ....  (0), 

where  f  {t)   is   0  till  t  =  0,  and  then  is  v^,  and  remains  of    the 
value  t\, ;  so  that 

V  =   -  Vq  +  fit  -  x/a)  ....  (6).* 

We  see  now  what  occurs.  Until  t  -  x/a  =  0  or  t  =  x/a,  v  =  —  f'o 
at  any  place  ;  and  after  t  =  x/a^  v  =  0.  Hence  we  have  from 
t  =  0  a.  state  of  no  velocity  spreading  along  the  pipe  with  the 

.  *  The  sy mboVic  « ^'^  j  {t\  means  f{t  +  b) 
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dx 
velocity  a  to  infinity.     Since  v  =  — ^  if  we  integrate  (6)  in  regard 

If  C 

to  time,  we  have 

X  =   -  v^t  +  F  {t  -  r/a)  .  .  .  .  (7),  J 

where  f  is  such  that         ^  =  f  (y),  whatever  y  may  he.     Hence, 

iising  {l),p  =  ~f(t  -  x/a);  or,  since 

a/a  =  Kwhl Kh  ffh  =  k4  w\ j g\ , 
we  have  p  =    \/  —  /  (^  -  a:/a)  ....  (8). 

This  tells  us  that  p  =  0  till  <  -  xja  =  0,  and  then  is  Vq  a/  — ,  and 


remains  of  this  value.  This  is  the  state  of  pressure  produced  e>'ery'- 
where  with  perfect  rest  accomjianying  it,  at  the  velocity  a  from  the 
place  of  the  sudden  stoppage  if  the  pipe  is  infinitely  rigid. 

If  at  a;  =  /  there  is  a  place  where  the  press lu-e  is  kept  constant 
(we  say  jp  =  0  there),  at  zero,  our  wave  is  reflected  aa  a  wave  of 
velocity  +  Vq  and  no  pressure,  till  on  reaching  a;  =  0  it  is  again 
reflected  as  a  wave  of  no  velocity,  and  so  on.  As  the  pipe  is  not 
infinitely  rigid,  and  as  there  is  friction,  the  wave  really  diminishes 
in'  its  values  of  velocity  and  pressure  as  it  travels,  but  we  may  take 

a  pressui'e  approaching  the  value  Vq  \/Kwlg  as  being  instantly  pro- 
duced by  a  sudden  stoppage.  Experiments  with  suddenly  closed 
valves  give  measured  pressures  in  the  laboratory  considerably  less, 
partly  because  the  stoppage  is  not  one  of  infinite  suddenness,  partly 
because  of  the  inertia  of  the  pressure-measuring  apparatus.  In  the 
case  of  water  the  pressure  in  poimds  per  square  inch  is  20  r^  if  Vq  is 
the  velocity  in  feet  per  second. 

This  great  pressure  produced  by  stoppage  is  taken  advantage  of 
in  the  hydraulic  ram.  If  the  bottom  of  the  sea  were  smooth,  and 
a  sea  with  a  translational  velocity  v^^  were  suddenly  stopped  on  its 
motion  by  a  vertical  wall,  the  pressure  on  the  wall  would  be  what 
we  have  given  above,  for  a  very  shoi-t  time,  if  the  wall  were  per- 
fectly rigid ;  what  would  occm-  subsequently  I  do  not  know,  be- 
cause there  is  atmospheric  pressure  at  the  siu-face  of  the  sea.  We 
know  enough,  however,  to  see  the  necessity  for  some  springiness  at 
the  wall  surface.  It  is  for  the  same  sort  of  reason  that  hea^'y  seas 
produce  so  much  damage  sometimes  when  objects  are  struck  by 
them  on  board  ship.  Cui-ious  stories  are  told  by  sailors  of  half- inch 
bars  of  iron  being  bent  and  broken  by  seas  coming  over  the  bul- 
warks, and  it  is  just  possible  that  they  may  be  true,  although  it  is 
more  probable  that  such  fractures  are  due  to  blows  from  passing 
wreckage.  Anyone  who  has  seen  the  ruined  breakwater  at  Wick 
will  befieve  in  the  greatness  of  the  forces  due  to  blows  from  ocean 
waves. 

404.  Students  will  find  it  an  excellent  easy  mathematical  exercise 
to  assume  that  in  an  infinite  length  of  pipe  filled  with  water  there  is 
a  piston  whose  displacement  is  a  pure  function  of  the  time.     The 
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prohlom  is  identical  with  the  simplest  problem  in  Telephonic 
Signalling.  If  the  pi|)e  is  supposed  to  yield  and  to  be  leaky,  and 
if  the  viscosity  of  the  liquid  is  considered,  we  have  the  same 
problem  as  that  of  the  Philosophical  Magaeiney  page  223,  August, 
1893. 

When  a  prismatic  bar  of  length  /j  and  velocity  v^  in  the  direc- 
tion of  the  common  axis  overtakes  a  bar  of  length  ^g  (greater  than 
/j),  moving  with  a  velocity  v^,  the  bars  being  of  the  same  material 
and  cross  section,  Mr.  Love  says  that  the  ends  at  the  junction 
move  with  a  common  velocity  ^  {»i  4-  tJj),  and  a  compressive  strain 
^  (»!  -  v^la  is  produced,  a  is  the  velocity  of  a  longitudinal  wave 
of  soimd,  or  ^  =  a^p  where  e  is  Young's  modulus  and  p  is  the  mass 
of  the  bar  per  unit  volume,  or  our  «r/^  above.  Waves  of  compres- 
sion nm  fiom  the  junction  along  both  bars,  and  each  element  of 
either  bar,  as  the  wave  passes  over  it,  takes  suddenly  the  velocity 
^  {i\  +  V2)  and  the  compression  J  (1*1  -  v^Ja. 

When  the  waA'e  reaches  the  free  end  of  the  shorter  bar  it  is 
reflected  as  a  wave  of  extension ;  each  element  of  the  bar  as  the 
wave  passes  over  it  takes  suddenly  the  velocity  which  initially 
belonged  to  the  longer  bar  and  zero  extension.  After  a  time,  equal 
to  twice  that  required  by  a  wave  of  compression  to  travel  over  the 
shorter  bar,  this  bar  has  uniform  velocity,  equal  to  that  which 
originally  belonged  to  the  longer  bar,  and  no  strain. 

The  impact  now  ceases,  and  there  is  in  the  longer  bar  a  wave  of 
compression  of  length  equal  to  twice  that  of  the  shorter  bar.  The" 
wave  at  this  instant  leaves  the  junction,  and  the  junction  end  of 
the  longer  bar  takes  a  velocity  equal  to  that  which  it  had  before 
the  impact.  The  ends,  therefore,  remain  in  contact  without  pres- 
sui*e.  This  state  of  things  continues  until  the  wave  returns 
reflected  from  the  further  end  of  the  longer  bar.  When  the  time 
from  the  beginning  of  the  impact  is  equal  to  twice  that  required  by 
a  wave  of  compression  to  travel  over  the  longer  bar,  the  junction 
end  of  the  latter  suddenly  acquires  a  velocity  equal  to  that  origin- 
ally possessed  by  the  shorier  bar  and  the  bars  separate.  The 
shorter  bar  rebounds  without  strain  and  with  the  velocity  of  the 
longer,  and  the  longer  bar  reboimds  vibrating. 
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CHAPTER  XXIV. 

FLUIDS        IN        MOTION. 

405.  We  tried  in  Art.  145  to  give  exact  notions  on  the 
subject  of  pressure  in  fluids  not  in  motion.  When  we 
supposed  that  the  weight  of  the  fluid  itself  was  insignificant, 
■we  found  that  the  pressure  on  each  square  inch  of  surface 
touched  by  the  water,  and  on  each  square  inch  of  interface 
separating  two  portions  of  the  fluid,  was  everywhere  the  same. 

One  of  the  best  methods  of  observing  the  pressure,  any- 
where, is  by  inserting  a  pressure  gauge.  The  gauge  indicates 
the  pressure  per  square  inch  at  the  part  of  the  liquid  to  which 
a  communicating  little  gauge  tube  penetrates.  It  always  does 
so  when  there  is  no  motion  of  the  fluid  at  the  point  in  ques- 
tion ;  but  unfortunately,  when  there  is  motion  there,  the 
introduction  of  the  tube  altt^rs  the  motion  there  and  more 
or  less  falsifies  our  measurement. 

We  are  now  about  to  consider  pressure  in  fluids  in  motion, 
and  we  approach  our  subject  by  first  speaking  of  pumps. 

406.  A  pump  is  a  machine  which  gives  energy  to  water — 
that  is,  it  can  raise  water  to  a  height,  giving  it  potential 
energy.  It  can  force  water  into  a  vessel  under  great  pressure, 
moving  pistons — that  is,  it  can  give  to  water  pressure  energy. 
It  can  set  water  in  motion — that  is,  give  it  kinetic  energy. 

Reciprocating-pumps  are  either  lift-pumps,  or  force-pumps, 
or  combinations  of  both. 

In  Art.  137  we  described  the  force-pump  used  with  hydrau- 
lic presses.     In  principle  this  is  the  same  as  all  other  force- 
pumps.     The  feed  and  other  pumps  of  steam-engines,  and  the 
pumping  parts  of  pumping  engines,  are  described  in  detail  in 
works  on  those  subjects.     As  to  Lifting  Pumps,  in  Fig.  279 
we  have  a  diagrammatic  representation  of  the  common  village 
or  house  pump.     The  rod  r,  usually  worked   by  means  of  a 
handle   or   lever,    pulls   the   bucket,   b,  up  and  down.     The 
bucket  has  openings  arranged  with  flaps  or  other  valves  in 
Various  ways,  so  that  fluid  may  pass  upwards  but  not  down- 
wards.    At  w  there  is  another  valve  which  opens  upwards. 
-'^'irst  suppose  there  is  only  air  between  b  and  the  well,  j. 
^k>metimes  in  the  morning  it  is  necessary  to  throw  in  some 
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water  on  the  top  of  R  to  niake  it  air-tight.     As  B  descends, 

much  of  the  air  between  b  and  w  passes  through  b.  As  b  )s 
lifted  it  jirodocea  a  partial  vacuum  below 
it ;  air  passes  from  H  to  the  barrel,  and 
water  rises  in  h.  As  the  pumping  pro- 
ceeds there  is  more  of  a  vacuum  until 
water  fills  H  and  the  barrel,  in  case  B  is 
not  nearly  34  feet  alwve  the  level  in  the 
well.  25  feet,  is  probably  the  maximuio 
height  in  house  pumps.  After  this  it  is 
water  that  passes  through  b  in  everj  down 
stroke,  and  is  lifted  in  every  up  stroke. 

When  a  higher  lift  is  needed,  we 
sometimes  place  a  valve  in  the  upper  par-% 
of  the  barrel,  or  in  the  delivery  pipe,  t* 
prevent   the  return   of    the   lifted  wat^-j 

Fig.  2 

grammatic    repre- 
sentation 
'or 

Sometimes  a  piston 
■   is  used  instead  of  ^ 
Fi^  tn.  the  plunger,  p      ^  Rj 

is   an    air-vewel     i' 

As  more  and  more  water  entei-e  at  b, 

the  pressure  of  the  air  becomes  great 

enough    to    force    the  water   up   the 

delivery   pipe,    a.      In   this   case  the 

stream  is  not  so  intermittent.  Un- 
fortunately the  air  is  apt  to  dissolve 

in  the  water  and  get  carried  off  at  a 

rate  which  depends  upon  how  much 

air  is  already  in  the  water.      Pig.  281 

shows  a  douhle-acting  foroe-pnmp. 
When  the  piston  n  moves  to  the  right, 
water  passes  through  the  valves,  a, 
to  the  delivery  pipe,  d,  and  enters  the 
barrel   through    d    from    the    suction 

l)ipe,  s,  and  well.     When  b  moves  to  the  left,  C . 

valve,  and  e  is  the  suction  valve.  Fig.  282  shows  a  combine' 
force  and  lift  pump  whose  action  is  very  easy  to  underatai'*'- 
The  delivery  valve  is  not  ahown. 


rammatic    repre-  rj 

entation  of  a 
orce-pump. 
lometimes  a  piston       H=S 


Rg.  280. 


s  the  ddiverj 
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'407.  A  pump  must  be  efficient — that  is,  it  mnst  do  nearly 
ninch  work  on  water  as  the  pump  itself  receives  from  an 
engine  or  labourers.  But  it  muat  be 
remembered  that  the  best  pumps  used 
for  different  purposes  have  very  differ- 
ent efficiencies.  Forty  per  cent,  would 
be  regarded  as  a  reasonable  efficiency 
for    reciprocating   pumps    of   low    lift, 


Fig.  283. 

whereas  it  would  be  regarded  as  rather 
poor  for  pumps  of  high  lift 

Example. — ( 1 )  Suppose  that  «  h«n  n 
piunp  IB  deliiennn  a  tsrttaa  qunntily 
a  =  1,000  gallons  per  nunute  then.  ih 
a  loss  of  3S  toot  i>uuiidB  ]ior  pound  of 
water  in  Ihe  pump  and  Iiori?onlal  pipefi 
and  O-Oo  foot-pound  per  potuid  for  each  foot  of  \(rtical  pipe 
Calcalate  the  total  loss  per  pound  in  eaili  of  the  follonmf;  laus 
the  vertical  height  of  pipes  and  of  delivcn  hting  ralloil  A  fci  t  — 


n 
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^^"' 

36 
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300 

50 

360 
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400 
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455 
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*  ix;r  pound,  «  being 
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408.  The  peculiarity  of  reciptoca ting-pumps  is  that,  whe« 
lere  in  no  slip,  there  is  the  same  quantity  of  water  passed  through 
the  pump  at  every  stroke.     If  w^- 
know  the  size  of  everything,  th^= 
the  speed  of  the   pump    tells   hi^. 
much  water  is  delivered,  find  if  ^» 
know   the   height    to   wliich    it 
delivered,  we  know  the  work  don.^ 
Now,  in  a  centrifngsl  -  ptiKK 
things  are  somewhat  different ;  w~B.t 
a   given   speed  of  pump   we  maj 
have  very   different    quantities     of 
water  pasatng.     We  may  have  the 
pump   running  at  a  certain  speerf, 
and  no  water  being  delivered,  nod 
very    little   work   being   done,   onJy 
frictioual  work,   in  fact       Now  s 
slight  inci'eaHe  of  speed  inay  caase 
an  abundant  flow  of  water,  and  s 
tremendous    increase   in  the  work 
usefidly  done.       strange  to  say,  if 
led  to  what 
not   follow 


this  speed  be  now  diuii 
it  was  at  first,  it  Ji 
that  the  water  will  cease  to  St 
In  any  centrifugal- pump  such  as 
Fig.  283  we  observe  that  tliere  is  a 
central  wheel,  A  B,  witli  vanSB,  which 
can  l)e  rotated  very  rapidly.  Water 
can  enter  the  wheel  on  both  sides, 
c  c,  at  its  centre  from  two  supply 
pi[)es,  D  D,  which  meet  in  one  pipe, 
E,  below.  The  water  fills  the  wheel 
or  B|)ace  betweenthe  vanes,and,  being 
whirled  round  with  great  velocity, 
tries  to  get  away  at  the  circumfer- 
ence of  the  wheel,  because  of  tlie  cen- 
trifugal force,  and  it  flows  out  into  the  casing,  F  F, 
gradually  becomes  the  discharge-pipe  of  the  pump,  as 
in    the   small   scale   drawing,  Fig.   284.      This  is  a 


Fig.  as4. 
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iplaiiation  of  what  occurs,  but  we  must  examine  the  matter 
ore  carefully. 

409.  What  occurred  when  the  pressure  in  the  pump  of  the 
draulic  press  became  greater  than  the  pressui-e  of  Huid  in 
B  press  1     There  occuri-ed  a  flow  of  fluid.     The  fluid  was  set 

motion  from  pump  to  press.  A  difference  of  pressure 
tw^een  two  places  which  communicate  with  one  another 
oally  means  a  tendency  to  produce  motion. 

In  the  hydraulic  press  the  flow  is  intemiittent.  Why? 
tcause  the  pressure  is  intermittent  We  may  be  sure  that 
len  we  have  a  certain  difference  of  pressure  between  two 
i.oeSy  and  this  is  always  the  same,  the  flow  of  fluid  is  per- 
tly steady ;  and  we  saw  in  Art.  408  that  work  is  then  done 
.  the  fluid  with  perfect  uniformity.  We  also  saw  how  to  tell 
tiat  work  was  done.  The  work  done  on  a  fluid  in  a  minute 
simply  the  difference  of  pressure  per  square  foot  which  causes 
Le  flow,  multiplied  into  the  number  of  cubic  feet  of  water 
hich  flow  per  minute.     This  gives  the  answer  in  foot-pounds. 

Suppose  that  with  pumps,  or  in  any  other  way,  we  establish 
difference  of  pressure  between  a  place  a  and  a  place  b,  and 
ippose  we  know  that  our  pumps  and  other  arrangements  will 
.ot  break  down — in  fact,  that  the  difference  of  pressure 
between  a  and  B  is  really  a  fixed  thing  on  which  we  can 
lepend — we  know  that  the  flow  of  water  from  a  to  b  will  be 
>he  same  at  all  times,  and  that  the  same  amount  of  work  will 
3e  done  upon  it  every  minute.  If,  now,  we  leave  out  of  our 
Minds  all  consideration  of  how  that  constant  difference  of 
Pressure  has  been  produced — merely  think  of  the  two  vessels 
^  and  B — we  know  that  this  difference  of  pressure  which  has 
^n  established  is  really  a  store  of  energy.  What  enables  us 
0  call  it  a  store  of  energy  ]  The  fact  that  we  know  it  will 
ot  be  suddenly  destroyed. 

Suppose  we  know  that  a  man  has  a  certain  income  paid, 
^y,  by  Government,  and  suppose  we  are  perfectly  certain  that 
^8  income  is  constant,  we  can  regard  the  certainty  of  the 
^^'s  income  as  a  store.  To  say  that  a  man  makes  a  sovereign 
^  a  day  is  not  of  much  importance,  but  to  say  that  the  man 
^  a  regular  income  of  one  pound  a  day  makes  him  a  respect- 
ole  member  of  society,  and  a  store  of  social  energy. 

A  man  may  be  sitting  in  Parliament,  but  this  in  itself  does 
ot  make  him  a  store  of  political  energy ;  whereas  if  we  know 
^t  he  is  certain  to  sit  there  for  a  length  of  time — that  a 
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general  election  or  general  vote  of  the  House  is  unlikely  to 
unseat   him — we  can    regard   him   as   possessing   a  store  o 
political  energy. 

Similarly,  a   pound    of   water   in   the   vessel   A,    at   rest, 
possesses  more  energy  than  a  pound  of   water  in  the  vessel 
B,  at  rest.     (We  must  remember  that  there  are  some  means  ot 
keeping  the  pressures  in  A  and  n  what  they  were.)    How  mucl 
more  energy  has  it  ?      If  the  difference  of  pressure  is  p  lbs. 
square  inch,  then  it  has  2*8  p  foot-poands  of  energy ;  not  i 
virtue  of  its  own  intrinsic  worth,  but  because  it  is  where  it  i 
and  because  we  know  that  if  it  flows  into  the  vessel  b,  nothi 
will  alter  in  the  pressure  conditions  of  the  two  vessels  till 
gets  into  the  vessel  b.      We  understand,  then,  that  a  pou 
of  water,  subjected  to  a  pressure  of  p  lbs.  per  square  inch,  m^ 
be  said  to  have  a  store  of  2*3  p  foot-pounds  of  energy,  if 
know  that  the  motion  which  is  occurring  in  the  water  is  steac 
and  is  not  altering  capriciously. 

Thus  a  pound  of  water  at  the  pressure  of  the  atmosphr.        re, 
14-73  pounds  per  square  inch,  possesses,  in  virtue  of  this  pi 
sure,    2-3  x  14*73  or   34   foot-pounds   of  energy.      It   wo 

possess   the   same  energy  if  it  were  at  the  pressure  o,  the 

pressure  in  a  vacuum,  but  were  34  feet  higher  than  it  ii^       in 
position. 

Suppose  that  A  is  a  closed  box,  and  that  it  is  filled  ym^-ith 
water,  under  great  pressure.     Now,  suppose  we  open  a  va-T^ive, 
and  let  this  water  escape.     Although  there  was  a  great  jv  -w^s- 
sure,  p,  just  for  an  instant,  and  therefore  a  rapid  flow  of  wsmter 
just  for  an  instant,  this  almost  instantly  dies  away,  bec^a^use 
the   pressure  in  A  is   almost   instantly  diminished.       E'v^ezy 
pound  of  the  water  did  not  then  have  a  store  of  2*3  /?  fLCot- 
pounds  of  energy,  and  yet  it  was  at  the  pressure  of  p  pouiic/s 
per  square  inch.     It  is  the  certainty  that  the  state  of  preasure 
in  A  will  continue  constant  that  gives  to  pressure  its  signifi-       |^Q 
cance,  and  gives  to  us  the  liberty  of  regarding  pressure  &S  a 
store  of  energy. 

410.  Suppose  that  we  have,  anywhere,  steady  motion  ot 
water.  Consider  a  pound  of  the  water.  What  is  its  total 
store  of  energy  ?  | ,  ^J^ 

1.  It  is  A  feet  above  some  datum  level.  Then  if  one 
pound  of  water  ever  were  allowed  to  fall  to  the  datum  level, 
it  would  do  h  foot-pounds  of  work  in  falling.  The  mechanical 
energy  stored  up  in  a  miller's  dam  is  simply  the  weight  of  the 
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laltiplied  by  the  height  through  which  it  can  fall.  Of 
if  any  other  volumetric  force  acts  on  the  pound  of 
his  will  constitute  another  store  of  potential  energy, 
supposing  that  the  weight  of  the  water  is  the  only 
ric  force. 

s  the  motion  is  steady,  if  the  water  is  at  a  place 
•ressure  is  p  pounds  per  square  inch,  it  possesses,  in 
I  the  fact  that  the  motion  is  of  a  steady  character,  the 
I  p  foot-pounds  of  energy. 

8  the  water  is  in  motion,  if  v  is  its  velocity  in  feet 
ttd,  as  its  mass  (the  mass  of  one  pound)  is  1-^32*2,  we 
lat  its  kinetic  energy,  or  energy  of  motion,  is  the 
f  the  velocity  divided  by  64*4. 

cise. — Calculate  the  numbers  in  the  following  table, 
lows  the  relative  values  of  h  and  p  and  v,  if  we  wish 
rt  one  of  these  forms  of  energy  into  another.  Thus, 
5y  due  to  a  dijfference  of  level  of  2*3  feet  is  equiva- 
hat  due  to  a  difference  of  pressure  of  1  lb.  per  square 
bo  that  due  to  a  velocity  of  12  18  feet  per  second. 


of  level. 

Pressure. 

Velocity. 

eot. 

>» 
11 
11 

1       lb.  per  square  in. 

*             11            11 
H-73       „ 

28             „             „ 

12-18  feet  per  second. 

32-2 

45-7 

64-4 

Now,  we  shall  not  suppose  that  the  pound  i  f  water  has 
r  stores  of  energy  than  tliese.  We  know  that,  as  it 
"essible  to  some  extent,  it  may  have  a  store  as  the 
ag  of  a  clock  has.  This  store  must  always  be  taken 
unt  when  the  fluid  is  air  or  any  other  gas.  It  may 
jlectrified  or  at  a  high  temperature,  or  it  may  have 
res  of  energy  which  we  are  neglecting.  Merely  think 
three  stores  : — Potential  energy  due  to  height  above 
level ;  pressure  energy  due  to  the  unchangeableness 
;  kinetic  energy  due  to  its  actual  motion. 

b  we  must  remember  carefully  is  the  fact  that  this 

f  water  retains   all   of   this   energy  except  what  it 

friction.      Suppose  that  a  man  has  capital  in  the 

gold,  capital  in  the  shape  of  shares  which  never  alter 
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in  price,  and  capital  in  the  shape  of  a  i>et  manufactory,  which____ 
wastes  money  just  in  proportion  to  the  amount  of   capital^^^ 

invested  in  it.      He  may  buy  more  shares  or  sell  them  out,  in—   

vest  more  or  less  money  in  the  pet  manufactory,  but  all  th^^^  p 
time  his  only  loss  is  the  loss  from  the  manufactory.  He  nia^^^y 
have  no  gold,  or  no  shares,  or  very  little  money  in  the  factoi 
but  all  the  time  his  total  capital  is  unchanging,  except  that 
loses  in  proportion  to  the  value  of  his  factory.  It  is  only  wh( 
water  has  part  of  its  energy  in  the  shape  of  kinetic  energy,  on' 
when  it  is  in  motion,  that  it  loses  any  part  of  its  total  store. 

412.  Consider  a  lake. of  water  at  rest.     Consider  a  point 
and  somewhat  below  its  level  another  point  b.    A  pound  of  wal 

at   A   has  the   same   store 

energy  as  if  it  were  at  b. 

neither     case     is     there 

energy  of  motion.     The  si 

of  energy  at  a  is  merely 

to  height  above  some  da< 

and   the   pressure  per  sqi 

inch  at  a.     Now,  if  a  po 

of   water  gets    to    A   froi 

it   loses   potential   energy    h    foot-pounds,    if    the   diffen 

of   the  level  is  h  feet,   and  it  ought   to  gain  an  equivfiL-Tlent 

of  pressure  energy,  and  the  gain  of  pressure  is,  as  we  lr:«ave 

already  seen,  simply  -  -  pounds  per  square  inch.     Thus,  if^     /i  ia 

34  feet,  and  p  is  the  gain  of  pressure,  then  there  is  a  gain  of  j 

pressure  energy  of  34  foot-pounds — that  is,  there  is  a  pressure  j 

at  B  of  34 -r- 2-3,  or  14*73  lbs.  per  square  inch  greater  than  the  I 

pressure  at  A.      This  is  an  increase  of   pressure  called     one  m 

atmosphere.     In  still  water  there  is  an  increase  of  pressure  of  m' 

one  atmosphere  for  every  34  feet  of  descent.     (See  Art.  173.J  F-' 

413.  To  further  familiarise  us  with  the  idea,  consider  the  f  i 
flow  of  water  from  an  orifice.  til 

In  Fig.   286  we  see  the  stream  lines  along  which  water  f^r 

flows  out  of  the  orifice.     The  shapes  of  these  stream  lines  will  1^ 

depend  on  the  shape  and  position  of  the  orifice.  i^^^ 

Now,  a  pound  of  water  at  the  upper  still  surface  A  is  at  1^  ^ 

atmospheric  pressure,  and  when  it  reaches  c  it  is  also  at  atmo-  \<^fK 

spheric  pressure,  so  that  its  pressure  energy  remains  the  same,  y  y, 

But  at  c  it  has  fallen  h  feet ;  it  has  lost  h  foot-pounds  of  l^^t 

potential  energy ,  and  it  must  therefore  have  gained  h  foot-pounds  I  ,^ 
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►f  kinetic  energy.  If  v  is  its  velocity,  then  t?-  -i-  64*4  must  be 
qnal  to  A,  so  that  v  raay  be  calculated ;  hence  its  velocity  is  just 
he  same  as  that  of  a  stone  which  had  fallen  freely  from  A  to  c. 

To  illustrate  this,  a  high  vessel  may  be  used,  from  which  at 
ifferent  levels  tubes  come  out,  ending  in  nozzles,  throwing 
jta  vertically  upwards.  These 
its  do  not  rise  to  the  same  height, 
dcause  there  is  a  loss  of  energy 
lie  to  friction,  and  this  friction 
x^urs  principally  at  the  nozzles. 
:  the  jet  reaches  within  a  dis- 
jice  A|  of  the  level  of  still  water 
iside,  and  if  the  nozzle  is  at  the 
3pth  A  below  still  water  level, 
len  if  we  may  say  that  all  the 
iction  occurs  at  the  nozzles, 
^-7- A  expresses  the  loss  as  a  frac- 
on  of  the  whole  kinetic  energy  at  the  nozzle. 

When  the  measurements  and  calculations  are  made  for 
ifferent  levels  of  the  water  in  the  vessel,  we  find  nearly  the 
line  result  in  every  case,  showing  that  the  frictional  loss  of 
nergy  seems  to  be  proportional  to  the  kinetic  energy  there. 

There  is  very  little  friction  in  the  case  we  are  considering 
a  Fig.  286,  where  the  orifice  is  sharp-edged,  and  we  have  a 
ery  simple  statement  of  the  velocity  at  c. 

Can  we  say  the  same  about  the  velocity  at  b  ?  Certamly 
lot.  If  we  knew  the  pressure  energy  at  b,  we  could  say  how 
nuch  of  the  lost  potential  energy  has  been  invested  in  this 
ihape,  and  therefore  how  much  has  been  invested  in  the 
shape  of  kinetic  energy ;  but  without  knowing  the  pressure  at 
a,  we  cannot  tell  what  is  the  velocity  there. 

414.  In  this  subject  of  flowing  water  there  are  more  mislead- 
ing hypotheses,  due  to  perverted  ingenuity,  than  in  almost  any 
5ther ;  and,  unfortunately,  the  logical  conclusions  drawn  from 
^hese  hypotheses,  when  known  to  be  untrue,  are  said  to  be  the 
rtatements  of  theory  as  opposed  to  practice.  We  often  hear 
'he  statement,  "the  theoretical  velocity  at  an  orifice  is  the 
'elocity  which  the  water  would  have  acquired  if  it  had  fallen 
"^ly,  as  in  a  vacuum,  from  still  water  level ; "  whereas  it  is 
Wdent  that  we  cannot  tell  the  velocity  at  any  point  in  the  jet 
^*iless  we  know  the  pressure  there,  and  we  only  know  the 
**^88ure  on  the  very  outside  of  the  jet. 
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Now,  altbi)ugli  we  do  not  know  the  pressure  or  velocity  a\^ 
every  jioint  of  water  flowing  from  an  orifice,  the  studies  c:::: 
Professor  James  l^homson  enable  us  to  make  certain 
portant  statements  which  agree  with  expeiiment.  One 
these  is  this  : — 

When  frictionless  liquid    flows  from    two  similar  vesse 
through  similar  ori flees  similarly  situated  with  regard  to  h 
water  level,  the  lines  of  flow  are  exactly  of  similar  shape ; 
velocities  at  similar  points  are  exactly  as  the  square  roots 
the  dimensions  of  the  vessels,  and  the  total  quantities  of  liq^- 
which  flow  are  proportional  to  the  square  roots  of  the  &.-ft 
powers  of  the  dimensions. 

Thus,  if  we  have  water  flowing  similarly  from  three  sinxxJar 
vessels,  all  made  from  the  same  drawings,  but  to   ^ffeirent 
scales — say  one  1  foot,  another  4  feet,  and  another  9  feet  deep 
— the  velocities  at  similar  points   are  as   1  to  2  to   3,   the 
sections   of   stream   tubes   are   as    1    to    16    to   81,  and  the 
quantities  of  liquid  flowing  from  the  three  vessels  are  as  1 
to  32  to  243  ;   thus  we  are  quite  sure  that  243  times  as  Diuch 
liquid  flows  from  the  third  vessel  as  from  the  first. 

Hence,  suppose  we  want  to  know  how  much  water  Ib  flow- 
ing in  a  small  stream,  we  dam  the  water  up  somewhere,  and 
let  it  flow  out  of  our  (dam  through  a  notch  like  Fig.  287  (a 

right-angled  isosceles  notch)  in  a 
wooden  board  with  sharp  edgea 
Indeed,  we  prefer  to  have  the 
edges  of  the  notch  made  of  metal, 
.    ^  so   that  we   shall  be  sure  that 

I     n  I    .:,«'. Yi  1     they    are    straight    and    sharp. 

Measure  the  height  of  the  still 
water  in  the  dam  above  the 
lowest  point  of  the  notch  (d)' 
A  graduated  post,  rising  from  the  bottom  of  the  dam 
some  feet  away,  its  zero  being  on  the  level  of  D,  is  very 
convenient  for  this.  This  one  measurement  tells  us  how 
much  water  is  tumbling  over.  For  we  know  that,  sup- 
pose there  is  rather  a  drought  one  day,  and  a  shows  the 
appearance  of  the  notch ;  and  on  another,  a  rainy  day,  A  shows 
its  appearance,  we  obseive  that  the  orifices  through  which  the 
water  is  flowing  are  similar  and  similarly  situated  with  regard 
to  the  still  water  level ;  and  Thomson's  theory  enables  us  to 
say  that,  if  on  one  day  the  height  is  1  foot,  and  on  another  it 
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is  4  feet,  then  32  times  as  much  water  comes  over  on  the  second 
day  as  on  the  first.  The  flow  of  water  is  exactly  proportional 
to  the  square  root  of  the  flfth  power  of  the  height  d  a. 

Now,  Thomson  measured  very  accurately  how  much  water 
is  flowing  when  the  height  is  1  foot,  and  he  found  it  to  be  2*635 
cubic  feet  per  second.  Hence  we  have  the  rule :  measure  the 
vertical  height  d  a,  at  any  instant,  in  feet ;  raise  this  to  the 
fifth  power,  and  extract  the  square  root,  and  multiply  by 
2*635,  and  we  know  how  much  water  is  flowing  in  cubic  f(^et 
per  second. 

If  we  know  the  cubic  feet  of  water  flowing  per  second,  we 
know  the  weight  of  the  water,  since  a  cubic  foot  of  water 
weighs  62-3  lbs.,  and  the  weight  of  water,  multiplied  by  the 
number  of  feet  through  which  we  can  let  it  fall,  tells  us  the 

foot-pounds  per  second — the  available  power  of  the  stream. 

The  foot-pounds  per  minute,  divided  by  33,000,  is  the  horse- 
power of  the  stream. 

415.  Gauge  notch  observations,  made  from  day  to  day  on 
a  stream,  enable  a  person  to  make  very  exact  calculations  as 
to  the  power  available  for  the  driving  of  mills  by  turbines,  for 
the  working  of  hoists,  cranes,  and  lifts,  and  for  hundreds  of 
other  purposes. 

How  Thomson  used  his  theory  in  proving  that  the  famous 
Lowell  empirical  formula,  for  rectangular  gauge  notches,  is 
really  a  rational  one,  will  be  found  in  Art.  436.  StAidents 
ought  to  treasure  anything  published  by  Thomson  on  fluid 
motion.  * 

416.  Many  rather  abstruse-looking  questions  are  easily  an- 
swerable when  we  fully  grasp  the  significance  of  the  energy  law. 

The  fundamental  fact  which  makes  any  hydraulic  problem 
clear  to  you  is  this.  If  we  may  neglect  friction,  then  a  pound 
of  water  at  any  place  has  its  total  energy  in  three  shapes.  It 
has  h  foot-pounds  of  energy,  because  it  is  h  feet  above  a  datum 
level.  It  has  2*3  jo  foot-pounds  of  energy,  because  its  pressure 
i&p  pounds  per  square  inch  ;  and  it  has  v^  ■—  64*4  foot-pounds 
of  energy,  because  its  velocity  is  v  feet  per  second. 

To  take  another  example  :   - 

Suppose  we  have  a  pipe  which  is  in  the  main  horizontal, 
so  that  we  may  neglect  differences  of  level.  Then  we  have  to 
remember  that  the  pressure  energy,  plus  the  kinetic  energy,  of 
a  pound  of  water  does  not  alter.  When  water  flows  along  a 
pipe  which  is  full,  there  must  be  the  same  quantity  flowing 
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everywhere.  We  are  sure,  therefore,  that  there  must  be^ 
greater  velocity  wherever  the  pipe  is  contracted.  But  gi-eatei::; 
velocity  means  greater  kinetic  energy,  and  if  this  water  invest^ 


Fig.  288. 

more  of  its  energy  kinetically,  it  must  have  less  in  the  shape 
of  pressure  energy.     That  is,  the  pressure  of  the  water  at  b 
(Fig.  288)  is  less  than  at  A  or  at  c.     The  pressure  at  B  may 
become  very  small  indeed.     It  is  easy,  in  this  way,  to  reduce 
the  pressure  to  much  less  than  the  atmospheric  pressure- 
merely  contracting  the  cross  section  of  the  pipe  is  sufficient. 
We  cannot  make  the  pressure  as  small  as  that  of  a  vacuum, 
for  before  that  limit  is  reached  vapour  forms. 

417.  Suppose  a  conduit  of  this  kind  were  carried  over  our 
fields,  and  that  a  quantity  of  water  lay  in  our  fields,  at  not  too 
great  a  depth  below  the  conduit.  If  we  bring  a  pipe  to  the  point 
B  from  the  field- water,  this  becomes  a  suction-pipe,  and  we  get 
our  fields  drained  at  the  expense  of  the  conduit  owners.  We 
spoil  their  water,  if  it  is  clean,  but  at  all  events  we  get  our 
fields  drained. 

In  this  lies  the  theory  of  jet  pumps,   and  much  of  the 

theory  of  injectors,  etc.    The  jet  pump  of  Professor  James 


Fig.  280. 


Thomson  simply  consists  of  a  small  pipe,  A  (Fig.  289),  which 
ends  in  a  nozzle.    Thxougji  this,  let  us  suppose,  we  have  a 
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small  supply  of  waiter  flowing  from  some  pretty  high  reservoir. 
Suppose  that  this  water  flows  into  the  atmosphere  at  c. 
Evidently  the  pressure  at  a  is  much  less  than  the  pressure  at 
c.  It  is  less  then  than  the  atmospheric  pressure,  and  hence 
the  neighbourhood  of  a  is  a  partially  vacuous  space,  so  that 
the  pipe  b  e  becomes  a  suction-pipe,  and  water  tends  to  flow 
from  a  point  at  E,  to  B,  and  on  to  c.  Thus,  if  we  have  a  small 
supply  of  water  from  a  high  reservoir,  we  are  able  to  drain  a 
marsh  with  it. 

418.  There  is  not  space  here  to  sj^eak  of  the  hundred  other 
ways  in  which  our  principle  comes  in  to  simplify  all  sorts  of 
puzzling  phenomena.  We  may  refer  to  Mr.  James  Perry's 
syphon  for  the  discharge  of  flood- waters  at  the  weirs  in  rivers.  It 
has  no  moving  parts  in  the  water,  being  simply  a  wide,  open  pipe 
of  varying  sectional  area,  through  which  an  object  as  large  as  a 
bullock  might  pass,  without  injury  to  the  sluice.  It  has  been 
found,  by  actual  trial,  that  the  quantity  of  water  passing  per 
minute  through  such  a  sluice  is  independent  of  the  fall,  so 
long  as  there  is  sufficient  fall  to  balance  the  waste  by  friction 
in  the  pipe,  a  few  inches  being  enough  in  the  case  of  wide 
pipes ;  and  a  velocity  of  45  feet  per  second,  at  the  smallest 
section,  may  be  calculated  upon  when  the  sluice  is  working 
full  power.  The  cross-section  of  the  syphon  is  like  the  letter 
D  at  the  tail ;  the  masonry,  or  concrete  basin,  is  actually  a 
portion  of  the  syphon,  and  the  horse-shoe  shaped  space  between 
the  lip  of  the  basin  and  the  iron  edge  of  the  syphon  proper  is 
the  actual  opening.  The  quantity  of  water  passing  at  any 
time  is  regulated  by  the  admission  of  air  to,  or  its  exclusion 
from  the  syphon.  There^is  a  throttle-valve  arrangement  by 
means  of  which  the  syphon  may  be  adjusted  at  any  time,  so  as 
to  vai-y  what  may  be  called  the  normal  water  level  in  the 
reach  above  the  sluice,  and  to  vary  the  opening  through  which 
a  constant  stream  of  water  falls  on  a  ridge-shaped  portion  of 
the  syphon.  This  stream  of  water  is  needed  to  exhaust  the 
syphon  of  air,  so  that  action  may  be  set  up  at  any  time,  even 
when  the  water  is  not  passing  over  the  top  of  the  throttle- 
valve.  The  manipulation  of  such  sluices  is  perfectly  simple — 
they  may  be  made  self-acting ;  but  it  is  proposed  in  important 
places  to  work  all  the  sluices  ori  a  river  from  a  single  station 
electrically. 

Examfiple, — There  is  a  circular  sharp-edged  orifice  in  a  tank 
in  which  there  is  liquid  kept  standing  to  a  certain  h^i^Vvt.     ^ 
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man  is  told  that,  without  interfering  with  the  actual  edge  of 
the  hole,  he  is  allowed  to  do  what  he  pleases  to  increase  the 
flow.     How  may  he  do  so?     Evidently  by  fitting  on  a  tubfe- 
which    ([uickly    but   gradually   gets    to    lye    of    much    large 
diameter.     He  takes  care  that  the  tube  shall  run  full. 

Example. — A  number  of  mill-owners  receive  water  froDCfc 
the  same  lake.     Each  has  a  rectangular  opening  the  depth  (^-f 
which  below  the  lake  and  its  bi-eadth  are  supposed  to  fix  his 
supply.     Show  that  if  a  mill-owner  is  allbwed  to  do  anything 
he  pleases  on  his  own  side  of  the  opening,  he  may  procure  a 
very  much  greater  supply  of  water. 

419.  We  know  that  I088  of  energy  per  pound  by  friction, 
in  water,  is  proportional  to  the  square  of  the  velocity,  at  such 
speeds  as  are  common  in  pumps.  In  Art.  48  we  gave  the 
rules  by  which  we  are  able  to  calculate  the  loss  of  energy 
which  a  pound  of  water  experiences  in  going  along  pipes.  But 
we  wish  to  impress  on  you  the  fact  that  this  loss  always  be- 
comes very  great  when  the  flow  of  the  water  has  to  occur  ab- 
normally.    In  the  pii>e  (Fig.  288)  the  wide  and  narrow  parts 

gradually  change  into  one  another  by 
continuous  curves.  It  is  practically 
impossible  for  a  liquid  to  flow  in  a 
discontinuous  curve.  Suppose  we  try, 
then,  to  make  it  flow  along  the  pipe 
shown  in  Fig.  290.  What  the  water 
does  is  this  :  when  it  comes  to  the  corner 
it  produces  for  itself  wheels,  little 
eddies  or  whirlpools,  as  we  might  put 
rollers  under  a  log  of  wood  that  we  wanted  to  get  along 
easily;  and  there  is  great  loss  of  energy  due  to  this,  for 
the   eddies   have  not  only  to  be  in  the  corners,  but  there 

are  smaller  eddies  carried  along  by 
the  water  itself,  maintained  so  long 
as  they  are  needed.  We  have  been 
speaking  of  actual  discontinuity  in 
the  flow.     But  there  is  a  fact  which 

many  hydraulic  engineers  seem  to 
be  quite  ignorant  of — namely,  that  a  liquid  cannot  flow  along  a 
path  which  suddenly  changes  in  curvature.  A  liquid  cannot,  for 
example,  flow  along  this  path  (Fig.  291).  At  a  it  changes 
from  a  straight  line  suddenly  to  the  arc  of  a  circle,  and,  con- 
sequently, the  water  d\»reaae>&  «k.t  ^,  and  creates  little  castors, 


Fig.  290. 
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little  eddies  to  carry  it  by  a  path  of  continuous  change  of 
curvature  from  B  to  c.  Now  this  analogy  can  be  shown  to  be 
true  experimentally.  Thus  it  has  been  found  that  if  water 
flows  along  the  Ijend  (Fig.  291)  it  loses  a  certain  aiuount  of 
energy  on  account  of   the  bend  ;   but  if  ., 

we  make  the  pipe  bend  as  much  again  in 
the  same  direction  as  in  a  b  (Fig.  293), 
we  do  not  get  again  the  same  loss ; 
indeed,  there  is  comparatively  very  little 
loss  at  the  second  bend.  But  if  we 
bend  the  pipe  in  the  opposite  direction, 
as  in  c  r»  (Fig.  292),  there  is  as  much 
loss  at  the  second  bend  as  at  the  first. 

The    little     wheels,    or    castors,     or 
eddies  which  the  fluid  creates  for  itself  to       Fij?.  2i»2.      Fig.  293. 
carry  it  through  the  bend  a  are  available 
when  the  water  needs  them  again  at  B,  whereas  the  wheels  or 
eddies  produced  at  c   have  to   be  destroyed,   and   new  ones 
created,  rotating  just  in  the  opposite  direction  to  carry  the 
fluid  through  the  bend  d. 

We  see  now  how  necessary  it  is  that  all  curved  vanes  or 
other  surfaces  along  which  water  flows  whould  be  drawn,  not 
with  a  pair  of  compasses,  but  rather  with  a  batten,  a  thin 
strip  of  wood,  which  bends  gradually. 

420.  We  regard  a  pump  as  a  contrivance  which  gives  to 
every  pound  of  water  passing  through  it  an  additional  store  of 
energy.  From  the  pond  to  the  entrance  to  the  pump,  every 
pound  of  water  has  just  the  energy  it  has  in  the  pond,  barring 
frictional  loss.  From  pump  to  cistern,  every  pound  of  water 
has  an  additional  store  of  energy,  and  it  is  the  pump  which 
gives  it  this  store. 

Suppose  we  have  a  centrifugal  pump  going  at  a  regular 
speed,  and  discharging  a  regular  quantity  of  water.  In  the 
supply-pipe  a  pound  of  water  has  a  certain  total  amount  of 
energy  which  we  know,  if  we  know  its  height  above  datum,  its 
pressure,  and  its  velocity.  But,  in  passing  through  the  wheel, 
it  receives  a  supply  of  energy.  The  total  energy  of  a  pound 
of  water  in  the  discharge-pipe  is  greater  than  what  it  is  in  the 
supply-pipe.  We  can  make  all  sorts  of  calculations,  if  we 
know  what  is  the  clear  gain,  the  clear  gift  of  energy  it  gets  in 
passing  through  the  pump. 

421.  Suppose  a  man  jumps  into  an  American  railway  tv\vm 
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anywhere,   and   after   wandering  about,  fore  and  aft,  jum 
out  again.      Find  the  man's  momentum  in  the  direction 
the  train's  motion  just  l)efore  lie  alights  on  the  train.     Fi 

his  momentum  in  the  same  direct! 

when   he   has  just   sprung   from   t 

train;  the  difference  of  these  is  t 

total   impulse  with  which  he  acts 

the  train.     It  is  the  momentum  whi 

he  gives  to  the  train.     Suppose  tha- j  ^ 

pjj.  294.  number  of  people  could  perform  t^-^    Jf^ 

acrobatic  feat  every  second  with  — itjg 
greatest  regularity,  then  the  momentum  given  in  one  seconc^t  ^ 
the  train  could  be  calculated.    But  momentum  given  per  soc^cdik/ 
is  what  we  call  force ;   hence  we  have  found  the  force  acfciun. 
on  the  train  due  to  these  jumping  individuals^  and  this  fo:K\3e 
multiplied  into  the  space  passed  through  by  the  train  in     one 
second,  gives  the  propelling  work  done  upon  the  train    per 
second.     We  have  nothing  to  do  with  whether  it  is  a   pro- 
pelling  force  or   a   retarding   force.      In   the  one   case,    the 
acrobats  give  momentum  to  the  train ;  in  the  other,  the  train 
gives  momentum  to  them.     The  loss  of  momentum  per  second 
in  a  regular  stream  of  people,  going  on  and  off  the  train,  is  a 
force  which  is  applied  to  the  train.      We  only  have-io  do  witH 
their  momentum  in  the  direction  of  the  train's  motion. 

Now  sup]>ose  that,  instead  of  its  being  a  train,  it  were   ^ 
soi-t  of  circular  turntable,  or  a  merry-go-round,  and  that    ^ 
regular  stream  of  people  jumped  on  and  off.     In  this  case,  tb  ^ 
place  where  a  man  jumps  on  may  be  going  at  a  different  spe&^^ 
from  the  place  where  a  man  jumps  off ;  but  our  rule  is  nc^ 
very  different.     Find  how  much. is  added  per  second  to  tlB  ^ 
momentum  of  the  wheel  at  the  point  where  people  leap  oir^> 
and  regard  this  as  a  force.      Multiply  by  the  speed  of  tl»-^ 
wheel  there,  and  this  is  the  work  done  by  the  mere  leapii*-^ 
on,  and    staying  on   the  wheel.      Now,  find  how  much  p^^^ 
second  is  taken  from  the  momentum  of  the  wheel  at  the  plac:^^ 
where  leaping  off  occurs,  and  regard  this  as  a  force  opposir^*-^ 
the  motion.     Multiplied  into  speed  at  the  leaping-off  place,  v*^^ 
have  the  work  taken  by  the  stream  of  people  from  the  whe^^*^* 
per  second,   because  they  leap  off.      The  difference  in 
two    things   is,    of   course,    the   work   done   in   the  jumpL 
on  and  off. 

Now,  the  water  moves  ivoia  the  centre  towards  the  va^ 
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of  the  centriftigal  pump,  merely  radially,  and  hence  the  water 
entering  the  vane  cannot  add  to  or  diminish  the  momentum  of 
the  wheel  just  there.  It  had  no  momentum  of  its  own 
previously  in  this  direction.  What  occurs  inside  the  wheel 
no'w  we  have  nothing  to  do  with,  excepting  that  we  know 
frictional  loss  occurs  there.  We  are  only  concerned  with  how 
the  water  leaves  the  wheel.  The  way  in  which  it  is  made  to 
leave  the  wheel  determines  how  much  energy  it  takes  from 
the  wheel. 

Take  the  simplest  case.     Suppose  the  vanes  to  be  radial  at 
B  (Fig.  294).     That  is,  besides  moving  outwards  radially  at  b, 
the  water  leaves  the  vane  with  the  same  tangential  velocity  as 
the  vane  at  B  has.     Suppose  this  tangential  velocity  to  he  v. 
Then  w  lb.  of  water  leaving  b  per  second  leaves  with  a  tan- 
gential momentum,  w  ^^  -f-  32*2,  and  retards  the  wheel  with  a 
force  of  this  amount  acting  at  b.    This  force  x  t?  is  the  energy 
which  it  receives  per  second  from  wheel,  or  w  v^  -r-  32*2.     One 
pound  of  water,  therefore,  receives  the  energy  v^  _i.  32-2  from 
the  wheel  in  passing  through  it. 

We  understand,  then,  that  a  pound  of  water  in  the  dis- 
charge-pipe of  the  centrifugal  pumj)  has  this  greater  store  of 
energy  than  a  pound  of  water  in  the  supply-pipe,  except  for 
frictional  losses.  If  we  make  the  water  go  out  from  the  wheel 
as  backward  bent  vanes  make  it  go  (Fig.  296),  and  as  it 
would  be  dangerous  for  us  to  do  from  a  railway  train,  less 
Work  has  been  done  upon  it  by  the  wheel.  If  it  goes  out  in 
^he  direction  of  motion  relatively  to  the  wheel,  more  work  is 
done  upon  it  than  we  are  now  supposing. 

42&  The  wheel  with  radial  vanes  gives  v-  -f-  32*2  foot- 
pounds of  energy  to  one  pound  of  water.  If  we  know  how 
Hdany  pounds  of  water  pass  through  the  wheel,  we  know  then 
^he  total  amount  of  work  done  by  the  wheel. 

The  water  gets  this  energy  to  squander  or  store  as  it 
P'eases,  and  it  does  squander  it  in  friction  to  a  large  extent. 
*^ut  suppose  it  squandered  none  of  it,  but  converted  it  all  into 
P^^ential  energy  in  lifting  itself  up  to  a  cistern,  it  would  lift 
^^It  v^  -f-  32-2  feet  high;  that  is,  it  would  lift  itself  above 
"^^  pond  to  twice  the  height  due  to  the  velocity  of  the  rim 
£  ^he  wheel.  Suppose  the  rim  of  the  wheel  has  a  velocity  of 
"^  feet  per  second,  a  stone  would  have  to  fall  freely  34  feet 
^  Acquire  this  velocity,  and  hence  the  total  rise  of  water 
^^Vld  be  68  feet,  twice  the  height  due  to  the  velocity  of  the 
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rim  of  the  wheel.     In  this  case  we  should  say  that  the  punzr- 
was  perfect. 

The  wheel  itself  receives  euergy  from  tlie  engine,  else 
could  not    give  energy  to  the  water.      It  gives  out  all  t— ^ 
energy  that  leaves  the  engine,  except  what  is  wasted  in  be;^^ 
ings   everywhere,  and   what    is  wasted    in    friction  with  Vc 
water. 

The  energy  given  out  by  the  engine  per  pound  of  wai 

divided  into  v-  -f-  32*2,  is  the  efficiency  of  the  shafting, 

ing,  and  wheel.      Again,  the  real  height  to  which  watei 
lifted  by  the  pump,  divided  by  the  ideal  height,  v^  ~-  32*1 
the  efficiency  of  the  water  passages  from  pond  to  wheel    s^n, 
from  wheel  to  cistern. 

The  loss  in  these  places  is  due  to  friction.      Make      tli^, 
supply-pipe  wide,  bell-mouthed  at  the  bottom,  where  water 
enters  it,  so  that  it  may  enter  by  gradual  curves ;   make    the 
approach  to  the  wheel  as  gradual  as  possible  ;   let  the  vanes  oi 
the  wheel  make  the  calculable  angle  with  the  central  circle, 
which  will  reduce  the  shock  there  (see  Art.  428)  ;   make  the 
discharge-pipe  wide,  and  let  the  velocity  with  which  the  water 
enters  the  upper  cistern  be  as  small  as  possible,  and  we  greatly 
reduce  the  waste  of  energy.     But  there  is  one  particular  place 
where  there   is  usually  much   greater  waste  than  anywhere 
else,  and  that  is  the  chamber  outside  the  wheel. 

423.  Just  when  the  water  leaves  the  wheel  a  large  portion 
of  its  energy  is  kinetic.  It  is  in  rapid  motion.  Now,  in  the 
large  discharge-pipe  there  may  be  as  little  kinetic  energy  as 
we  please.  Hence,  from  the  time  the  water  leavas  the  wheel 
till  it  enters  the  discharge-pipe  there  ought  to  be  great  care 
taken  in  allowing  the  kinetic  energy  to  become  converted  into 
pressure  energy. 

Professor  James  Thomson  discovered 
here  the  efficiency  of  a  whirlpool  cham- 
ber. When  we  let  water  escape  from  a 
wash-basin,  we  know  that  the  surface  of 
the  water  takes  a  shape  like  this  (Fig.  295). 
The  velocity  of  the  water  is  greater 
the  nearer  it  is  to  the  centre.  The  pres- 
Fig.  205.  sure  is  greater  the  farther  away  from  the 

centre.  Tlie  spiral  motion  which  we  ob- 
serve in  this  case  is  the  only  steady  motion  of  water  which 
aJiows  a  constant  radial  discharge  without  the  water  making 
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objections,  setting  up  little  eddies  of  its  own,  and  thus  wasting 
energy  in  friction. 

Hence,  in  Thomson's  pump,  after  tlie  water  is  discharged, 
it  circulates  in  this  cylindric  whirlpool  chamber,  which  he 
made  of  twice  the  diameter  of  his  wheel.  When  a  pound  of 
water  reaches  this  place,  in  consequence  of  its  radial  and 
circular  motions,  it  retains  more  nearly  the  whole  of  its  total 
energy  than  if  we  let  it  discharge  in  any  other  way.  It  has 
lost  much  of  its  velocity,  but  has  gained  in  pressure.  This 
whirlpool  chamber  of  Thomson's,  then,  did  for  the  water  what 
gradual  curves  do  for  the  water  in  a  pipe;  it  enables  the 
water  to  convert  its  kinetic  into  pressure  energy,  with  a  mini- 
mum of  waste  in  friction. 

It  has,   however,   to  be   remembered   that   even   here,   at 
the  outside  of   the   whirlpool  chamber,   the   water  retains  a 
very  considerable  amount  of  kinetic  energy,  even  when  the 
whirlpool  chamber  is  made  very  large,  and  much  of  this  is 
wast^    afterwards.      And,    although    no   one   believes    more 
firmly  in  the  reasoning  of  Thomson  than  I  do,  I   feel  that 
perhaps   the   whole    problem    admits   of    a   l^etter   common- 
sense   solution.      Let   the   whirlpool   chamber   get   wider  or 
broader,  as  well  as  larger  in  diameter.     Let  the  wheel  have 
larger  orifices  on  its  outer  circumference  than  on  its  inner 
circumference.      The  water  will  lose  its   kinetic  energy  far 
more  rapidly  as  its  passage  widens  more  rapidly.     The  result 
of  this  will  be  that  although  in  this  rapid  change  there  is  more 
friction,  yet  when  the  water  is  only  a  short  distance  out,  it  is 
not  moving  much  faster  than  it  will  do  in  the  discharge-pipe, 
and  there  is  much  less  loss  in  entering  the  discharge-pipe. 
We  have  always  thought,  that   since  Thomson's  chamber  is 
expensively  large,  we  ought  to  sub- 
mit  to  a   modification   of  his   con- 
ditions  even  from  the  place  where 
water  leaves  the  wheel.     But  when 
we  begin  to  consider  a  much  smaller 
chamber,  we  see  that   possibly  the 
vanes   ought  rather   to  slope  back- 
wards than  to  be  radial.     Let  the 
radial  velocity  at  m  n  be  v^.      The 

velocity  relatively  (see  Art.  36)  to  Fig.  29(5. 

the  vane  is  v^  -r-  sin.  0,  if  m  n  p  is  8, 

424.  Let  v  be  the  tangential  velocity  of  the  wheel  at  N. 
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Using  a  very  easily  understood  graphical  method  of  working,  li 
o  N  represent  the  radial  velocity  at  n  to  scale.     Let  m  n  and 
represent  the  direction  of  the  vane  and  rim  at  N.      Let 
represent  v,  the  tangential  velocity,  and  if  o  m  is  drawn 
right  angles  to  on,  m  n  represents  the 
velocity  of  the   water  relatively  to  the 
vane.      Hence,  as  the  resultant  of  M  N 
and  N  p  is  M  p,  M  p  is  the  total  velocity 
of  the  water  leaving  the  wheel.     It  has 
the  tangential  component  M  q,  and  the 
ludial  component  Q  p  which  it  had  in  the 
wheel.       Suppose  we  call  m  q  by  the 
letter  v.    Now,  every  pound  of  water  leaves  with  the  tanger^s^ial 
momentum  v  -r  32*2,  or  say  vjg.      Every  pound  per  sec^oijc/ 
therefore  represents  a  tangential  retarding  force,  vjg,  actinia*-  021 
the  rim  of  the  wheel,  and  this  multiplied'  by  v,  or  v  vjg,  ifc*   the 
work  done  usefully  per  pound  of  water.     If  we  take  it  th^t  in 
all  cases  there  is  a  loss  of  the  fraction  s  of  the  kinetic  eaei^gy 
due  to  tangential  motion,  only  s  v^/g  is  wasted  ;   v  v/g  is  total 
energy  ;    (vv  —  s  v^)lg  is  useful  energy,  or  height  to  which  the 
water  is  lifted.     We  may  say  roughly  that  the  eflSciency  is 


V 


1  —  s  -  ;  s  depends  on  the  size  of  the  chamber.  It  is  there- 
fore a  question  of  minimum  total  waste  of  value,  in  interest 
on  plant  and  waste  of  energy,  etc.,  as  to  what  the  value  of  % 
and  therefore  the  angle  6,  ought  to  be. 

425.  In  the  case  of  pumps  we  saw  that  each  pound  of  water 
gets  an  increased  store  of  energy,  which  may 
^r  be  in  the  shape  of  pressure  energy,  or  kinetic 

energy,   or   both,  but  which   mainly  becomes 
potential. 

Now,  in  water-wheels,  turbines,  water- 
pressure  engines,  including  hoists  and  lifts, 
we  take  part  of  the  store  of  energy  from  each 
pound  of  water,  giving  it  to  machinery. 

As  a  simple  case  of  the  abstraction  of 
energy  from  water,  and  as  an  illustration  of 
the  acrobat  and  railway-train  principle,  con- 
sider the  vessel  (Fig.  298)  from  which  the 
water  is  flowing.  Water  leaves  this  vessel 
horizontally  from  an  orifice,  taking  away  with 
FiQ.  298.  it  momentum.      The  quantity  of  momentum 
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it  takes  away  per  second  is  simply  the  force  acting  on  the 
vessel.  You  see  that  there  is  a  force  acting,  for  I  have 
arranged  the  vessel  as  the  bob  of  a  pendulum. 

426.  If  we  let  the  water  flow  from  an  orifice  through  which 
it  comes  in  parallel  streams,  it  is  easy  to  show  that  the  force 
acting  on  the  vessel  is  twice  the  total  pressure  which  would 
act  on  this  little  sluice  when  it  closes  the  orifice,  land  no  water 
is  flowing.  For  if  a  little  area  a  (square  feet)  of  the  orifice  is 
h  feet  below  still  water  level,  the  pressure  at  a  being  atmo- 
spheric, the  velocity  v  =  ^  2g  h]  the  volumetric  flow  is  a  v 
per  second ;   or  the  mass  per  second  is  t^  a  vjg^  if  w  is  62*3  lbs. 

per  cubic  foot;    the  momentum  \iev  second  is  x  v,  or 

if 

2  wa h.     When  the  orifice  is  closed  the  force  due  to  pressure 

upon  it  is  w ah.     There  have  been  no  very  sound  writers  on 

this  subject  except  Thomson,  but 

even   the    soundest   imagine   the 

force  to  be  less  when  the  vessel 

is  moving.     They  forget  in  their 

calculation  that  the  water  leaving 

the  vessel  had  at  the  beginning    m^v^^ 

the  motion   of  the   vessel   itself.     ~i--.-f3 

Fig.  299  shows  a  vessel  floating  on  Fig.  200. 

a  pond,  and,  moving  under  the 

action  of  its  jet;  with  sufficiently  delicate  apparatus,  it  may  be 

shown  that  the  force  on  it  is  the  same  when  it  moves  as  when 

it  is  at  rest.  If  such  a  vessel  is  kept  supplied  with  water,  it  is 
easy  to  calculate  the  force  due  to  the  horizontal  velocity  of  the 
supply  water ;  in  fact,  we  must  consider  that  the  acrobats  enter 
the  train  (Art.  421)  as  well  as  leave  it.  Thus,  in  the  propul- 
sion of  a  ship,  a  large  centrifugal  pump  draws  water  from  be- 
neath the  ship,  and  propels  it  out  at  the  sides  and  stemwards. 
Suppose  the  water  moves  through  the  nozzles  with  the 
Velocity  of  30  feet  per  second,  and  that  the  ship  is  moving  the 
:>ther  way  at  20  feet  per  second,  then  it  is  evident  that  the 
wrater  has  a  velocity  relatively  to  the  sea  of  10  feet  per  second. 
llie  momentum,  tlierefore,  given  to  a  pound  of  water  is 
^?j-  X  10,  and  this,  multiplied  by  the  velocity  of  the  ship, 
^ves  6^  foot-pounds  of  energy,  which  etich  pound  of  pumped 
vvater  imparts  to  the  ship.  Notice  that  all  the  kinetic  energy 
is  wasted,  or  ^  ^^^  x  10-,  or  1-5G  foot-pounds  of  energy  per 
pound  of  w^ater. 


=^ 
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It  is  easy  to  see,  if  we  had  no  friction  in  paEsages,  that  th—  .^ 
greatest  efficiency  is  arrived  at  by  letting  the  water  take  witZL  Ji 
it  only  A  vevy  Hniall  amount  of  kinetic  energy  as  it  niingl^^^^ 
with  sea  water ;  that  is,  by  letting  the  backward  nozz*  Up 
velocity  of  the  water  be  very  little  great«ir  than  the  forwa^^^^j 
velocity  of  the  ship.  But  of  course  this  is  not  at  all  a  pn^^^^^ 
tical  solution  of  the  problem  to  find  the  proper  speed  fr_^op 
maximum  good  result. 

427-  A  turbine,  water-wheel,  or  water-power  engine  tal^^^.^ 
rgy  from  each  pound  of  water,  and  gives  it  to  machine:^Rj-i. 
'pose,  for  example,  that  we  have  water  in  a  tank  or  de»_B) 
and  we  have  a  clear  fall  of  60  feet.     Now,  when  a  pound      of 
water  is  nearly  motionless  at  the  surface  of  the  dam,  it  hia^ 
just   60   foot-pounds   more   energy   than   when    it   is    nemrljr 
luotionless  in  the  tail  race  at  the  bottom.      A  water-power         J 
engine  of  any  kind  is  constructed  to  abstract  this  60  foot-  I 

pounds  of  energy  with  as  little  waste  in  friction  as  possible.  I 

Instead  of  being  at  the  same  pressure  in  the  dam  and  tail  1 

race,  we  may  have  the  pressure  energy  much  greater  before- 
hand, as  well  as  the  potential  energy ;  but  in  every  case  we 
try  to  take  out  of  a  pound  of  water  the  total  difference  of 
enei^y.  Thus,  suppose  a 
pound  of  water  to  be  motion- 
less in  a  mili-dam  60  feet  high 
above  the  tail  race,  we  can- 
not take  more  from  it  than 
60  foot-pounds  of  energy. 
Suppose  a  pound  of  water  to 
be  motionless  60  feet  above 
the  tail  race,  but  that  it  is 
also  inside  an  accumulator, 
where  the  pressure  is  700  lbs. 
to  the  square  inch  ;wecant)ik^^^ 
from  it  60  +  '23  x  700,  o^^ 
60  -1-  1,610,  or  1,670  foot-- 
pounds of  work. 

As    we    understand    tf^ « 
action     of     the     centrifugga^f 
pump,  we  have  no  dilficult-j' 
in  understanding  the  action  of  the   turbine.      It  is  because 
we  have   studied  the  centrifiigal  pump  that  we  dwell  upon 
the    ThomBOQ    toibme.      '^&.Wt  %Q-«a  from    a    pen-trope-.A         i 
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tlirongh    CMt-iron   pipeu   to  A.      Ttit^st!    pipes  must    lit;    1*11- 

luouthed ;    tliey  must   ojHtn  out  graclimlly  into   the  oistt^i 

bhey  must  be  an  largu  in  ilUmeter   : 

make  them.      In   tliat  Ltwo  the 

velocity  in  the  pipes  will  l>e  small, 

and,  theraforp,  the  fricMou  will 

be  uniall.     Fig.  300  shoM's  a.  plan 

of  the  chainhei',  b,  into  wliieh  tlie 

wat«r    flows.       The   cha miter   in 

so  large  that  the  velocity  there  is 

small,  and  the  water  finds  its  way 

equally  I'eadily  into  the  central 

space,   whether  it   flows  between 

tJie  guide-blades  1  and  2,  or  2  and 

3,  or  3  and  i,  or  4  and  1.    We  are 

at  last  allowing  the  water  to  flow 

quickly,  for  the  guide-blade  ciiam- 

ber  is  narrow.    When  the  water  is  just  leaving  the  guide-hladeu 

it  flows  rapidly ;  of  course  it  is  flowing  radially  as  well  i\s  tan- 

gentially  to  the  rotating  wheel,  f,  but  the  tangential  motion 

ought  to  be  equal  to  that  of  the  wheel. 

428-  Suppose  we  want  to  enter  a  moving;  railw&y  train  or 

tram-car  without  Bhock,  we  try  to  get  a  velocity  equal  to  that  of 
the  train,  in  the  direction  of 
the  train's  motion,  before  we 
venture  to  enter  the  train  ; 
hence  the  tangential  velo- 
city of  the  water  must  be 
e«|ual  to  that  of  tlie  end  of 
the  radial  vane  of  the  wheel, 
if  the  water  is  to  enter  it 
without  shock.  If  the  vane 
is  inclined  like  Fig.  302,  A, 
the  tangential  velocity  of 
the  water  ought  to  be  lesH 
than  that  of  the  wheel  just 
here.  If  the  vane  is  in- 
clined like  fig.  302,  i<,  the 
tangential  velocity  of  the 
water  is  made  greater  than 
In  fact,  the  relative  velocity  of  water 
n  the  direction  of  the  vane,  if  tliere  is 


that    of    the   vai 
and    vane  must  c 
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to  bo  no  shock.  Usually  the  vane  is  shaped  as  we  see  it  in 
Fig.  301,  which  is  an  enlarged  section  of  the  wheel,  f  ;  but 
we  shall  suppose  it  to  be  radial  just  at  the  outside,  for 
simplicity  of  calculation.  We  must  remember,  then,  that 
somehow  or  other  we  must  try  to  get  a  tan||^ntial  velocity 
of  water  equal  *  to  the  velocity  of  vanes  there.    The  water 

now  flows  through  the  wheel,  which  lets  it  escape  at  the 
centre.     Here,  again,  we  must  remember  that  the  water  has 

to  escape  with  no  velocity  except  a  radial  one. 

If  we  wanted  to  let  a  stone  out  of  a  railway  carriage  so 
that  it  would  just  fall  to  the  ground  vertically,  so  that  it 
would  possess  no  forward  motion,  we  must  shy  it  backwards, 
with  respect  to  the  train  ;  give  it  a  velocity  backwards  as 
much  as  it  has  forwards  already.  These  vanes,  then,  at  the 
centre,  let  the  water  out  backwaixis,  just  because  we  want  the 
water  to  have  no  forward  velocity  when  it  has  left  the  wheel. 
The  water  has,  of  course,  a  radial  velocity  everywhere,  which 
simply  depends  on  the  total  quantity  flowing  per  second, 
divided  by  the  tangential  areus  of  these  orifices. 

429.  We  want,  now,  to  know  how  much  store  of  energy  each 
pound  of  water  has  lost  in  passing  through  the  wheel,  and  we 
employ  the  rule  already  given.  Find  the  tangential  momentum 
of  the  water  at  f.  If  the  velocity  of  the  outside  of  the  wheel 
is  v,  then  v  -^  .32*2  is  the  forward  momentum  of  one  pound 
of  water.  This,  multiplied  ])y  v,  is  the  work  done  per  pound 
of  water,  or 

v^  -^  32*2  foot-pounds, 

l>ecause  it  (»nters  the  wheel.     Or  w  lb.  of  water  per  secon 

w 
means  a  momentum  of  .,^-^  v  per  second,  and  this    is  force         ; 

force  multiplied  by  velocity  v  gives  work  done  per  second,  anc:__H 
this  divided  by  w  gives  work  per  pound  of  water.     It  is  evider^^^ 
that  if  we  take  moment  of  momentum  lost  by  the  water  p^^  t  • 
second    in   j)assing  through   the  wheel,   and  multiply  by  thmc 
angular  velocity,  we  get  the  same  answer.     The  wheel  do^^js 
no  work  on  the   water  as  it  leaves  at  K,  because  the  wat>^2* 
leaves  with  no  forward  or  backward  momentum.     Hence  one 
pound  of  water,  from  the  time  it  (Miters  the  wheel  to  the  time 
it  leaves,  los(\s 

r-  -^  32-2  foot-pounds, 

•*'  its  store  of  energy,  and  gives  this  store  to  the  wheel. 
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If,  then,  it  loses  no  energy  by  friction  anywhere,  when  it 
enters  the  tail  race  it  has  just  this  much  less  energy  than 
when  it  left  the  pen-trough.  If  h  is  the  total  height  of  the 
fall,  evidently  one  pound  of  water  really  gives  out  h  foot- 
pounds of  energy,  so  that  h  is  twice  the  height  due  to  v.  We 
know  that,  in  practice,  what  the  water  gives  to  the  wheel  is 

less  than  h,  and  -^o  -r-  h  is  called  the  hydraulic  efficiency  of 

the  turbine.  It  is  the  ratio  of  the  energy  given  to  the  wheel 
to  the  total  energy  lost  by  the  water  in  falling  from  one  level 
to  the  other.  If,  then,  there  is  no  shock  to  the  water  in 
entering  or  leaving  the  wheel,  its  efficiency  is  twice  the  height 
due  to  the  velocity  of  the  rim  divided  by  the  real  total  fall  of 
the  water. 

Of  course  all  the  energy  given  to  the  wheel  is  not  utilised. 
There  is  friction  between  the  wheel-covei's  and  the  wheel- case, 
friction  at  all  the  bearings,  etc.,  of  the  shafting  and  gearing 
which  transmit  the  power  of  the  wheel  to  a  mill.  We  are 
only  speaking  now  of  the  efficiency  of  the  passages,  which  is, 
however,  the  most  important  matter  in  connection  with 
turbines. 

Knowing  the  average  amount  of  water  passing  through  the 
wheel,  and  therefore  the  radial  velocity  at  K,  the  angle  of  the 
^anes  at  k  is  determined  if  we  know  the  average  speed  of  the 
^heel.     If  the  speed  and  quantity  of  water  were  exactly  pro- 
portional to  one  another ;  that  is,  if  the  speed  of  the  wheel 
Vere  exactly  proportional  to  the  horee -power,  the  inner  ends 
of  the  vanes  once  settled  would  remain  right  always.     But  if 
0\ir  wheel  is  to  be  regulated  as  a  steam-engine,  so  that  quick- 
ening speed  causes  less  water  to  flow,  then  it  is  obvious  that 
tite  inner  ends  of  the  vanes,  although  right  for  the  calculated 
fl.o'w,  are  not  properly  shaped  when  the  horse-power  diminishes 
Or  increases.     The  loss  of  energy  here  is  not,  however,  likely 
"to  be  great  in  any  case. 

It  is  different  at  the  entrance  to  the  wheel  f.  Unless  the 
%uide-blades-  are  directed  so  as  to  give  a  tangentital  velocity  to 
tihe  water  equal  to  that  of  the  wheel,  there  is  a  considerable 
loss  by  friction  at  F. 

430.  Suppose  that  less  water  flows  through  the  turbine,  the 
inclination  of  the  guide-blades  ought  to  alter,  and  this  arrange- 
ment of  links,  which  we  see  in  the  drawing,  is  for  the  purpose 
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of  nmkiiig  the  guide-blades  alter  their  inclinations  to  the 
wheel.  Each  ^uide-blade  is  pivoted  at  its  extremity,  K,  and 
when  one  is  shifted  they  are  all  shifted  in  position.  Unless 
tlMjn^  is  a  great  variation  in  the  work  which  we  require  a 
turbine  of  this  kind  to  do,  it  is  not  necessary  to  apply  a 
governor  which  partially  stops  the  water  supply  when  the 
machinery  runs  a  little  too  quickly,  although  such  governors 
an*  very  necc^ssary  for  a  great  many  water-wheels  and  turbines. 

It  is  to  Ixi  remembei-ed  that  this  turbine  is  really  a  centri- 
fugal pump,  through  which  the  water  is  flowing  negatively. 
Tncn»aswl  speed  t<mds  to  stop  the  flow.  If  the  wheel  were  at 
r(»Ht,  t\w  flow  would  lx»  very  much  greater  than  it  is.  Hence, 
incivasing  the  spcH*d  somewhat  stops  the  flow,  allows  less 
water  to  j)ass  thix>ugh,  and  less  work  to  be  done.  This  action 
cannot  Ihi  calUnl  a  governor  aotion,  for  it  does  not  maintain  a 
constant  spcHMl,  but  it  may  be  called  a  steadying  action,  as  it 
pitw(»nts  any  gn»at  change  of  speed,  even  for  a  considerable 
alti^ration  in  the  work  done. 

Kxcept  at  the  speed  for  which  the  positions  of  the  guide- 
blades  are  fixed,  there  is  extra  loss  in  friction,  and  the  guide- 
blades  are  ivarrangeii  should  any  considerable  change  lie 
meditated  in  the  power  to  be  given  out. 

431.  In  arranging  a  turbine^  it  is  obvious  that  the  great 

j)oint  to  settle  befoivhand  is  this  : — What  ought  to  be  the  speed 
of  the  whet*l  for  a  given  height  of  fall  1  If  there  were  no  loss  in 
friction,  we  could  say  at  once,  if  t;  is  velocity  of  rim  of  wheel, 
**^  -r  .12,  the  total  loss  of  energy  by  one  pound  of  water,  ought 
to  1h^  etjual  to  /<  ;  that  is,  the  velocity  of  the  wheel  ought  to 
Ik^  that  due  to  half  the  height  of  the  total  fall  of  the  water. 
Thus,  for  a  fall  of  60  fei»t  in  height,  half  of  this  is  30  feet ; 
and  if  a  stone  fell  :^0  fet»t,  it  would  lie  falling  with  a  velocity 
of  H  fet^t  |H^r  second.  The  rim  of  the  wheel  ought  to  have  a 
veloi'ity  of  44  feet,  then,  j>er  second,  and  it  is  easy  to  show 
tliat,  whenever  the  turbine  may  lie  placed,  whether  it  has  a 
long  diselmrgt*  pijH*,  or  is  submei-ged,  the  water  may  be  made 
to  How  tangiMitially  into  the  wheel  with  the  same  velocity  as 
the  whet^l  itself  has. 

Hut  we  have  usually  to  csilculate  on  the  assumption  that  a 
ivrtain  fnu^tion  of  the  enei-gy  i>f  the  water  is  wasted  in  the 
supply  and  discharge  pi|H>s,  and  the  discharge  chamber,  and 
heuiv  the  velocity  of  the  wheel  is  less  than  that  due  to  half 
^he  htHght  of  the'faW. 
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It  is  usual  to  assume  that  the  radial  velocity  of  tlie  water 
through  the  wheel  is  one-eighth  of  that  due  to  the  total  fall. 

Dividing  this  into  the  number  of  cubic  feet  of  water  flowing, 
we  know  the  total  tangential  area  of  the  space  between  the 
vanes  everywhere  in  the  wheel,  assuming  that  it  is  the  same 
everywhere  and  it  usually  is.  It  is  usual  to  take  the  inner 
radius  of  the  wheel,  e  m,  equal  to  the  depth,  m  c;,  of  the  passages 
in  the  wheel,  so  that  both  these  dimensions  are  now  fixed. 
The  outer  radius  is  generally  twice  the  inner  one,  and  we  have 
already  calculated  the  tangential  velocity  of  the  outside,  so 
the  number  of  revolutions  per  minute  may  be  calculated.  The 
horse-power  given  out  is  usually  taken  to  be  less  than  three- 
fourths  of  the  true  horse-power  of  the  water.  Tlius,  by  rules, 
partly  due  to  practical  experience  and  partly  due  to  imperfect 
theory,  we  are  able  to  fix  all  the  dimensions  of  a  turbine  of 
the  kind  we  have  been  describing. 

432.  We  think  that,  by  enteiing  thus  fully  into  the  theory 
and  construction  of  Thomson's  turbine,  we  can  dispense  with 
giving  a  catalogue  of  the  constructions  of  turbines  generally. 
This  turbine  is  said  to  be  one  of  "  inward  radial  flow."  We 
see  that,  for  a  given  quantity  of  water  flowing,  it  can  be  made 
hydraulically  perfect ;  that  is,  by  proper  construction  of  the 
guide-blades,  there  is  no  necessary  loss  of  energy,  any  more 
than  in  the  whirlpool  chamber  of  Tliomson\s  centrifugal  pump. 

In  the  same  manner,  we  could  discuss  the  action  of  water 
in  the  unsteady  *'  outward  radial  flow  turbines,"  and,  again, 
in  the  axial-flow  turbines  of  Foumeyron  and  others.  The 
principle  of  our  stream  of  acrobats  jumping  on  and  off'  a 
merry-go-round  will  in  every  case  tell  us  how  much  energy 
the  water  gites  to  the  wheel  of  a  turbine,  whatever  may  be  the 
nature  of  the  flow.  In  much  the  same  way,  also,  we  consider 
the  construction  of  the  floats  of  undershot  water-wheels,  and 
all  other  wheels  on  which  the  water  acts  impulsively. 

In  the  same  way  we  might  discuss  a  steam  turbine,  or  the 
action  of  air  in  motion  on  windmills.  Steam  turbines  are  dis- 
cussed in  my  book  on  the  Steam  Engine. 

When  the  available  fall  is  over  200  feet,  it  is  not  advisable 
to  use  a  turbine  water-wheel.  In  the  turbine,  as  we  saw, 
there  is  at  least  one  part  of  the  armngement  in  which  about 
half  the  total  store  of  energy  is  in  the  shape  of  kinetic  energy ; 
and  when  the  energy  is  in  the .  shape  of  kinetic  energy,  there 
is  a  great  waste  by  friction.     The  waste  is  proi^T\)\OTk»\.  \a:>  \\\fc 
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kinetic  energy — that  is,  to  the  total  energy — and  hence  turbines 
arv  at  least  not  more  economical  on  very  high  falls  than  on 
moderatelv  low  ones. 

4S3.  Sttady  Motion  in  Flnids. — The  mathematical  expression  of 
th«*  law   Art.  410  is  true  whether  the  motion  is  steady  or  not,  but  wfc 
y^ve  t*»  the  mathematii-ail  expression  the  ettergy  meaning  when  tho?t 
mv>ti^>n  i'i  >t»Mdy.     Motion  of  a  fluid  is  steady  when  every  l)a^ticle:r?r^ 

at  any  point  moves  in  exactly  the  sam^^:::^ 
way  as  all  its  predecessors  there.     Tlw.^. 
successive  positions  of  a  particle  mar^^'^f 
out   a  stream   line,   and   a   bundle  ^:r>f 
j^ream  lines  lie  in  a  stream  tube.     I»^[^t 
A II  be  a  very  thin  stream  tube.     At     c 
let  the  pressure  be  /),  the  velocity  in  fi-ie 
ilirection  towards  b  be  r,  and  let  c  bc5?   h 
feet  ^-ertically  above  some  datum  lev-^I. 
Let  the  tangent  to  the  centre  line  c:r  d 
V\^  *».  make   an   angle   a   with    the    vertical. 

Let  p  -r-  hp^  r  4-  Jr,  A  +  JA  be  these 
H«Anttti»»s  at  p,  and  l**t  d  bo  very  near  c.     I^et  the  section  at  c   or 
at  i»  K? »«.     Consider  the  dynamic  condition  of  the  portion  of  ^uid 
m  the  tube  b«*tweea  i  ami  d  in  it>  motion  along  the  tube.     The 
^»n.>?  unrin^  it  toward*  b  k* 

P^    -      p   ^   ip     *f    -    IT  .  Cl>  .  «  .  COS.  ^o 

if  V  tjs  icfr  w^ij^t  (vr  unit  volume,  becautie  k*  .  c  d  .  a  iu  the  weight 
o^  tbit'  cLeoient.  and  w^  ivsolve  this  weight  in  the  direction  of  the 
^nv'Lizw^  tufce.  W«*  must  slate  that  this  force  is  equal  to  the  ma^ 
tfcti?tivtwil  >y  its  atwlenilion.  The  mass  is  «:  .  c  d  .  /r  -r-  ^.  K  W 
frt  tiw  tim«*  whk*h  a  purtide  would  take  in  going  through  the 
a^ESQuu'^'  c  IV  its  wkvity  »  i  d  -^  I/,  and  its  acceleration  is  Jf  -r  W. 
Hettv.v  >kv  uukv  sav 
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Sr. 

^ 

t*H< 

^v  stA:^ 

m^nts  arv  true 

i»nly 

when 

c  i>  is 

thought  to  he 

ir.l 

sata,II»;i 

r  withiHit  limit. 

IH^-idin^r 

bv  <r. 

and  recollect- 
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• 

1^  - 

*-.u 

•r 
=  -  r 

.5r, 

*• 
y 

U  = 

0. 

vV  .«.>  >»v  iiia\  write  it,,  wick  the  idea  tluU  the  \-aliies  of  lr<  ^• 

-    '  ^  lO  =  0 (1). 
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For  liquids,  w  is  constant,  and  hence,  integrating:, 

t^       p 

o     H \-  h  —  constant  ....  (2). 

2ff      w  ^  ' 

If  w  is  not  constant,  we  cannot  integrate  until  we  know  how  tv 
varies  as  a  function  of  p.     Until  we  know  this,  we  can  only  write 


V  1  dt) 

4-  \J:^h  =  constant  (3), 
2ff       \  w  ^  ' 


We  note  in  (2)  that  v^/2^  is  the  kinetic  energy  of  a  pound  of 
water,     h  is  its  potential  energy.     And,  he  it  because  of  Art.  410, 

or  merely  as  a  help  to  the  memory,  we  mean  to  call  I  (fp/w,  or  p/u\ 

the  pressure  energ}'  per  pound  of  fluid.  The  total  energy  of  a 
pound  of  fluid  remains  constant,  except  in  so  far  as  friction 
may  diminish  it. 

Example.— In  Vig.  306  we  see  some  stream  lines  of  a  fluid 
leaving  a  vessel  by  an  orifice.  We  assmue  no  friction.  I  shall 
consider  the  various  orifices  shown  on  an  enlarged  scale  in  Fig.  23fi. 

We  wish  to  make  the  statement  that  (2)  is  the  same  at  a  as  at 
c.  Observe  that  at  a  the  pressiu-e  is  atmospheric.  But  what  is 
the  pressure  at  c  ?  If  c  is  a  stream  line  touching  the  atmosphere, 
of  course  the  pressure  is  known ;  but  inside  the  stream  at  c  the 
pressure  is  not  known  with  cei-tainty.  We  assume  it  to  be 
atmospheric.  Now  a 'pound  of  water  in  coming  from  a  to  c  has 
had  no  change  in  its  pressure  energj'.  It  has  lost  potential  energy 
H  feet,  if  H  is  the  vertical  depth  of  c  below  a.  It  had  no  kinetic 
energy  at  a  ;  and  if  v  is  its  velocity  at  c,  its  kinetic  energy  there  is 
v*l2ff.    Therefore  we  say  that  the  loss  h  is  equal  to  the  gain  «»^/2^, 

OT  V  =    J  2  ff  H. 

It  will  be  noticed  that  we  choose  c  in  Fig.  286  at  places  where 
it  cannot  be  very  wrong  to  assunie  atmospheric  pressure,  and 
where  the  stream  lines  are  all  presumably  normal  to  the  cross- 
section  a.  Hence  the  total  quantity  of  water  flowing  per  second  is 
Q  =  a  yJ2ffK  .  .  .  .  {i)  cubic  feet.  Our  two  difliculties,  what  is 
« ?  what  loss  is  there  by  friction  'r'  are  solved  by  experiment.  It 
is  interesting  to  know  that  the  most  careful  measm'ements  of  a  and 
Q,  when  orifices  are  sharp-edged  and  water  is  flowing,  show  no 
perceptible  loss  by  friction.  This  is  one  reason  why  sharp-edged 
orifices  are  prefeiTed  in  the  measurement  of  water  and  other  fluids. 
Another  reason  for  this  is  the  accuracy  with  which  we  can  verify 
the  shape  of  an  orifice.  Hence  in  square,  or  round,  or  triangular- 
shaped  orifices  we  have  taken  great  pains  to  find  such  a  place  as  c, 
and  to  find  a  there.  In  the  case  of  a  round  orifice  a  equals  the 
«Pea  of  the  hole  multiplied  by  0-62  very  nearly.  The  part  c  is 
called  the  "  contracted  vein  "  often  refeired  to  by  writers.  In  the 
5?a8e  of  Fig.  30.5,  a  is  half  the  area  a  of  the  small  hole  m  n.  This 
is  the  only  case  in  which  we  can  make  any  easy  attempt  to 
calculate  the  area  of  the  contracted  vein.  Note  that  with  this 
ori-flce,  whatever  be  the  shape  of  the  vessel,  the  total  )^\:ee>e>\iT^  ol 
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-n»-  i  uii    i»  a  :*  ia  t^  .iii*»-ti.jn  opposite  to  the  arrow  at  c  is 

cit  nn  -..   i>.  Viitf  \  «*  H  if  ■  k»  th»»  depth  of  the  centre  of  a  below 

vir-r-j-'- -L   *?^5fc.Tr*    the   vrL-xti*-*.  atnd  therefore  the  pressures, 

>  T" -vT^-r-.  'a»-pc  n^'fcr  «?c.  *r»-  tht-  SKine  as  if  the  orifice  were 

.i»-H-L     uitL  :i»-ar*  m  3k  :hi»^T»   an.-  »•»  i«V5!*un*-force»*  iMirallcl  to  the 

irr-'tv  AT    .      H^nct"  .%.-*'  u  h^  th»'  nHniientuin  leMving  the  vessel  iter 

^-^  tbL      I:  i>    olv  wi^A  thr  ^icificx-  i>  s^inall  that  we  can  bo  sure 

-imr  rjii-   Av-n,^   vtfw.«:ity  »:  i  is*  ^  25  h.  and  the  volume  flowing 

»^r  -r^-  nil  >>  <  ^  1  f  u      Tli»  ma.^  per  xseeond  i«  this  multiplied  by 

r  i.  inti  toi-  3b.-«Bieii:Km  }«^  Mer«.ind  is^  this  multiplied  by  »J2gu; 

4M.  Ft}r  *II  ocker  ikarp^dged  orifleeB  than  that  shown  in 
F\£.  ^I-Pv  w«  kIj  tz|ioil  expeffiment.  Q  the  quantity  in  cubic  feet 
pwr  <wc\Mifti  ilii»«ii^  fnMft  a  sharp-edged  orifice  of  area  A  square 
i^wc.  ;ae  oiiiure  «^  tW  orifice  being  H  feet  below  still  water 
>vsfL  '^  =  i  ^  -  /  H.  In  F^  305  il  is  i,  as  we  have  seen. 
Foe  ctrvular  ocidcei^  i  k^  0-62  very  nearly,  even  when  the 
xpc«fr  <Ud!tf  o<  the  orifice  is  comparatively  near  the  upper  level, 
A?  jHi^  :^  the  orifice  keeps  filled.  Again,  for  square  and 
ir^-qfli^TakT  orifices  K  is  very  nearly  0-62.  We  shall  not  give 
laie  CK«^  (ab£e  ot  nombers  ^vying  from  0*61  to  0*63,  which 
^vv  c^*«fiL  <jL{!imiikenially  determined  for  various  sizes  and 
MK^HU  oc  HMtensnlar  orifices,  because  we  do  not  think  it 
otccv  Acic«rafie  tk&n  the  statement  that  0*62  is  very  nearly 
vvcr««  for  alL 

•!&  TW  ^ape  of  the  stream  coming  from  a  rectangular 
ortic*  »  isvnr  imetesdi^ ;  and  a  student  must  meditate,  when 
Jkvi:t3ii:  at  sikIi  a  stnwniu  upon  the  way  in  which  its  componeDt 
wurt*  sv^3dk^  t»  oause  the  curious  palpitating  change  of  shape 


V         N 


'V'  »^  Fig.  305. 

a»hi  ^wvtion  whii.^  is  ^nng  on.     Fig.  306  gives  some  notion  of 
t^jif^w  v*Kanaeet&. 

iit   Ks.ptMrintent  has  shown  that  in  the  case  of  sharp-edge** 
x>«itkvs  \Wt>?  \s  w>  igKaic^kal  difference  in  the  actual  flowing  of 
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water  from  what  the  flow  would  he  if  the  liquid  were  friction- 
lesa.  It  can  be  shown  that  when  liquid  is  frictionless  the 
stream  lines  fi-om  similar  and  similarly  placed  orifice*  in 
similar  vessels  with  the  same  kind  of  liquid  at  similar  heights 
are  similar,  the  corresponding  velocities  being  proportional  to 
the  si^uare  ix>ot8  of  the  dimensions,  and  therefore  the  volumes 


A 


no 


Fig.  307. 


flowing  lieing  proportional  to  the  two  and  a  half  powei*s  of  thm  ^ 
diaiensions.     If,  then,  water  flows  from  a  pond  ovqt  a  shar*^)- 

edged  notch  ahaped  like  a  right  angled  isosceles  triangle,  eacz^ii 

irf  the  edges  making  45"  with  the  horizontal,  as  in  Fig.  2^  V, 
and  if  the  difl^rence  of  level  from  b  to  a  is  h,  the  quantity^    q 

flowii\g  in  eubio  feet  per  second  is  proportional  to  h^.  Prof. 
Jellies  Thomson  gave  us  the  above  principle  and  this  methkod 
of  ttUHJ^uring  water.     By  careful  measurement,  he  found  thn,t, 

H    l»«*iny  in  fet%   ^^  =  2*635  H\  .  . .  (1).     Tlie    rectangular 
wUck  is^  mow  convenient.     Professor  Jas.  Thomson  showed 
tKal  ilie  eiupuricAl  formula  of  Mr.  Francis,  of  Lowell,  arrived 
Al  with  sjpr««iit  care  and  at  great  expense,  is  a  rational  one. 

U  I  »  tK«*  ktueth  of  the  notvh  in  feet,  h  being  vertical  heiffht 
iii  ff^^  Ik^MHi  sill  ft  n^»  stilUvHter  level,  for  a  g^ven  h  there  is    a 
\x-irCaavi  v«bfee  vnf  l  beviHid  mhieh  inerwise  in  l  means  that  tfio 
ui^'t^MuM^  in  «»  t»  {Mtv^toitH^nal  to  the  iner«u«e  in  l.     In  fact,  w*^ 
Ui^tuvetiwK   the   i»v   thiKMigh   the  two   ends   of    length  m»  at 
v**e  :«mW  «nd  «  a  »t  the  i^her.  and  the  flt>w  through  the  midll** 
^*^  ^        t  «  M.  wh«^t>'  adl  th«^  liiK>$  of  flow  may  he  regarded  as  ii» 
>vkt>.-«l  (^AWkx^     Wt   huT*^  $^K¥l  nA9on  to  take  m  to  he  constant. 
l^uvrw   AK  v>n)6^.T    v'f  U^h  2 «  h.      The   flow   thi-oii^h  it   is 
^  X  «\  %W<v    *x   is  ^«;v   «x4Mtant.      The  flow  thiough  a  sqiiar** 
.tt*.v  s.'i  Vtaeltx  ».  :h«'  IxxK^  ol  fli.w  being  in  vertical  planes,   i-^ 
i.  %  *,  >*  Vtx-  J,  is  ^wNr  i'\>ik$tant.  ami  thtYefore  the  mid^Ue  flow  i*^ 

's  •      K  I    -     C  H  f. 

H 

^^  v  *    :  s   >..at^  -    ^>:^;afc>  :o  ^  =  *    l  -  r  h)  H  1.     If  there  i^^ 
.^^>  .ov   ..,>:   v«tr^?vcu/^,T>irti:Iy  halnerl:  and  if  there  are  ii(^ 

t^v^   .  \^,v«TWttT5^   .^   Mr.   KnuMs   ^ve  us   the  values  of 


s 
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where  w  is  2  or  1  or  0,  according  as  we  have  all  the  edges 
sharp  or  we  have  the  edge  b  c  a  smooth  vertical  guiding  plane, 
or  both  B  c  and  d  c  smooth  vertical  guiding  planes. 

487.  In  a  gas,  we  have  w  ex  p^  where  p  is  the  pressure  in 
pounds  per  square  foot,  if  the  temjjerature  could  be  kept  con- 
stant, or  we  have  the  rule  for  adiabatic  flow  «*  a  pt  ^  where  y 
is  the  well-known  i-atio  of  the  specific  heats.     In  either  of  these 

cases  it  is  easy  to  find   I  —  and  write  out  the  law.     This  law  is  of 


universal  use  in  all  cases  where  viscosity  may  be  neglected,  and  is 
a  great  guide  to  the  hydraulic  engineer.    Thus  in  the  case  of 

-  d 

adiabatic  flow,  w  =  ept  ,i\\e  integral  of  —  is 


w 


f_^        1   f     _i  1 


7         1  - 

7  - 1  ^    ^' 

and  hence   /i  +  77-  + r  p      t  =  constant  ....  (4). 

2^^7-1 

In  a  great  many  problems,  changes  of  level  are  insignificant, 

2  ff      7         '^— 
and  wo  often  use  v^H —  .pi     =  constant  ....  (4)  for 

<?    7  -  1  ^  ' 

gases.     Thus,  if  p^  is  the  pressure  and  tr^  the  weight  of  a  cubic 

foot  of  gas  inside  a  vessel  at  places  where  there  is  no  velocity,  and 

if  outside  an  orifice  the  pressure  is  p,  the  constant  in  (4)  is  evidently 

2  a      7        '^— 
0  +   -  -  — '—-  p^  y  ,  and  hence  outside  the  orifice 
r    7  -  1"^" 


1^  = 


2^ 


7-1  7-1 


7 

1 


L-l(pi^    "^     -  P    ''  ) (''O- 


and  as  c  is  Wq  -^  p^  t,  it  is  easy  to  make  all  soi-ts  of  calculations  on 
the  quantity  of  gas  flowing  per  second.  C)b8er\'e  that  if  p  is  veiy 
little  less  than  p^  and  if  wo  use  the  approximation  (1  +  a)^*  =  1  +  tta^ 

when  a  is  small,  we  find  ©^  =      -  (j»o  -  i')  •  •  •  •  (6),  a  simple  rule 

which  it  is  well  to  remember  in  fan  and  windmill  problems.  In  a 
Thomson  water  turbine  the  velocity  of  the  rim  of  the  wheel  is  the 
velocity  due  to  half  the  total  available  pressure ;  so  in  an  air 
turbine,  when  there  is  no  great  difference  of  pin^ssure,  the  velocity 
of  the  rim  of  the  wheel  is  the  velocity  due  to  half  the  pressure 
difference.  Thus,  if  ^„  of  the  supply  is  7,000  lbs.  per  square  foot, 
and  if  p  of  the  exhaust  is  6,800  lbs.  per  square  foot,  and  if  we  take 
W'q  =  0*28  lb.  per  cubic  foot,  the  velocity  of  the  rim  v  is,  since  the 
difference  of  pressure  is  200  lbs.  per  square  foot, 


V 


^  (100)  =  lol  feet  per  second. 
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Returning  to  (6) :  Neglecting  friction,  if.  there  is  an  oiifice  of 

area  a  near  which  the  flow  in  guided  so  that  the  streams  of  air  are 

l)arallel,  q,  the  volume  flowing  jKjr  second,  is  u  =  r  a  ;   and  if  the 

jircssure  is  />,  the  weight  of  stuff  flowing  |)er  second  is  w^  =  v  a  w 

1 

or  V  xep'i .     Using  v  fi*om  (')),  and  letting  p/py  he  called  a,  we  have 
after  simplification 


^      7  -  1  ^n  V  ^ 


W    =    Ao''' 

'"      ^     7-A^o 
Problem. — Find  p^  the  outside  pressure,  so  that  for  a  given 

inside  pressure  there  may  be  the  maximum  flow. 

It  is  obvious  that  as  /;  is  diminished  more  and  more,  v,  the 

velocity,  increases  more  and  more,  and  so  doe»  q.     But  a  large  q 

does  not  necessarily  mean  a  lai^e  quantity  of  gas.     We  want  w  to 

be  large.    When  is  w  a  maximum  't    That  is,  what  value  of  a  in  all 

will  make 

•'                  -v  - 1  •'  ,       1 

r  /  ' \  \  "         1  +  ' 

071I-0    7    I  or  07-0       7a  maximum  ? 
Differentiating  with  regard  to  a,  and  equating  to  0,  we  have 

7 

Dividing  by  a^,  we  find  a  =  f       .^      V    "5^, 

In  the  case  of  air  7  =  1*41,  and  we  find  p  =  -527  Pq.     That  is, 

there  is  a  maximimi  quantity  leaving  the  vessel  per  second  when 

the  outside  pressure  is  a  little  greater  than  half  the  inside  pressure. 

Problem. — When  p  is  indefinitely  diminished  what  is  v? 

Answer  :   v  =   A.  /.    !^ ?  y   1^ 


2  1 

2-1 

7 

y  +  1 


y  -    I  Wq 
This    is    greater    than    the    velocity  of    sound   in   the    mtio 

.,  being  2  21  for*  air.     That  is,  the  limiting  velocity  in 


7-1  _ 

the  ease  of  air  is  2,413  feet  per  second  x   A  /  __,  where  t  is  the 

V     273 
absolute  temperature  inside   the  vessel,  and  there   is   a  vacuum 
outside.     Students  ought  to  work  out  as  an  example  the  velocity 
of  flow  into  the  atmosphere. 

Returning  to  equations  (3)  and  (4),  we  assumed  A  to  be  of  little 
importance  in  many  gaseous  problems  of  the  mechanical  engineer. 
But  there  are  many  physical  problems  in  which  it  is  necessarj'  to 
take  account  of  changes  in  level.     For  example,-  if  (3)  is  integrated 

the  assumption,  oi  eow«.laiit  temperature,  and  we  assume  v  to 
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keep  constant,  we  find  that  p  diminishes  .as  h  increases,  according- 
to  the  compound  interest  law.  Again,  under  the  ^ami;  condition 
as  to  i\  but  with  the  adiahatic  law  for  «/',  Ave  find  that  p  diminishes 
with  /*  according  to  a  law  which  may  he  changed  into  "  the  rate 
of  diminution  of  temperatui-e  Avith  h  is  constant." 

A  groat  number  of  interesting  examples  of  the  use  of  (2)  might 
be  given.  It  enables  us  to  iindei*Htand  the  Aoav  of  fluid  from 
orifices,  the  action  of  jet-pumps,  the  attraction  of  light  bodies 
caused  by  vibrating  tuning-forks,  why  some  valves  are  actually 
sacked  up  more  against  their  seats  instead  of  being  forced  away  by 
the  issuing  stream  of  fluid,  and  many  other  phenomena  which  are 
thought  to  be  very  carious. 

438.  Example. — Particles  of  water  in  a  basin,  flowing  veiy 
slowly  towards  a  hole  in  the  centre,  move  in  nearly  circular  paths,  so 
that  the  velocity  v  is  inversely  pr{)i)ortional  to  the  distance  from  the 

centre.     Take't'  =  -,  where  a  is  some  constant  and  x  is  the  i*adius 

X 


•» 


a-         p 

=  c. 


or  distance  fi-om  the  axis,     llien  (3)  l)ecomes  /<  +  - — „  +  ^ 

2gx-       w 

Now  at  the  surface  of  the  wattjr  p  is  constant,  being  the  pressure 


a^ 


of  the  atmosphere ;  so  that  there  h  =    -    - — 5,  and  this  on  yes  us 

2  ffx-  ^ 

the  shape  of  the  curved  surface.  Assimie  c  and  a  any  values,  and 
it  is  easy  to  calculate  /*  for  any  value  of  x  and  so  plot  the  curve. 
This  cuTA'e  rotated  about  the  axis  gives  the  sha|>e  of  the  surface, 
which  is  a  surface  of  revolution. 

A  student  who  depends  upon  a  text-book  to  give  him  complete 
information  is  not  learning  to  become  an  engineer.  Meditation 
when  looking  at  water  flowing  from  a  basin  ought  to  gi-eatly  add 
to  what  he  will  obtain  fiom  such  a  book  as  this.  Perhaps  he  will 
b^in  to  notice  that  it  is  centrifugal  foix-e  due  to  whirling  motion 
which  maintains  pressure  at  a  place.  What  will  be  the  effect  of 
friction  at  the  solid  sur&ce  of  the  basin  ?  It  will  diminish  velocity 
and  diminish  pressure.  Water  will  flow,  therefore,  down  the 
surface  of  the  basin  and  towards  the  hole.  If  this  is  well  under- 
stood, the  student  will  understand  how  it  is  that  at  a  bend  of  a 
river  the  earth  from  the  outer  l)ank  is  dragged  along  the  bottom 
and  deposited  on  the  inner  bank,  and  hence  that  a  river  through 
an  aUuvial  plain  is  always  tending  to  get  more  ci*ooked,  until  at 
length  it  cuts  off  a  bend  and  so  straightens  itself  in  a  new  channel. 
In  the  basin  problem  we  have  also  James  Thomson's  explanation 
of  the  phenomena  of  great  forest  fires,  and  also  of  the  pre^'ailing 
wind  system  of  the  earth.     (See  Phil.  Mag.) 

439.  If  water  flowing  spirally  in  a  horizontal  plane  follows  the 

law  r  =    ,  where  r  is  distance  fi^om  a  central  point ;    note  that 

P  =  c  -  \  —  -^.     The  ingenious  student  ought  to  study  how  p 

if 

and  V  ^•a^y  at  right  angles  to  stream  lines.  He  has  only  to 
consider  the  equilibrium  of  an  elementary  portiow  oi  fLrnvk,  v:\n 
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(Fig.  303),  subjected  to  pressures,  centrifugal  force,  and  its  own 
weight  in  a  direction  normal  to  the  stream.     He  will  find  that  if 

~  means  thp  rate  at  which  p  varies  in  the  direction  of  the  radius 
an 

of  curvatm*e  away  from  the  centre  of  cur\'ature,  and  if  a  is  the 

angle  n  c  e  (Fig.  303),  the  stream  being  in  the  plane  of  the  paper, 

which  is  vertical,  and  if  r  is  the  radius  of  curvature, 

dp       wf^  .  .,. 

,  -  = w  sm.  o  .  .  .  .  (1). 

dn        g  r  ^  ' 

If  the  stream  lines  are  ail  in  horizontal  planes, 

dn  =  9  r  •••7^^- 
Stream  lines  all  circular  and  in  hoiizontal  planes  in  a  liquid,  so 

that  h  is  constant.     If  r  =  -,  where  A  is  a  constant, 

T 

dp  -"-  w    U^ 
dr  ~  g  '  1^^ 

p  =   -  i  -    a  +  constant  ....  (3). 
-  g  7^ 

We  see,  therefore,  that  the  fell  of  pressure  as  we  go  outwaixi  is 

exactly  the  same  as  in  the  exercise  at  the  end  of  last  article. 

ExampU. — Liquid  rotates  about  an  axis  as  if  it  were  a  rigid 

l)odv,   so   that   v  =  br.  then    f  =  —  ^,  ]f  =  ^  -  i^)^  +  c.      This 

dr       g  2  ^ . 

approximately  shows  the  Law  of  increase  of  pressure  in  the  wheel 

of  a  centrifugal  pump  when  full,  but  when  delivering  no  water. 

It  is  the  answer  already  obtained  (Art.  175). 

EXERCISES. 

1.  The  pressure  at  the  inside  of  the  w^eel  of  a  centi*ifugal  pimip  is 
2,116  lbs.  per  square  foot ;  the  inside  radius  is  Oo  foot ;  the  outside  raaiiis 
1  foot.  The  angular  velocity  of  the  wheel  is  h  —  30  radians  per  second. 
Draw  a  curve  showing  the  law  of  p  and  r  from  inside  to  outside  when 
verj'^  little  water  is  being  delivered.  If  the  water  leaves  the  wheel  by  a 
spiral  path,  the  velocity  everywhere  outside  being  inversely  proportional 
to  >*,  draw  also  the  ctirve  shoi^'ing  the  law  of  p  in  the  whirlpool  chamber 
outside. 

2.  The  expression     ^2        \ 

i^  +-j»  +  A  =  E  .  ...  .  (4), 
%g      w 

which  remains  constant  all  along  a  stream  line,  may  be  called  the  total 

store  of  energy  of  1  lb.  of  water  in  the  stream  if  the  motion  is  steady. 

//e       1    dv       \  dp      dh .  jj  i.«       /ix 

Now  -—  =  -  r—  -\ —  y-  -f  -7-  becomes  from  equation  (1), 
da       g    dn       w  dn      dn 

dE       2v       1  /v       dv\  ... 

-5-=—     X_(-+;^) 6), 

dn         g        2  \r       dn/ 
n  being  in  a  nonnal  direction  away  from  the  centre  of  curvature  and  ?- 

the  radius    of    curvature.      This   expression   ov""^^  )   ^^   <*al^^  ^^^ 
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"  average  angular  velocity  **  or  "  the  rotation  "  of  the  liquid.     Hence 

-;-  =  —  X  rotation  ....  (6). 
dn        g 

3.  Show  that  the  law  (1)  for  a  gas  under  adiabatie  conditions,  being 
4  of  Art.  437,  the  above  laws  (6)  and  (6)  hold  for  a  gas  as  well  as  a  b'quid. 

4.  Circular  Stream  Lines. — What  is  v  as  a  function  of  >%  the  radius, 
if  the  flow  is  to  be  irrotational — ^that  is,  if  a  pound  of  water  or  of  gas  has 
the  same  energy  in  one  stream  line  as  in  another  h  Here  vjr  +  dvjdr  =  0, 
or  dr/r  +  dvjv  =  0,  or  log.  r  +  log.  v  =  f,  a  constant,  or  v  a  1/r. 

o.  In  a  gas  flowing  irrotationally  in  cii-cular  streams,  if  v  =  -,  tind^; 

everywhere.     Inserting  r  =  A  in  (4)  of  Ai-t.  437,  we  find 

6.  A  centrifugal  fan  makes  3,000  revolutions  i)er  minute.     It  is  2  feet 

in  inside  diameter,  4  feet  outside,  and  there  is  a  whirlpool  chamber  outside 

the  fan.     No  air  is  being  delivered  from  the  chamber.     The  pressure  just 

inside  the  wheel  is  1  atmosphere,  2,116  lbs.  per  square  foot,  and  0°  C\ 

Draw  curves  showing  the  pressure  at  any  distance  from  the  ccjntre  of  the 

wheel,  both  in  the  wheel  and  the  whirlpool  chamber.     The  air  follows  the 

adiabatie  law.     If  the  speed  is  40  revolutions  per  minute,  and  the  fluid  is 

water,  draw  the  curves. 

440.  When  liquid  flows  by  gmWty   from  a  small  ori6co  in  a 

large  vessel,  where  at  a  distance  inside  the  orifice  the  liquid  may  be 

supposed  at  rest,  it  is  obWous  the  e  is  the  same  in  all  stream  lines, 

d'E 
so  that  -  -  is  0,  and  there  is  no  "  rotatiim  "  an v where.     It  can  be 
dr 

proved  that  if  a  portion  of  fiictionless  fluid  possesses  ''  rotation," 
this  can  never  be  destroyed.  Nor  can  rotation  be  ci-eated.  But 
the  student  must  refer  to  books  on  hydrodynamics  for  further 
information.  When  unstable  states  of  motion  set  in,  the  mathe- 
matics get  beyond  the  author's  powers,  even  in  straight  pipes. 
The  papers  of  Professor  Reynolds  may  be  consulted.  As  for  what 
occurs  in  viscous  fluid  at  a  bend  in  a  pipe,  nobody  has  done  more 
than  guess  as  yet.  At  small  velocities,  we  have  a  fairly  good 
knowledge  of  what  happens.  Suppose  very  ^dscous  liquid  is 
flowing  along  a  straight  pipe,  the  velocity  everywhere  is  such 
that  the  loss  of  energy  by  viscosity  is  a  minimum.  If  the  pi]>c 
has  a  curved  centre  line,  the  distribution  of  velocity  everywhere 
is  different  from  what  it  is  in  the  centre  line. 

When  fluid  flows  in  circular  cylindric  stream  lines,  a  stream  of 
internal  and  external  radii  r  and  r  +  5r,  of  unit  breadth,  is  acted 

on  by  tangential  force  on  itu  internal  cylindric  surface  /*(,-.  — . ) 

per  imit  areti,  if  r  is  the  velocity.  These  forces  act  on  the  area 
2  irr  at  a  distance  r  fi*om  the  axis,  so  that  their  total  moment' 


M  =  2irM>''^(J-^) (1). 
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Ijvi  tho  momnnt  of  the  foix;c8  on  the  outride  Rurface  be  m  f  ^  ^^^j. 
If  there  in  no  alteration  of  prossiire  along  a  stream  line,  and  otxXv 
balanced  fon-cH  in  i)laneH  at  right  angles  to  the  axis,  then  8  m  is  t  V-ie 
only  cause  of  increase  of  moment  of  momentum  of  the  8tro.».»^Mi. 
The  state  into  which  the  system  settles  is  one  in  which  the  moti  <i_jn 

is  steady.     In  fact,    ,    is  0,  or 

dr 

(T^v       1  dv       V 

llie  gcncml  solution  of  this  is 

r  =  A  r  +      ....  (3). 
r 

If  at  H  cylindric  surface  r  =  r„,  v  =  r„.  and  if  at  another  r  =  >  *'  - 

V  =  0,  then 

I  (  ••••  w- 

0^  Ar,  +    -    \ 

*     fi  ; 

So  that  B  ^  -  A  rj-,  t„  =  a  (  #o  -  *^Y  a  =     .^^^^ ,  .>,  and  hence  {^=^     ' 

becomes  y  -.,"".,  I  r  -    *   1.     If    then,  yiscoiis  fluid  esc-apr::-^^ 

from  the  lim  of  tho  wheel  of  a  centrifugal  pump  with  little  radi*-^"  * 
yclocity  into  a  chamber  boimded  by  iiarallel  frictionless  faces,  if  »"^^  'i 
is  the  outer  mdius  of  the  chamber, 

^  =  v-'V  ('?-'■)  ••■•<•'''• 

U  111 

And  if  t'l  —  X.  then  a  must  be  0  in  (8),  and  r^  =  ^  ,  so  that  (•—  ^^ 
becomes 

v  =  ^^ (6). 

The  loss  of  I'nergy  per  second  is  -  /xy  (       — \  per  unit  yolunr 
or  -  M  '*'^^"  (  -  2^"^  =  2/*  ''^^^-^    The  yolume  of  the  ring  betw 

^'^fir^^  .  -^  is  the  total  loss,         or 

'*o  . 

\  ir/ir„i'o-.  If  y  is  the  small  radial  velocity  of  fluid  lea^^ng  a  wh^^s^A 
the  weight  of  fluid  per  second  lea^Tng  unit  breadth  of  the  whe^~I  w 
2  irr„  V  //•.     Tho  kinetic  onerg>'  of  it  due  to  its  tangential  veloc?:x(v 

V  I/'  ^^^n 

only    is    2  7r/„        v„-.       Its    kinetic    energy    per    pound    is     ^— . 

Total  kincjtic  energy       v  w;      mi     i  •     ^.  j      .    xi.    «„^,-„/ 

—       -    ,  -   ^^    -  ^ — .     The  kmetic  energy  due  to  the  radia/ 

'wasted  energy  2  g^  °*' 


^0 


en 


't 
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velocity    only    is    2ir/rt.      If    the    law    were    \  —  m    f*^^-  ^  r) 

ySi-  -  1  -  ,i  +  l)  =  +  M""'  r^^  )      This  is  loss  of 

(r  -       1  \ 
!»".)•     Total 

loss  =  p4 ,rr>V  C^j:  ;    ^)  ^^' {- {f   -  ^) 

MISCELLANEOUS   EXEKCISES. 

1.  In  a  force  pump  used  for  feeding  a  boiler  the  ram  has  a  diameter 
^^  2  inches  and  a  stroke  of  24  inches.  How  many  gallons  of  water 
^^eglecting  leakages)  would  be  forced  into  the  boiler  for  each  1,000 
double  strokes  (one  forward  and  one  backward)  of  the  pump? 

Ans.y  272  gallons. 

2.  How  many  gallons  of  water  ^-ill  be  delivered  per  hour  by  a  single- 
-acting pump  (diameter  of  planger,  4  inches ;  length  of  stroke,  12  inches) 
'•taking  24  strokes  per  minute,  the  slip  being  15  per  cent,  'r  How  long 
J**Ould  it  take  this  pump  to  fill  a  tank  10  feet  by  6  feet  to  a  depth  of  3 
*eet  ?  Aft8.,  9,982  guUons. 

3.  Certain  machinery  worked  from  an  accumulator  requires  20-horse 
power  for  a  quarter  of  an  hour  every  hour.  The  pressure  in  the 
**ccumulator  is  700  lbs.  jier  square  inch.  If  25  per  cent,  be  allowed  for 
Actional  losses,  find  the  size  of  a  single-acting  pump  which,  driven  for 
thirty -five  minutes  every  hour  by  a  donkey  engine,  making  60  strokes  a 
**iinute,  will  just  have  the  ram  at  the  top  of  its  stroke  at  the  beginning 
^f  each  hour.     Assume  a  slip  in  the  pamp  of  25  per  cent. 

Ana.f  -094  cubic  foot. 

4.  In  a  double-acting  force-pump  the  diameter  of  piston  is  12  inches 
^d  the  stroke  2  feet  6  inches.  The  distance  from  the  pump  to  the  well 
is  15  feet,  and  from  the  pump  to  the  place  of  delivery  is  35  feet  Find 
the  horse-power  required  to  work  the  pump  if  30  per  cent,  is  wasted  in 
Action  and  the  number  of  strokes  be  40  per  minute.  Aus.y  2116. 

5.  The  diameter  of  a  pump  bucket  being  6  inches,  and  the  vertical 
iift  from  the  well  to  the  point  of  delivery  being  40  feet,  find  the  load  on 
t|ie  bucket.  What  horse-power  will  be  necessary  if  the  stroke  be  15 
itiches  and  there  are  20  double  strokes  per  minute  ?  Allow  30  per  cent. 
■for  all  losses.  Ans.,  489  lbs. ;  -53. 

6.  The  discharge  from  a  pipe  is  12  gallons  a  second.  At  a  point  110 
teet  above  datum  level  the  diameter  is  6  inches,  and  the  pressure  2,050 
Ilbe.  per  square  foot.  Find  the  total  energy  of  each  pound  of  water.  If 
«it  a  point  where  the  pipe  is  2^  inches  diameter  and  10  feet  above  datum 
"the  pressure  is  1,000  lbs.  per  square  foot,  find  the  loss  of  energy  between 
the  two  points  mentioned.  An-s.^  146  ft.  lbs. ;  107*6  ft.  lbs. 

7.  The  volume  of  water  passing  along  a  pipe  running  full  is  10  cubic 
feet  per  second.    At  one  section  the  area  is  2  square  feet ;  at  another 
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place,  12  feet  below  the  level  of  the  former,  the  area  of  the  cross- 
section  is  1|  square  feet.  Find  the  difference  of  pressure  at  the  two 
sections,  friction  being  neglected.  Afu.^  710  lbs.  per  sq.  ft. 

8.  At  a  certain  point,  15  feet  above  datum,  in  a  stream  flowing  from 
a  reservoir,  the  still  auifsuce  of  which  is  150  feet  above  datum,  the  velocity 
is  20  feet  per  second.  What  is  the  pressure  at  this  point,  assuming  no 
loss  by  friction  'f  Ans.,  70  A  lbs.  per  sq.  in. 

9.  Find  the  power  of  a  waterfall  where  2,000  cubic  feet  of  water  pass 
|)er  minute,  the  height  of  the  fall  being  30  feet. 

In  a  waterfall,  20  tons  of  water  fall  from  a  height  of  36  feet  in  each 
minute,  and  are  employed  to  turn  a  turbine  which  transforms  six-tenths 
of  the  energy  of  the  water  into  useful  work,  Find  the  horse -power  of 
the  turbine.  Afu.,  113-3  h.p. ;  29*32. 

10.  The  vertical  distance  from  still- water  level  to  the  lip  of  a 
rectangular  notch  was  observed  to  be  '3  feet  during  an  interval  of  six 
hours,  '65  feet  during  the  next  twelve  hours,  and  '4  feet  during  the  next 
six  hours,  the  width  of  the  notch  being  2^  feet.  Find  the  number  of 
gallons  passing  through  during  the  twenty-four  hours. 

Atu.,  1,567,000  gallons. 

11.  The  flow  of  water  in  a  certain  stream  is  measured  by  employing  a 
Thomson's  V-shaped  weir  gauge.  The  vertical  distance  from  still-water 
level  to  the  lowest  point  of  the  notch  is  observed  to  be  1*4  feet.  The 
water  which  passes  through  has  a  fall  of  20  feet,  and  is  employed  to  drive 
a  water-wheel  having  an  efficiency  of  60  per  cent.  Find  the  horse-power 
which  may  be  obtained  from  the  wheel.  Ans.,  8*33. 

12.  A  waterfall  is  to  be  utilised  for  electric  lighting.  The  engpjieer 
sent  to  inspect  the  place  finds  out  the  follo^dng  data : — The  water  at  one 
place  flows  in  a  straight  rectangular  channel  4^  feet  wide,  2^  feet  deep, 
with  an  average  velocity  of  3  feet  per  second.  The  available  fall  is  20 
feet,  and  the  water-wheels  to  be  used  have  an  efficiency  of  62  per  cent., 
the  dynamo  efficiency  being  SO  per  c^nt.  Neglecting  all  other  losses  of 
energy,  find  approximately  how  many  60-watt  incandescent  lamps  may 
be  supplied.  Afu,,  471. 

13.  The  rim  of  the  wheel  of  a  centrifugal  pump  goes  at  30  feet  per 
second.  Water  flows  radially  at  5  feet  per  secona.  The  vanes  ar& 
inclined  backwards  at  an  angle  of  35°  to  the  rim.  What  is  the^ 
absolute  velocity  of  the  water !"  What  is  the  component  of  this  paralleK^ 
to  the  rim  ?  If  120  cubic  feet  of  water  leave  the  rim  every  minute,  findB> 
the  tangential  retarding  force  at  the  rim.  What  is  the  work  don^^ 
usefully  per  pound  of  water  'f 

Ans.y  2912  ft.  per  sec.  at  12**'3  with  direction  of  rim;  22*86  ft.  pe^c 
soc.  ;  88-45  lbs. ;  21*3  ft.  lbs. 

14.  Suppose  water  to  flow  in  a  steady  stream  with  a  constant  tota^^ 
head  of  100  feet,  reckoned  from  the  datum  plane  and  from  zero  pressure  - 
Determine  the  discharge  into  the  atmospht  re  in  gallons  per  minute  fronr* 
a  \y\\)e.  2  inches  diameter  at  a  point  5  feet  aboVe  the  datum.     Ans.y  638. 

15.  An  orifice  1  square  inch  area  is  made  in  the  side  of  a  large  istiA^j 
at  a  depth  of  4  feet  below  the  surface  of  the  water,  and  the  issuing  jet  i^ 
horizontal.     If  the  jet  falls  verticaUy  through  IJ  feet  in  a  honzont«iJ 
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motion  of  5  feet,  and  the  discharge  be  16  gallons  per  minute,  find  the 
coefficients  of  velocity,  contraction,  and  discharge. 

A>i8.,  -97  ;  -64  ;  -62. 

16.  Find  the  discharge  in  gallons  per  minute  from  an  orifice  2  inches 
in  diameter  in  the  side  of  a  tank  under  a  constant  head  of  6  feet, 
measured  from  the  centre  of  the  orifice.  The  coefficient  of  discharge 
may  be  taken  at  '6.  Ans.^  96. 

17.  In  an  inward  flow  wheel  the  velocity  of  flow  is  8  feet  per  second, 
the  internal  diameter  9  inches,  and  the  revolutions  10  per  second.  Find 
the  angle  of  the  vanes  at  exit,  so  that  the  water  may  leave  the  wheel 
radially.  Ans.,  18*^-76. 

18.  Determine  the  velocity  with  which  the  water  enters  an  inward 
flow  turbine  under  a  head  of  36  feet,  the  speed  of  the  periphery  of  the 
wheel  being  32  feet  per  second.  The  vanes  of  the  wheel  are  radial  at 
entrance,  the  velocity  of  flow  is  constant,  and  the  water  leaves  the  wheel 
with  no  tangential  velocity.  Ana,,  32  '66  ft.  per  sec. 

19.  What  horse-power  is  required  to  drive  a  radial- vaned  pump  of  16 
feet  diameter  at  60  revolutions  per  minute  when  delivering  15,000  gallons 
of  water  per  minute  ?    What  is  the  efficiency  if  the  lift  is  22  feet  ? 

Am.,  21-8;  -46. 

20.  A  stream  of  water,  the  volume  of  flow  of  which  is  3,000  gallons 
per  minute,  has  a  velocity  of  20  feet  per  second.  It  impinges  on  a 
BQccession  of  curved  vanes  moving  with  a  velocity  of  8  feet  per  second  in 
a  direction  inclined  at  45°  to  the  direction  of  the  stream.  Determine  the 
direction  of  the  tangent  to  the  vane  at  entrance,  so  that  the  water  may 
impinge  without  shock.  If  the  vanes  are  circular  arcs  of  90°,  find  the 
resultant  pressure  on  the  vanes,  and  the  component  force  in  the  direction 
of  motion.  Ans.,  21° '5  with  direction  of  jet. 

21.  Find  the  horse-power  developed  in  a  Thomson  turbine  which  is 
supplied  with  16  tons  of  water  per  minute,  with  a  forward  tangential 
▼elocity  of  40  feet  per  second,  equal  to  the  speed  of  the  periphery  of  the 
wheel;  the  diameter  of  which  is  2  feet.  The  water  leaves  the  turbine  at 
a  radius  of  6  inches,  with  a  backward  tangential  velocity  of  10  feet  per 
second.  Ans.,  4*1. 

22.  The  diameters  of  the  inner  and  outer  circumferences  of  an  inward 
flow  turbine  are  2  feet  and  4  feet  respectively.  The  direction  of  the 
yanes  at  their  outer  ends  is  radial.  Determine  the  angle  at  which  the 
Umer  ends  are  arranged,  supposing  that  velocity  of  flow  through  the 
turbine  is  one-eighth  the  velocity  due  to  the  total  head,  and  that  of  the 
outer  ends  is  that  due  to  half  the  head.  Ans.,  19°-6  with  rim. 

23.  A  turbine  with  radial  vanes  receives  50  gallons  per  minute  with 
a.xi  effective  head  of  28  feet.  Find  what  should  be  the  total  area  of  the 
i^ilet  passages,  and  the  velocity  of  the  lips  of  the  vanes  for  maximum 
efi&ciency.  Ans.,  1-61  sq.  ft. ;  28  ft.  per  sec. 

24.  The  wheel  of  a  centrifugal  pump  is  '6  feet  in  diameter;  the 
"tximing  moment  on  the  spindle  is  12  pound-feet.  If  160  gallons  of 
"^"ater  are  raised  per  minute,  find  the  mean  velocity  with  which  the 
"^ater  leaves  the  wheel,  assuming  that  on  entering  it  has  no  velocity  of 
'^'''^lirl.  Ans.,  24*1  ft.  per  sec. 

S 


CHAPTEB  XXV. 

PERIODIC     NOTION. 

441.  When,  after  a  certain  interval  of  time,  a  body  is  found 
to  liave  returned  to  an  old  position,  and  to  be  there  moving  in 
exactly  the  same  way  as  it  did  before,  the  motion  is  said  to  be 
peiiodic,  and  the  interval  of  time  that  has  elapsed  is  said  to 
be  the  periodic  time  of  the  motion.  Thua,  if  a  body  moves 
uniformly  round  in  a  circle,  the  time  which  it  takes  to  make 
one  complete  revolution  is  called  its  periodic  time. 

443.  When  a  body  moves  uniformly  in  a  circle,  as,  for 
instance,  the  bob  of  a  conical  pendulum,  if  we  look  at  it 
from  a  point  in  the  plane  of  its  circle,  it  seenia  merely  to 
swing  backwards  and  forwards  in  a  straight  line.  Thus, 
it  is  known  that  Jupiter's  satellites  go  round  the  planet 
in  paths  which  are  nearly  circular,  but  a  person  on  our 
earth  sees  them  move  backwards  and  forwards  almost  in 
straight  lines.  Now,  if  we  were  a  very  great  distance  away 
from  the  bob  of  a  conical  pendulum  in  the  plane  of  its  motion, 
we  should  imagine  it  to  be  moving  in  a  straight  line,  and  the 
motion  which  it  would 
appear  to  have^dow 
at  the  ends  of  its 
path,  quick  in  the 
middle — would  be  a 
simple  harmonic  mo- 
tion. To  get  an  exact 
idea  of  the  nature  of 
this  motion- — in  fact, 
to  define  what  I  mean 
by  simple  harmonic 
motion — draw  a  circle, 
A  0'  L  0'  (Fig.  308), 
and  divide  its  circum- 
ference into  any  even 
number  of  equal  parts. 
Draw  the  perpendicu- 
lars b'b,  c'c,  etc.,  to 
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any  diameter.  Now,  if  we  suppose  a  body  to  go  back- 
wards and  forwards  along  AOL,  and  if  it  takes  just  the 
same  time  to  go  from  a  to  B  as  fi'oin  B  to  c;  or  from 
any  point  to  the  next,  then  its  motion  is  said  to  be  a  simple 
harmonic  motion.  This  sort  of  motion  is  nearly  what  we 
observe  in  Jupiter's  satellites ;  it  is  almost  exactly  the  motaon 
of  the  boh  of  any  loD^  pendulnm  or  the  cross-head  of  a  steam- 
en^ne ;  it  is  the  motion  of  a  point  in  a  tuning-fork,  or  a 
stretched  fiddle-String  when  it  is  plucked  aside  and  set  free ; 
of  the  weight  hung  from  a  spring  balance  when  it  is  vibrating ; 
of  the  up  and  down  motion  of  a  cork  floating  on  the  waves  in 
water ;  and  of  the  free  end  of  a  rod  of  metal  when  the  other 
end  is  fixed  in  a  vice  and  the  red  is  set  in  vibration  ;  it  tells 
us  in  all  these  cases  the  nature  of  the  motion,  when  such 
motion  is  of  its  simiileat  kind.  Thus,  for  example,  a  cork 
floating  on  water  may  really  have  a  very  complicated  motion, 
but  if  the  wave  in  the  water  is  of  its  simplest  kind,  the  cork 
goes  up  and  down  with  a  simple  harmonic  motion.  If  you 
study  the  figure  which  you  have  drawn,  and  then  watch  the 
vibration  of  a  very  long  pendulum,  you  wUl  learn  about  this 
kind  of  motion  what  cannot  be  learnt  by  reading. 

443.  Now  let  me  auppose  that  the  body  takes  one  second  to 
go  from  A  to  B,  or  from  B  to  c,  or  from  any  point  to  the 
next  in  Fig.  308.  Then  the  length  of  &B  in  indies  represents 
th*  average  Telocity  between  the  points  a  and  b,  and  in  the 
same  way  we  get  the  average  velocity  anywhere  else.  Thus, 
in  the  figure  from  which  the  woodcut  is  drawn  I  find 
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■071S9'l-l)niO-34 


We  observe  that  the  velocity  inoi-eases  as  the  body  ap- 
proaches the  middle  of  the  path,  and  diminishes  again  as  it 
goes  away  from  the  middle.  Now  the  increase  in  the  velocity 
of  a  body  every  second  is  called  ita  acceleration,  and  so  we  can 
obsei-ve  what  is  the  acceleration  at  every  place.  You  see 
that  the  velocity  changes  from  34  to  I'OO  near  B  in  one 
second — that  is,  the  acceleration  near  a  is  66  inA  '^t  «en:si>& 
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per  second.  Similarly  subtracting  1  00  from  1  -59  we  find  the 
acceleration  at  c  to  be  0*59,  and  so  on.  Make  a  table  of  these 
values,  and  place  opposite  them  the  distances  of  the  points  i,  c, 
etc.,  from  the  centre.     In  this  way  we  find  from  the  figure  the 


following  Table  of  Values  : 


Distance  from  o  to 

Acceleration  at 

Displacement  divided  by 

Acceleration. 

B  is  9-66 

B  is  0*66 

14-6 

c  is  8-66 

0  is  0-59 

14-7 

D  is  707 

D  is  0-48 

14-7 

E  is  5-00 

E  is  0-34 

14-4 

F  is  2-59 

F  is  018 

14-4 

0  is     0 

0  is     o 

•  •  • 

o  is  2-59 

o  is  018 

14-4 

H  is  500 

H  is  0-34 

14-4 

I  is  7-07 

I  is  0-48 

14-7 

J  is  8-66 

J  is  0-59 

14-7 

K  is  9-66 

K  is  0-66 

14-6 

From  this  it  is  evident  that  when  the  distance  of  a  point 
from  the  centre  is  divided  by  the  acceleration  at  the  point,  we 
get  about  14*6  in  every  case — ^that  is,  if  we  worked  more 
exactly  we  should  have  the  exact  law  that  the  acceleration  at 

a  place  is  proportional  to  the  distance  from  the  centre.    This 

curious  property  is  characteristic  of  the  kind  of  motion  which 
we  are  describing.     If,  again,  we  draw  a  number  of  figures, 
such   as  Fig.  308,  and  divide  the  circles  into  very  different 
numbers  of  equal  parts,  we  shall  find  that  in  every  case  the 
following  law  is  true : — The  periodic  time  of  a  simple  har- 
monic   motion — that   is,    the   time   which   elapses    from   the 
moment  when  the   body  is   in  a   certain   condition    until   it 
gets  into  exactly  the  same  condition  again — is  equal  to  6*2832 
multiplied  by  the  square  root  of  the  ratio  of  displacement  "fco 
acceleration  given  in  the  third  column  of  the  above  Tabl^ 
Thus,  in  the  Table  we  find  the  mean  value  of  the  ratio  (addimr^ 
all  the  quotients  and  dividing  by  their  number  we  get  14*^  C) 
to  be,  let  us  say,  14-6.     Now  the  square  root  of  14'6  is  3'^  2, 
and  this  multiplied  by  6*2832  is  24  seconds,  which  we  see    loy 
inspection  is  the  periodic  time  in  Fig.  308. 

444.  We  see,  then,  that  if  the  force  acting  on  a  body  SLud 
causing  it  to  move  ia  always  ^ro^^rtional  to  the  distance  of 
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le  body  from  a  certain  point,  and  acts  towards  that  point, 
le  body  gets  a  simple  harmonic  motion,  and  we  have  a  rule 
ir  finding  the  periodic  time. 

The  acceleration  is  always  towards  the  middle  point — that  is, 
whilst  a  body  is  lea^dng  the  middle  its  velocity  is  being  lessened ; 
when  it  is  approaching  the  middle  its  velocity  is  being  increased. 
The  velocity  at  the  middle  is  equal  to  the  uniform  velocity  in  the 
circle  from  which  we  imagine  the  harmonic  motion  to  be  derived — 
that  is,  the  velocity  in  the  middle  is  equal  to  3-1416  times  the 
distance  a  l  divided  by  the  periodic  time. 

Suppose  the  body  to  be  at  a,  Fig.  309,  moving  with  a  harmonic 
motion  in  the  path  a  o  l.     Describe  the 
circle,  draw  o,  p  perpendicular  to  a  l,  then 
p  is   the   position   of   a   body  which  has 
corresponding  uniform  circular  motion. 

Let  the  time  t  seconds  have  elapsed 
since  the  point  q  was  at  o.  The  corre- 
sponding point  p  was  then  at  c.  Let  the 
uniform  speed  of  p  be  v  feet  per  second ; 
then  c  p  =  vt.  Let  o  p  =  r ;  let  the  angle 
c  o  p  =  vt/r,  so  that  the  radius  o  p  moves 
with  the  angalar  velocity  v/r.     The  time  ^^8-  309. 

T  of  revolution  of  p  or  of  complete  oscilla- 
tion of  Q  is  2  IT  r  -^  V,  or  2  IT  -r  the  angular  velocity,  which  we 
shall  call p,     o q  =  o p  .  sin.  o p  q  =  op.  sin.  cop,  or,  if  we  call 
o  Q,  =  X,  X  =  r  sin.  pt.     By  Art.  19, 

dx 
velocity  of  q  =  ^  =  rp  cos.  pt, 

acceleration  of  q  =  ^  =    -  rp^  sin.  pt. 

Hence  the  displacement  x^  di^aded  by  the  value  of  the  acceleration, 

4  ir^ 
if  we  neglect  the  -  sign,  is  l/p^  or  —^  (since  t  =  2  ir/jo). 

Notice  that  the  acceleration  -  rp^  sin.  pt  is  tho  resolved  part, 
in  the  direction  x  of  the  acceleration  of  p.  The  speed  of  p  is  v, 
a  constant.  If,  then,  it  has  an  acceleration,  it  cannot  be,  nor  any 
part  of  it,  in  the  direction  of  its  path  :  it  is,  then,  in  the  direction 
of  the  radius.  Let  the  acceleration  of  p  in  the  directi-  n  o  p  be  o, 
then  a  cos.  p  o  l  =  acceleration  of  q,  or  a  sin.  pt  =  -  rp^  sin.  pt, 
or  o  =  -  rpi^.  The  acceleration  of  p  is,  then,  centripetal  from  p 
towards  o,  and  its  amount  is  rp'^.     This  can  be  put  in  other  shapes. 

Thus  jt;  =  -,  so  that  o  =   -  v^/r,  the  ordinary  formula  for  centri- 
fugal acceleration. 

Here  wo  have  obtained  a  knowledge  of  the  centripetal  accelera- 
tion mathematically  from  knowing  what  is  meant  by  linear 
acceleration.  Conversely,  suppose  we  know  that  the  centripetal 
acceleration  of  p  in  the  direction  p  o  is  v^/o  p,  then  the  acceleration 
of  Q  towards  the  centre  is  this  multiplied  by  cos.  p  o  l  ;  that  \a^  \s^ 
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o  q/o  p,  and  it  is  therefore  equal  to  —  ,  —    or   o  q  .  t^lo  p^,  so 
'       '  ^  OP     OP  ' 

that  it  is  proportional  to  o  q.  Also,  o  o.  divided  by  the  acceleration 
(towards  the  centre)  is  o  p^/i'^  or  4  h^/t^  (since  2  ir  .  o  p/v  =  t).  We 
are  therefore  led  in  many  ways  to  the  rule 

T»    .  J.    ,.  „  /Displacement 

Periodic  time  =  2  ir  *  /    .       i    ~^-  — 

V    Acceleration 

(See  alto  Art.  19.) 

445.  Example, — In  Fig.  310,  A  is  a  ball  of  lead  weighing  20 
lbs.  carried  by  means  of  a  spiral  spring  whose 
own  weight  may  be  neglected,  let  us  suppose. 
Find  by  experiment  how  much  the  spring 
lengthens  when  we  add  1  lb.  to  the  weight  of 
A,  or  shortens  when  we  subtract  1  lb.  from 
the  weight  of  A.  Let  it  lengthen  or  shorten 
0  01  foot.  Evidently,  if  ever  a  is  0*01  foot 
upwards  or  downwards  from  its  position  of 
rest,  it  is  being  acted  upon  by  a  force  of  1  lb. 
tending  to  bring  it  to  its  position  of  rest.  We 
know  also  that  if  A  is  0*02  foot  or  0-03  foot 
above  or  below  its  place  of  rest,  there  is  a 
force  of  2  or  3  lbs.  trying  to  bring  it  back. 
We  see,  then,  that  the  up  and  down  motion  of 
A  must  be  simple  harmonic.  When  the  dis- 
placement is,  say  0*02  foot,  the  force  acting 
on  A  is  2  lbs.,  and  the  acceleration  of  a  is 
force  2  -r-  mass  of  a  ;  and  as  the  mass  of  A  is 
20  ^  32-2,  or  0621,  the  acceleration  of  a 
is  3  22  feet  per  second  per  second  when  it  is 
displaced  0-02  foot  from  its  middle  position. 

Now,  employing  the  rule  given  above,  divide 
0*02  by  3*22  and  extract  the  square  root,  then  multiply  by 
6*2832,  and  we  get  0*495  second,  or  about  half  a  second  as  the 
periodic  time  of  the  swinging  ball.  When  we  make  experi- 
ments we  find  that,  unless  the  coils  of  the  spring  are  flat,  and 
the  rigid  support  of  A  exactly  in  the  axis,  the  ball  has  a 
tendency  to  turn  and  to  vibrate  laterally,  which  somewhat 
disturbs  our  observations  if  we  make  careful  measurements  of 
the  length  of  swing. 

446.  Examjyle. — The  Simple  Pendulum. — A  simple  pen- 
dulum consists  in  an  exceedingly  small  but  heavy  body 
suspended   by  means  of  a  lon^  inextensible  thread,  whose 
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weight  may  be  neglected,  capable  of  swinging  backwards  and 
forwards  in  short  arcs.  If  the  arcs  are  not  too  long,  the  time 
of  one  swing  is  always  the  same.  Thus,  in  Fig.  311,  s  is  the 
point  of  suspension,  s  p  a  silk  thread,  p  a  small  ball  of  lead, 
p  will  move  backward  and  forward  along  the  path  a  o  l  with  a 
motion  which  is  simple  harmonic,  provided  the  thread  is  so  long 
and  a  L  so  short  that  the  force  acting  on  the  ball  at  any  time  in 
the  direction  of  its  motion  is  proportional  to  the  distance  of 
the  ball  from  o.  To  show  that  this  is  so,  resolve  the  verti- 
cally acting  weight  of  the  ball  in  the  direction  of  its  motion 
along  A  o.  We  find  that  it  is  not 
quite  proportional  to  AO  unless  Ao  is 
very  short,  but  if  this  slight  discrep- 
ancy is  neglected  the  force  urging  the 
ball  towards  o  is  the  weight  of  the  ball 
multiplied  by  o  A  and  divided  by  s  A, 
the  distance  from  the  point  of  support 
to  the  centre  of  gravity  of  the  ball. 
As  a  matter  of  fact,  the  nature  of 
the  vibration  does  not  depend  on  the 
weight  of  the  ball ;  but,  to  fix  our 
ideas,  let  us  suppose  that  the  weight 
is  2  lbs.,  then  the  mass  of  the  ball  is 
2  -^  32*2,  and  acceleration  along  a  o  is 

the  force  -r-  mass,  or  —-^  the  force, 

divided  by  ^^  the  mass,  so  that  the 

acceleration  is  32*2  x  A  o  -t-  8  a. 

Now,  our  rule  is  to  divide  a  o  by 
the  acceleration  at  A,  and  this  gives 

~^;  extract  the  square  root,  and  multiply  by  6*2832  for  the 

periodic  time  of  oscillation  of  the  pendulum.      The  general 
rule  for  a  simple  pendulum  swinging  in  short  arcs  is  then  : 
Time  of  a  complete  oscillation  =  6-2832  >/  length  o/jejuiuium 

The  mass  or  inertia  is  2  ^  32*2  at  all  places,  but  the  weight 
may  be  more  or  less  than  2  lbs.  at  different  parts  of  the  earth 
in  the  proportion  of  ^  to  32*2,  and  hence  we  find 


as  our  genei'al  rule. 


T  =  27r  v/^  -r-  ^ 


The  time  of  one  swinxj  is  half  this.     The  number  32*2  ex- 
presses the  effect  of  the  force  of  gravity  at  London.     At  axY^ 
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other  place  on  the  earth's  surface  it  would  be  different — that 
is,  at  different  places  on  the  earth  a  given  pendulum  has 
different  times  of  oscillation.  For  instance,  a  pendulum 
taking  2  seconds  for  a  complete  oscillation  at  Paris — that  is, 
taking  1  second  for  one  swing,  called  a  seconds  pendulum — if 
swung  at  Spitzbergen  would  gain  94  seconds  per  day ;  and  if 
swung  in  New  York  would  lose  30  seconds  per  day,  provided 
the  pendulum  did  not  alter  in  length  in  being  taken  from  one 
place  to  the  other.  Evidently  when  a  pendulum  gets  longer 
it  oscillates  more  slowly;  hence  in  summer,  when  the  pen- 
dulum of  a  common  house-clock  expands  with  heat,  it  goes 
more  slowly,  and  in  winter  it  goes  more  quickly,  unless  the 
position  of  the  bob  is  adjusted.  A  pendulum  which  is  self- 
adjusting — that  is,  which  is  so  constructed  that  it  remains  of 
the  same  length  whatever  be  the  temperature — is  called  a 
c<yinpen8ation  pendulum, 

^  447.  Example, — In  Fig.  312,  B  represents  a  strip  of  steel 
fixed  firmly  in  a  vice  at  c,  with  a  heavy  ball  A  fastened  at  its 
free  extremity.     Find  the  force  in  pounds  which  will  increase 


B 


^ 
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Fig.  812. 

the  deflection  of  A  by  0*01  foot ;  say  that  it  is  1  lb.  We 
know  that  a  force  of  2  or  3  lbs.  will  cause  an  increased  de- 
flection of  twice  or  three  times  this  amount ;  and  as  the  force 
acting  on  the  ball  in  any  position  is  proportional  to  its  distance 
from  its  position  of  rest,  the  ball  will  swing  with  a  simple  har- 
monic motion.  If  we  can  neglect  the  weight  of  the  strip  of 
steel,  and  if  the  ball  is  small  in  comparison  with  the  length  of 
the  strip,  its  time  of  vibration  may  be  calculated  in  exactly 
the  same  way  as  that  of  the  ball  in  Fig.  311.  Experiments 
with  this  enable  Young's  modulus  e  to  be  determined. 

448.  Example. — Suppose  that  b  c  (Fig.  313)  is  a  bent  glass 
tube  of  uniform  section  containing  a  liquid  which  can  move 
without  friction  in  the  tube.  If  the  liquid  be  disturbed 
so  that  the  level  is  higher  in  b  than  in  c,  it  will  continue  to 
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swing  about  its  position  of  equilibrium — that  is,  the  position 
in  which  the  liquid  is  at  the  same  level  in  both  limbs  of  the 
tube.  Thus,  if  c  is  '01  foot  below  the  proper  level,  and  b  is 
'01  foot  above  this  level,  the  force  which  tends  to  cause  the 
liquid  to  return  to  its  proper  level  is  twice  the  weight  of  the 
liquid  o  B.  Suppose  the  weight  of  the  liquid  is  10  lbs.  per 
foot  length  of  the  tube,  then  the  force  acting 
on  the  liquid  is  -02  x  10,  or  '2  lbs.  If  the 
whole  length  of  tube  filled  with  liquid  is  6 
feet,  then  the  weight  of  liquid  which  has  to 
be  set  in  motion  is  60  lbs.,  and  its  mass  is 
60  -7-  32*2,  or  1*863  ;  hence  the  acceleration 
is  '2  -^  1*863,  or  0*107  foot  per  second  per 
second.  The  displacement  is  "Ol,  and,  work- 
ing by  our  old  rule,  displacement  divided  by 
acceleration  is  *0935.  The  square  root  of 
this  is  -3058,  and  multiplying  by  6*2832 
we  get  1*92  second  as  the  periodic  time  of  the  oscillation. 
We  find  it  easy  to  prove  that  the  liquid  swings  in  the  same 
time  as  a  simple  pendulum  whose  length  is  half  the  total 
length  of  the  liquid  in  the  tube,  and  that  it  is  the  same  what- 
ever be  the  density  of  the  liquid — that  is,  whether  it  is 
mercury  or  water. 

If  w  lbs.  is  the  weight  of  liquid  per  foot  in  length  of  the  tube, 
if  2;  is  the  displacement  o  b  or  o  c,  the  force  causing  motion  is 
2  xw,  (This  force  is  multiplied  by  ^  -h  32'2  if  the  observation  is  not 
made  in  London. )  If  a  is  the  total  length  of  liquid  in  the  tube, 
the  weight  of  liquid  moved  is  aio^  and  its  mass  is  aw  -j-  32-2. 

Hence  the  acceleration  \b2xw  -i-  —  or  — -^  and  the  displacement 

9  a  ^ 

divided  by  acceleration  is  a;  -i-  — -    or  :r—  :    so  that  the  periodic 

a  2g  *^ 


Fig.  313. 


time  is  2  «■ 
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449.  It  will  be  observed  that  in  all  these  cases  of  vibration 
of  bodies  there  is  a  continual  conversion  going  on  of  one 
kind  of  energy  into  another.  At  each  end  of  a  swing  the 
body  has  no  motion;  all  the  energy  is  therefore  potential, 
whether  it  is  the  potential  energy  of  a  lifted  weight  or  the 
potential  energy  of  strained  material.  In  the  middle  of  the 
swing  the  body  is  going  at  its  greatest  speed,  and  its  energy  is 
kinetic.  At  any  intermediate  place  the  energy  is  partly 
potential  and  partly  kinetic,  but  the  sum  of  the  two  remains 

s  ♦ 
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always  the  same,  excepting  in  so  far  as  friction  is  wasting  the 
total  store.  Now,  in  time-keepers  the  office  of  the  mainspring 
is  to  give  just  such  supplies  of  energy  to  the  balance  as  are 
necessary  to  replace  the  loss  by  friction ;  and  we  have  to  ask 
the  question — ^At  what  part  of  the  swing  of  a  pendulum  or 
balance  can  we  give  to  it  an  impulse  which  shall  increase  its 
store  of  energy  without  disturbing  its  time  of  oscillation^ 
The  answer  is  this.  If  a  blow  is  given  to  the  bob  of  a  pendu- 
lum when  it  is  just  at  its  lowest  point,  energy  is  given  to  the 
pendulum  ;  we  give  it  power  to  make  a  greater  swing,  but  the 
time  which  it  will  take  to  make  this  greater  swing  is  just  the 
same  as  the  time  it  would  have  taken  for  a  smaller  swing. 
This  middle  point  is  the  only  point  at  which  we  can  give  an 
impulse  to  the  bob  without  altering  the  time  of  its  swing.  In 
the  lever  escapement,  and  in  other  detached  escapements  of 
watches,  the  impulse  is  always  given  just  at  the  middle  of  the 
swing. 

EXERCISES. 

1.  A  point  describes  a  S.H.  motion  of  IJ  foot  amplitude  in  a  period 
of  ^th  of  a  second.  Find  its  maximum  velocity  and  maximum  accelera- 
tion.     Ans.y  21.ir  feet  per  second;  294 w^  feet  per  second. 

2.  A  piston  with  rod  and  crosshead  weigh  350  lbs.  If  they  have  a 
S.H.  motion  with  amplitude  1*1  foot,  and  if  the  maximum  accelerating 
force  is  equal  to  that  produced  by  a  pressure  of  15  lbs.  per  square  inch  on 
a  piston  14  inches  diameter,  what  is  the  periodic  time  ?        -<4»«.,  0  37  sec. 

OTHER    EXAMPLES    OP    PERIODIC   MOTION. 

450.  When  the  periodic  motion  of  a  body  is  not  simple  har- 
monic, we  find  that  by  imagining  the  body  to  have  two  or 
more  kinds  of  simple  harmonic  motion  at  the  same  time  we 
can  get  the  same  result.  Thus,  it  is  known  that  a  float,  em- 
ployed to  measure  the  rise  and  fall  of  the  tide  by  marking 
on  a  moving  sheet  of  paper  with  a  pencil,  has  a  motion  which 
is  periodic  and  not  simple  harmonic.  If  horizontal  distances 
represent  the  motion  of  the  paper  (unwound  from  a  barrel  by 

means  of  clockwork),  and 
therefore  represent  time, 
and  if  vertical  distances 
mean  the  rise  or  fall  of 
Fig.  314.  water-level  in  feet,  we  get 

such  a  curve  as  is  shown  in 
Fig.  314.  Now  this  is  not  a  simple  harmonic  motion.  The 
difference  becomes  evident  if  you  plot  on  squared  paper  the 
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I  o  A,  OB,  0  o,  0  D,  OR,  OF,  etc.  {Fig.  308),  for 
equal  interrals  of  time,  for  you  will  get  a  curve  lite  Pig,  315, 
which  ia  easily  recogmsed, 
and  is  called  a  curve  of  sines 
or  cosines.  But  it  has  been 
found  that  if  we  take  certain 
curves  of  sines  whose  periodic 
times  are^l,  the  semi-lunar 
day ;  2,  the  semi-solar  day,  and 
some  others,  their  amplitudes 


and  epochs  being  properly  chosen,  and  draw  them  on  squared 
paper,  and  add  their  ordinates  together,  we  get  the  curve 
which  shows  the  real  i-ise  and  fall  of  the  tide.  In  the  very 
same  way  we  cafl  combine  simple  harmonic  motions  to  arrive 
at  any  periodic  motion.  A  good  way  of  combining  siinple 
harmonic  motions  experimentally  is  to  let  a  body  hang  from  a 
string  which  passes  over  two  __ 
or  more  movable,  and  the  same  '  ^  '~ 
uomberof  fixed,  pulleys.  These 
pulleys  are  "pivoted  on  crank 
pins,  and  their  pivots  are  made 
to  revolve  at  any  desired  rela^ 
tive  speeds,  and  each  gives  to 
the  body  a  purely  simple  har- 
monic motion  by  ite  action  on 
the  string.  The  body  gets  a 
motion  compounded  of  the  mo- 
tions of  the  pulleys,  and  if  it 
is  an  ink-bottle  or  pencil  press- 
ing on  the  paper  OQ  a  revolv- 
ing paper  roller,  we  get  a  time 
curve  of  the  periodic  motion. 
This  ia  the  principle  of  the 
construction  of  Lord  Kelvin's 
Tide-Predicting  Machine. 

451.  When  a  body  can 
■wing  east  and  west  under  the 
influence  of  forces  which  have 
no  tendency  to  move  it  except 

in  a  direction  due  east  and  west,  and  if  forces  acting  due  north 
and  south  can  make  it  swing  in  their  direction,  then  both  sets 
of  forces  acting  together  on  the  body  wiU  give  it  a  motion 
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oompoanded  of  the  two  simpler  motions.  Thus,  a  ball  a 
(Fig.  316)  is  suspended  by  a  string,  p  a,  which  is  knotted  at  p 
to  two  other  Btringa,  p  a  and  p  s',  equal  in  length,  and  fastened 
at  8  ftud  s'.  The  ball  may  swing  in  the  direction  e  o  w  as  if 
it  were  the  bob  of  a  pendulum  hung  directly  from  the  ceiling 
at  p',  but  it  may  also  swing  in  the  direction  n  o  g  at  right 
angleB  to  E  o  w,  and  if  it  doeE  so  it  swings  as  if  the  point  P 
were  the  fixed  end  of  the  pendulum  a  p.  When  it  swings 
under  the  influence  of  the  two  setB  of  forces  tending  to  make 
it  move  both  ways  at  once,  the  motion  of  a  is  compounded  of 
the  other  two  simpler  motions.  If  F  A  is  one-quartor  of  the 
length  o  p',  theu  the  east  and  west  swing  takes  twice  as  long 
as  the  north  and  south 
A  ,       „  ,  t       7    **        swing.     If  p  A    is  one-ninth 

of  o  p',  then  the  east  and 
west  swing  takes  three  times 
as  long  as  the  north  and 
south  swing.  The  motion  of 
A  is  sometimes  very  beauti- 
ful, and  the  experiment  is 
easily  arranged. 

452.  The  motion  is  quite 
easily  represented  on  paper. 
Thus,  in  fig.  317,  a'  m  is  the 
north  and  south  direction, 
and  A  M,  at  right  angles  to 
it,  is  the  east  and  west  di- 
rection. Let  the  points  0, 
1,  '2,  etc.,  in  each  of  these  lines  be  found  as  in  Fig.  308. 
Let  the  bob  be  supposed  to  go  from  0  to  1  in  a'  m  in  the 
same  time  as  it  goes  from  0  to  1  in  a  m.  Notice  that  we 
have  twice  as  many  points  in  a  H  as  in  a'  m,  showing  a 
slower  oscillation  in  the  direction  a  m.  We  can  begin  to 
number  our  points  anywhere,  remembering  that  when  the 
bob  completes  its  range  it  comes  back  again  in  the.  opposite 
direction.  Now  put  marks  where  the  east  and  west  lines 
meet  the  north  and  south  ones,  drawn  through  corresponding 
points.  It  is  evident  that  the  curve  drawn  through  these 
successive  marks  is  the  real  path  traced  out  by  the  ball  when 
acted  upon  simultaneously  by  the  two  sets  of  forces  urging  it 
in  a  north  and  south,  and  an  east  and  west  direction. 

If  we  have  the  asime  number  of  points  in  a'  m  as  in  a  m, 
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we  get  a  circle,  ellipse,  or  straight  line,  as  in  c,  b,  a,  Fig.  318. 
This  represents  the  motion  of  a  conical  pendulum  free  to 
swing  in  every  direction.  Again,  d,  e,  p,  and  many  other 
curves  that  might  be  drawn,  represent  the  case  which  we  took 
up  in  Fig.  317,  where  one  vibration  is  twice  as  quick  as  the 
other.      If    the  time  of  vibration  in  a  m  is  to  the  time  of 
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Fig.  318. 

vibration  in  a'  M  as  2  to  3,  we  get  curved  paths  like  G,  i,  j, 
and  so  on.  In  experimenting  with  the  pendulum.  Fig.  316. 
it  will  usually  be  found  that  slight  inaccuracies  in  the  lengths 
of  the  cords  will  cause  a  continual  change  to  go  on  in  the 
shape  of  the  path  traced  out  by  the  ball. 

We  can  produce  these  motions  by  spiral  springs,  and  in 
other  ways.     Thus,  for  example,  if  we  use  instead  of  the  strip 


558  APPLIED   MECHANICS. 

of  steel,  in  Fig.  312,  a  combination  of  two  strips,  b  and  b',  as 
in  Fig.  319,  so  that  the  heavy  bright  bead  A  is  capable  of 
vibrating  in  two  directions  at  the  same  time,  we  get  the  same 
combinations  of  simple  harmonic  motions,  depending  on  the 
point  at  which  B  is  held  in  the  vice  c. 

453.  When  a  body  has  a  periodic  rotational  motion  about 
an  axis  like  the  balance  of  a  watch  or  a  rigid  pendulum,  we  must 
no  longer  speak  of  the  force  causing  motion,  and  the  mass  of 
the  body,  and  the  distance  of  displacement ;  but  if  we  sub- 
stitute for  these  teims,  moments  of  forces,  moment  of  inertia 


B 


Fig.  819. 

of  the  body  and  angle  of  displacement,  we  have  exactly  the 
same  rule  for  finding  the  periodic  time  of  oscillation.  The 
periodic  time  is  6*2832  times  the  square  root  of  the  angular 
displacement  of  the  body  at  any  instant,  divided  by  the  angular 
acceleration  at  that  instant.  And  we  know  that  angular 
acceleration  may  be  calculated  by  dividing  the  turning  moment 
acting  on  a  body  by  the  moment  of  inertia  of  the  body.  A 
point  in  the  balance  of  a  watch  swings  in  circular  arcs,  but  if 
we  only  take  account  of  the  distances  which  it  passes  through, 
and  suppose  it  moved  in  a  straight  line  instead  of  in  the  arc 
of  a  circle,  the  motion  is  very  nearly  simple  harmonic.  If 
there  were  no  friction  or  other  forces  acting  on  the  balance 
except  the  turning  moment  of  the  balance  spring  {see  Arts. 
521-2-3),  and  if  the  moment  of  the  spring  were  always  exactly 
proportional  to  the  angular  displacement  of  the  balance,  the 
motion  would  be  simple  harmonic. 

We  shall  see  in  Art.  522  that  the  turning  moment  due  to  the 

E  bfi 
spring  is  r-^.  0,  if  E  is  the  modulus  of  elasticity  of  the  spring,  b  its 

breadth,  i  its  thickness,  and  I  its  length,  and  if  fl  is  the  angular 

displacement  in  radians.     Angular  acceleration  is  this  moment 

B  bfi   0 
divided  by  moment  of  inertia  i  of  the  balance,  or  ,-;r-,  -  -  .      Hence 
•^  '       1  2  /  I 

1  2/i 
angular  displacement  9  divided  by  angular  acceleration  is — j-^f 

E  01 

80  that  the  periodic  time  of  the  balance  is  t  =  6*2832  .  /  —r-I. 
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Increasing  the  moment  of  inertia  of  the  balance  or  tlie 
length  of  tlie  spring  makes  tlie  vibration  slow.  Increasing  the 
breadth  and,  whaf  is  still  more  important,  increasing  the 
thickness  of  tlie  spring  mxikes  the  vibration  quick.  As  we  shall 
see  in  Arts.  521-3  that  our  calculation  of  the  turning  moment  of 
the  spring  is  not  quite  right  that  the  dimensions  of  the 
balance  and  spring  alter  with  temperature,  and  that,  above  all, 
the  elasticity  of  the  steel  alters  with  temperature,  and  with  its 
own  state  of  fatigue,  the  rule  is  not  perfectly  true,  nor  can 
any  balance  be  regarded  as  taking  exactly  the  same  time  for 
its  oscillation  in  different  lengths  of  arc.  At  the  same  time  it 
is  of  great  help  to  the  watchmaker  to  know  that  with  con- 
siderable, although  not  with  perfect  accuracy,  the  time  of 
vibration  of  a  balance  is  proportional  to  the  square  root  of  the 
length  of  the  spring,  and  so  on.  For  example,  suppose  the 
spring  is  3  inches  long,  and  the  balance  makes  one  swing  in 
0*251  second,  now  if  he  wishes  it  to  make  a  swing  in  0*25 
second,  he  must  shorten  it  in  the  ratio  of  -251  x  '251  to 
•25  X  -25,  or  in  the  ratio  -063001  to  0625,  so  that  the  length 
of  his  spring  ought  to  be  3  x  -0625  -f  -063001,  or  2-976 
inches — that  is,  it  ought  to  be  shoi-tened  -024  inch.  In  the 
same  way  he  can  calculate  the  effect  of  adding  little  masses  at 
any  distances  from  the  centre  of  the  balance,  so  that  its 
moment  of  inertia  may  be  increased,  and  the  balance  made 
slower  in  its  swing.  The  same  law  tells  him  how  he  can 
compensate  the  balance,  so  that  when  in  summer  the  steel  of 
the  spring  loses  its  elasticity,  some  of  the  mass  of  the  balance 
will  come  nearer  the  centre,  in  order  that  the  moment  of 
inertia  may  diminish  in  the  same  proportion. 

454.  Compound  Pendulum. — The  simple  pendulum  described 
in  Art.  446  is  not  like  the  pendulums  used  in  practice.  In  these 
the  bob  is  not  so  small  that  we  can  consider  it  as  a  point ;  the 
long  part  is  not  a  thread  but  a  stiff  rod  of  metal  or  wood,  and 
there  is  usually  a  knife-edge  for  support,  about  which  it  can 
turn  with  little  friction.  In  common  clocks,  however,  the  top 
end  of  the  pendulum  is  a  thin  strip  of  steel  held  firmly  in  the 
chops,  but  the  easy  bending  of  this  strip  is  such  that  we  may 
imagine  an  equivalent  pendulum  to  move  freely  about  an  axis. 
Employing  our  general  rule  of  Art.  453,  we  find  how  to  calculate 
the  time  of  vibration.  'JTiis  compound  pendulum  vibrates  in 
the  same  time  as  a  certain  simple  pendulum,  called  the  equi- 
valent simple  pendulum,  whose  length  we  find  by  experiment. 
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In  Fig.  320  let  s  be  the  axis  of  suspension,  g  the  centre 
of  gravity,  and  P  a  point  in  the  continuation  of  the  line 
s  G   such   that   s  P   is   the   length   of   the  equivalent   simple 

pendulum.  Then  p  is  called  the  centre  of 
oscillation,  and  it  is  also  known  to  be  the 
centre  of  percussion  of  the  pendulum  {see 
Art.  402).  It  can  be  proved  that  if  the 
pendulum  be  inverted  and  made  to  vibrate 
about  a  parallel  axis  through  p,  it  will 
vibrate  in  exactly  the  same  time  as  it  does 
about  s  ;  and  it  was  in  this  way,  by  in- 
verting a  pendulum  which  had  two  knife- 
edges,  and  adjusting  these  until  the  pendulum 
took  the  same  time  to  vibrate  about  one 
as  about  the  other,  and  then  measuring 
the  distance  between  them,  that  Captain 
Kater  found  the  length  of  the  simple  pen- 
dulum which  vibrates  in  a  given  time. 
This  method  is  still  employed  in  gravitation 
experiments  everywhere  to  find  the  value 
of  g,  which  is  32*2  feet  per  second  per  second  at  London. 
It  is  an  excellent  laboratory  exercise. 

If  8  is  the  axis  of  suspension,  o  the  centre  of  gravity,  w  the 
weight  of  the  pendulum,  then  the  moment  with  which  gravity 
urges  the  pendulum  to  return  to  its  position  of  rest  is  w  x  on; 
but  if  the  angle  o  s  o  be  measured  in  radians,  and  if  it  is  very 
small,  this  moment  is  almost  exactly  equal  to  w  x  so  x  angle  o  s  o. 
The  angular  acceleration  is  obtained  by  dividing  this  by  i,  the 
moment  of  inertia  of  the  pendulum  about  s,  and  our  rule  becomes 


T  =  6-2832 


J 1 

\/    w  .  so  . 


v; 


angle  o  s  n 
angle  o  s  n  -j-  i' 


or  T  =  6-2832  A  /   —  .  •  •  •  (!)• 

w  .  so 

When  we  examine  this  formula  we  see  that  it  may  be  put  in 
another  form.  Find  a  point  k  such  that  if  all  the  mass  of  the 
pendulum  were  gathered  there  its  moment  of  inertia  about  s  would 

w 

be  the  same  as  at  present ;  in  fact,  such  that  ««;„>  the  mass  of  the 

pendulum  x  s  k^,  would  be  equal  to  i.  The  distance  s  k  is  called 
the  radius  of  gyration  of  the  pendulum  {seeAii.  112),  and  our  rule 
now  becomes 


T  =  6-2832 


▼         nan. 


(2), 


Sf  .  so^ 


APPLIED   MECHANICS.  561 

where ^  is  32*2.  In  the  simple  pendulum  sk  and  so  are  equal, 
and  (2)  gives  the  same  rule  which  is  given  in  Art.  446.  However, 
in  an  ordinary  pendulum,  s  k  and  s  o  are  not  equal,  but  s  k^  -r  s  o 
is  equal  to  some  length  such  as  s  p,  and  our  rule  becomes 


T  =  6-2832     /  iP  (3) 

Evidently  bt  is  the  length  of  the  imaginary  simple  pendulum  which 
would  vibrate  in  the  same  time  as  our  real  pendulum.  The  imaginary 
point  p  has  been  called  the  centre  of  oscillation,  because  when  the 
pendulum  is  inverted  and  made  to  vibrate  about  an  axis  through  p 
it  vibrates  in  the  same  time  as  before. 

To  prove  this  it  is  necessary  to  return  to  equation  (1)  We 
know  that  i  is  equal  to  the  moment  of  inertia  of  the  body  calculated 
as  if  all  its  mass  existed  at  g,  together  with  the  moment  of  inertia 
of  the  body  as  it  is  at  present,  but  calculated  about  an  axis  through 
G  parallel  to  the  present  axis  ;  that  is, 

I  =  Z  8  o2  +  ^  ;t2 
9  9 

where  k  is  some  length  unknown  to  us  just  now,  being  the  radius 
of  gyration  about  the  axis  through  the  centre  of  gravity.  Rule  (1) 
becomes 


T  =  6-2832   A 

/    58g2+  ^Ic^ 
f      9                9 

W  .  SG 

T  =  6-2832   A 

/  «»  +  so. 

or  

^  9 

That  is,  the  length  of  the  simple  pendulum  which  will  vibrate  in 

the  same  time  is  s  g  H ,  and  we  have  already  found  it  to  be  s  p 

SG  "^ 

in  equation  (3) ;  so  that  gp  =  — ,  or  G  p  x  s  g  =  A:^.     But  in  the 

s  G 

very  same  way,  if  we  considered  the  pendulum  as  vibrating  about 

p,  we  should  find  the  length  of  the  equivalent  simple  pendulum  to 

be  greater  than  g  p  by  an  amount  equal  to  —  ,  and  we  know  that 

8  G  is  equal  to  this  amount ;  so  that  s  p  would,  as  before,  be  the 
length  of  the  equivalent  simple  pendulum.  The  axes  of  oscillation 
and  suspension  are  therefore  interchangeable. 

455.  EocampUs. — The  bar  of  Fig.  321  with  two  adjust- 
able masses  may  be  fixed  to  one  end  of  a  wire,  the  other  end 
of  which  is  fixed  to  the  ceiling.  By  twisting  and  untwisting 
the  wire  the  bar  will  oscillate  with  a  motion  which  is  much 
more  nearly  simple  harmonic  than  that  of  the  balance  of  a 
watch,  '  Students  who  experiment  with  such  a  bar  can  adjust 
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the  weights  a  and  b  at  any  distance  from  the  axis  (there  ought 
to  be  an  engraved  scale  on  the  bar),  so  that  the  moment  ot 
inertia  can  be  varied.  They  can  fasten  the  bar  at  the  end  of 
a  wire,  or  they  can  use  it  as  in  Fig.  331,  with  a  fiat  spiral 


spring,  or  as  in  Fig.  322,  with  a  cylindric  spiral  spring ;  and 
the  rate  of  its  vibration  gives  one  of  the  beat  ways  of  in- 
vestigating the  twisting  moments  of  wires  and  such  springs 
when  strained  through  given  angles. 

In  the  case  of  a  wire  the  twist  always  tends  to  bring  the 
bar  to  ite  position  of  rest  with  a  moment  tuitich  is  proportional 
to  the  angle  of  dieplacement  from  this  potifion — it  is  this 
properi^y  which  causes  the  motion  to  be  simple  harmonic 
TKw  moment  is  aiso  frtyportional  to  tlte  fourth  power  of  the 
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diameter  of  the  toire,  atid  it  becomes  less  as  the  length  of  tJie 
tvire  is  increased.  By  means  of  a  circular  scale  and  a  pointer 
we  can  measure  the  extent  of  each  swing,  and  this  is  found  to 
decrease  gradually,  due  to  friction  with  the  air  and  the  in- 
ternal friction  or  viscosity  of  the  metal.      The   amount   of 


Pig.  322. 

diminution  of  swing  gives  us  a  means  of  determining  the 
viscosity,  and  the  apparatus  can  so  easily  be  fitted  up  that  no 
person  who  wishes  to  understand  the  properties  of  materials 
can  be  excused  from  making  these  experiments.  This  is  a 
common  method  of  finding  n,  the  modulus  of  rigidity  of  a 
material. 

If  the  length  of  the  wire  is  I  inches,  its  diameter  rf,  and  if  n  is 
its  modulus  of  rigidity  (see  Table  XX.),  then  from  Art.  295  we  see 
that  the  moment  with  which  the  wire  acts  on  the  bar^  when  vt& 
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.        IT         0 

angle  is  0  from  the  position  of  rest,  is  ^  n  y  rf*.     If  the  moment  of 

inertia  of  the  bar  is  i  (we  are  neglecting  the  fact  that  the  wire 
itself  has  some  mass  which  has  to  be  set  in  motion),  then  the 
moment,  divided  by  i,  is  the  angular  acceleration ;  and  using  this 
quotient  as  denominator,  and  0  as  numerator,  extracting  the  square 
root,  and  multipljang  by  6*2832,  or  2  »,  by  the  general  rule  of  Art. 
453,  we  find  the  square  of  the  period  of  a  complete  oscillation  to 

be  T^  =  ,.  -  .     If  we  are  in  doubt  as  to  our  calculated  i,  we  can 

find  it  experimentally  ;  and  this  is  vei*y  necessary  in  many  magnetic 
experiments.  We  add  a  known  moment  of  inertia  i  (say  two  equal 
small  masses  at  equal  distances  from  the  axis),  and  find  the  new  t 
(call  it  Tj),     Then  Ti^/t^  =  (i  +  i)/h  aiid  i  may  be  found. 

When  motion  is  slow,  the  friction  in  fluids  is  proportional  to 
the  velocity,  and  any  friction  which  follows  this  law  is  called  fluid 
friction.  A  great  many  vibrating  bodies  tend  to  come  to  rest  by 
the  action  of  such  friction  as  this;  and  it  is  found  that  if  the 
friction  is  numerically  /  times  the  angular  velocity,  then  the 
logarithm  of  the  ratio  of  the  length  of  one  complete  swing  to  the 
next  is  nearly  equal  to  k  times  the  periodic  time.  Hence  this 
logarithmic  decrement,  as  it  is  called,  is  proportional  to  the  friction 
co-efficient.  If  we  observe  'twenty-one  elongations  on  one  side  of 
the  middle  position,  then  one-twentieth  of  the  logarithm  of  the  first 
elongation  divided  by  the  last  is  k  times  the  periodic  time  of 
osciUation. 


EXEKCISES. 

1.  Bifilar  SuspensioxL — In  many  measuring  instruments  a  body  is 
suspended  by  two  thin  wires  nearly  vertical.  If  the  vertical  length  of 
each  of  these  is  /,  the  distance  between  their  ends  at  the  top  a,  and  at  the 
bottom  b,  and  the  weight  of  the  body  Wy  it  is  easy  to  show  that  for  a 
small  angular  displacement  0,  the  moment  tending  to  bring  the  body  to 
its  position  of  rest  is  very  nearly  (neglecting  torsion  of  the  wires  them- 
selves) J  -J  w6.      Find  the  time  of  vibration  of  such  a  body  when  its 

moment  of  inertia   is  known.      In  truth,  the  constraining  moment  is 
proportional  to  sin.  0. 

2.  A  magnet,  turning  on  a  frictionless  pivot  at  its  centre  of  gravity,  is 
subjected  to  a  turning  moment  h  sin.  0,  or  very  nearly  h  6,  due  to  the 
earth's  magnetic  action,  if  it  makes  only  a  small  angle  0  with  its  position 
of  rest.  Find  the  time  of  a  vibration  if  the  moment  of  inertia  is  known, 
and  show  that  the  square  of  the  time  of  vibration  of  the  magnet  in 
different  places  is  inversely  proportional  to  h.     Find  what  is  the  effect  of 

adding  a  known  moment  of  inertia,  and  show  that  the  observations  on  the 
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two  timeB  of  vibration  enable  us  to  calculate  the  original  moment  of 
inertia  if  it  was  unknown. 

3.  Prove  that  the  time  of  complete  oscillation  of  a  ship  is  2irA?/  >/^rf, 
where  d  is  the  distance  from  the  centre  of  gra^-ity  to  the  metacentre. 

456.  Stilling  of  Vibrations. — When  a  simple  harmonic 
motion  is  represented  on  paper  in  the  manner  described  in 
Art.  450,  we  have  a  curve  of  sines.  The  curve  may  be  ob- 
tained by  producing  the  lines  B  b',  c  c',  etc.,  of  Fig.  308, 
cutting  them  at  right  angles  by  equidistant  horizontal  lines, 
and  joining  the  successive  points  of  intersection  so  found.  It 
may  also  be  drawn  by  finding  from  a  book  of  tables  the  sines 
of  0°,  10",  20*,  etc.,  and  plotting  0  and  sin.  0**,  1  and  sin.  10°, 
2  and  sin.  20*,  etc.,  on  a  sheet  of  squared  paper. 

A  curve  of  sines  expresses  the  fact  that,  if  d  represents  the 
displacement  of  a  vibrating  body  from  its  middle  position  after  an 
interval  of  t  seconds  since  it  was  at  the  middle  of  its  course,  then 
d  =  a  sin.  pt  where  a  is  the  greatest  displacement  of  the  body 
from  its  middle  position.  This  displacement  is  usually  called  the 
amplitude  of  the  vibration.     If  t  is  the  time  of  a  complete  vibration, 

it  is  easy  to  see  that  the  equation  is  d  =  a  sin.  — <,  or  a  sin.  2Tf  .  t 

if /is  the  frequency  or  number  of  complete  oscillations  per  second. 

If  we  make  the  bob  of  a  pendulum  terminate  below,  in  a 
tube  which  can  act  as  a  pencil-holder,  and  in  which  a  well- 
fitting  pencil  can  slide  freely,  and  if  we  move  a  sheet  of  paper 
at  a  uniform  rate  underneath  this  pencil  at  right  angles  to  the 
du'ection  of  motion  of  the  pencil,  a  curve  of  sines  will  be  traced 
out,  if  the  pendulum  swings  without  friction.  But  in  practice 
we  always  find  that,  what  with  the  friction  at  the  point  of 
support,  friction  with  the  atmosphere,  etc.,  a  pendulum's 
swings  get  smaller  and  smaller — that  is,  the  amplitude  of 
the  vibration  gets  less  and  less  as  time  goes  on,  until  the 

pendulum  at  length  comes  to  rest. 

This  motion  is  not  a  simple  harmonic  motion,  but,  within 
certain  limits,  each  swing  may  be  regarded  as  very  nearly  a  simple 
harmonic  motion.  Practical  men  who  deal  with  oscillating  bodies, 
such  as  pendulums,  ships,  tuning  forks,  magnetic  needles,  and 
suspended  coils  of  wire,  usually  assume  that  the  motion  during 
each  swing  is  a  simple  harmonic  motion.  The  frictional  resistance 
to  motion  of  any  ordinary  vibrating  body  in  a  fluid  medium,  or  of 
a  magnetic  needle  vibrating  near  any  body  capable  of  conducting 
electricity,  is  almost  always  such  that  the  quicker  the  motion  the 


566  APPLIED   MECHANICS. 

greater  the  friction  {see  Art.  64) — ^that  is,  frictional  resistance  is 
proportional  to  speed ;  and  in  this  case  it  is  not  difficult  to  show 

2r 
that,  instead  of  the  law  d  =  a  sin.     -t .  ,  .  .  (1),  we  have  the  law 

— ^^' ..-;-*»--..-. 

or  other  governor  of  vibration,  and  the  character  of  the  vibrating 
body  are  such  that  without  friction  the  law  would  be  (1),  then, 
when  the  vibration  is  damped  by  frictional  resistance  of  the  above 
character,  the  law  of  the  motion  becomes  that  given  by  equation  (2). 
Here  a  is  a  constant  which  depends  on  the  character  of  the  friction. 
Thus  a  is  greater  when  a  pendulum  swings  in  water  than  when  it 
swings  in  air.  Also,  Ti,  the  periodic  time  of  the  vibration,  is  no 
longer  the  same  t  as  it  was  for  undamped  vibrations,  and  the 

1  1  1,2 

relation  between  t  and  Ti  is  -s  =  — =  +  -r-o  •  •  •  •  (3) ;   or,  if  /  is 

ir      Ti^      4  ir 


the   undamped  frequency,   and  /j   the    damped  frequency,   then 
^  =/i^  +  j-g  ....  (4).      In  order  to  get  exact   ideas   on  this 


subject  of  the  damping  of  Yibrations,  the  student  ought  to  plot  on 
squared  paper  a  curve  sudi  as  o  a' b' c' d' e' f'.o' h' i,  Fig.  323, 
which  corresponds  with  equation  (2).  Thus,  let  us  suppose  that  a 
body  undamped  in  its  vibrations  gets  an  impulse  which  sends  it 
from  its  position  of  rest  in  such  a  way  that  its  amplitude  is  10 
inches,  and  let  the  time  of  a  complete  oscillation  be  1'6  second. 

6'2832 
Then  the  law  of  its  motion  would  be  a;  =  10   sin.  —j-^-  ^,  or 

1*6 

a;  =  10  sin.  3927 1  ....  (5)  where  a;  is  in  inches,  t  in  seconds,  and 
the  angle  3*927<  in  radians.* 

If,  now,  the  friction  is  such  that  a  =  07,  we  find  from  (3)  that 
the  time  of  an  oscillation  is  practically  unchanged.  Find,  liiere- 
fore,  the  original  curve  of  sines  by  calculating  the  second  column, 
of  the  following  table.  The  numbers  of  the  first  two  columns 
plotted  on  squared  paper  would  represent  the  undamped  vibrations - 
But  for  damped  ^dbrations  the  numbers  of  the  second  column  havo 

all  to  be  multiplied  by  €~®  "^^ ;  and  if  we  denote  this  multiplier  by 
the  letter  z,  we  see  that  z  being  €  ~^''^*,  or  log.  z  =  -  0*304 1.  We 
have  calculated  z  for  the  various  values  of  tj  and  placed  the  results 
in  the  third  column.  Multiplying,  therefore,  the  respective 
numbers  of  the  second  and  third  columns  together,  we  get  th.e 
fourth  column  of  numbers ;  and  plotting  the  numbers  of  the  first 
and  fourth  columns  on  squared  paper,  we  find  the  curve  which 
shows  the  nature  of  the  damped  vibrations. 

♦  We  may  write  (5)  in  the  form  a;  =  10  sin.  226t     In  this  case  the  angle 
225t  is  expressed  in  degrees. 
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( in  seconds. 

10  sin.  8-927 1,  or  10 

Hin.  225 1,  if  angle  is 

taken  in  degreed. 

0 

j-0-7« 

1 
€-^''''*10  8in.  3^»27< 

1 

0 

1 

0 

0-2 

7-07 

•869 

614 

0-4 

10 

•756 

7-56 

0-6 

707 

•657 

4-65 

0-8 

0 

•571 

0 

10 

-  707 

•497 

-  3^51 

1-2 

-  10 

•432 

-  4-32 

1-4 

-  707 

•375 

-  2-65 

1-6 

0 

•326 

0 

20 

10 

•247 

,             2-47 

2-4 

0 

•186 

'               0 

2-8 

-  10 

•141 

-  1-41 

3-2 

0 

•106 

0 

3-6 

10 

•080 

•8 

40 

0 

•061 

0 

4-4 

-  10 

•046 

1             -  -46 

4-8 

0 

•035 

0 

5-2 

10 

•026 

•26 

5-6 

0 

•020 

0 

6-0 

-  10 

•015 

-  -15 

6-4 

0 

•Oil 

0 

457.  Some  students  may  find  it  as  instructive  to  first  draw  a 
curve  of  sines,  then  draw  the  logarithmic  curve,  correspond- 
ing to  column  three,  on  the  same  sheet  of  squared  paper,  and 
multiply  the  ordinate  of  one  curve  by  that  of  the  other  to  get 
the  ordinate  of  the  real  curve  which   exhibits    the   damped 
vibrational  motion.     This  is  what  has  been  done  in  Fig.  323  ; 
OABCDBFGHi  is  the  curve  of  sines,  l p Q  is  the  logarithmic 
curve,  showing  how  rapidly  the  amplitude  of  the  vibration 
diminishes,  and  o  a'  b'  c'  d'  e'  p'  g'  h'  i  is  the  curve  which  repre- 
sents the  actual  motion  of  the  vibrating  body.     In  this  figure 
the  logarithmic  curve  is  drawn  to  such  a  scale  as  seemed  con- 
venient for  showing  its  properties  distinctly.      It  would  l>e 
very  easy  to  dilate  on  the  nature  of  the  resulting  curve  o  a'  b', 
etc.,  but  this  book  is  written  to  help  students  who  are  earnest 
enough  to  calculate  the  above  numbers  and  plot  the  curve,  and 
when  they  perform  thes6  operations  they  will  have  very  clear 
notions  about  the  motion  we  have  been  investigating. 

Exercise. — A  heavy  disc,  suspended  by  a  wire,  vibrates  in  each 
of  a  number  of  fluid  media,  its  periodic  time  of  \Tlbration  in  alJ 
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being  sensibly  the  same,  or  1*5  second.  The  ratio  of  the  amplitudes 
of  two  successive  swings  in  one  direction  being  0*9  in  one  fluid — 
that  is,  the  second  swing  being  only  nine-tenths  of  the  first,  and 
the  third  being  only  nine-tenths  of  the  second,  and  so  on — and  0*8 
in  another  fluid,  and  0*7  in  another,  what  numbers  wiU  express  the 
relative  viscosities  of  these  fluids  ? 

Here  we  have,  taking  common  logarithms,  09  =  g-iSa  for  the 

first  fluid,  so  that  -  log.  0-9  =  15  o  log.  e ,  or  o  =   -  .  ,  ' ,  that 

°  1-5  log.  € 

is,  a  =  007.     In  the  same  way  a  =  0*15  and  a  =  0*24  for  the 

other  fluids,  and  hence  7,  15,  and  24  are  the  required  numbers 

expressing  the  relative  viscosities  as  measured  by  the  vibrating  disc 

method. 

A  very  slowly  swinging  disc  and  pointer  will  enable  us  to 
lot  the  complete  curve  from  actual  observations.  The  nature 
f  the  motion  when  the  friction  is  that  of  solids  rubbing  on 
)lids  is  studied  in  my  book  on  the  Calculus. 
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MECHANISM. 

458.  In  Art.  179  we  pointed  out  how  skeleton  drawings  ackc^. 
models  may  be  made  useful  in  cases  where  velocity  ratios  vary  greatly . 
We  shall  now  give  a  sketch  or  outline  of  a  general  theory  trozxiiD. 
which  students  may  find  benefit  if  they  fill  it  in  for  themselv^e. 
We  cannot  say  that  there  is  as  yet  any  satisfactory  treatise  on  ttm^TS 
subject.    The  most  interestinor  part  of  it   (to  us)  is  that  whL«z2h 


to 
er 
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concerns  the  mechanism  of  steam  and  other  engines,  and  this 
be  found  in  the  author's  book  on  the  Steam  Engine. 

469.  We  have  already  referred  to  spur  and  bevil  gearing  used- 
drive  one  shaft  from  another  at  uniform  velocity  ratios.     Consi 
at  any  instant  two  teeth  in  contact ;  each  of  them  is  a  rigid  pi 
rotating  about  a  fixed  centre  and  acting  on  the  other  by  rubb:^i^  ng 
contact.    We  shall  now  briefly  refer  to  this  way  of  traDsmitt 

motion. 

Let    A  w    be    a   'b^xzody 
moving  in  the  plane  of        "the 
paper  about  the  axis  a^.     let 
B  V  be  another  body  mov^^ — iig 
about   the  axis  b,  and         let 
these  two  bodies  keep^     in 
contact,  as  we  see  theiK==»  ^ 
contact   at  p.     ^ow,        ^liis 
keeping    in   contact,    w^^^hat 
does  it  mean?    It  is  t^^at, 
whatever  may  be  the  z^crek- 
tive    tangential  or  sll-^^ing 
motion  at  the  point  of      <?od- 
tact  p,  they  have  the  ^^-ame 
velocity  in  the  direction  of 
their  common  normal  ^lere 
at  the    instant    when-     ^e 
study  them.    Consider  'their 
motions  during  an  exceed- 
ingly short  interval  of  time 
Bt.     There  are  two  poinfe  p 
to  be  considered.    One  is  on 


Fig.  324. 


the  body  a  w,  and  it  moves  to  q,  where  p  q  is  an  arc  of  a  circle  sibout 
A  as  centre ;  the  other  p  is  on  the  body  b  v,  and  it  moves  to  r, 
where  p  r  is  an  arc  of  a  circle  about  b  as  centre.     The  angular 
velocity  of  a  yv  being  «,  the  angle  p  a  q  is  a  .  Bt ;   the  angular 
velocity  of  b  v  being  b,  the  angle  tbu  ia  b  .  9t.     As  8<  is  con- 
sidered smaller  and  smaller,  p  q  and  p  r  may  be  considered  more 
and    more    nearly   short    straight  lines,      p  q  =  a  p  .  a  .  5/  and 
p  R  =  B  p  .  6  .  lt.\  J^Qi^  obaexve  that  if  t  p  s  is  the  direction  of 
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the  common  normal  to  the  two  bodies  at  p,  the  normal  component 
p  8  of  the  motion  p  q  must  be  the  same  as  that  of  the  motion  p  r  ; 
in  fact,  the  straight  line  q  s  r  must  be  at  right  angles  to  the 
normal  t  p  s.  Now  draw  t  e  parallel  to  a  p,  and  observe  that  the 
two  triangles  t  e  p  and  q  p  r  have  their  sides  o,  r  and  t  p,  r  p  and 
p  E,  p  Q  and  E  T  respectively  at  right  angles  to  one  another,  and 
hence  they  are  similar ;  that  is, 

qr:rp:pq  =  tp:pe:et.  ...  (1), 

R  p         P  E 

or    —  —  — . 

P  Q  E  T 

TT  BV  .  b         PE  b  AP.PE 

Hence —  —   qp  _  _ , 

AP.a         ET'  a  BP.ET 

But  because  t  e  is  a  line  drawn  parallel  to  a  p,  a  side  of  the 
triangle  a  p  b,  we  have 

AP  AB  P  E  AT. 

■-—  =  —  and  —  =  7"! ' 

ET  BT  BP  AB 

,,  «  AP.PE  AT 

thereiore     =  -   . 

ET . BP         BT 

Hence      *  =  ^ (2). 

a       BT 

Hence  the  ratio  of  the  angular  velocities  is  inversely  as  the 
segments  into  which  the  common  normal  at  the  point  of  contact 
divides  the  line  of  centres.  Hence,  if  the  ratio  of  the  angular 
velocities  is  constant,  the  common  normal  at  the  point  of  contact 
p  passes  always  through  the  same  point  t  in  the  line  of  centres  a  b. 

Notice  also  that  —   =  — .     But  pq  =  a.ap.S^,  te  =  ap  — . 

P  Q         T  E  A  B 

B  T  A 

and  =  -.     Hence  it  will  be  found  that 

AB       a  -i-  b 

QB.  =  TT  {a  +  b)  ^t. 

That  is,  the  slipping  speed  at  p  is  the  speed  at  the  end  of  a  radius 
T  p  when  the  radius  revolves  at  the  angular  velocity  a  +  b.  Hence 
there  is  always  slipping  at  p,  unless  p  is  on  the  line  of  centres  and 
the  speed  of  slipping  is  proportional  to  the  distance  p  t. 

Tlie  student  will  find  that  when  there  is  friction,  if  dpt  = 
d'  p  T  =  angle  of  repose,  then  p  d  is  the  direction  of  the  mutual 
force  when  aw  rotates  as  shown,  with  the  hands  of  a  watch; 
whereas  p  d'  is  the  direction  of  the  mutual  force  when  a  w  rotates 
in  the  opposite  direction,  so  that  b  v  is  the  driver. 

If  we  have  given  the  shape  of  b  v  p,  and  we  desire  to  find  the 
shape  of  a  piece  a  w  p  which  will  gear  with  it  at  a  constant  angular 
velocity  ratio,  make  a  template  of  bvp,  and  arrange  that  when 
this  template  is  moved  about  the  fixed  centre  b  a  sheet  of  paper 
shall  move  about  a  through  the  proper  angular  distances.  If  for 
each  position  of  the  two  the  cur\'^ed  shape  of  b'  p  v'  be  drawn  on 
the  paper,  the  pencil  marks  will  show  the  proper  shape  of  a  w  p 
if  it  is  to  touch  b  p  v.  In  fact,  a  w  p  will  be  the  envelope  of  the 
shapes  of  b'  p  v'.  When  b'  p  V  is  circular  with  b  as  centre,  a  w  p 
will  also  be  circular.  True  rolling  will  be  possible,  for  p  will  be 
at  t,  and  as  t  will  be  constant  in  position  the  angular  velocity 
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ratio  will  be  constant.     When  b'  p  V  is  the  arc  of  an  ellipse  whose 
focus  is  at  B,  and  if  the  distance  b  a  is  equal  to  the  mttjor  axis  o£ 
the  ellipse,  a  w  p  will  be  a  similar  ellipse ;   there  will  bo  tru^ 
rolling,  with  changing  angular  velocity  ratio.    The  other  foci  ma"^^ 
be  connected  by  a  link,     if  b'  p  v'  is  shaped  like  an  equianguls^iac 
spiral  whose  pole  is  at  b,  a  w  p  will  be  a  similar  spiral,  and  theiz^^ 
will  be  true  rolling  between  them,  but  with  changing  angul^^jr 
velocity  ratio ;  in  tlus  way  lobed  wheels  are  formed  to  gear  togeth^^^r. 

160.  Discs  or  cylinders  touching  each  other,  their  axes  paralle 
are  used  for  friction  gearing.  •  If  the  horse-power  h  is  to  be  trai 
mitted,  and  v  is  the  common  circumferential  speed  in  feet 
minute,  p  being  the  necessary  tangential  force,  p  =  33,000  h, 
Slipping  is  .to  be  impossible,  and  therefore  p  -j-  /*  is  the  foi 
necessary  to  press  the  cylinders  together.      If    this  force  il 
through  the  bearings  of  the  two  shafts,  it  is  usually  foimd 
practice  that,  unless  at  very  high  speeds  and  with  small  po\^ 
there  is  so  much  practical  difficulty  that  the  gear  is  never  n^^^' 
Compressed  paper  and  leather  have  been  used  to  work  with  ixr^oii. 
Sometimes  nest-gears  are  used  to  produce  the  necessary  pressxiire 
but  when  the  necessary  pressure  has  been  produced  it  has  lec3  to 
disintegration  of  the  sur&ice,  or  such  local  elastic  changes  of  slxape 
as  produce  annoying  sound.     In  one  case,  where  the  driven  piiUej 
is  very  heavy  and  the  pressure  is  produced  by  its  own  weight  and 
that  of  the  spindle  and  part  of  the  weight  of  the  rotating  armature 
of  a  little  dynnmo  machine,  the  gear  has  been  used  satisfactorily. 
Wedge-shaped  grooves  and  projections  have  been  cut  in  the  rum 
of  the  pulleys,  and  sufficient  grip  has  been  produced  in  this  way, 
but  there  is  no  longer  true  rollmg. 

461.  When  we  attempt  by  using  teeth  to  get  the  necessary  driv- 
ing forces  we  introduce  ididing  contact,  using  spur,  beyil,  and  skew 
bevil  wheels;  the  names  pitch  circles,  pitch  cones,  and  pitch 
hjrperboloids  being  used  for  the  friction  gear,  which  would  nin 
with  the  same  velocity  ratios.  When  the  axes  are  not  in  one 
plane,  frusta  of  hyperboloids,  generated  by  the  rotation  of  the 
same  straight  line  round  both  axes,  will  gear  with  one  another, 
always  touching  along  a  straight  line.  But  there  will  not  be 
simple  rolling ;  there  is  sliding  along  the  line  of  contact. 

Every  student  ought  to  study  the  shapes  of  spur-wheel  teeth; 
it  is  easy  to  apply  one's  knowledge  to  other  kinds  of  teeth  and 
rubbing  and  rolling  gear.  Nothing  illustrates  the  fact  that  we  do 
not  really  think^  so  well  as  this,  that  all  the  principles  for  the 
proper  construction  of  worm-wheel  teeth  and  chain  gearing  were 
to  be  found  in  books  many  years  before  there  existed  any  g<wd 
worm-wheel  teeth  or  chain  gearing.  The  subject,  like. all  other 
parts  of  machine  design,  is  best  studied  when  one  draws  things  to 
scale,  and  there  are  now  many  books  to  assist  the  student  in 
machine  design.  Perhaps  it  will  be  well  to  neglect  almost  all  the 
mathematical  parts  of  such  books  on  strength. 

462.  Suppose  we  have  two  curved  rollers,  v  t  v  moving  ahout 
the  axis  b  and  w  t  w  about  the  axis  a,  and  suppose  that  these  are 
capable  of  rolling  on  one  another  as  they  rotate ;  they  touch  at 
T,  and  the  angular  velocitvea  about  a  and  b  are  as  b  T  to  a  t.    Now 
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suppose  we  wish  wheels,  with  teeth  centred  at  b  and  a,  to  have 
exactly  the  same  angular  velocity  ratios  as  the  rollers ;  if  b'  p  v' 
and  a'  p  w'  are  the  shapes  of  the  teeth  in  contact  at  p,  it  is 
necessary  that  during  the  motion  the  conmion  normal  at  p  should 
pass  through  the  pitch  point  t.  To  effect  this  object  it  is  necessary 
that  b'  p  "vr  and  a'  p  w' 
should  be  two  troch- 
oidal  cuxTes,  generated 
by  the  rolling  of  a 
curve  inside  the  curve 
T  V  and  outside  the 
curve  T  w.  Thus  in 
Fig.  325  imagine  the 
curve  V  and  the  curve 
w  to  move  about  b  and 
A,  rolling  on  one  an- 
other and  keeping  in 
contact  at  t  in  the 
straight  line  b  a,  and 
imagine  the  curve  p  p't 
to  roll  also,  keeping  in 
contact  with  both  v 
and  w  at  t.  It  is  really 
rolling  inside  v  and 
outside  w.  If  any  point 
of  p  p'  T,  such  as  p,  is 
always  on  the  contours 
of  the  two  teeth,  the 
straight  line  pt  is  al- 
ways normal  to  these 
teeth  at  p,  their  point 
of  contact,  and  we  have 
ensured  that  the  com- 
mon normal  to  both 
passes     through     the 

pitch  point  t.  w  and  v  may  be  ellipses,  but  they  are  generally 
circles,  a  and  b  being  their  centres.  If  p  p'  t  is  a  circle,  rolling 
inside  v  and  outside  w,  the  trochoidal  curves  are  called  hypo-  and 
epi-cycloids.  When  a  number  of  wheels  are  to  gear  any  one  with 
any  other,  we  usually  choose  one  rolling  circle  for  the  insides  and 
outsides  of  all  the  pitch  circles ;  it  is  taken  of  a  diameter  equal  to 
the  radius  of  the  smallest  pitch  circle.  When  it  rolls  inside  this 
smallest  pitch  circle  the  hypocycloid  is  a  radial  line.  A  rack  may 
be  regarded  as  part  of  a  wheel  of  infinite  diameter.  Sometimes  the 
trochoidal  curves  are  involutes  of  circles,  the  rolling  curve  being 
really  a  straight  line  or  an  infinite  circle.  Let  w  and  v  (Fig.  326)  be 
the  pitch  circles.  Draw  any  line  c  d  through  t,  the  pitch  point,  and 
describe  circles  with  b  and  a  as  centres  touching  this  line  at  d  and 
c  respectively.  Draw  through  t'  o  t  h,  the  involute  of  the  circle 
1)  o,  and  F  T E,  the  involute  of  the  circle  of.  If  g h  and  b  f  be  the 
contours  of  teeth  rotating  about  b  and  a,  their  common  normal 
remains  always  c  d.    Thus  at  any  point  t'  in  c  d,  if  we  draw 
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involates  to  the  two  circles,  they  must  touch  there,  because  a 
tangent  to  a  circle  cuts  all  the  involutes  at  right  angles.  It  is 
evident  that  a  pair  of  wheels  with  involute  teeth  may  have  less  or 
more  distance  between  their  centres  without  any  alteration  of  their 
velocity  ratio,  this  being  b  t  :  a  t  or  b  d  :  a  c.  If  there  is  no  friction, 
c  D  is  the  direction  of  the  driving  force.  It  is  usually  more  oblique 
to  the  line  of  centres  in  wheels  with  involute  teeth  tluin  in  cycloidal 
teeth.  For  the  most  accurate  work  the  actual  trochoidal  curves 
are  drawn  by  the  rolling  of  templates,  but  there  are  well-known 
drawing- office  rules  by  which  we  approximate  to  the  true  best 
curves  by  means  of  arcs  of  circles. 

46S.  In  Art.  462  we  showed  how,  when  given  the  shape  of  a  toothy 
to  find  the  shape  of  another  tooth  to  gear  with  it  with  constan-fc 
velocity  ratio.     A  good  example  of  the  application  of  this  rule  i.^ 
found  when  designing  the  shape  of  the  tooth  of  a  worm  wheeX. 


The  shape  of  the  thread  of  the  worm  being  chosen,  any  section  oi 
the  worm  thread  by  a  plane  at  right  angles  to  the  axis  of  thewoiiaj 
wheel  may  be  drawn  by  elementary  practical  geometry.  Reg*^ 
it  as  the  tooth  of  a  rack.  The  section  there  of  the  tooth  of  t"® 
worm  wheel  must  be  the  shape  of  a  tooth  to  gear  with  the  gi^^^ 
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rack  tooth,  and  must  be  drawn  "by  some  such  rule  as  we  have  given 
in  Art.  462. 

464.  Sometimes  pieces  centred  at  a  and  «,  acting  upon  one 
another,  do  not  act  directly  as  shown  in  Fig.  324,  but  through  the 


Fig.  327. 


«  / 

V 


Fig.  328. 


agency  of  a  third  body.  Thus,  if  pins  on  v  and  w  are  connected  by  a 
Imk  w  V,  and  if  the  pins  are  frictionless,  we  know  that  the  diiection 
of  the  force  at  any  instant  must  be  in  the  direction  of  the  centres  of 
the  pins  or  in  the  line  w  v.  It  is  easy  to  show  as  before  that  if  a 
is  the  angular  velocity  of  a  w  and  h  the  angular  velocity  of  b  v, 

then  T  =  — »  if  T  is  where  w  v  cuts  the  line  of  centres  a  b.     The 
h         TA 

complete  study  of  the  relative  motion  of  four  links  such  as  aw, 
w  v,  V  B,  and  b  a  is  of  course  a  very  complicated  business  if  we 
imagine  them  to  be  of  all  sorts  of  lengths.  We  may,  if  we  please, 
imagine  any  one  of  them  fixed  and  consider  the  motions  of  the 
others.  Thus  in  Fig.  328  consider  a  b  to  be  fixed.  Think  that 
A  and  b  are  merely  pins  in  some  fixed  object  of  any  shape  whatso- 
ever. Now  consider  the  other  pieces  to  be  of  any  curious  shapes  and 
lengths.  The  motion  is  taken  to  be  in  the  plane  of  the  paper,  w  v  is 
only  a  straight  line  joining  the  centres  of  the  two  pins  w  and  v  ; 
but  imagine  w  v  to  represent  any  curiously  shaped  body — we  might 
wish  to  know  the  motion  of  any  point  in  this  body.  The  student's 
great  aim  is  to  get  a  correct  mental  picture,  and  if  he  recollects 
that  w  is  moving  about  a  as  an  instaiLtaneouB  centre  or  at  right 
angles  to  a  w,  and  v  is  mo^'ing  about  b,  the  whole  body  w  v  must 
just  at  the  present  instant  be  moving  about  the  point  c  as  a  centre. 
We  have  produced  w  a  and  v  b  to  meet  at  c,  the  instantaneous 
centre  of  motion  of  the  whole  body  w  v.  One  has  then  a  mental 
picture  of  the  motion  of  any  point  whatsoever  in  the  body  w  v. 

465.  Gteneral  motion  of  a  body  parallel  to  a  plane. — Let  us 
simply  say  a  plane  figure  or  body  in  its  own  plane.     If  we  consider 
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the  motion  of  any  two  points,  this  settles  the  motion  of  every  other 
point,  so  we  shall  speak  only  of  two  points.  It  is  easy  to  prove 
that  when  we  consider  two  positions  of  the  hody  there  is  one  point 
of  the  body  whose  position  is  the  same.  Thus,  if  w  v.  is  one 
position  and  w'  v'  is  another  position,  bisect  w  V  by  a  line  at  right 
angles  to  it,  and  let  it  meet  the  rectangular  bisector  of  v  v'  in  c. 
Evidently  c  is  a  point  in  the  body  which  has  not  altered  ita 
position ;    it  is  the  instantaneous  centre  of  the  motion.      Notice 


Fig.  329. 


Fig.  830. 


that  if  w  w'  is  parallel  to  v  v',  c  is  at  an  infinite  distance ;  we  th-^xx 
say  that  the  motion  is  one  of  translation  merely.  In  Fig.  329  ^^^g 
have  a  piece,  w  v,  whose  ends  move  in  the  paths  V  w  and  V  v.  ^A.t 
any  instant,  if  we  draw  w  c  and  v  c,  normals  to  the  paths,  we  fi.z:i<l 
c  the  instantaneous  centre. 

Consider  any  point  p  in  w  v,  and  join  p  c.     p  traces  out  soxxie 
path  during  the  motion.     Notice  that  pc  is  the  normal  to  tlo^is 
path,  .and  a  line  through  f  at  right  angles  to  p  c  is  the  tangenb    "to 
it.     If  we  want  to  consider  the  envelope  of  the  straight  line  tv  v, 
notice  that  the  foot  of  the  perpendicular  from  c  upon  w  v  is  a  point 
in  that  envelope,  because  it  is  the  only  point  of  w  v  which  move^    i^ 
the  direction  of  the  length  of  w  v.     The  student  must  not  ima^ixie 
that  because  at  the  instant  every  point  of  a  body  is  moving  abon-'fc  c» 
therefore  c  is  the  centre  of  curvature  oi  the  path  of  w,  or  of  v,  o'xr  of 
p.     c  is  only  for  the  instant  the  centre  of  motion,  and  such  linft^  a* 
wc,  vc,  and  pc  are  the  directions  of  the  normals  to  the  acfc-"***^ 
paths  of  these  three  points.     As  the  figure  moves  in  its  own  pl^me 
from  one  position  to  others  successively,  let  Ci  Cj  C3,  etc.,  be      ^^^ 
successive  points  of  the  figure  about  which  the  rotations  take  pL^3K^^» 
and  let  ci  c^c^y  etc.,  be  the  positions  of  these  points  on  the  fixed  ^  ^af*^ 
when  each  is  the  instantaneous  centre  of  i-otation.     Then  the  fi^^"^^^ 
rotates  about  Ci  (or  ci,  which  coincides  with  it)  till  Cj  coincides  -^'^^^ 
^2 ;  then  about  c^  till  C3  coincides  with  Cg,  and  so  on.     Hence,  \X  ^^^ 
join  Ci  C2C3,  etc.,  in  the  plane  of  the  figure,  and  <?i<^<^,  etc.,  ir».    *^^ 
fixed  plane,  the  motion  will  be  the  same  as  if  the  polygon  Ci  c:?-8  ^3» 
etc.,  rolled  upon  the  fixed  polygon  c\c^c^^  etc.     By  supposing"     *^^ 
successive  displacements  smaller  and  smaller,  we  have  curves,    aJ*" 
hence  any  motion  whatever  of  a  plane  figure  in  its  own  plane    xii*7 
be  imagined  as  produced  by  the  rolling  of  a  curve  fixed  to    t^^ 
figure  upon  a  curve  fixed  to  the  plane.     It  immediately  foU<^^ 
that  any  displacement  of  a  rigid  solid  parallel  to  a  plane  ma^y  ^ 
produced  by  the  rolling  of  a  cylinder  fixed  in  the  solid  on  another 
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cylinder  filed  in  Bpnw,  (he  ftcnrinlms  liiios  of  llii>  <  yliiidi'vs 
■t  riKht  nnglea  to  the  plnnc. 

Me.  Whftt  we  have  slid  nlwiit  mi.licai  in  a  plmi.'  U  lrm> 
motinn  uf  figiu'es  xlin|H.-d  to  HI  ii  Hiilit-iit'iil  siirftKi-  »1iiii;;]il  11 
Qie  unc  ['use  roii'OHpoiidinK  tii  {Tiiitt  I'in-li'H  i)f  the  Hphi'i'C  i 
other  lime.     It  in  easy  tu  have  ii  nipiilal  inin-^-  of  thi»". 


imagine  that  any  point  of  the  Biiiierflciiil  Hphei-iral  lifture  in  joined 
to  Uio  centre  of  the  Hphei'o,  and  wo  rco  Ihnt  {!)  if  n  i-i^d  body  hu'^ 
one  point  fixed  (inia^Vlc  Ihia  the  centi'e  of  nn  imaginafv  xpheiHial 
Bm-bee],  however  it  may  move,  in  any  twii  puiiliona  oj  the  iKidy 
Ibere  is  one  line  of  the  bwly  whi<'h  in  ivniiwin  to  the  two  powlioiix. 
(3)  Any  motion  niay  lie  reftni'di'd  rh  diiu  to  the  lolUog  of  a  cone 
fixed  iu  the  body  uj>on  n  i-one  fimil  in  «]ini'('.  What  wf  hnve  wiid. 
therefore,  about  the  piei'Gs  a  w  and  h  v  of  I''!);.  327  inoiiiig  about 
axes  at  right  angleK  to  the  plaiiii  of  motion  nmy  bo  nt  onee  apptii'd 
to  pieces  mwing  In  a  sphcrii'iLl  Hiirfncc  nlioiit  axun  meeting  iii  the 
centre  of  the  sjjiere.  Or  the  eylindiic  pieeew  a  v  and  n  v  may  be 
imagined  to  be  conical  piefOH  moving  about  axes  a  and  a,  meeting 
at  the  vortex  of  the  rones.  Hence  all  that  we  have  said  about  Hpni' 
wheels  IB  at  onco  applicable  to  bevil  whools,  which  uro  suitable  foi- 
ahafta  whose  centre  Imea  or  axes  meet  at  a  point. 

467,  Fig.  329  is  worth  a  vtiy  great  deal  of  consideration.  Thci-e 
iaalintw  V,  and  motion  of  a  point  win  it  is  known.  The  shape  of 
the  path  of  v  is  known,  to  find  the  motion  of  the  whole  link,  and  of 
any  jKiint  in  it,  at  every  instant.  When  the  paths  of  w  and  v  are 
arta  of  circles,  we  have  the  fonr-bar  UnemaUc  chain  of  Fig.  327- 
When  w  (a  crank  pin)  moves  in  the  arc  of  a  cii-ele,  and  v  is  a  block 
moi-in^  in  a  straight  slot,  one  particular  case  is  tailed  a  alider 
crank  chain  (see  Fig.  .132).  When  both  w  and  v  are  blocks  moving 
in  straight  aluta  at  right  angles  to  one  annthci-,  we  have  the 
ordinarj-  tnunmeli  for  describing  an  ellijisc.  We  have  the  mathe- 
matical basis  of  the  elllptie  chtli^  for  wc  may  imagine  any  jHii-t  of 
a  mechanism  to  be  at  lost,  and  Ihon  Iho  relative  motions  of  tie 
others  become  absolute  motions.  The  theoiy,  then,  of  Art.  461  is 
the  same  tor  a  very  great  many  mechanisms. 
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168.  In  Fij?.  327,  if  we  imo^ne  r  a  to  be  fixed,  «  in  the  position 
in  which  it  i«  in  the  fif?nre,  w  a  and  n  a  infinitely  long,  so  that  w's 
arc  of  a  circle  is  really  a  straight  line,  we  have  the  usual  crank  n  v 

and  connecting  rod  v  w, 
which  we  can  indicate 
in  its  simplest  form  by 
Fig.  332.  Now  take 
'  '  this    as    it    stands.     A. 


Fig.  332.  piece  b  a  x  along  which. 

w  slides,  and  the  con- 
necting-rod w  V  and  the  crank  v  b  ;   think  merely  of  the  relatives 
motion  of  each  piece  to  the  rest.     You  may  imagine  any  one  o:^ 
the  i)ieces  fixed,  and  you  may  consider  the  motion  of  any  poin.'t-r 
in  any  piece.     If  bx  is  fixed,  v  describes  a  ciivle,  w  a  straigli.^ 
line,  and  any   i)oint   in  w  v   describes  a   l'Utxq   which   is   somcst  — 
what   like   an  ellipse,  only   blunter  at   one   end  than  the  othe:»j-. 
Now  imagine  b  v  =  v  w :    v  will  not  make  a  rotation.     Imagirm^  « 
w  V  extended  beyond  v  as  far  again  :    that  point  will  describe         u 
straight  line,  and  we  have  a  pai-allel  motion.     A  student  must  tMBc:-^' 
these  things  with  models.    Now  imagine  b  v  fixed,  and  let  vw  tur^^i 

uniformly.     [Draw  the  fixed  jMirt  of  any  curious  shape,  the  frai ^sie 

of  a  nuichine,  v  and  b  here  being  two  pins.]     We  get  a  qui—     -<5k 

return  mechanism  for  shaping  and  other  machines.     Imagine  ^ w 

fixed,  and  we  have  the  mechanism  of  oscillatiiig  cylinder  engir     ^nes 

and  of  other  machines  as  well.     Now  imagine  w  fixed,  and  gui(" 

B  x,  so  that  it  shall  only  move  in  the  direction  of  its  length, 

we  have  a  well-known  pump  mechanism.  When  we  consider  tl 

even  fix)m  Fig.  332,  with  the  motion  of  w  in  a  line  with  b,  we  hs 

obtained  a  number  of  different-looking  mechanisms,  and  that  tl 

can  be  varied  very  cunously  by  taking  various  lengths  of  the  pa. 

it  will   be  seen  that  there  is  a  nejirly  endless  variety  of  f o  -        iins 

derivable  from  the  mechanism  sho^^^l  in  Fig.  327.     Now  imagii:. 

pin  Y  in  the  piece  w  v  linked  to  z,  a  pin  in  an  aim  z  b,  and  we 

a  much  more  complicated  problem  to  study  in  the  relative  mo 

of  six  pieces.     Any  one  of  them  may  be  imagined  fixed,  and 

may  be  of  all  sorts  of  lengths. 

469.  The  following   example   is  of   geometrical   interest, 
the  Peaucellier  cell  (Fig.  333),  a  b  and  a  w  of  Fig.  327  are 


Fig.  338.  Fig.  384. 

equal  in  length,  and  so  are  B  v  and  v  w.  Two  pieces,  wc  and  cb, 
equal  to  b  v  and  v  w,  are  added.  It  is  easy  to  see  that  A  c  v  m 
always  a  straight  line.     Also  the  positions  of  a,  c,  and  v  are  such 
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that  A  c  .  A  V  remains  constant.  For  if  a  c  v  and  w  «  be  joined, 
and  they  meet  in  o,  the  centre  of  the  rhombus,  a  w^  =  a  o^  +  o  w^, 
and  V  w^  =  V  o^  +  o  w^.     Hence 

A  W^  -  T  w2  =  A  O^  -   V  02  =  (a  O  +  V  O)  (a  O  -  VO)  =  A  V  .  A  C. 

Hence,  if  a  is  fixed,  and  c  traces  out  any  curve,  v  will  trace  out 
the  reciprocal  cun'e.  If  c  is  constrained  by  a  link  o'  c  to  move  in 
a  circle,  and  if  o'  a  =  o'  c,  v  will  describe  the  reciprocal  cur^'e, 
which  in  this  case  is  a  straight  line.  If  o'  c  is  not  equal  to  o'  a,  v 
will  describe  the  arc  of  a  circle  of  much  greater  radius  than  c's. 
470.  When  the  four  links  of  Fig.  327  form  a  parallelogram,  as 


Fig.  3.35. 


A  w  V  B  of  Fig.  336,  then,  if  p  is  a  point  anywhere  rigidly  part  of  the 
link  w  V,  but  in  the  line  w  v,  and  if  at  any  time  it  is  in  the  same 
straight  line  with  a,  and  a  point  q,  which  is  rigidly  a  part  of  the 
link  «v,  and  in  the  line  liv,  then  r  and  q  will  always  be  in  a 
straight  line  with  a.  We  can  imagine  now  that  either  q  or  p  or 
A  is  a  fixed  point,  and  the  other  two  will  follow  paths  which  are 
similar  to  one  another. 

Thus,  for  example,  if  a  w  v  b  (Fig.  335)  is  the  four-bar 
mechanism  of  Fig.  327  (a  b  need  not  be  drawn  because  we  imagine 
it  fixed),  and  if  a  w  d  is  one  piece,  v  p  and  p  d  being  links  equal  to 
w  D  and  w  v  respectively,  then  the  pin  p  will  travel  in  a  path 
similar  to  that  of  q  if  q  w  :  a  w  :  :  p  d  :  a  d.  If  q  trarels  very 
nearly  in  a  straight  line  (if  b  v  :  a  w  :  :  q  w  :  q  v,  we  hare  a 
near  approach  to  straight-line  motion  of  q,  so  long  as  b  v  and  a  w 
are  nearly  parallel  to  one  another),  then  p  will  also  travel  very 
nearly  in  a  straight  line. 

471.  Again,  if  a  w  v  li  is  a  parallelogram,  and  if  p  is  a  point  rigidly 
part  of  the  link  b  v,  and  if  q  is  a  point  rigidly  part  of  the  link  w  v, 
and  if  p  and  q  are  so  placed  that  the  ratios  p  v  :  v  b  :  b  p  are  the 
same  as  the  ratios  v  q  ;  q  w  :  w  v,  then  it  can  be  shown  that  a  q 
and  A  p  always  make  the  same  angles  with  one  another,  and  that 
the  ratio  of  the  lengths  a  q  and  a  p  keeps  constant.  In  the 
triangles  p  v  b  and  v  q  w,  the  angles  at  p  and  v,  at  v  and  q,  and  at 
B  and  w  are  respectively  equal.  Hence  the  triangles  qwa  and 
A  B  p  are  similar,  and  it  follows  that  the  angle  q  a  p  keeps  constant 
in  any  motion  oip  the  mechanism,  and  the  ratio  of  the  lengths  A.Q. 


580 


APPLIED   MECHANICS. 


and  A  p  keeps  constant.     It  follows,  therefore,  that  if  a  is  fixed  and 
p  is  allowed  to  follow  any  curved  path,  Q  will  follow  a  similar  path. 
472.  Note  that  Fig.  334,  where  p  and  q  are  in  the  straight  lines 
connecting  w  v  and  b  v,  is  only  a  particular  case  of  Fig.  336.    Note 
also  that  if  a  w  and  w  v  are  a  pair  of  links  guided  at  a  and  v  along- 
any  paths,  and  if  a  b  and  b  v  are  another  pair  of  links  whose  a  an(i^ 
V  follow  identical  paths  with  the  first  jmir's  a  and  v,  then  for  eactm^ 
point  in  the  one  mechanism  there  will  be  a  corresponding  point  irm. 
the  other  which  follows  a  similar  path. 

It  is  interesting  to  prove  that  if  the  links  A  w,  w  v,  a  b,  b  v^  ^ 
forming  a  parallelogram  as  in  Fig.  336,  be  joined  up  as  in  Fig.  337^  , 

then  any  four  points  pqrs  in  ^^ 
line  parallel  to  av  remain  in  ^b. 
line  parallel  to  av,  however  tfc^« 
mechanism  may  alter  in  shap^  ; 
and  the  distances  p  q,  q  r,  r  s  SLZxye 
always  such  that  p  r  .  p  q  is  cothti- 
stant.    Also  p  q  =  r  s. 

47S.  We  study  mechanisms,  L  ^t, 
Because  in  designing  new  machinery  we  ought  to  have  a  genfe:a:7al 
fairly  exact  knowledge  of  the  sort  of  motion  which  each  piece  ^::».a8 
in  existing  machines.     For  this  we  watch  existing  machinery,  e^md 
work  with  rude  models  whose  dimensions  may  be  varied.     l&:Mnd, 
Because  we  wish  to  perfect  an  existing  mechanism.     For  thi»     ~we 
need  a  more  exact  study  of  the  motion  of  every  part,  and  we     ^wse 
skeleton  di'awings,  algebraic  and  trigonometric  analysis,  or  graphiLieal 
methods  such  as  I  have  described.     3rd,  Because  in  these  day  ^  of 
increasing  speed  of  machinery,  the  forces  necessary  to  produce 
the  accelerations  of  all  the  parts  have  become   important,  loolh 
for  the  strength  and  stiffness  of  all  the  parts,  and  also  for     the 
effects  of  vibration. 

474.  In  Fig.  329  we  saw  that,  knowing  the  directions  of  motion  of 
w  and  v,  we  can  find  the  instantaneous  centre.   Now  let  w  v  get  anj 
motion  whatsoever  in  the  plane  of  the  paper.     Let  the  velocities  of 
w  and  V  be  iv  and  v  in  the  directions  marked.     If  we  draw  perpen- 
diculars to  tv  and  v,  meeting  at  c,  the  angular  velocity  of  w  about 


Fig.  337, 
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Fig.  338. 

0  must  be  the  same  as  that  of  v,  and  this  must  be  the  satoe  as  that 
of  any  other  point  k,  rigidly  attached  to  w,  about  c.  Hence,  join 
any  point  k  to  c,  the  velocity  of  k  is  at  right  angles  to  c  k,  and 
is  represented  in  amount  by  the  length  of  c  k.  Hence,  as  soon  as 
we  find  the  instantaneous  centre,  we  have  a  diagram  of  velocities 
of  all  points  in  the  body.   Notice  that  if  we  have  the  instantaneous 
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Fig.  339. 


centre  c  and  the  velocity  of  any  one  point,  we  have  the  whole 
diagram  to  scale.  If  c  d  is  a  perpendicular  to  v  w,  as  the  length 
of  every  line  now  in  the  diagram  represents  the  amount  of  a 
velocity  which  is  at  right  angles  to  its  direction,  c  n  is  the  com- 
ponent or  common  velocity  of  all  points  in  the  straight  lino  w  v  in 
the  direction  w  v.  d  w  is  the  velocity  at  right  angles  to  the  direc- 
tion w  V  of  the  point  w,  and 
D  V  is  the  same  for  v,  hence 
w  V  represents  v's  velocity  in 
excess  of  w's  in  this  direc- 
tion. Hence,  if  w  v,  v  x,  x  y 
are  given  links,  and  if  we 
know  the  directions  of  the 
velocities  of  each  joint  at  the 
instant,  say  the  directions  of 
the  dotted  lines,  we  can  find  the  velocity  of  every  point  in  any 
hody  which  is  rigidly  a  part  of  any  of  the  links  if  we  know  the 
actual  speed  of  any  one  point. 

Choose  a  pole  o.  Draw  lines  from  o  at  right  angles  to  the 
velocities  of  all  the  joints — o  to,  o  v,  etc.  Let  the  distance  along 
any  one  of  them  represent  the  velocity  of  that  joint  to  scale,  and 
now  draw  the  lines  trv,  vx,  xy  parallel  to  the  real  links.     Then  the 

lengths  oWj  o  t',  ox,  o  y  re- 
present the  velocities  of  the 
joints.  To  i)rove  this,  drop  a 
perpendicular  o  d  from  o  upon 
any  of  the  link  directions  in 
our  diagram ;  we  choose  vw. 
If  o  w;  is  the  amoimt  to  scale 
and  is  at  right  angles  to  the 
velocity  of  w,  then  o  d  repre- 
sents the  velocity  of  w  in  the 
direction  of  the  link  w  v ;  but 
this  ought  to  he  the  same  for  v. 
We  have,  then,  the  amount 
o  D  of  a  component  of  v's 
velocity,  and  we  have  the 
direction  of  its  whole  velocity,  and  our  construction  is  the  very 
one  which  we  should  adopt  to  obtain  v's  velocity.  If  w  and  y 
are  fixed,  the  diagram  wvxy  is  a  closed  polygon,  in  the  present 
case  a  triangle. 

Notice  that  in  any  case,  if  from  o  we  drop  a  i)erpendicular  o  d 
on  a  side  of  the  diagram,  say  w-t,  then  d  w  and  d  v  represent  the 
velocities  of  w  and  v  at  right  angles  to  the  length  of  «  w.  Hence 
the  difference  n'v,  divided  by  the  actual  length  of  w  v,  represents 
the  angular  velocity  of  w  v.  Thus,  in  Fig.  343,  take  a  w  v  b  as 
four  links,  a  and  b  having  no  velocities.  From  the  point  o,  which 
we  may  also  call  a  or  ft,  draw  lines  parallel  to  a  w  and  b  v,  because 
we  know  that  these  are  at  right  angles  to  the  velocities  of  w  and  v, 
and  draw  vw  parallel  to  v  w.  Then  ftr  -^  b  v,  aw  -^  aw,  and 
rw  ~  V  w  represent  the  angular  velocities  of  the  three  links. 

475.  In  Fig.  339,  if  k  is  a  point  rigidly  attached  to  the  link  v  x 
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(in  the  diagium  find  k  so  that  vkx  is  a  triangle  similar  to  v  k  x),  therv 
o  A;  is  at  right  angles  to  and  represents  to  scale  the  velocity  of  k  . 
Professor  R.  H.  Smith,  who  was,  I  believe,  the  inventor  of  thin 


Fig.  342. 

method,  takes  his  radiating  lines  parallel  to,  instead  of  at  riglit 
angles  to,  the  actual  velocities  (Trans.  R.S.E.,  Jan.,  1885).  He 
gives  a  similar  construction  for  accelerations. 

If  a  point  B  is  fixed  and  a  body  rotates  in  the  plane  of  the 
paper  round  it,  the  accelerations  of  any  points  a  and  k  are  ia  the 
directions  a  b  and  k  b,  and  they  are  proportional  to  the  distances 
A  B  and  K  B.  Let  a  k  b  be  a  rigid  body  with  a  motion  in  the  plane 
of  the  paper.  Let  the  actual  amounts  of  the  accelerations  of  a  and 
B  be  known  ;  represent  these  in  amount  and  direction  by  the  lines 

o  a  and  o  b.  Now  make  the  figure  ^^^ 
exactly  similar  in  shape  to  the  real  body 
A  K  B.  The  true  accelei-ation  of  any  point 
K  is  represented  in  amoimt  and  direction 
by  o  A;. 

To  prove  this :  The  acceleration  of  A  m 
the  vector  sum,  acceleration  of  b  +  accelera* 
tion  of  A  relatively  to  b.  Hence  ^arepr^' 
sents  this  accelei"ation  of  a  relatively  to  *• 
But  the  motion  of  a  and  the  whole  I'C^^? 
relatively  to  b  is  a  rotation,  and  hence  ^* 
represents  the  acceleration  of  k  relatively 
to  b  to  the  same  scale.  The  vector  sttd 
ob  +  bk  =  ok  represents  therefore  k's  ^^' 
celeration. 

Notice  that  the  true  ac<?eleration  of  a^^J 

point  A  is  the  vector  sum  of  two  accelei^' 

tions — the  first  in  the  direction  of  motio^' 

Fig.  343.  the   second  the   centripetal  acceleration    '^ 

the  path  of  a  is  curved. 
476.  Let  a  known  force  in  any  direction  be  applied  to  a,  a  pai^t 
in  the  body  a  k  b  which  has  a  known  motion  in  the  plane  of  the 
paper. 

Ist.  Imagine  the  body  divided  into  small  equal  masses.  T^i^ 
construction  of  Fig.  342  enables  us  to  find  the  forces  with  ^|^^^ 
these  masses  resist  their  accelerations.    They  may  be  combiner 
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with  the  weights  of  the  parts  to  get  what  may  be  caUed  the  load 
diagram  of  the  body. 

Let  it  be  known  that  there  is  another  force  of  unknown  amount, 
but  known  in  direction,  acting  at  a  (for  example,  the  guiding  force, 
with  or  without  friction,  at  the  crosshead  of  a  steam  engine).  It  is 
easy  to  see  that,  by  Art.  475,  we  can  find  the  amount  of  this 
gmding  force  at  a,  and  also  the  total  force  which  must  be  acting  at 
a  given  point  b. 

^^^'  ^^  '^^'  ^^^  ^®  hsive  a  construction  which  enables  us  to 
hnd  the  stress  at  any  point  of  any  sectionof  the  structure  a  k  b,  if 
it  may  be  imagined  to  be  any  quasi-prismatic  structure  like  a  beani 
or  connecting-rod,  or  even  if  it  be  shai)ed  like  part  of  a  metal  arch. 
In  such  a  case  as  that  of  the  connecting-rod,  the  steam-engine 


w 


maker  ought  to  study  the  motion  from  many  points  of  view,  o  v 

and   V  w   being  the   crank  and   connecting-rod  in  any  position. 

Produce  w  v  to  meet  o  b  in  b.     o  b  is  at  right  angles  to  the  line  of 

centres,  o  w.     Then  the  lines  o  v  and  o  b  are  at  right  angles  to  the 

velocities  of  v  and  w,  and  v  b  is  in  the  direction  of  the  link  w  v ; 

consequently,  o  v  b  is   (Art.  476)   a  diagram  of  velocities,    o  v 

representing  to  scale  the  constant  velocity  of  v,  o  b  represents  to 

the  same  scale  the  velocity  of  w  ;  also  the  distance  v  b  represents 

the  angular  velocity  of  the  connecting-rod.     It  follows  from  this 

at  once  that  a  force  f  at  w  in  the  direction  w  o  would,  if  there 

were  no  friction  and  the  connecting-rod  were  massless,  produce  a 

turning  moment  f  x   o  b  on  the  crank  shaft. 

It  can  be  shown  that  if  we  draw  b  a  at  right  angles  to  w  b,  join 
V  A,  draw  b  c  parallel  to  v  a,  let  w  be  in  w  o  as  far  from  a  as  c  is,  but 
on  the  opposite  side  of  a,  and  join  w  v,  then  o  w  v  is  an  acceleration 
diagram  such  that  if  k  is  any  point  in  the  connecting-rod,  and  we 
let  the  points  w,  k^  and  v  be  relatively  to  each  other  as  w,  k,  and  v, 
then  h  o  represents  the  acceleration  of  k  in  direction  and  magnitude 
to  the  same  scale  to  which  v  o  represents  the  centripetal  accelera- 
tion of  V.     In  fact,  o  t<;  Ar  V  is  a  diagram  of  accelerations. 

477.  When  one  point  of  a  body  is  fixed,  and  we  may  neglect 
centripetal  accelerations,  we  may  take  up  the  problem  as  a  particular 
case  of  the  general  problem  akeady  considered,  or  we  may  attack 
it  anahi;ically  as  follows  :— If  o  p  is  the  stiaight  centre  line  of  an 
arm,  obeinff  fixed,  and  if  a  is  its  angulw:  acceleration ;  neglecting 
forces  parafiel  to  o  r,  let  there  be  a  force  f  acting  at  p  ;  the 
acceleration  at  any  point  a  (neglecting  mdial  acceleration)  is  .ra,  if 
o  Q   is  ;r      If  w    is    the    mass  per  unit  length,  the  load  due  to 
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aceelerution  |M)r  unit  length  is  max:   and  if  n  in  the  bending 
moment  at  the  cross- section  (see  Ait.  357), 

Assume  tu  to  be  some  function  of  x^  and  let  s  be  the  shearing 


J 


foix-e  at  a  section.     Let   I  mx  .  dx  =  v,   \v.dx  =  Uj  and  let  the 
values  of  v  and  m  become  vi  and  Mj,  when  x  =  i.     Then 


s 

M 


=    j~  =  av  + 
ax 


(2), 


=  aii  -^  ex  +  e  ,  .  .  .  (3), 
y  =  avi  +  e  .'.  c  =  V  -  a  Vj, 
1)  =  a«i  +  (f  -  aVi)  I  +  e  .'.  e  =  a  (Ivi  -  Ui)  -  v  e. 

If  A  is  the  area  of  cross-section  and  p  is  the  mass  per  unit  volume, 
Ap  =  in.  If  we  wish  to  have  the  same  ma-Timmn  stress/ in  ever}- 
cross- section,  and  if  z  is  the  strength  modulus  of  the  section,  then 
M  =  z/, 

m       A  p 

Dividing,  therefore,  (3)  by  m,  we  know  the  value  of  z/a  every- 
where, if  the  arm  is  to  be  of  uniform  strength.  Thus,  for  example, 
let  the  section  be  rectangular,  of  breadth  z  and  depth  (in  the  plane 
of  motion)  y.     Then  a  =  cy,  z  =  ^  zy^;  so  that  z/a  is  ^y.     Hence 

1         ft/       ^  6p  M 

from  (4)  we  have"!-  =      or  y  =    /  -  ,  or 

6pm  f  m 

6p 


y  =  /.»  <«"  ^.  ex  ^-  e) 
jm 


(•^). 


m 


.  .  .  (6). 


Since  psy  =  m,  z  =  — ,  so  that  when  we  know  y  we  know  z ; 

_  /    *>» 

Example. — Lot  m  =  a  -  bx, 

V  =  \ax^       4*^,     »i  =  ia/2  -  ^bi\ 
u  =  laafi  -  ^bx\    «i  =  Ja/3  -  ^A^, 
c   =  F  -  a/2(ia  -  ibl), 
e  =  aPiia  -  ^  bt)  -  f /, 

^  =  /  (^'-- M  (""  -^  ^-^^  -^  '^- 

478.  In  (liricuHsinj?  the  reciprocatiiig  motion  of  a  point,  I  ha-^-c 
found  in  practice  much  simplification  in  my  ideas  when  I  ha^'< 
reduced  the  motion  to  some  such  shape  as 

X  —  a  sin.  (qt  +  ei)  +  b  sin.  (2  qi  +  €2)   t-  etc. 

where  x  is  the  displacement  of  the  point  from  some  fixed  point  i^ 
its  path,  and  ^  is  2  ir  multiplied  by  the  fi*equency,  or  2  t  di^^ded  ty 
the  periodic  time.      For  many  purjwses  we  find  the  first  term 
sufficient.  In  most  ySrlve  motions,  such  a.**  link  motions  and  radiai 


/ 
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gear,  I  find  that  only  two  terms  are  ever  needed  qxgji  for^a  very 
exact  definition  of  the  motion.  One  interest  attaching  to  this 
method  of  working  is  in  its  showing  how  the  b  tonn  becomes 
twice  as  important  in  the  velocity,  and  four 
times  as  important  in  the  acceleration  as  the 
fundamental  term.  Another  important  matter 
is  this:  in  modem  machinery  vibration  is 
becoming  very  important,  and  the  above  de- 
scription of  a  motion  is  the  one  that  lends 
itself  most  easily  to  a  discussion  of  the  vibi-a- 
tions  which  want  of  balance  gives  rise  to.  (See 
the  author's  books  on  the  Calculus  and  on  the 
Steam  Engine.) 

479.  The  follovsdng  proposition  is  the 
foundation  of  most  calculations  on  motion 
communicated  through  links.  The  points  a  c  b 
are    in  a    straight   line.      They    move,    keen-  Fig.  345. 

ing  in  a  straight  line,   and  at  the  same  dis- 
tances from  one  another.      (In    engineer's  language   acb   is  a 
moving  link,  and  c  is  a  point  in  it.)     Prove  that  the  motion  of  c 

A  C 

is  the  vector  sum  of  the  fi*action  —  of  b's  motion,  and  the  fraction 

AB 

of  a's  motion.    For  let  a  a',  b  b',  c  c'  be  any  displacements  of  a,  b, 

A  B 

and  c.     Join  a'  b.     Draw  c  c"  pamllel  to  a  a',  and  join  c"  c'.     Now 

AC       a'  c"       a'  c' 

=   -, — 7,  so  that  c"  c'  is  parallel  to  b  b'.     Hence,  as  c  o' 


A  B         A   B  A   B 

is  the  vector  sum  of  c  c"  and  c"  c\  we  have  proved  the  proposition. 
It  is  easy  to  extend  our  reasoning  to  motion  which  is  not 
parallel  to  one  plane.  The  motions  of  any  three  points  a  b  c  of  the 
body,  not  in  one  line,  define  the  whole  motion ;  and  when  we  are 
given  the  accelerations  of  a,  b,  and  c,  it  is  easy  for  anyone  who 
knows  descriptive  geometry  to  make  a  diagram  showing  the  accelera- 
tion of  any  point  of  the  body. 

480.  Newton's  great  one  law  of  motion  for  any,  however  complex, 
system  of  bodies,  is  this :  Look  upon  the  rate  of  change  of 
momentum  of  any  small  portion  of  matter  of  a  system  as  a  force 
in  the  opposite  direction.  All  such  forces  are  in  equilibrium  with 
the  forces  which  act  on  the  system  from  the  outside.  In  most 
cases  it  is  this  most  general  way  of  stating  the  law  that  is  most 
useful  to  engineers.  Given  their  diagi-am  of  accelerations,  they 
really  have  a  force  or  load  diagram,  and  the  problems  to  be  dealt 
with  are  now  merely  worked  out  by  graphical  statics. 

481.  Most  men  are  led  to  their  study  of  this  subject  through  what 
is  called  D'Alembert's  principle.  This  is  a  principle  which  served 
a  very  useful  purpose.  At  a  time  when  English  mathematicians 
were  stagnating,  being  academically  learned  as  to  Newton's 
methods,  but  being  really  ignorant  of  them,  the  French  mathema-. 
ticians  were  develojiing  kinetics  practically  independently  of 
Newton's  methods.     Newton's  third  law  was  quite  mis\uwiftY«»\ft<i^., 
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and  D'Alembert  discovered  a  principle  which  gave  the  power  of 
sohing  dynamical  problems  with  certainty.  It  will  not  astonish 
anyone  who  knows  academic  methods  to  be  informed  that,  although 
D* Alembei-t  gave  what  is  now  seen  to  be  merely  a  rather  cumbrous 
explanation  (easily  misunderstood,  because  of  certain  technical 
terms  which  may  be  confounded  with  one  another)  of  Newton*s 
third  law,  it  is  thi'ough  the  clumsy  explanation  that  the  subject  is 
nearly  always  approached.  We  believe  that  this  is  one  of  the 
greatest  reasons  why  many  engineers  are  so  disgusted  with  higher 
studies  in  dynamics.  There  seems  to  be  as  much  absence  of 
common  sense  now  in  academic  persons  as  there  was  in  the  time 
of  Erasmus.  He,  the  greatest  scholar  of  the  fifteenth  century, 
wrote :  "  They  are  a  proud,  susceptible  race.  They  will  smother 
me  under  six  hundred  dogmas.  They  will  call  me  heretic,  and 
bnng  thunderbolts  out  of  their  arsenals,  where  they  keep  whole 
magazines  of  them  for  their  enemies.  Still,  they  are  Folly's 
servants,  though  they  disown  their  mistress.  They  live  in  the 
third  heaven,  adoring  their  own  persons,  and  disdaining  the  poor 
crawlers  upon  earth.  They  are  surrounded  with  a  bodyguard  of 
definitions,  conclusion^,  corollaries,  propositions  explicit,  and 
propositions  implicit." 

482.  Let  the  engineer  take  Newton's  law  in  its  very  simplest 
form,  aa  above  expressed,  and  he  will  have  no  difficulty  in  attacking 
the  most  complicated  problems,  for  the  dynamical  becomes  a  static 
problem  on  the  equilibrium  of  forces.  It  is  usual  to  express  part 
of  the  result  analytically  in  the  following  way  : — If  in  any  direc- 

tion,  which  we  may  call  Xy  the  small  mass  m  has  the  acceleration  x, 
then  the  resultant  force  acting  from  outside  the  system  in  that 

direction  is  equal  to  the  sum  of  all  such  terms  as  mx.  State  this 
as  being  true  in  any  three  directions,  and  of  course  it  is  true  in 
any  direction  whatsoever. 

Now  if  the  x  of  the  centre  of  gravity  of  the  whole  system  is  :c, 
we  know  that  x^ni  =  2inx.  DifEerentiate  with  regard  to  time 
once,  and  again,  and  we  see  that  the  whole  mass  2  tn,  multiplied 
by  the  acceleration  of  the  centre  of  gi-avity,  is  equal  to  the  sum  of 
all  the  masses  multiplied  by  their  accelerations  in  the  direction  x. 
It  follows,  therefore,  that  the  motion  of  the  centre  of  gravity  of 
a  system  is  the  same  as  if  the  mass  of  the  system  were  collected 
there,  and  all  the  forces  acting  from  outside  on  the  system 
acted  there.  The  other  part  of  Newton*s  law  is,  of  course : 
The  resultant  moment  of  all  the  outside  forces  about  any  axis 
is  equal  to  the  rate  of  change  of  moment  of  momentum  of  the 
whole  system  about  the  same  axis.  We  very  often  choose  as  our 
axis  an  axis  through  the  centre  of  gravity,  but  it  is  well  to  notice 
that  this  is  not  necessary. 

483.  Angular  Motion. — We  know  (Art.  92)  that  when  a  rigid 
body  can  only  rotate  about  an  axis,  if  the  sum  of  the  moments  of  the 
forces  acting  on  the  body  is  m,  when  the  body  moves  through  the 
angle  dd  radians  the  work  done  is  m  .  50.  If  any  little  portion  m  of 
the  mass  of  the  body  is  at  the  distance  r  from  the  axis,  and  the 
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body  is  rotating  with  the  angular  velocity  a,  so  that  ar  is  the 
velocity  at  the  place,  the  energy  stored  up  in  the  little  mass  is 
\mc^r^.  If  this  is  summed  up  for  the  whole  body,  we  see  that 
every  little  term  contains  \ii^\  so  that  if  we  know  the  smn  of 
all  such  terms  as  mr'^  (called  i,  the  moment  of  inertia  of  the  body 
about  the  axis),  we  can  say  that  the  kinetic  energy  is  \  la^.  When 
a  force  f  acts  on  a  body  through  the  distance  5«,  the  work  done 
being  f  .  5«,  and  the  kinetic  energy  of  the  body  being  ^  mv^,  by 
assuming  that  work  done  is  equal  to  gain  of  kinetic  energy,  we 
are  led  to  the  law  f  =  w  x  acceleration.  "We  have  an  exactly 
analogous  set  of  terms  for  angular  motion.  The  work  m  .  Zd 
coiresponds  with  r  .  5» ;  the  energy  ^  la^  corresponds  with  J  mv^. 
The  proof,  therefore,  is  exactly  as  in  Art.  497 — namely,  if  a  moment 
M  acts,  through  the  angle  80,  on  a  body  moving  with  the  angular 
velocity  a,  and  whose  moment  of  inertia  is  i,  so  that  its  kinetic 
energy  is  \  i«2,  and  if  a  -l-  5a  is  its  new  angular  velocity,  then 

M  .  W  =  i I  (a  +  Uf  -  ^irt-^  =  I  .  a5a  +  i I  .  (5«)-^, 

As  50,  and  therefore  5a,  become  smaller  and  smaller,  we  have 

5a  _    56     5a 

^  =  ^''w~^5r  5l' 

or 

da 
M  =  I       =  la 

dt 

if  a  is  used  for  --,  or  the  angular  acceleration.     This  is  exactly 

analogous  with  the  force  law  in  linear  motion,  i  a  is  called  the 
moment  of  momentum  of  the  body,  and  i  a  is  the  rate  of  change  of 
the  moment  of  momentum. 

484.  To  arrive  diiectly  at  the  moment  of  momentum  of  a  rigid 
body  about  any  axis,  consider  a  portion  of  mass  m  at  the  distance  r 
from  the  axis  ;  r  making  an  angle  6  with  a  fixed  plane  through  the 

^^^^>  X  =  r  cos.  e,  y  =  r  sin.  a, 

dx  .      ^de  dy  ^    de  ,,. 

di=  - '■  ^""^  "  dtUt  = ' '^- ^  ■  dt  ■  ■  ■  ■  ^^^- 

J^^  ft ^ 

The  moment  of  the  momentum  m -r-  about  the  axis  is  -  my  .  --  in. 

dt  dt 

the  direction  of  increasing  $,  and  the  moment  of  momentum  of 

in  y-  is  mx  .  /.  and  the  sum  of  those  is 
at  at 

mi  7^  sm.-^e-^  +  r^  cos.'^d  -3-  j,  or  mr^  .  ^, 

dd 
and  the  sum  of  all  such  terms  is  1 3-,  or  i  a.     The  rate  of  change  of 

dt 

d^0 
this  is  I  -^,  or  i  a.     This  also  may  be  obtained  by  differentiating 
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(1),  and  80  finding  ^   and  ^.     Taking  the  moments  of  the 

virtual  forces  -  w-r^^r  and  -  m  ,^  about  the  axis,  we  arrive  at 

-  i^,  or   -  la,  which,  together  with  the  moments  due  to  the 

outside  forces,  produce  equilibrium;  or,  with  signs  changed,  are 
equal  to  them,  as  above.  Students  ought  to  think  of  other  ways 
of  reaching  these  results  concerning  rigid  bodies. 

485.  Kinetic  Energy  of  any  System. — Let  m  be  the  mass  of  a  por- 
tion of  the  system  in  the  position  ;c,  y,  z.  Let  a;,  y,  z  at  this  instant 
be  the  position  of  the  centre  of  gravity.  The  whole  kinetic  energy 
is  the  sum  of  such  terms  as 

Let  X  =  X  -\-  x^,  fj  =  1/  +  y^y  z  =  z  +  z^ ;  BO  that  a;^,  y\  z^  show 
the  position  of  in  relatively  to  the  centre  of  gramty.    Note  that 

(dx^ _  /dx       ^^_  /(lx\^         dx    dx^       /dx^\2 
\dt )  -  \dt  '^  'di  )  ^  \di)  '^  ^dt'dT  '^  \dt  )  ' 

But2m.2~  .^  =  2—  2m  .  ^^\  and  2w— ^  is  0  because  it  is 
dt      dt  dt  dt  dt 

the  rate  of  change  of  %  m  x^  and  Hmx^  =  0.     Hence 

■        \dt/  \dt)  \dt  ) 

The  liist  of  these  tei-ms  is  the  whole  mass  multiplied  by  the  square 
of  the  x  component  of  the  velocity  of  the  centre  of  gravity.  It 
follows,  therefore,  that  the  kinetic  energy  of  any  system  is 
equal  to  the  kinetic  energy  which  the  system  would  have  if  it  were 
all  moving  with  the  A'elocity  of  the  centre  of  gravity  +  the  kinetic 
energy  due  to  the  motions  of  all  the  parts  relatively  to  the  centre 
of  <»:i"avity. 

Now,  the  motion  of  a  rigid  body  relatively  to  any  point  of  it 
can  only  be  a  rotation.  Hence  for  rigid  bodies  we  have  the  rule  : 
If  the  velocity  of  the  centre  of  gravity  is  v,  and  if  there  is  a 

rotation  of  angular  velocity  B  about  some  axis,  and  if  Iq  is  the 

'  moment  of  inertia  of  the  body  about  a  parallel  axis  through  the 

centre  of  grarity,  and  m  is  the  whole  mass,  the  kinetic  energy  e  is 

4  M  v^  +  ^  lo  ieyK     If  lo  =  TAk\  then  e  =  ^  m  |  y^   I-  A^  {if  | .    It, 

is  only  in  the  case  of  a  rigid  body  (in  all  this  by  rigid  body  IT 
mean  an  infinitely  rigid  body)  that  we  have  this  simple  rule.    In. 
the  case  also  of  a  rigid  body  we  can  find  law  (Art.  482)  from  th© 
law  of  energy,  as  we  do  in  Art.  495  ;  but  we  cannot  do  this  so 
easily  for  a  system  having  internal  relative  motion,  because  there 
is   internal  potential  energy,  which   may  alter.      The  virial  Rnd 
other   laws,   which   may   easily  be    arrived   at,   do    not   concern 
engineering  applications  of  mechanics. 
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486.  In  any  ordinary  elastic  body  the  internal  motions  are  Vibra- 
tional. The  momentum  and  moment  of  momentmn  of  the  system 
are  therefore  practically  the  same  as  if  the  body  were  quite  rigid. 
This  is  not  tfie  same  in  regard  to  the  energj'.  We  say  that  it 
disappeai-s  or  is  changed  to  heat  and  other  forms ;'  this  means 
merely  that  it  has  bi^come  molecular,  and  equations  which  regard 
the  l>ody  as  if  it  were  rigid  ar(^  quite  inapplicable.  Thus  it  is  that 
the  momentum  cqiuitions  arc  what  we  rely  upon,  Ix^cause  when  wo 
study  the-^motions  of  l)odies  nunnentum  caimot  b<^  hidden  as  cm^rifv 
may  be. 

487.  When  we  work  exercises  on  rigid  dynauiics  we  uught  to 
apply  Newton's  law  always  in  the  shape  gi^-en  in  Art.  480.  When 
we  work  a  new  exercise  let  it  be  regarded  as  a  new  illustration,  to  be 
worked  solely  for  the  sake  of  making,  our. knowliedge  of  the  funda- 
mental principle  clearer.  Most  details  of  one's  theory  will  dis- 
appear from  view  in  one's  practictil  work.  Lot  the  fundamental 
notion  be  so  well  fixed  that  it  cannot  disappear. 

488.  Exercise. — In  the  compound  pendulum  of  Fig.  346  find  the  force  act- 
ing at  s,  the  point  of  suspension.     In  Fig.  347  let  o  ]>c  the  centre  of  gitivity. 


Fig.  :m«. 


Fig.  347. 


Let  X  and  y,  as  shown,  be  the  horizontal  and  vertical  components  of  the 
force  at  s.    Let  o  s  y  be  0,  and  let  the  body  be  mo^-ing  so  that  d  increases. 

If  8  o  be  called  r,  the  velocity  of  o  in  its  path  is  r9.     It  has  an  accelera- 

tion  ii)  in  its  path,  and  r{9)^y  a  centripetal  acceleration  in  the  direction 
o  8.  I.  Regard  now  the  whole  system  of  forces,  which  are  supposed  to 
l)alance  if  they  were  to  act  at  one  point,  o.     Let  m  be  the  mass  or  w/^, 

^6  have  -  ULrO  in  the  direction  o  A,  -  ur{0)^  centripetal  in  the  direction 
o  8,  w  downwards  (the  weight  of  the  body),  x  horizontally,  and  y  down- 
'wards.  Resolve  these  in  any  direction  whatsoever,  they  are  to  balance. 
Thus,  resolve  them  horizontally  and  vertically, 

x  -  Mr9  (iOB.9  +  M  r{9f  sin.0  =  0  ....  (1), 

Y  +  w  +  M  rd  sin.e  +  m  r{ef  cos.O  =  0  .  .  .  .  (2). 

Observe  that    the    forces  in   o  a  and   o  s  are  viitual  forces,  or  forces 
iqual  and  opposite  to  mass  multiplied  by  acceleration,      II.  Now  take 
noments  about  any  axis.     The  most  convenient  seems  to  bo  s.     w  is  the 
nly  externally  applied  force  that  has  any  moment  about  s,  and  so 

w  r  sui.9  +  I  (?  =  0  .  .  .  .  (3), 


590 


APPLIED    MECHANICS. 


if  I  is  the  moment  of  inertia  about  s.     From  these  equations  x  and  y,  in 

•  • « 

terms  of  0  and  0,  may  be  calculated.     Wc  first  express  9  in  terms  of  6 


w 


from  (3).     If  I  =   -  k%  (3)  gives 


e  =  -?^,  8in.e, 


X   = 


=  ~  r  C08.9(-^  f!'  sin.0\  -  ?  r  sin.e  .  (if, 
9  \     k^  /        9 

Y  =r  -  w  -  ^'  r  sin.0  (-^^  sin.0\  -    -  r  {Qf  cos.0, 
9  \       U^  J      g 


w 


-^^sin.  2e  -  lsin.0(0)2, 


Y             ,    ,   r2  sm.  2  0      r        «  ,^,o 
-  =   -  1  +  ,5 —   --^cos.0  {Qf, 


0  will  depend  on  the  limit  of  tht;  swing,  and  may  have  any  value. 


% 


e 


e 


pG 

Fig.  348. 


489.  Vibration  Indicator. — Fig.  348  shows  an  instrument  which 
has  been  used  for  indicating  quick  vertical  ^-ibration  of  the  ground. 
The  mass  c  p  a  is  suppoi-ted  at  p  by  a  knife-edge,  or  by  friction- 
wheels.  The  centre  of  gra^dty  g  is  in  a  horizontal  line  with  p  and 
Q.  Let  PG  =  flr,  OQ  =  i,  PQ  =  a  +  i  =  /.  The  vertical  spring 
A  R  and  thread  r  q  support  the  body  at  q.  As  a  matter  of  fact,  a  r 
is  an  Ayrton-Perry  spring,  which  shows  by  the  rotation  of  the 
pointer  r  the  relative  motion  of  a  and  a.  Let  us  neglect  its 
inertia  now,  and  consider  that  the  pointer  faithfully  records 
relative  motion  of  a  and  q.  It  would  shorten  the  work  to  only 
consider  the  forces  at  v  and  q  in  excess  of  what  they  are  when  in 
equilibrium  ;  but,  for  clearness,  we  shall  take  the  total  forces. 

When  a  body  gets  motion  in  any  direction  parallel  to  the  plane 
of  the  paper,  we  get  one  equation  by  stating  that  the  resultant 
force  is  equal  (numerically)  to  the  mass  multiplied  by  the  linear 
acceleration  of  the  centre  of  gravity  in  the  direction  of  the 
resultant  force.  We  get  another  equation  by  stating  that  the 
resultant  moment  of  force  about  an  axis  at  right  angles  to  the 
paper  througli  the  CQii\x«  of  ^;rayity  is  equal  to  the  angular 
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acceleration,  multiplied  by  moment  of  inertia  about  this  axis 
through  the  centre  of  gravity.     I  shall  use  x,  x^  and  x  to  mean 

displacement,  velocity,  and  acceleration,  or  x^      ,  and  ~^. 

Let  p  and  a  hjive  a  displacement  x^  downward.  Let  q  be 
displaced  x  downward.  Let  the  pull  in  the  spring  be  q  =  a©  +  ^ 
{x  -  X\)  where  c  is  a  kno\\Ti  constant  (c  is  the  reciprocal  of  the  A 
used  in  Art.  614).  Let  w  bo  the  weight  of  the  body.  Then  if  p^ 
and  Qo  be  the  upward  forces  at  the  points  marked  p  and  q,  in  the 
position  of  equilibrium, 

Qo  («  +  *)  =  w  <?  and  p^  -f  q„  =  w. 

Hence 

_    ^w          _    aw 
^0    -  «  +  ^'^0  -  --_^-i (1), 

Q  =   Qo   -f  r  (X   -    X\). 

Now  o  is  displaced  downwards ,  .r.  + r,  so  that 

w  (    ..  ..  1      1 

The  body  has  an  angular  displacement  6  clockwise  about  its  centre 

of  mass,  of  the  amount  p.     8o  that  if  i  is  its  moment  of 

a  +  0 

inertia  about  g, 

-  Q*  +  va  =  ^-^  (i'  -  i'l) (3). 


w 
Hence  (2)  and  (3)  give  us,  if  m  stands  for     ,  and  if  i  =  m  F  where 

k  is  the  radius  of  gyi-ation  about  g, 

„:^(^-)-K^o=^■*c-*'')--(^o••••w• 

If  ki   is  the   radius   of  gyration   about  P,  we   find  that   (4) 
simplifies  to 

X  -\-  n^x  =  e^Xi  +  wVj  ....  (5) 
if  n  stands  for  —     /  —  =  2  ir  x  natural  frequency  and  ^  stands 
for  1  -  ^T,.     Call  X  -  xi  by  the  letter  y,  because  it  is  really  y  that 
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an  observer  will  note,  if  the  framework  and  room  and  observer 
have  the  motion  Xi.     Then,  as  y  =  a;  -  a^i,  or  a:  =  y  +  ^i, 


y  +  ;ri  +  n^  {y  +  x{)  =  ^i  +  n^X\. 


So  that 


or 


y  +  w'V  =  («^  -  1)  i'l  .  .  .  .  (6), 

(il  " 
y  -v  n^y  +  ^,  2^1  =  0  •  •  •  •  (")' 

Thus  let  :rj  =  A  sin.  qt. 

We  are  neglecting  friction  for  ease  in  understanding  oiir 
results,  and  yet  wc  are  assuming  that  there  is  enough  friction  to 
destroy  the  natural  vibration  of  the  body.  We  find  that  if  we 
assume  y  =  a  sin.  qt,  then 

That  is,  the  apparent  motion  y  (and  this  is  what  the  pointer  of  an 
Ayrton-Poiry  spring  will  show ;  or  a  light  min-or  may  be  used  to 

throw  a  spot  of  light  upon  a  screen)  is  ,  ^    2         2  ^^^^8  the  actual 

ati"  fi    —  q 

motion  of  the  fi-amework  and  room  and  observer.  If  q  is  large 
compared  with  n — for  example,  if  q  is  always  more  than  five  times 

n — we  may  take  it  that  the  apparent  motion  is  ,  2  times  the  real 

motion,  and  is  independent  of  frequency.  Hence  any  periodic 
motion  whatever  (whose  periodic  time  is  less  than  -^th  of  the 
periodic  time  of  the  apparatus)  will  be  faithfully  indicated. 

Note  that  if  al  =  k^,  so  that  q  is  what  is  called  the  point  of 
percussion,  q  is  a  motionless  or  "steady"  point.  But  in  practice 
the  instrument  is  very  much  like  what  is  shown  in  the  figure,  and 
a  is  by  no  means  a  steady  point.  Apparatus  of  the  same  kind  may 
be  used  for  east  and  west,  and  also  for  north  and  south  motions. 

490.  We  did  not  think  it  necessary  to  interrupt  our  account  of 
simple  harmonic  motion  to  speak  about  the  analogies  between 
linear  and  angular  motion,  although  we  began  to  use  them  in  Art. 
453.  We  see  (Art.  482)  that  any  motion  whatsoever  of  a  rigid  body 
may  be  most  simply  studied  as  a  motion  of  translation  and  a 
motion  of  rotation,  and  we  shall  find  it  best  to  take  the  translational 
motion  of  the  whole  body  as  the  actual  motion  of  its  centre  of 
gravity,  and  the  rotation  as  one  about  an  axis  passing  through  the 
centre  of  gravity.  When  we  do  this,  we  shall  find  the  following 
angular  formulae  valuable,  not  merely  for  the  motion  of  a  body 
whose  axis  is  fixed,  but  for  any  motion  whatsoever.  The  only 
point  in  which  the  analogy  between  linear  and  angular  motion, 
fails  is  this :  The  mass  or  inertia  of  a  body  is  independent  of  the 
direction  of  motion;  the  moment  of  inertia  of  a  body  is  usually 
different  about  different  axes  of  rotation. 
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CO]!HPARISON   OF   LINEAR   AND   ANGULAR  MOTIONS. 

$  =  angular  space. 


*  =  space,  t  =  time. 

V  =  velocity  =  -r.,  or  8. 

d'^8 
a  =  acceleration  =  ,2,  or  .v,  or  v. 


in  —  mass  or  inertia  =  wig. 

Y  —  force. 

mv  =  momentum. 


If  a  body  has  two  displacements 
{or  velocities,  or  accelemtions,  or 
momenta)  given  to  it  simultane- 
ously, represented  in  magnitude 
and  direction  and  sense  by  o  1*  and 
OQ,  they  are  equivalent  to  the 
displacement  (or  velocity,  or  ac- 
celeration, or  momentum)  o  r  if  o  p 
and  o  Q  are  the  sides,  and  o  r  the 
diagonal  of  a  parallelogram,  the 
MTOws  being  all  difluent  or  con- 
fluent. 


Forces  represented  by  or  and 
0  Q  have  a  resultant  o  r. 


o  =  F  -f-  m. 

Impulse  =  change  of  momentum 

=  \F.dt. 


i 


Average  force  =  change  of  mo- 
mentimi  -^  time. 

Work  done  =  force  x  distance. 

Space  average  of  force  =  work 
done  -r  distance. 

Kinetic  energy,  ^  mv^. 
Under     uniform      acceleration 
from  rest  at  time  0,  v  =  at,  s  — 


a  =  angular  velocity  =  ^^,  or  0. 


(if 


a  —  iiii"iiljir  accelenition  = 


or 


6,  or  a. 
I  —  moment  of  inertia. 
M  =  moment  of  forces  or  torque. 
la  ~  angular  momentum,   usually 

called  moment  of  momentimi. 

If  a  body  has  two  angular  dis- 
placements (or  velocities,  or  accele- 
mtions, or  momenta  [moments  of 
momentum])  about  the  axes  o  p  and 
o  a,  and  if  the  lengths  of  the  lines 
o  p  and  0  ci  represent  these  to  scale, 
aiul  if  the  an-ows  indicate  positive 
direction,  as  that  in  which  a  light- 
handed  screw  moA'es,  they  are 
equivalent  to  the  angular  displace- 
ment (or  velocity,  or  acceleration, 
or  moment  of  momentum)  repre- 
sented in  axis,  amount  and  sense, 
by  o  R. 

Moments  of  force  or  torque 
represented  by  o  p  and  o  a  (the 
direction  of  the  line  being  the  axis 
about  which  the  moments  of  forces 
are  taken,  and  the  sense  of  the 
aiTOw-heads,  as  in  the  last  case) 
have  a  resultant  o  r. 


a  =  M  -^  I. 

Angular    impulse  =  change    of 

moment  of  momentum 


=   I  M  .  </^. 


Average    torque  =  change     of 
angular  momentum  4-  time. 

Work  done  =  torque  x  angle. 

Angular  average   of   torque  = 
work  done  -i-  angle. 

Kinetic  energy,  J  i  a^, 

a  =  a<,  e  =  i  o<2,  a2  _  2  „<. 
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Simple  harmonic  motion  if  r  is  the  periodic  time,  a  is  the  amplitude, 
e  iH  the  lead 


«  or  tf  =  A  sin.  I  —  ^  +  ^  j, 

2ir  /2ir^         \ 

r  or  fl  =  A  —  COS.  I        t  +  eh 


__  a  or  tf  _   T^ 
"       o      ~  4ir2' 

A  body  moves  backwards  and 
forwards  under  the  action  of  a 
variable  force,  which  is  always 
proj)ortional  to  the  distance  of  the 
body  from  its  middle  position,  and 
which  Hlways  acts  towaixls  this 
position;  and  if  the  force  at  a 
distance  of  1  foot  is  5  lbs.,  then  the 
time  of  vibration  is  t  times  the 
square  root  of  the  quotient  of  the 
mass  of  the  body  divided  by  5. 


If  tn  is  the  mass ;  if  the  force  of 
fi'iction  is  b  times  the  velocity;  if 
the  constraining  force  is  n  times 
distance  fi*om  centre, 


If  a  body  vibrates  about  a  fixed 
axis  under  the  action  of  the  torque 
(say  from  a  spiral  spring  or  twisted 
wire),  so  that  it  is  always  propor- 
tional to  Of  the  angular  displace- 
ment of  the  body  from  its  mean 
position,  and  if  the  torque  is  5 
pound-feet  when  the  body  is  1 
radian  from  the  mean  position, 
then  the  time  of  a  ^abration  is  t 
times  the  square  root  of  the  quotient 
of  the  moment  of  inertia  divided 
by  5. 

If  I  is  moment  of  inertia,  fric- 
tional  torque  is  b  times  the  angular 
velocity.  If  the  constraining  torque 
is  N  times  the  angular  distance 
from  the  mean  position. 


a  or  e  —  A  6~-^  sin.  (a^  +  e) 
whore/  =  J  b/m,  or  ^  i/i,  and 


1 


a  = 


2m 


;^/4n-^  -  b'^  =  2-  ^i^'^  -  ^. 


A  body  of  mass  m  moves  with 
constant  speed  v.  At  any  instant 
its  momentum  is  in  the  direction 
o  K,  and  is  represented  to  scale  by 
the  amount  oe.  If  a  centripetal 
force  of  constant  amount  is  always 
acting  at  right  angles  to  the  direc- 
tion E,  the  effect  is  to  make  the 
point  E  travel  with  litiear  velocity 
equal  to  f.  That  is,  the  direction 
of  motion  alters  with  an  angular 
velocity  vjmv. 


A  body  whose  moment  of  mo- 
mentum is  represented  to  scale, 
and  the  direction  of  its  axis  by  o  e, 
is  acted  on  by  a  constant  torque  m, 
which  is  always  about  an  axis  at 
right  angles  to  o  k.  The  effect  is  to 
make  the  point  e  travel  with  linear 
velocity  equal  to  m  ;  that  is,  the 
axis  OE  has  an  angular  velocity 
(towaixls  the  axis  of  the  torque) 
whose  amount  is  M  -^  moment  of 
momentum  la. 
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EXERCISES. 

1.  A  top  (Fig.  361)  rotates  at  r  radians  per  second  about  its  axis  o  c. 
The  axis  rotates  (or  processes)  at  Xl  radians  per  second  in  a  conical  path 
round  the  vertical  o  z.  Ilcprcscnt  this  motion  by  one  cone  rolling  on 
another. 


^^-.E' 


?       H 


Ansicer. — If  oc  is  the  axis  of  the  rolling  cone  of  angular  velocity  r 
of  which  o  I  is  the  slant  side,  if  o  z  is  the  axis  of  a  fixed  cone  of  which  o  i 
is  the  slant  side,  at  any  instiint  o  i  is  a  line  in  the  rolling  cofte^  which  is  at 
rest,  and  about  which  it  rotates  with  angular  velocity  a.     Let  z  o  c  =  a, 


moving  in  a  nonzoniui  circie  wnose  nxea  ceniro  is  k  ;  aiso  j  goes  inro 
the  paper  with  the  velocity  «  .  l  j,  because  l  is  fixed  ;  and  these  are  equal ; 
so  that  A  .  K  J  =  0)  .  L  J,  or,  since  k  j  =  o  j  .  sin.  a,  l  j  =  o  j  .  sin.  j8, 

n  sin.  a  =  «  sin.  /3  ....  (1). 

Again,  u  about  o  i  is  the  total  spin  of  the  top.     It  has  components 

«  COS.  fi  =  r  about  the  axis  o  c  i  ,n\ 

0)  sin.  /3  or  r  tan.  fi  about  the  axis  o  a  j  *  *  *  '  ^  '* 

if  o  A  is  at  right  angles  to  o  c ;  and  hence  (1)  may  be  \sTitton 

n  sin.  a  =  r  tan.  /8  .  .  .  .  (1), 

so  that  /3  is  now  known.  All  the  lines  drawn  are  in  the  plane  of  the 
paper  at  the  instant. 

2.  If  the  moment  of  inertia  of  the  top  about  o  c  is  c  and  about  o  a  is  a, 
find  the  resultant  moment  of  momentum. 

Answer. — c  .  r  is  the  moment  of  momentum  about  o  c ;  a  .  r  tan.  /8  is 
the  moment  of  momentum  about  o  a.  The  resultant  has  an  axis  o  h,  its 
amount  being  c  r  .  sec.  y.     If  7  is  h  o  c, 

tan.  7  =  Ar  tan.  /8  -7-  c  r  =  a  tan.  /8  -^  c  .  .  .  .  (3). 

3.  If  the  distance  o  h  represents  the  moment  of  momentum  of  a  top 
about  the  axis  o  h,  and  a  torque  w  h  sin.  a  about  an  axis  at  right  angles 
to  the  paper  tends  to  send  o  11  away  from  oz,  the  effect  is  to  make  the 
horizontal  velocity  of  the  point  h  at  right  angles  to  the  paper  be  w  h  sin.  a. 
What  is  the  angular  velocity  of  o  h  about  o  z  ? 
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Anstver. — The  i)oint  h  moves  in  a  circle  of  radius  o  h  .  sin.  z  o  h,  and 
the  linear  velocity  of  h,  or  w  A  sin.  a  di^^ded  by  radius  gives  angnlar 
velocity,  or 

w  /t  sin.  a  -^  on  sin.  z  o  h, 

_               w  //  sin.  a  w  //  .  sin.  a 

or     n . or  ... 

<)  H  .  sni  (a  —  y)  cr  .  k(?c.  y  .  sm.  (a  -  yf 

llvuco  Her  (hIii.  a  -  <<>s,  a  .  tjin.  y)  —  w h  sin.  o. 

But  lau.  y  w«*  found  to  Iw  a  tan.  /3  -r-  c,  and  hence 

Her  (sin.  a  -  <()s.  a  .      tan.  /8  )  —  w  A  sin.  o. 

But  (1)  gives  us  tan.  fi  =  CI  sin.  o/r,  and  hence 

0  7*  "w  A 

n  c  r  -  n^  .  cos.  a  .  A  =  w  A,     n^  -  Ci  .  —  sec.  o  .  +  —     sec.  o  =  0. 

*  A  A 

From  this  we  may  calculate  A,  the  rate  of  precession  of  the  top.    The 

student  will  find  a  value  of  r  for  which  any  precessional  motion  is 
impossible,  and  the  top  must  fall.  He  may  also  consider  the  meaning  of 
two  different  real  values  for  n.  We  have  given  this  exercise  because  it 
gives  a  good  drilling  in  the  use  of  the  above  rules.  Note  that  a  real  top 
has  not  an  infinitely  shai-p  peg.  It  rolls  and  slides  on  the  table,  and  we 
shall  not  considtT  this  much  more  complicated  problem. 
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CHAPTER  XXVII. 

CENTRIFUGAL     FORCE. 

491.  Centrifugal  Force. — If  a  body  is  compelled  to  move 
in  a  curved  path,  it  exerts  a  force  directed  outwards  from  the 
centre,  and  its  amount  in  pounds  is  found  by  multiplying  the 
mass  of  the  body  by  the  square  of  the  velocity  in  feet  per 
second,  and  dividing  by  the  radius  of  the  curved  path.  We 
evidently  get  the  same  answer  if  we  multiply  the  mass  by  the 
radius  and  by  the  square  of  the  angular  velocity  in  radians 
per  second.  Thus,  a  weight  placed  at  the  end  of  an  arm  like 
the  arm  of  a  wheel  exerts  a  pull  in  the  arm.  If  a  body  moves 
round  an  axis  20  times  per  minute  in  a  circle  whose  radius  is 
3  feet,  you  can  determine  the  centrifugal  force  by  first  finding 
the  velocity  of  the  body  and  using  the  above  rule,  or  you  may 
proceed  as  follows : — The  weight  of  the  body  multiplied  by  3 
multiplied  by  the  square  of  20  divided  by  2,937  is  the  centri- 
fugal force. 

Suppose  a  wheel,  whose  total  weight  is  20  tons,  or  44,800 
lbs.,  has  its  centre  of  gi'avity  0*4  foot  away  from  the  axis — 
that  is,  suppose  the  wheel  to  be  eccentric — then  if  the  wheel 
makes  50  revolutions  per  minute,  the  centrifugal  force  is 
44,800  X  0-4  X  2,500  ^  2,937,  or  15,253  lbs.— that  is,  6-81 
tons.  This  force  acts  on  the  bearings  of  the  shaft,  always  in 
the  direction  of  the  centre  of  gravity  of  the  wheel. 

492.  Anyone  who  wants  to  get  clear  ideas  about  centri- 
fugal force  ought  to  make  experiments  of  his  own.  Unfor- 
tunately, although  there  are  many  toys  made  to  illustrate  the 
effects  of  centrifugal  force,  we  know  of  only  one  piece  of 
apparatus  which  enables  the  laws  to  be  systematically  experi- 
mented upon.  Fig.  352  is  a  drawing  of  it.  a  represents  a 
little,  flat,  cast-iron  box,  like  a  narrow  drum  ;  one  drum-head, 
as  it  were,  being  replaced  by  a  thin  steel  plate,  so  as  to  be 
strong  and  (lexible.  b  is  a  glass  tube  which  enters  the  box. 
Meicury  fills  the  box  and  the  tube  to  the  level  6,  and  when  c, 
the  centre  of  the  steel  plate,  is  pulled  or  pushed,  although  we 
cannot  see  much  yielding  in  c,  we  can  observe  the  mercury 
rise  and  fall  in  the  tube.  There  is  a  screw,  d,  entering  the 
box  at  the  back ;   by  means  of  this  screw  we  can  adjust  the 
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height  of  the  mercury  in  the  tube.  The  box  is  in  the  centre 
of  a  circular  table,  B,  which  cah  be  whirled  round  at  any  speed 
we  please,  and  the  tube  is  exactly  in  the  axis  of  rotation,  so 
that  the  height  of  the  mercury  can  be  measured  whatever  be 
the  speed.  Fastened  to  the  centre  of  the  corrugated  plate  at 
c  is  a  long  brass  rod,  f,  which  is  supported  at  J  on  the  end  of 
a  little  rocker,  so  that  it  can  move  backward  and  forward 
with  less  friction  than  if  it  were  made  to  slide  on  a  bearing. 
At  any  place  along  p  we  can  clamp  a  weight,  h,  which  we  may 
alter  as  we  please  from  0*5  to  8  lbs.  We  can  clamp  it  near 
the  axis  or  one  foot  away,  the  radius  of  the  circle  described  by 
its  centre  of  gravity  being  measured  by  the  scale  in  tenths 
and  hundredths  of  feet  marked  on  the  rod.  The  experimenter, 
turning  the  handle  which  drives  the  pulley  g,  keeps  his  eye 
upon  the  mercury  level,  and  is  able  to  maintain  a  very  great 
constancy  of  speed.  He  counts  the  revolutions  of  his  hand, 
and  one  of  his  companions  takes  the  time,  so  that  no  speed- 
counter  or  indicator  is  necessary.  Now,  the  centrifugal  force 
due  to  the  rod  and  sliding  weight  causes  c  to  be  pulled  out 
very  slightly,  and  this  causes  the  mercury  to  fall  in  the  tube ; 
and  it  is  easy  with  a  fixed  vertical  scale  alongside  the  tube  to 
measure  this  rise  and  fall.  We  usually  get  a  spring  balance, 
or  a  cord,  pulley,  and  weights,  and  before  our  experiments 
begin  we  pull  the  end  of  the  rod  f,  noting  the  height  of  the 
mercury  for  a  pull  of  1  lb.,  2  lbs.,  etc.,  and  in  this  way  we  can 
afterwards  tell  the  value  of  our  scale  measurements.  We  also 
make  a  number  of  experiments  when  the  sliding  weight  is 
removed  from  the  rod  f,  to  tell  us  the  centrifugal  force  of 
everything  else  at  different  speeds,  and  this  we  subtract  from 
our  subsequent  observations.  We  see,  then,  that  we  can 
measure  the  centrifugal  force,  in  pounds,  of  various  masses, 
from  0*5  to  8  lbs.,  moving  at  any  speed  in  a  circle  whose 
radius  may  be  as  little  as  1  '5  inch  and  as  much  as  1 1  '5  inches. 
With  this  instrument  it  is  easy  to  test  the  law  which  is 
usually  given,  and  without  working  with  some  such  instru- 
ment we  question  if  students  are  likely  to  have  any  but  vague 
notions  about  centrifugal  force. 

493.  There  is  another  method  of  experimenting  which 
suggests  itself,  with  apparatus  which  anyone  may  fix  up  for 
himself,  but  it  does  not  give  such  a  thorough  understanding 
of  the  law  to  the  person  who  experiments.  In  Fig.  353,  a  is 
a  leaden  ball  at  the  end  of  a  silk  thread,  p  a,  fastened  at  p. 
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A  is  kept  out  from  its  natural  position  in  the  vertical  by 
means  of  a  horizontal  thread  in  the  direction  a  b.  Now,  if 
we  pass  the  horizontal  thread  A  b  over  a  pulley  and  hang  a 

weight  at  its  end,  we  find  that  the  force 
acting  in  A  B  is  to  the  weight  of  A  as  the 
distance  K  A  is  to  the  distance  kp.  The 
body  A  is  acted  upon  by  three  forces  :  its 
weight  downwards  in  the  direction  A  a,  the 
horizontal  force  a  b,  and  the  pull  in  the  string 
A  p.  The  triangle  of  forces  tells  us  that  as 
A  K  P  is  a  triangle  whose  sides  a  k  and  K  p 
and  p  A  are  parallel  to  the  three  forces,  then 
^    -    the  horizontal  force,  acting  in  a  b,  is  to  the 


vertical  force  which  is  the  weight  of  A  as 
the  distance  K  a  is  to  the  distance  pk. 
Suppose,  for  example,  the  weight  of  A  to 
be  4  lbs.,  the  height  p  K  to  be  8  feet,  and 
the  distance  A  K  1  foot,  then  A  K  is  one-eighth  of  K  p,  and  we 
are  sure  that  the  horizontal  force  needed  just  to  keep  A  in 
this  position  is  0*5  lb.,  for  it  must  be  one  eighth  of  the 
weight  of  A. 

Now,  let  such  a  ball  as  A,  hung  by  a  thread  p  a,  go  round 
and  round  in  a  circle.  Measure,  as  accurately  as  you  can,  K  A, 
the  radius  of  the  circle,  and  K  p,  the  vertical  height  from  the 
ball  to  the  point  of  suspension.  Also  count  how  many  revo- 
lutions the  ball  makes  per  minute.  The  centrifugal  force  is 
now  doing  what  the  horizontal  string  did  before,  and  we 
know  how  much  it  is.  In  fact,  the  centrifugal  force  is 
obtained  by  multiplying  the  weight  of  the  bail  by  ka,  the 
radius  of  its  circle,  and  dividing  by  the  vertical  height  K  P. 
You  can  test  if  the  centrifugal  force  law  is  true,  therefore,  by 
means  of  your  measurements. 

Convei-sely,  if  the  weight  of  the  ball  is  w,  if  A  k  is  r,  if  P  a 

w  v^ 
is  I,  and  p  k  is  A,  the  centrifugal  force  is  -      ,  and  we  see  by 

the  triangle  of  forces  that  this  must  be  equal  to  ,   w.     Now,  if 
the  time  of  one  revolution  is  T,  then  v  =  2  tt  r  -r  T,  and  hence 


w  v^ 


r  w 


—  = becomes  t  =  2  tt 

'f  r         h 

.  A    ball   going    round   in   this   way   is    called    a    conical 
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pendulum,  and  we  have  in  (1)  found  its  periodic  time.  Its 
periodic  time  is  that  of  a  simple  pendulum  (Art.  446)  whose 
length  is  the  same  as  the  h  of  the  conical  pendulum. 

EXERCISES. 

494.  1.  A  pendulum  bob,  weighing  20  lbs.  moves  with*the  velocity  of  o 
feet  per  second  at  the  middle  of  its  path.  What  force  is  tending  to  make  the 
pendulum  longer,  in  addition  to  the  weight  of  the  bob  ?  The  length  of  the 

pendulum  is  15  feet.  Ans.,  —  -.  x  —  =  1-035  lbs. 

2.  A  locomotive  weighing  35  tons  travels  at  50  miles  an  hour  round  a 
cur\'e  of  200  feet  radius.     What  is  the  centiifugal  force  \ 

Am.,  29-23  tons. 

3.  The  centre  of  a  ball  of  10  lbs.  is  at  4  feet  from  an  axis,  and  revolves 
at  500  revolutions  per  minute.  What  is  its  centrifugal  force  ?  Its 
centrifugal  force  is  to  be  balanced  by  those  of  two  balls  attached  to  the 
shaft,  each  of  20  lbs.,  revolving  in  circles  whose  planes  are  4  feet  and 
1  foot  from  the  plane  of  the  first  circle.  At  what  distance  is  each  of 
them  from  the  axis?  Ans.,  3,400  ;  04  foot;  2  feet  nearly. 

4.  The  rim  of  a  pulley  has  a  mean  radius  of  20  inches  ;  its  section  is 
6  inches  broad,  and  average  thickness  ^  inch.  If  it  revolves  at  200 
revolutions  per  minute,  what  is  the  centrifugal  force  per  inch  length  of  rim  ? 

Ans.,  18-6  lbs. 

5.  A  vehicle  describes  a  horizontal  circle  of  600  feet  radius  with  a 
velocity  of  40  miles  per  hoiir ;  find  the  direction  of  the  resultant  due  to 
gravity  and  centrifugal  force.  If  it  is  a  railway  of  gauge  1  metre,  how 
much  higher  ought  the  outer  rail  to  be  than  the  inner  one  ? 

Ans.y  10°- 1  with  vertical ;  6'9  inches. 

6.  A  skater  describes  a  circle  of  100  feet  radius  with  a  velocity  of 
18  feet  per  second  ;  what  is  his  inclination  to  the  ice?  Ans.j  84". 

495.  7.  The  law  of  energy  states  that  a  body  of  weight  w  and 
mass  M  falling  from  rest  without  friction  along  any  path,  at  any  instant 
being  at  the  height  h  and  having  the  velocity  v,  has  the  sum  of  its 
potential  and  kinetic  energies  constant,  or 

wA  +  J  M  i;2  =  constant  ....  (1). 

Show  from  this  that  force  is  equal  to  mass  multiplied  by  acceleration. 
If  8  is  distance  along  the  path  nieasmed  in  the  dii-ection  of  motion, 

differentiating,  we  have  w  -  .  +  m  r .   ^    =0.      But    -  dh/ds  is  sin.  a 

da  ds 

if  a  is  the  inclination  of   the  path   to   the  horizontal,  and    v  =  da/dt, 

dv 
and  hence  w  sm.  a  =  mv  ^  .  .  .  .  (2), 

dv  dv     dt       dv 

or,  since  ^  -r-  =  ^'  -r  •  ^  =  -j:» 

'  ds  dt     ds       dt 

do  ,_, 

w  sm.  a  =  M  v^  .  .  .  .  (i5). 

We  see,  therefoie,  that  the  resultant  foice  (w  sin.  a)  acting  on  the  body 
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is  eqiial  to  the  rate  of  change  per  second  of  the  momentum.     If  a  is  90°, 
so  that  the  body  falls  vertically,  then  —  is  called  ^,  and  (3)  is  merely 

M  =  yfjg  ....  (4). 

Students  ought  to  familiarise  themselves  with  this  and  other  ways  of  show- 
ing that  the  law  of  energy  leads  to  the  law  :  force  =  mass  x  acceleration. 

496.  We  think  that  Newton's  method,  the  Thomson  and  Tait  method, 
is  very  much  to  be  preferred  to  any  other  method  of  starting  in  the  study 
of  mechanics.  Every  engineer  ought  to  have  his  t  and  t'  (the  elementary 
treatise),  a  well-thumbed  book.  Nevertheless,  it  is  good  to  look  at  our 
fundamental  notions  from  the  energy  point  of  view.  The  older  proofs 
of  statical  principles  were  based  on  the  idea  of  work,  as  in  our  Chapter 
XI.  Assuming  that  mechanical  energy  is  not  lost  by  conversion  into 
heat  or  other  forms  and  that  a  total  store  remains  constant,  we  get  good 
working  views  of  oiir  subject.  Underlying  our  notions  are  our  specula- 
tions as  to  how  matter  performs  attractions;  but  leaving  out  ideas  of 
ethereal  stress  and  strain  energy  and  confining  our  attention  to  the  idea 
that  the  sum  of  the  potential  an^  kinetic  energies  of  a  system  remains 
constant,  we  have  a  working  idea  of  great  usefulness.  Unfortunately 
many  men  forget  that  mechanical  energy  may  be  converted  into  heat, 
and  so  the3'^  make  such  mistaken  as  to  calculate  the  force  acting  on  a  pile 
being  driven  as  the  space  rate  of  conversion  of  energy. 

497.  Let  us  take  another  example.  If  a  constant  force  f  acts  in  the 
direction  of  motion  of  a  body  for  a  time  ht  through  a  space  8s,  increasing 
its  velocity  from  v  to  v  ■\-  ht\  the  work  done  by  the  force  is  f  .  (Js,  and 
this  is  spent  in  increasing  the  kinetic  energy  of  the  body  from  J  mv-  to 
Jwi  {v  +  drf.     Hence 

F  .  ^s  ^  mv  .  Sv  +  ^  m  .  {Sv)% 

or     F  =  wv  V-   +  *  w  —  ow  .  .  .  .  (1). 
08  da 

As  we  imagine  ds,  and  therefore  ^r,  to  be  smaller  and  smaller  without 
limit,  the  last  term  in  (1)  gets  to  be  nearer  and  nearer  0,  and  v  gets  to  be 
better  and  better  represented  by  Ss/St.     Hence 

fa     iv  Sp 

F  =  «.  -  .  _,   or  m  .  ^-, 

or  force  is  equal  to  mass  multiplied  by  acceleration,  or  force  is  the  rate  of 
change  of  momentum. 

498.  8.  So  long  as  we  deal  with  force  in  the  direction  of  the  motion  of 
a  body,  there  is  no  difficulty  in  showing  that  the  law  of  work  or  the 
conservation  of  mechanical  energy  leads  to  the  rule,  "  Force  is  rate  of 
change  of  momentum."  When  a  point  is  moving  in  a  curved  path,  we 
can  say  that  the  component  of  the  force  in  the  direction  of  motion  is 
equal  to  the  rate  of  change  of  momentum  in  the  direction  of  motion.  But 
what  of  the  other  component  at  right  angles  to  this  ?  Here  it  is  necessary 
to  observe  that  mere  change  of  direction  of  motion,  and  not  merely  of 
speed,  indicates  that  fiorce  is  acting  on  a  body.  It  is  a  matter  of 
common  observation  that  a.  ceutn^^aA.  ioxc©  is  necessary  to  keep  a  body 
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mOYing  in  a  circle,  and  that  the  body  exorcises  a  centrifugal  force  agjiinst 
those  constraints  which  compel  it  to  move  circularly.  When  a  curved 
surface  gradually  changes  the  ilii-cction  of  a  moving  body,  thoHO  two 
forces  act  at  the  point  of  cx)ntact.*  To  get  clciir  ideas,  ccmsider  the 
conical  pendulum  of  Fig.  354.  The  body  p  revolvt;s  in 
a  circle  at  constant  8p<^.  To  keep  it  at  the  constant 
distance  q  p  =  r  fi'om  the  centre  u,  we  know  that,  if  it 
were  at  rest,  a  force  f  must  act.  But  it  is  in  motion, 
and  yet  keeps  out  at  the  distance  r.  There  is  a  centri- 
petal force  whose  amount  is  knowni  to  us,  w  tan.  o,  and 
it  is  evidently  balanced  by  what  we  can  only  call 
a  centrifugal  force  of  this  amount  which  is  due  to  the 
motion.  Observe  that  we  here  have  a  case  of  cciitri- 
pobil  force  acting  on  a  body,  creating  no  incroaso  of 
kinetic  energy,  and  creating  no  change  of  any  kind  of 
energy,  for  when  p  comes  round  to  the  same  position 
again  everything  is  just  as  l)efore,  although  the  force  has 
been  acting  for  a  whole  round.  Matlitiniatically  th(?re  is  no  great 
difficulty.  Wo  assume  that  we  have  proved  that  forces  in  directions  at 
right  angles  to  one  another  may  bo  studied  independently  and  nuiy  be 
combined  as  vectors.  Consider  circular  motion  in  the  plane  of  the  pai)er. 
Constant  speed  v  of  p  means  a  velocity  v  cos.  d  in  the  direction  q  a  and 
-  V  gin.  0  in  the  direction  q  c.     The  two  accelerations  are  -  v  sin.  Q  .  a 

and   -   V  COS.  9  .  a,  a  being  — ,  the  angular  velocity,  or  -.     If  m  is  the 

mass  of  the  body,  we  know  that  there  are  two  forces  acting  upon  the 

body  :  -  viv  sin.  0  .  a  m  the  direction 
Q  A,  -  VI V  sin.  0  .  a  in  the  direction 
Q  c.  Forces  always  compound  accord- 
ing to  the  vector  law,  as  may  bo 
proved  fi-om  the  law  of  work  (see 
Art.  495),  and  hence  we  see  that  the 
force  acting  upon  p  in  the  direction 
p  Q  is   a   centi-ipetal  fon^o  mvw  or  m 


».2 


r 


and  the  accelomtion  of  i*  is  a  cen- 


Flg.  355. 


tripetal  acceleration  v'^jr.  We  have 
seen  (Art.  493)  another  way  of  arriving 
at  the  amount  of  the  acceleration. 
In  the  veiy  same  way  it  is  easy 
to  show  that  when  a  small  body 
moves,  not  merely  in  a  circle,  but  in 


*  People  may  have  notions  of  force  that  seem  to  be  quite  different  from 
a  metaphysical  point  of  view,  but  which  are  really  the  same  mathematically. 
Thus  one  man  puts  it  that  there  is  no  such  thing  as  force  ;  we  have  only  mass 
X  acceleration.  Another  says— "Yes,  we  have  a  centripetal  force  ;  say,  acting 
on  a  body  which  is  whirled  round  at  the  end  of  a  string,  but  it  is  not  right  to 
speak  of  the  equal  and  opposite  force, sometimes  called  centrifugal  force. "  Now, 
if  we  only  think  of  the  body,  it  may  be  enough  to  speak  only  of  centripetal 
force  and  centripetal  acceleration  ;  but  a  string  in  tension  is  really  acted  on  by 
equal  and  opposite  forces.  If  one  of  these  is  exerte<l  towards  the  centre,  the 
other  is  exerted  outwards  by  the  body,  and  we  call  it  a  centrifugal  force. 
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any  curved  path,  the  force  acting  upon  it  has  two  components — one 
in  the  direction  of  the  path,  equal  to  its  mass,  multiplied  by  the  rate 
of  change  of  its  mere  speed;  the  other  at  right  angles  to  the  path, 
equal  to  its  mass,  multiplied  by  its  linear  velocity,  multiplied  by  its 
angular  velocity. 

499.  It  is  only  when  we  have  looked  at  the  subject  from  the  energy 
point  of  view,  and  in  many  othera  in  which  it  will  strike  a  thought- 
ful student  to  make  experiments,  that  the  beauty  of  Newton's 
generalisation  comes  home  to  us  and  we  see  how  all  the  results  of 
observation,  experiment,  and  speculation  are  given  to  us  in  his 
statements.  In  fact,  we  gradually  get  to  know  that,  whether 
acceleration  of  a  small  body  is  along  the  path  or  at  i-ight  angles  to 
it,  force  is  equal  to  the  vector  rate  of  change  of  momentum.  Now, 
this  is  Newton's  definition  of  force,  and  we  may  begin  our  study 
of  mechanics  from  this  point  of  view.  But  speculation  of  the 
above  nature  is  very  far  from  being  useless. 

Taking  up  our  subject  from  the  easiest  point  of  view,  accelera- 
tion is  the  time  mte  of  change  of  velocity,  and  force  is  the  time 
rate  of  change  of  momentum.  We  first  consider  acceleration  in 
the  direction  of  motion,  and  then,  if  a  body  changes  the  direction 
of  its  velocity,  the  lateral  rate  of  change  of  velocity  or  lateral 
acceleration  must  be  considered.  A  velocity  is  a  vector  quantity, 
and  velocities  are  added  as  all  vectors  are  added.  A  velocity  of 
5  feet  per  second  eastward,  added  to  a  velocity  of  5  feet  per  second 
southward,  are  equal  to  a  velocity  of  7*070  feet  per  second  south- 
eastward. 

500.  When  I  speak  of  the  motion  of  a  body,  I  usually  mean  the 
motion  of  its  centre  of  mass.  If  a  body  is  at  p  moving  along  a 
curved  path  with  the  velocity  of  v  feet  per  second,  when  it  is  »t  a 


Fig.  357. 

its  velocity  is  in  a  direction  making,  let  us  say,  an  angle  SO  with 
its  old  direction.  In  Fig.  357  let  o  b  represent  to  scale  the  velocity 
at  V  ;  and  let  o  c,  equal  in  length,  but  making  an  angle  c  o  b  =  80, 
with  o  B,  represent  the  velocity  at  q.  Now,  in  vector  addition, 
OB  +  BC  =  OC;  so  that  if  St  is  the  time  taken  by  the  body  to 
move  from  p  to  Q,  in  that  time  there  has  been  the  lateral  change  of 
velocity  BC.  bc  =  ob.50  more  and  more  nearly  as  hO  is  made 
smaller  and  smaller,  or  b  c  :=  y  .  69.  Hence  the  lateral  accelera- 
tion, which  is  lateral  change  of  velocity  divided  by  the  time  of  the 

The  academic  person  may  be  quite  right  to  stick  to  his  conventions  as  to 
force,  because  he  never  has  to  think  of  the  medium  (string  or  other)  through 
which  forces  are  exerted  when  he  is  working  his  problems.  The  engineer  is 
compelled  to  deal  with  the  larger  question  ;  he  very  wisely  converts  all  his 
dynamical  problems  into  statical  problems,  and  all  his  forces  are  always 
balanced. 
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change,   is   r  .  . ,  or  v  ^    •  r^  =  ?'-  ^-  =  '-  x  curvature,  because 

our  definition  of  curvature  is   — .     In  a  circle  the  curvature  d9/d8 

as  ' 

happens  to  be   the  reciprocal   of  the  radius.      Hence  we  speak 

of  this  acceleration  towards  the  concave  side  of  a  body's  path  as  if 

it  were  moving  in  a  circle  (curiously  enough,  the  fact  seems  always 

to  be  forgotten  that  the  path  is  usually  not  a  circle,  nor  even 

the  very  smallest  arc  of  a  circle)  of  radius  r  with  a  centripetal 

acceleration  v'^/r*    The  centripetal  force  causing  the  change  of 

motion  is  the  mass  multiplied  by  this.     The  engineer  is  usually 

concerned  >vith  the  equal  and  opposite  force  which  the  body  exerts 

upon  the  constraints,  and  calls  it  centrifugal  force.     We  see  that 

it  is  mv^/r  or  ma^'  or  wrn2/2937,  where  vi  is  the  mass  of  the  body 

or  to  is  its  weight  in  pounds  at  London,  r  the  radius  of  curvature 

of  the  path  in  feet,  v  the  velocity  in  feet  per  second,  a  the  angular 

velocity  in  radians  per  second,  n  the  number  of  revolutions  per 

minute.     Observe  that  if  masses  Wj  and  m^  are  attached  to  the 

same  shaft  at  distances  ri  and  r^  from  the  axis,  their  centrifugal 

forces  are  in  the  proportion  of  vii  r^  to  w/g  ^2  ;  if  we  have  half  the 

mass  at  twice  the  distance,  we  have  the  same  centrifugal  force. 

If  a  body  changes  in  its  speed  r,  and  so  has  an  acceleration  in 

the  direction  of  its  path,  its  total  acceleration  is  the  vector  sum  of 

the  two  accelerations,  and  the  resultant  force  acting  on  the  body  at 

dv  »*-* 

any  instant  is  the  resultant  of  vi  —  along  the  path  and  w  — 

dt  r 

at  right  angles  to  and  in  the  plane  of  the  path. 

Example. — A  body  of  w  lbs.  is  moving  along  a  curve  with  a 

velocity  v  and  an  acceleration  a  in  the  direction  of  motion;  the 

radius  of  curvature  of  the  curve  is  r.     What  is  the  total  accelera- 

tion  and  the  force  causing  it  ?   Here  we  have  —  and  a  two  accelera- 

tion 8  at  right  angles  to  one  another.    The  answer  is,  an  acceleration 

-^  +  o^  in  the  direction  making  an  angle  Q  with  the  direction 

of  motion,  where  tan.  Q  =  — .     Multiply  by  — ,  and  we  have  the 

total  force. 

501.  Centrifugal  Force  in  Belts  or  Ropes.  —In  Fig.  356  let  p  q  be 
a  small  portion  of  a  flexible  body  oi  w  .hs  lbs. ;  its  centrifugal  force 

*  To  keep  in  our  minds  the  fact  that  all  motion  is  relative,  we  ought  to 
remember  that,  relatively  to  the  body,  other  bodies  have  a  centrifugal 
acceleration.  The  words  "centripetal"  and  ''centrifugal"  are  technical 
terms  now ;  their  origins  seem  to  have  had  something  to  do  with  the  notion 
that  a  curve  has  millions  of  centres.  It  is  all  very  well  for  the  mathe- 
maticians to  speak  of  a  small  part  of  a  curve  as  being  an  arc  of  a  circle,  but  the 
engineer  knows  that  it  is  only  in  this  matter  of  curvature  or  rate  of  change 
of  e  with  8  that  it  is  like  an  arc  of  a  circle,  for  he  knows  that  complete 
information  about  the  very,  very  smallest  portion  of  any  curve  implies  a 
complete  knowledire  of  the  whole  curve. 


^/ 
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is  -  8«  .  ' ",  or  -*  8«  .  r^ .  — ,  or  *-  v'^  .  80.     U  the  tension  is  t  lbs., 
!/         r         if  hs        g 

we  know  from  Fig.  357  that  t  .  W  =  -  t'S  .  hO]  so  that  t  =  -  r^. 

9  9 

If  a  is  the  section  in  square  feet,  and  /  is  the  tensile  stress  per 

square  foot,  and  «•©  is  the  weight  of  1  cubic  foot  of  the  material, 

w  »=  aw  Of  T  =  a/;  so  that/  =     ^  v'\ 

Example. — What  velocity  will  produce  a  tensile  stress  of 
3,000  lbs.  per  square  inch  in  the  thin  rim  of  a  cast-iron  pulley  ? 
Here/=  3,000  x  144,  and  w^  =    26  x  1,728.     Hence 

J  AAA        -26  X   12    2  /32-2  x^3,000 

3,000  =  r-^  or  f  =  V  — t^ -x —  > 

'  32-2  ^       -26  X  12 

r  =  175  feet  per  second ; 

or,  in  engineers'  language,  a  velocity  of  10,500  feet  per  minute 
will  produce  what  is  usually  taken  as  the  working  tensile  stress  in 
cast  iron. 

502.  If  the  plane  of  the  patli  alters,  if  the  plane  rotates  about  the 
tangent  to  the  jiath  thi-ough  the  angle  ^<p  in  the  distance  5«,  then 
d^jds  is  called  the  tortuosity  of  the  path.  When  a  body  moves 
in  a  tortuous  curve  it  has  acceleration  dv/dt  along  the  path  and 
v-Jr,  a  centripetal  acceleration  in  the  plane  of  the  path,  or  the  plane 
of  curvature,  as  it  is  called.  And  if  a  model  made  of  three  very 
bhort  pieces  of  wire,  o  s,  o  r,  and  o  n,  be  made,  the  angles  between 
()  s,  o  R,  and  ON  being  right  angles,  and  if  we  conceive  o  s  to  keep 
parallel  to  the  path  5«,  if  o  r  keeps  pointing  to  the  centre  of  curva- 
ture, then  the  angles  turned  thi'ough  about  the  axes  o  n  and  o  r  per 
unit  length  of  the  path  represent  the  curvatuio  and  the  tortuosity. 
A  student  ought  to  make  a  model  of  a  curve  with  wire  and  let  a 
little  frame  like  this  slide  along  it,  and  study  the  matter  for 
himself.  A  spiial  path  in  which  the  curvature  and  tortuosity  are 
constant  is  particularly  interesting.  If  we  refer  the  position  of  a 
pariicle  to  thi^ee  axes  of  reference,  its  total  acceleration  at  any 
instant  is  compounded  of  the  three  d^jc/dt^^  d^yjdt'^,  dh/dt^.  The 
three  components  of  the  resultant  of  all  the  forces  which  are  acting 
are  m  times  these,  if  m  is  the  mass  or  inertia  of  the  particle. 


THE   BALANCING    OF   MACHINES. 

503.  If  a  wheel  is  fixed  eccentrically  on  its  shaft,  or  if  to  a 
shaft  there  is  attached  any  object  whose  centre  of  gravity  is 
not  exactly  in  the  axis  when  the  shaft  rotates,  centrifugal 

force  causes  pressures  on  the  bearings  of  the  shaft  which 

are  always  in  the  direction  of  the  centre  of  gravity  of  the 
rotating  mass.  In  this  case  there  is  said  to  be  a  want  of 
balance.  If  yoii  wish  to  observe  the  effect  produced  by  such 
want  of  balance,  mount  an  axle  to  which  a  wheel  is  keyed  on 
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any  support  wliicli  is  not  very  firm ;  fix  a  small  weight 
on  one  of  the  arms  of  the  wheel,  and  rotate  it  rapidly. 
You  will  find  that,  even  if  the  weight  is  small,  surprising 
effects  are  produced,  and  show  themselves  in  a  shaking  of 
the  supports  ;  and  the  evil  effects  are  four  times  as  great 
at  200  revolutions  per  minute  as  at  100  revolutions  jier 
minute.  Centrifugal  force  is  proportional  to  the  mass  of 
a  rotating  part  multiplied  by  the  distance  of  its  centre  of 
gravity  from  the  axis  of  rotation,  multiplied  by  the  square  of 
the  number  of  revolutions  per  minute. 

504.  If  a  number  of  bodies  are  attached  to  a  shaft  and  are 
whirling  round  with  it,  each  of  them  at  any  instant  exerts  a 
force  on  the  shaft  which  can  be  calculated,  and  the  resultant 
effect  on  the  two  bearings  may  easily  be  determined,  just  as 
easily  as  in  the  static  problem  of  Art.  99.  If  the  axis  of 
rotation  passes  through  the  centre  of  gravity  of  all  the 
rotating  parts,  the  pressure  on  one  bearing  is  equal  and 
opposite  to  the  pressure  on  the  other ;  and  by  properly 
placing  the  masses,  the  pressure  on  either  bearing  may  be 
reduced  to  nothing.  Thus  it  is  evident  that  when  two  masses 
are  directly  opposite  to  one  another  on  a  shaft,  their  cen- 
trifugal forces  may  be  made  to  balance  one  another.  When 
not  opposite  they  cannot  be  made  to  balance,  but  two  mass(  s 
may  balance  one  which  is  directly  opposed  to  the  resultant 
force  of  the  two.  When  there  is  no  pressure  on  either  of 
the  bearings,  so  that  there  is  no  tendency  to  change  the  direc- 
tion of  the  axis,  it  is  said  to  be  the  j^^'^^nanent  axis  of  the 
rotating  masses.  All  axes  of  rotation  in  machines  ought 
to  be  permanent  axes.  When  this  is  the  case  in  a  rotating 
machine,  and  it  is  suspended  by  ropes  and  made  to  work,  there 
are  no  visible  oscillations. 

505.  The  balancing  of  a  machine  consists  in  adding  masses 
in  such  positions,  or  re-arranging  the  positions  of  the 
existing  masses  so  that  the  centrifugal  forces  due  to  their 
rotation  are  just  able  to  balance  the  otherwise  unbalanced 
forces  which  act  on  the  various  shafts.  The  student  will  find 
that  the  study  of  one  problem  in  balancing  will  make  him 
familiar  enough  with  the  method  of  calculation  for  its  applica- 
tion to  almost  any  other  case  which  is  likely  to  occur  in 
practice.  The  most  usual  case  for  the  student  to  take  up  is 
that  of  the  locomotive  engine,  because  want  of  balance  in  the 
locomotive  is  capable  of  producing  very  serious  effects  indeed. 
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506.  Example.-  It  has  been  shown  by  experiment  that  the  appli- 
cation of  suitable  balance  weights  is  attended  by  a  sensible  reduction 
of  I'csistance  on  i-ailways  at  high  speeds.  Locomotive  eogines 
unbalanced  cannot  attain  as  high  speeds  as  when  balanced,  with 
the  same  consumption  of  fuel.  There  are  two  separate  sets  of 
unbalanced  forces  acting  on  the  crank  shaft  of  a  locomotive.  (1) 
The  centrifugal  force  of  the  crank,  crank-pin,  and  as  much  of  the 
connecting-rod  as  may  be  supposed,  roughly,  to  follow  the  path  of 
the  crank-pin  (say  one-half  of  it).  The  mass  or  weight  of  each  of 
these  multiplied  by  the  distance  of  its  centre  of  gi-avity  from  the 
axis,  divided  by  the  length  of  the  crank,  gives  the  mass  which,  on 
the  crank-pin,  would  produce  the  same  centrifugal  force.  Let  this 
weight  be  called  w  lbs.  In  designing  engines,  we  consider  half  the 
connecting-rod  to  act  as  if  collected  at  the  crank-pin,  the  other  half 
to  be  moving  Tvath  the  piston.  At  the  end  of  the  sti-oke,  when  the 
horizontal  component  of  the  centrifugal  force  is  greatest  and  the 
vertical  component  vanishes,  the  horizontal  pi-c8sm*e  on  the  axle 
caused  by  the  centrifugal  force  is 

w  H  n^  -^  2,937, 

K  being  the  length  of  the  crank  in  feet,  and  n  the  number  of 
revolutions  per  minute.  (2)  We  have  the  force  due  to  the  mo- 
mentum of  the  reciprocating  mass,  including  piston,  piston-rod, 
slide,  and  the  second  half  of  the  connecting-rod.  ThQ  loss  of 
momentum  is  most  I'apid  just  at  the  end  of  the  stroke ;  and  as  loss 
of  momentum  per  second  is  what  we  call  foi*ce,  the  force  acting 
on  the  axle  at  the  end  of  the  stroke  due  to  this  cause  is  easily 
foimd,  and  proves  to  be 

WRw2  ^  2,937 

where  w  is  the  weight  of  the  total  reciprocating  mass. 

Now  a  weight  wi,  or  weights  whose  sum  is  iti,  may  be  placed 
on  the  driving-wheel  or  wheels  at  a  distance  r  from  the  axis,  such 
that  the  centrifugal  force  of  w\  may  be  equal  to  the  sum  of  the 
above  forces.     This  leads  to 

wvr  =  WR  +  wr; 

and  if  wc  assume  any  distance,  >*,  we  can  calculate  the  balance 
weight  or  weights,  ui. 

607.  Now,  for  the  axis  to  be  i)ennanent  in  inside-cylinder  engines, 
K'l  must  be  di\'ided  into  two  parts,  one  for  each  wheel,  inversely 
proportional  to  the  distances  of  the  wheels  from  the  crank.  For 
outsi de-cylinder  engines  we  get  balance  weights  for  the  two  wheels 
whose  difference  is  w\,  and  they  are,  as  before,  inversely  pi-opoi-tional 
to  the  distances  from  the  wheels  to  the  crauk  in  question.  Hence, 
a  consideration  of  each  cylinder  gives  two  balance  weights,  one 
usually  much  smaller  than  the  other.  As  the  cranks  are  at  right 
angles,  the  balance  weights  ought  to  be  90°  ai>art  on  each  wheel. 
Instead  of  using  these  two,  we  can  use  one  weight  placed  between 
their  positions,  so  that  its  centrifugal  foi*cc  is  the  resultant  of 
theirs,  llius,  if  we  found  20  lbs.  and  6  lbs.  for  the  two  placed  at 
the  same  distance  from  the  axis  but  90°  apai-t,  make  o  a.  cciyjMsl  *L<^  .^ 
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and  ()  H,  at  light  angles  to  o  a,  equal  to  6  according  to  any  scale ; 
complete  the  parallelogram,  and  o  c  represents  on  the  same  scale 
the  weight  which  ^411  replace  them.  It  ought  to  be  placed  at  just 
the  same  distance  from  the  axis  as  they  were  supposed  to  be 
placed;  and  in  position  it  makes  the  angle  aoc  Tvdth  the  larger 
weight.  In  this  case  it  will  be  found  that  20*88  lbs.  placed  18-3'' 
fit)m  the  position  which  the  weight  of  20  lbs.  might  have  occupied 
will  be  required  to  replace  the  two. 

508.  It  often  happens  in  outBide- cylinder  engines  that  the 
distance  fi-om  one  wheel,  or  i-ather  from  the  centre  of  gravity  of  a 
balance  weight,  to  the  crank,  is  so  little  that  the  corresponding 
weight  for  the  other  wheel  is  very  small,  and  may  even  be  neglected. 
In  inside-cylinder  engines  it  will  be  found  that,  whereas  the  cranks 
are  at  right  angles  to  one  another,  the  balance  weights  an  the  two 
wheels  on  the  op^Kwite  side  of  the  axis  to  the  cranks  are  often  only 
oO"  apart.  In  inside-cylinder  engines  with  coupled  wheels  the 
outside  conpiing  rods  mtd  cranks  are  tisualfy  made  to  balance  the  inside 
moving  jfarts.  These  engines  work  Very  smoothly  indeed.  Outsidc- 
cylindor  engines  with  coupled  wheels  are  veiy  unstable,  from  the 
use  of  small  wheels  requiring  verj'  I'apid  revolution  of  the  crank 
Hxle:  fi-om  the  cylinder  being  farther  apart  than  usual,  so  that 
the  coupling-i-ods  may  have  room,  and  fi-om  the  number  of 
reciprocating  pai-ts  being  increased.  The  conditions  seem  to  admit 
of  no  remedy  for  these  defects.  The  balance  weight  ought  to  be 
distributed  over  two  or  three  of  the  simces  of  the  wheel,  that  the 
tire  may  not  be  unduly  strained. 

509.  We  have,  then,  the  following  easy,  approximately  correct 
rules  for  locomotives  :— If  r  is  length  of  crank,  r  the  distance  of 
centres  of  gravity  of  every  balance  weight  from  centres  of  wheels, 
c  the  distance  apart  of  the  centre  lines  of  cylinders,  d  the  distance 
ai>art  of  the  wheels  or  centres  of  graWty  of  the  balance  weights, 
/r  the  total  weight  of  crank  (referred  to  the  pin),  pin,  connecting- 
rod,  piston,  slide,  and  piston-rod,  a  the  angle  which  the  position  of 
centre  of  gravity  of  balance  weight  makes  with  near  crank : 

(1)  Inside-cylinder  engines  with  uncoupled  wheels.     Each 

tC  K        —      -  _        .  -  ^  _   ^ 

balance  weight  =  ^.—r   Jid^  +  2<?^,  tan.  a  =   , — — ;   so  that  a  is 
'^  2dr  ^  '  d  -\-  e 

cajsily  obtained  fixiiu  a  book  of  tables. 

(2)  Outside-cylinder  single  engines  with  uncoupled  wheels. 

IV  u 

Each  balance  weight  =     -  ,   a  =  180°;   so  that  in  this  case  the 

biilance  weight  is  placed  exactly  opposite  to  the  crank. 

(3)  Inside-cylinder  engines  with  wheels  coupled.  Find  by 
rule  (1)  if  the  weight  of  the  coupling-rods,  etc.,  is  too  great.  If  so, 
let  counter  weights  equal  to  the  difference  be  placed  opposite  the 
outside  cranks.  If  too  small,  the  difference  must  be  made  up  with 
balance  weights,  as  in  rule  (1).  The  positions  of  the  outside 
cranks  are  foimd  by  rule  (1). 

(4)  Outside-cylinder  coupled  engines.    Find  revohing  weight 
of  coupling-rods,  etc.,  lot  c».c\i  v;\i^^l.    Also  find  sum  of  the  weight 
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of  the  piston,  rod,  ^lidc,  and  half  connecting- rod.  DiWde  this 
latter  among  the  wheels,  adding  the  given  revolving  weight 
already  on  them.  Let  this  l)e  used  on  each  wheel  according  to 
nile  (2). 

510.  We  have  dwelt  upon  these  pi-actical  rules  for  balancing  in 
locomotives,  because  they  give  good  illustrations  of  centrifugal 
force.  But  the  student  ought  clearly  to  see  that  it  is  only  when  a 
l>ody  rotates  about  an  axis  that  we  can  exactly  balance  the  forces. 
A  body  with  reciprocating  motion  can  only  be  balanced  by 
another  body  with  a  reciprocating  motion ;  and  hence  it  is  that, 
after  much  expense  and  quan-elling  with  persons  complaining  about 
the  ^^bration  of  their  houses,  many  electric  lighting  companies  have 
discarded  reciprocating  steam-engines,  replacing  them  with  steam 
turbines.  In  Ai-ts.  427  and  429  we  give  the  principles  on  which  the 
subject  may  be  studied.  I  give  practical  examples  of  their  use  in 
my  book  on  steam,  gas,  and  oil  (mgines.  In  that  book  I  give  the 
more  exact  constructions,  which  are  so  commonly  taught  now  to 
advanced  students,  to  find  the  forces  at  the  ends  of  a  connecting- 
rod  for  any  i)Osition.  It  seems  never  to  strike  a  student  or  his 
teacher  that  such  elaboi-ate  calculations  may  possibly  not  give  a 
very  different  result  from  what  they  may  obtain  by  the  simple 
assumption  like  what  I  have  stated  above.  One  of  my  students 
has  made  the  comparison.  His  throe  weeks'  constructions  to  find 
the  forces  acting  on  the  frame  of  a  Willans  engine,  the  turning 
moment  on  the  crank  shaft,  etc.,  nowhere  differ  appreciably  in 
their  results  from  those  obtained  by  assuming  that  half  the  mass 
of  the  connecting-rod  has  the  motion  of  the  cross-head,  and  the 
other  half  that  of  the  crank  pin.  The  very  much  more  important 
matter,  the  effect  of  the  motion  of  the  rod  upon  its  strength  as  a 
laterally  loaded  strut,  seems  never  to  engage  much  attention. 

EXERCISES. 

1.  A  crank  pin  4  inches  in  diameter  and  6  inches  long  has  to  be 
balanced.  If  the  length  of  crank  be  9  inches,  and  the  balance  weights 
are  placed  directly  opposite  each  crank  arm,  find  the  weights,  the  centre 
of  gravity  of  each  being  6  inches  from  the  centre  of  the  crank  shaft. 

Jns.,  16-24  lbs. 

2.  A  shaft  is  in  balance  under  the  action  of  three  weights,  one  of  300 
lbs.,  at  a  distance  of  12  inches  from  the  axis;  another  of  100  lbs.,  at  a 
distance  of  20  inches  from  the  axis,  on  the  opposite  side,  and  30  inches  to 
the  right  of  the  first.  How  much  must  the  third  weight  be,  and  where  must 
be  its  position  along  the  shaft,  if  its  distance  from  the  axis  is  28  inches  'r 

Ans.f  57*1  lbs.;  37.5  inches  to  left  of  first  weight. 

3.  In  a  locomotive  the  distance  between  the  centre  lines  of  the 
cylinders  is  27^  inches.  Balance  weights  are  fixed  at  a  horizontal 
distance  apart  of  59  inches,  the  centre  of  gravity  of  each  describing  a 
circle  of  55  inches  diameter.  If  the  weight  of  the  reciprocating  masses 
for  each  cylinder  be  400  lbs.,  and  the  stroke  be  25  inches,  find  the 
position  and  magnitude  of  balance  weights  to  counteract  the  horizontal 
and  alternating  force  and  couple. 

Ans.,  At  160°  with  near  crank -,  14'1  V\i^.  ^».vJq.» 
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4.  In  a  Htoam-engine  the  pist<ni  at  the  beginning  of  its  stroke  is 
oxpo0t*d  to  a  total  (effective  steam  pressure  of  2,000  lbs.,  but  the  inertia  of 
the  piston  is  such  that  the  thrust  of  ^he  piston-rod  is  only  1,600  lbs. 
The  spcHvi  of  the  engine  is  now  raised  until  it  becomes  half  as  great  again 
as  beibro,  while  the  steam-pressure  is  unchanged.  What  is  the  thrust  of 
the  piston-rod  h  Atis.y  1,100  lbs. 

•1  An  engine  is  making  150  revolutions  per  minute.  What  is  the 
acceleration  of  the  piston  at  the  commencement  of  each  stroke,  the 
connocting>n>d  being  4  feet  long  and  the  crank  9  inches  'r 

Ans.y  223  ;  163. 

6.  The  weight  of  the  reciprocating  x>Art8  of  a  steam-engine  is 
ixiuivalent  to  3  lbs.  ^r  square  inch  of  the  area  of  the  piston.  If  the 
length  of  crank  be  9  inches,  find  how  much  the  initial  effective  pressure 
iH  n»duct»d  by  the  inertia  of  the  i^eciprocating  parts  when  the  crank  makes 
70  n^volutions  jht  minute,  the  obliquity  of  the  connecting-rod  being 
nogltH'tetl.  Ati€.y  3*8  lbs.  per  square  inch. 
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CHAPTER    XXVIIL 

SPRINGS. 

511.  Any  contrivance  which  can  store  energy  as  strain 
energy,  and  give  it  out  again  readily,  is  a  spring.  Hence,  any 
tie-bar  or  strut,  any  beam — in  fact,  any  object  whatsoever  is  a 
spring.  The  term  is,  liowever,  generally  applied  only  to  such 
objects  as  can  be  changed  in  shape  very  much  without  fracture. 

A  tie-rod  of  indiarubber  can  be  stretched  to  eight  times  its 
old  length,  again  and  again,  without  hurt ;  whereas  a  tie-rod 
of  the  best  steel  can  only  be  stretched  to  y^^^^  ^^  ^^  ^^^ 
length,  again  and  again,  without  hurt. 

Hence  the  indiarubber  tie-rod  or  a  strut  may  be  called 
a  spring,  just  like  the  spiral  spring ;  but  it  would  not  be  right 
to  speak  of  a  tie-rod  or  strut  of  steel  as  a  spring.  The  differ- 
ence is,  however,  only  one  of  degree,  and  indeed,  a  mine  cage 
suspended  by  a  steel  rope  half  a  mile  long  vibrates  up  and 
down  just  as  if  hung  from  any  ordinary  spring. 

512.  Springs  are  almost  always  used  as  reservoirs  of  energy 
— that  is,  as  hydraulic  accumulators  are  used,  or  fly-wheels  of 
steam-engines,  or  cisterns  of  water,  or  electric  accumulators. 

The  mainspring  of  a  clock  or  watch  takes  a  store  of  energy 
in  winding-lip,  and  gives  it  out  gradually  for  about  twenty- 
,four  hours  in  unwinding.  A  boW  gets  gradually  a  store  of 
energy,  which  it  gives  out  rapidly  when  the  arrow  is  set  free. 
A  buffer-stop  spring  stores  up  all  the  kinetic  energy  of  a  train, 
and  the  stiffer  it  is  the  more  quickly  will  it  store  the  energy, 
and  therefore  the  more  suddenly  will  the  train  be  brought  to 
rest.  Ordinary  buffer  springs  are  continually  storing  up  and 
giving  out  energy,  equalising  only  gradually  the  velocities  of 
the  two  railway  carriages,  so  that  if  one  gets  a  sudden  change 
of  velocity,  the  other  shall  only  be  affected  gradually.  In  the 
same  way,  when  any  two  objects  have  a  springy  connection,  if 
one  of  the  objects  alters  its  velocity  suddenly,  the  other  alters 
its  velocity  in  consequence  only  gradually.  These  are  cases  in 
which  a  spring  is  used  to  prevent  shocks,  or,  as  we  may  put 
it,  a  spring  is  used  to  lengthen  the  time  of  a  blow,  and  there- 
fore to  diminish  the  average  force  of  a  blow. 

513.  Naw  there  are  several  distinct  cases  here  to  consider. 
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I.  A  }nn\y  of  mass  b,  muA-ing  with  velocity  r^,  overtakes  a 

Ijocly  A,  moving  with  veUjcity  r  .     The  ImflTer  between  them  is 

strained    until    they    move  with  the  same  velocity.      If  the 
common  velocitv  then  is  r, 

B  ('*.  -  '^)    =  ^  (•^  -  ^„) 

Br.  -h  A  r 

^  r. 

A  -h  B 

The  ener^  now  stored  up  in  the  spring  is — 

i  BrJ  +  i  Ar=J  -  J(A  +  B)r2. 

In  ca.se  the  bodies  b  and  A  are  themselves  elastic,  they  them- 
selves, to  a  greater  or  less  extent,  act  as  buffers,  and  less 
energy  is  stored  in  the  buffer  itself.  Also  as  changes  of  shape 
are  usually  accompanied  by  friction,  some  of  the  energy  is 
wasted.  If  no  energy  were  wasted,  the  two  objects  would 
keep  going  faster  and  slower  relatively  to  one  another,  as  the 
spring  was  compressed  and  extended,  and  to  some  extent  this 
does  go  on  after  the  blow ;  but  these  vibrations  are  usually 
rapidly  stilled  as  the  energy  is  wasted  in  friction,  partly,  as 
we  have  already  said,  in  the  buffer  spring  itself,  and  partly  by 
friction  opposing  generally  the  motion  of  the  bodies. 

II.  If  one  of  the  bodies,  a,  is  fixed  to  the  earth,  then  the 
mass  of  A  may  be  r^arded  as  infinite ;  r   and  r  in  the  above 

i^culation  become  0.  but  the  same  reasoning  applies  as  before. 

III.  Two  carriages,  a  and  b,  are  at  rest  connected  by  a 
spring.  A  is  made  suddenly  to  move  through  a  distance  a. 
Now  if  the  spring  were  infinitely  stiff^  B  would  just  as  suddenly 
move  through  the  same  distance  a.  As  the  spring  is  less  and 
less  stiff.  B  moves  over  the  distance  a  with  less  and  less 
sudiienness.  liecause  the  kinetic  energy  which  must  eventually 
W  given  to  b  is  suddenly  stored  in  the  spring,  but  is  only 
ijniduaUy  given  to  b  by  the  spring.  If  there  is  no  friction,  B 
will  Iv  left  vibrjiting.  If  there  is  no  friction  opposing  b's 
uK^tivMi,  but  there  is  friction  due  to  change  of  shape  of  the 
-ipriug.  B  will  vibrate  and  gradually  come  to  rest. 

\f  ^^»*''»>''  i=^  friction  opposing  bs  motion,  but  there  is  no 
friction  in  the  spring,  the  <tore  of  energy  in  the  spring  is 
Xi>\^tci  than  Ufor^\  b  must,  of  course,  come  to  rest.  With 
tVicrii^u  vu  the  syVuvsl.  ^  ^xW  wwm^  rapidly  WHne  to  rest. 
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In  all  these  cases,  b  conies  to  rest  at  the  distance  «  from 
its  old  position. 

IV.  As  in  the  last  case— but  A  moves  suddenly  through  a 
distances,  and  after  a  short  time  T  is  moved  suddenly  Iwick 
to  its  old  position. 

(1)  If  T  is  exceedingly  small,  b  does  not  move. 

(2)  If  T  is  great,  b  moves  as  described  in  III.,  and  repeats 
its  motion  in  the  reversed  direction. 

(3)  If  T  is  neither  too  great  nor  too  small,  b  has  a  motion 
intermediate  between  the  (1)  and  (2)  described  motions. 

(4)  If  a's  motion  is  quickly  vibrating  through  the  ampli- 
tude a,  b  gets  a  vibratory  motion  of  the  same  period ;  but 
superimposed  on  this  is  the  natural  vibratory  motion  of  a 
period  which  depends  on  the  stiffness  of  the  spring  and  the 
mass  of  b;  the  natural  vibrations  will  die  away  if  there  is 
friction. 

614.  It  is  well  worth  while  for  a  student  to  illustrate  this  last 
case  by  means  of  a  model.  The  crank  q,  Fig.  359,  is  ttirned 
round  regularly  :  if  this  is  done  ^ 

by  hand,  a  fly-wheel  ought  to  be 
used  to  give  steadiness  of  motion. 
By  means  of  a  connecting-rod,  p 
gets  an  up  and  down  motion 
which,  diminished  in  the  ratio 
oa/op,  is  given  to  a  ;  this  creates 
a  forced    vibration  in   b.      The 

natural  vibration  of   b,  when        

a   is   not  moving,   ought  previ-  Fig.  sfiO. 

ously  to  have  been  studied — (1), 

when  there  is  very  little  friction,  and  b  goes  on  vibrating  with 
nearly  the  same  amplitude  for  a  long  time ;  (2)  when  there  is 
fluid  friction,  b  vibrating  in  a  vessel  of  water.  In  this  case 
there  is  really  a  change  of  inertia  difficult  to  calculate;  the 
water  being  set  in  motion.  The  amplitude  of  b's  motion  gra- 
dually diminishes  because  of  friction.  When  a  suddenly  begins 
to  vibrate,  b  may  have  a  large  natural  vibration,  but  this 
'gradually  gets  destroyed  by  friction,  just  as  if  there  were  no 
forced  vibration.  We  shall  now  speak  of  the  forced  vibration 
only,  and  assume  no  friction.  Let  a  vibrate  with  f  times  th(» 
frequency  of  the  natural  vibrations,  and  let  a's  amplitude  be  I. 
Then  the  amplitude  of  b's  motion  will  be  as  follows :  when 
there  is  no  friction  b  moves  synchronously  with  a,  so  that  b 


G16 


APPLIED   MECHANICS. 


n 


PQ 


»c 


■M 


■M 


X 


iti  at  the  top  when  A  is  at  the  top,  or  else 
(and  this  is  indicated  with  a  —  sign)  B  is  at 
the  l>ottoni  when  a  is  at  the  top. 

To  prove  this,  let  w  be  the  weight  hi  llw. 
of  M,  tn)  that  it«  mass  is  w  -^  32-2 ;  but  we 
shall  call  it  w/^.  As  before,  a  better  ap- 
proximation to  accuracy  is  obtained  by  let- 
ting w  include  half  the  weight  of  the  spring. 
Ijet  the  spring  be  such  that  a  force  of  1  lb. 

elongates  it  h  feet.     Then       x  the  accelei-a- 

tion  is  the  force  in  the  spring;  and  if  x  is 
the  distance  in   feet   of  the  body   below  its 

w     tPx 

l)08ition   of  equilibrium,  -  h  —  •  -^    is    the 

extra  elongation  of  the  spring  when  there  is 
this  acceleration.  But  if  b  is  j:  feet  below, 
and  if  A  is  y  feet  below  their  positions  of 
equililnrium,  then  r  -  y  is  this  extra  elonga- 
tion, and  hencc^ 

.  w  rf^x  ... 

or 


+  .^^  =  ^^••••(2). 


Letting  h^  =        ,  we  see  that  a  divided  by 

2  IT  is  the  natural  frequency  of  \'ibration. 
As  in  Art.  19,  if  we  introduce  our  force  of 
fi-iction  equal  to  b  times  the  velocity,  using 
2  y  for  Ay/w,  we  have 

if^x      ^    dx        .,  „ 

dfi  "^     *"///  +n^Jr  =  wV (3). 

By  putting  y  =  a  sin.-  qt^  it  is  easy  to  find 
the  forced  \'ibration.  For  nimphcity,  if  we 
let  F  =  o,  then 


X  = 


,       -  :,-,  .,  Sin.  at, 
1  -  i/^in-         ^ 


The  abovt'  table  in  obtained  bv  letting  tih*  bt* 
it^lM/. 

Note  in  the  model  and  from  the  tabled 
numbers  that  when  the  forced  frequency  is 
a  small  fraction  of  the  natural,  the  forced 
vibmtion  of  n  is  a  fitithM  copy  of  the 
\\\vA\o\\  v^t  xl\e  ^int  of  support  a  ;  the  spring 
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and  B  move  like  a  rigid  body.  When  the  forced  frequency 
is  increased,  the  motion  of  b  is  a  faithful  magnification  of 
A*s  motion.  As  the  forced  gets  nearly  equal  to  the  natural, 
the  motion  of  b  is  an  enormous  magnification  of  a*s  motion. 
There  is  always  some  friction,  and  hence  the  vibi-ation  cannot 
become  infinite.  When  the  forced  frequency  is  greater  than 
the  natural,  b  is  always  a  half-period  behind  a,  being  at  the 
top  of  its  path  when  a  is  at  the  bottom.  When  the  forced  is 
many  times  the  natural,  the  motion  of  b  gets  to  be  very  small ; 
it  is  nearly  at  rest. 

515.  Men  who  design  Earthquake  recorders  try  to  find  a 
steady  point  which  does  not  move  when  everything  else  is 
moving.  For  up  and  down  motion,  observe  that  in  the  last 
case  just  mentioned  b  is  like  a  steady  point. 

When  the  forced  and  natural  frequencies  are  nearly  equal 
we  have  the  state  of  things  which  gives  rise  to  resonance  in 
acoustic  instruments ;  which  causes  us  to  fear  for  suspension 
bridges  or  rolling  ships. 

It  is  obvious,  then,  that  the  simple  statement  of  the 
problem,  "  How  do  springs  prevent  shocks  1 "  presents,  when 
we  consider  it  very  carefully,  many  quite  different  problems. 
It  is  worth  while  observing  carefully  the  up  and  down  motion 
of  the  body  b  of  a  waggon  on  the  street  when  the  wheels  a 
go  up  and  down  over  the  stones.  But  we  can  study  the  sub- 
ject better  perhaps  in  the  model.  We  see  that  although  a 
spring  connection  between  A  and  b  does  prevent  shocks,  the 
motyn  of  b  may  be  dangerously  great.  Thus,  for  example, 
when  an  earthquake  occurs  it  does  not  always  do  to  merely 
have  an  elastic  connection  between  the  ground  and  the  house, 
as  the  earthquake  leaves  the  house  vibrating  sometimes  so 
much  as  to  give  quite  a  sea-sick  feeling  to  the  inhabitants. 

We  see  that  in  all  cases,  unless  there  is  friction  opposing 
vibration  of  the  body  b — whether  this  friction  exists  in  the 
parts  of  the  spring  itself,  or  more  directly  opposes  the  motion 
of  B — there  will  be  vibrations,  sometimes  dangerously  large  in 
amplitude.  When  by  means  of  the  spring  connection  we  seek 
to  diminish  shocks,  friction  may  be  introduced  by  some  dash- 
pot  arrangement,  which  may  consist  of  a  porous  piston  moving 
in  a  cylinder  filled  with  water  or  oil ;  or  the  piston  may  be 
solid,  and  there  may  be  a  pipe  and  cock  connection  between 
the  opposite  sides  of  it.  Here  the  friction  is  mostly  fiuid 
friction.       If  it  were  all  fluid  friction,  there   would   be   no 

U  ♦ 
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opposition  to  motion — there  would,  in  fact,  be  no  friction — if 
the  motion  were  slow  ;  the  friction  is  greater  and  greater  as  the 
motion  is  quicker  and  quicker.  The  friction  between  the  plates 
of  a  carriage  spring,  which  rub  together  every  time  the  spring 
is  changed  in  shape,  is  solid  friction,  which,  if  anything,  is 
probably  greater  for  slow  motions  than  for  quick  motions. 
In  all  cases  when  vibrations  are  to  be  stilled  it  is  better  that 
the  friction  should  be  of  the  nature  of  fluid  friction,  but  this 
is  not  always  convenient.  Its  effect  in  stilling  vibrations  may 
very  readily  be  studied  in  the  laboratory.  It  will  be  foun^ 
that  by  adjusting  the  cock  of  this  dash-pot  we  can  vary  at 
will  the  rate  of  stilling  of  the  vibrations  of  even  very  large 
masses,  so  that  after  a  shock  through  the  spring  the  body  b 
may  vibrate  for  a  long  time  before  it  comes  to  rest,  or  it  may 
come  to  rest  after  one  slow  lurching  motion  only.  Now,  it  is 
necessary  to  understand  that  a  dash-pot  arrangement,  or  any 
other  arrangement  for  introducing  fluid  friction,  will  not 
affect  the  static  law  of  the  spring  in  any  way.  It  may  be 
introduced  on  spring  balances  which  are  required  to  measure 
forces  accurately,  for  example.  But  the  sort  of  friction  we 
find  in  carriage  springs  is  very  different.  Here  the  plates  of 
which  the  spring  is  made  rub  on  one  another,  and  there  is 
solid  friction,  and  such  a  spring  as  this  cannot  be  used  for 
spring  balances.  The  law  of  the  spring  is  altered  ;  we  cannot 
depend  upon  the  spring  for  measuring  forces  if  there  is  any 
place  where  rubbing  of  solids  takes  place.  Such  springs  are 
never  used  for  purposes  of  measurement;  they  are  only.jused 
for  preventing  shocks. 

516.  Springs  are  of  many  different  forms;  they  are  used  as 

small  as  balance  springs  in  watches,  and  they  are  sometimes 
so  large  as  we  see  them  in  some  buffer  and  locomotive  springs. 
The  following  list  is  not  given  as  by  any  means  an  exhaustive 
one: — 

I.  Cylindric  spiral  springs,  subjected  to  axial  loading. — In 
tliese  it  will  be  found  that  the  wire,  whether  i*ound  or  nearly 
square  in  section,  is  twisted  like  an  ordinary  revolving  shaft 
transmitting  power,  and  the  strain  is  one  of  torsion  in  the 
material. 

ExanvpUs. — Most   forms  of  spring  balance  and  dynamo- 
meters ;  the  springs  of  indicators  ;  many  railway  carriage  and 
tram-car  springs ;    safety-valve  springs  for  marine  and  loco- 
motive boilers. 
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II.  Cylindric  spiral  springs,  subjected  to  a  torque  about 
the  axis : — In  these  it  will  be  found  that  the  uaterial  is  sub- 
jected ever3rwhere  to  bending. 

Examplea. — The  balance  springs  of  the  best  chronometers  ; 
the  springs  used  as  elastic  joints  between  two  lengths  of 
shafting. 

III.  Flat  spiral  springs,  subjected  to  a  torque  about  the 
axis. — In  these  it  will  be  found  that  the  material  is  subjected 
to  bending, 

Eocamplea, — The  main  and  balance  springs  of  watches  and 
many  clocks;  the  springs  used  in  nearly  all  contrivances 
which  require  to  be  wound  up,  or  wherever  a  large  reservoir 
of  energy  is  required  in  a  small  space. 

rV.  Nearly  straight  strips  of  material  subjected  to  bend- 
ing.— These  are  used  in  a  great  variety  of  cases,  sometimes  in 
one  piece,  as  in  the  limb  of  a  tuning-fork. 

V.  More  or  less  flat,  or  corrugated,  circular,  or  of  other 
outline,  fixed  or  only  supported  at  three  or  more  points  at  the 
edges. 

VI.  Indiarubber  springs,  usually  subjected  to  merely  ten- 
sion or  compression,  now  being  used  largely  for  tram-cars. 
In  all  the  above  cases  there  is  an  absence  of  solid  friction. 

VII.  The  Ayrton-Perry  spring,  used  in  indicating  the 
amount  of  a  force  by  a  large  relative  rotation  of  a  pointer. — 
It  will  be  found  that  the  material  in  these  springs  is  subjected 
to  a  combination  of  bending  and  twisting  strains.  The  Ayrton- 
Perry  twisted  strip,  in  which  a  very  small  elongation  is  accom- 
panied by  great  relative  rotation. 

VIII.  More  or  less  straight  strips  of  material  subjected  to 
bending  (like  IV.),  a  number  of  pieces  being  used  in  one 
spring,  these  pieces  rubbing  on  one  another.  When  bending 
occurs,  this  introduces  solid  friction. 

Examples, — Locomotive,  waggon,  and  carriage  springs, 
and  nearly  all  the  large  springs  used  for  minimising  shocks,  as 
buffer-stop  springs. 

IX.  Gases  in  closed  vessels,  the  volume  of  which  may  be 
altered,  as  in  the  air-chamber  of  some  force-pumps ;  the 
cylinder  and  piston  air-spring. 

It  is,  however,  obvious  that  the  functions  of  springs 
cannot  be  specified  in  a  few  words.      Springiness  comes  in 
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usefully  in  the  paoking-rings  of  pistons,  and  in  packing 
generally,  to  produce  a  good  fit  between  pieces  which  rub 
on  one  another ;  in  spring  split  rings,  as  washers,  which 
prevent  a  nut  from  becoming  loose ;  when  a  springy  piece  of 
material  is  used  between  two  more  rigid  pieces  which  are 
bolted  together,  to  give  a  uniform  bearing  without  undue 
strains  in  the  nuts.  When,  in  fact,  we  discuss  the  elasticity 
of  material  generally,  we  see  that  everything  in  nature  is  a 
spring,  and  performs  most  of  its  functions  in  nature  by  means 
of  this  elastic  property. 

517.  The  main  uses  to  which  springs  are  put  are  these : — 

1.  Lengthening  impacts,  so  as  to  diminish  the  forces  of 
blows,  and  therefore  al)sorbing.  and  in  these  cases  usually  also 
dissipating  energy. 

2.  Regulating  motion — that  is,  preventing  large  fluctua- 
tions in  spee<l  in  driven  pieces  of  machinery.  This  is  not  a 
common  use  of  springs,  because  of  the  waste  of  energy. 

3.  As.  reservoirs  of  energy. 

4.  Regulating,  as  in  watches  and  clocks. 

5.  As  measurera  of  force. 

6.  As  measurers  of  distance. 

7.  As  measurers  of  angles. 

518.  The  Best  Materials  to  Use  in  Springs. — A  spring's 

usefulness  depends  primarily  on  its  being  a  reservoir  of  energy. 
In  the  tirst  two  cases  of  the  preceding  table  this  capacity  for 
storage  of  energy,  and  of  course  cheapness  and  ease  of  manu- 
facture, ought  to  settle  for  us  the  material  of  which  a  spring 
should  be  made.  In  the  other  cases  we  must  also  consider 
the  question  of  perfect  or  imperfect  elasticity  and  viscosity  of 
the  material.  First,  then,  as  to  the  energy  which  may  be 
stored. 

The  energy  which  must  be  given  to  distort  a  spring  before 
it  takes  a  permanent  set  is  called  its  resilience. 

Now,  it  will  be  shown  in  Art.  535  that  in  all  springs  sub- 
jected to  bending,  as  springs  of  classes  2,  3,  4,  5,  7,  and  8,  the 
resilience  per  unit  volume  of  the  material  depends  upon  the 
resilience  per  cubic  inch  of  the  material  when  subjected  to 
compressive  or  tensile  force,  and  this  is  f^  -?-  S  Z  in  inch- 
pounds,  where  /  is  the  greatest  tensile  or  compMSsive  stress 
which  the  material  will  Htand  without  taking  a  set,  and  e  in 
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Young's  modulus  of  elasticity.      The   following   table  shows 
the  value  of  this  constant  for  various  materials  : — 


TABLE  XIII.     Si'RLXG 

Materials 

Subjected  to  Bending. 

/ 

E 

In  Millions  of  Pounds 

/2-^  2e 

per  Square  Inch. 

Wrought  Iron 

24,000 

29 

10 

MHd  Steel 

35,000 

30 

20 

IVIild  Steel,  Hardened 

70,oOO 

30 

83 

Cast  Steel,  Unhardened 

80,000 

30 

107 

Cast  Steel,  Hardened 

190,000 

36 

501 

Copper    .      

4,300 

15 

0-02 

Brass             

6,950 

9-2 

2-62 

Guri  Metal    ...         

6,200 

9-9 

200 

Phosphor  Bronze    

19,700 

14 

13-85 

Glass             

4,500 

8 

1-26 

The  numbers  in  Tables  XIII.  and  XIV.  are  subjected  to  very 
considerable  variations,  especially  in  the  cases  of  copper, 
brass,  gun  metal,  phosphor  bronze,  and  glass.  Indeed,  in  our 
opinion,  definite  statements  as  to  the  values  of  f^^  -4-  2  E,  or 
f^  -^  2  N,  ought  not  to  be  made,  until  careful  experiments 
have  been  made  on  such  varieties  of  these  materials  as  are 
actually  used  in  spring-making,  and  this  has  not  yet,  we  be- 
lieve, been  done.  We  have  taken  the  values  of  yj  E,  and  n  from 
Table  XXII.  In  the  best  spiral  steel  springs,  for  example, 
the  value  of  f^  (the  proof  shear  stress)  has  been  found  to  be 
rather  60,000  or  70,000  lbs.  per  square  inch  than  the  145,000 
given  in  the  table. 

It  will  be  shown  in  Art.  535  that  in  all  springs  where  the 
material  is  subjected  to  twisting  merely,  as  springs  of  Class  1 
— the  most  important  class,  probably,  for  the  use  of  mechanical 
engineers  and  instrument  makers — the  resilience  per  unit 
volume  of  the  material  depends  upon  the  value  of 

2n' 

where  f^  is  the  grejitest  shear  stress  which  the  material  will 
stand  without  taking  a  set,  and  x  is  the  modulus  of  rigidity  of 
the  material.  The  following  table  shows  the  value  of  this 
constant  for  various  materials : — 
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TABLE  XIV. — Materials  for  Cylindric  Spiral  Springs. 


N 

/. 

111  Millions  of  Pounds 
per  Square  luch. 

fx'  -r  2  N 

Wrought  Iron 

20,000 

10-5 

19 

MUd  Steel 

26,500 

11 

32 

Mild  Steel,  Hardened 

o3,000 

11 

128 

Cast  Steel,  Unhardened 

64,000 

11 

186 

Cast  Steel,  Hardened 

145,000 

13 

809 

Copper          ...         

2,900 

5-6 

0-75 

Brass             

5,200 

3-4 

400 

Gun  Metal    ... 

4,150 

3-7 

2-33 

Phosphor  Bronzf     ... 

14,500 

5-25 

20 

The  numbers  given  in  Tables  XIII.  and  XIV.  are  supposed  to 
express,  then,  the  actual  relative  values  of  the  various 
materials  for  spring-making. 

It  will  be  ol>seryed  that  hardened  cast  steel  is  very  much 
better  than  any  other  niatei*ial  for  spring-making  ;  hardening 
makes  it  five  times  more  valuable.  It  is  about  35  to  40 
times  more  valuable  than  phosphor  bronze ;  more  than  40 
times  more  valuable  than  wrought  iron  (which  is  not  so  good 
as  phosphor  bronze).  The  fact  that  phosphor  bronze  makes 
probably  the  best  non-magnetic  material  for  springs  has 
been  known  to  me  for  fifteen  years.  I  tested  this  result 
by  a  great  deal  of  experimenting  with  various  materials. 
But  this  is  not  the  only  virtue  of  phosphor  bronze.  In  quite 
a  remarkable  degree  it  is  free  from  many  of  the  vices  of  other 
metals — sub-permanent  set  after  small  loads,  effects  due  to 
fatigue;  etc.  It  is  worth  while  to  mention  that  by  the  nature 
of  the  process  of  manufacture,  the  material  may  have  initial 
strains  in  it ;  before  applying  it  in  an  instrument  it  ought  to 
receive  a  considerable  set  in  the  direction  in  which  it  will 
most  usually  be  strained.  Phosphor  bronze  springs  in  my 
electrical  instruments  receive  a  set  from  a  load  which  is  six 
times  as  great  as  the  greatest  load  ever  applied  to  the  spring 
when  it  is  in  use. 

The  numbers  in  the  tables  give  us  guidance,  but  we  must 
also  consider  special  conditions.  The  hardening  and  temper- 
ing of  steel  require  great  care  ;  so  great  is  this  that  we  may 
aimost  say  that  there  is  only  one  steel  spring  maker  in  the 
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whole  of  England.  Now,  phosphor  bronze  and  brass  and 
copper  receive  their  greatest  hardness  by  drawing  through 
dies  or  rolling.  They  can,  in  fact,  be  hardened  very  uni 
formly  in  the  cold  state  quite  readily,  and  springs  of  them  are 
easy  to  make.  Again,  although  tempered  steel  has  usually  an 
oxide  of  iron  to  protect  it,  and  a  soft  iron  spring  of  any  kind 
can  also  be  given  such  an  oxide  by  Barff's  process  as  a  cover- 
ing, yet,  on  the  whole,  steel  and  more  especially  iron  springs 
are  much  more  subject  to  rust  when  exposed  to  a  damp  atmo- 
sphere than  copper,  brass,  or  phosphor  bronze.  Again,  in 
certain  electrical  instruments  where  spnngs  are  used,  steel 
and  iron  must  not  be  used  Ixjcause  of  their  magnetic  pro- 
perties, and  in  other  measuring  instruments  the  properties 
catalogued  in  the  tables  may  not  always  be  all-important. 

619.  The  following  property  is  not  of  importance  in  springs 
used  to  prevent  shocks,  as  in  buffer  and  carriage  springs  : — 

When  a  spring  is  loaded  with  even  a  small  load  it  may 
continue  to  lengthen  axially  slowly  if  the  load  is  kept  on  ;  and 
afterwards,  when  the  load  is  taken  off,  it  may  not  immediately 
shorten  to  its  original  length,  but  needs  time.  This  is  usually 
called  sub-permanent  set,  and  is  greater  with  greater  loads. 
When  such  a  spring  is  unloaded  after  it  has  experienced  loads 
of  various  amounts  and  various  periods  of  rest,  it  will  not 
usually  go  back  to  its  old  length,  but  will  slowly  undergo 
slight  shortenings  and  lengthenings  of  various  amounts  de- 
pending on  its  previous  experiences.  I  sometimes  call  this 
property  the  "  creeping "  property  of  the 
material.  Professor  Ayr  ton  and  I  have 
written  a  paper  concerning  this  property. 
A  material  possessing  much  of  it  is  quite 
unsuitable  for  the  springs  of  measuring 
instruments. 

520.  Spiral  Springs.-  A  spiral  spring  is 
a  wire,  or  rod,  or  strip  of  any  constant  or 
varying  section  (we  shall  always  speak  of 
it  as  a  wire,  of  whatever  size  or  shape  its 
section  may  l)e),  coiled  so  that  the  centre 
Hne  of  the  wire  lies  everv where  on  som(» 
surface  of  revohition.  In  most  cases  the 
wire  is  wound  on  a  cylindric  surface,  the 
winding  being  perfectly  I'egular — that  is,  the 
angle  made  by  the  centre  line  of  the  wire. 


Fig.  3<K). 
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with  a  plane  at  right  angles  to  the  axis  of  the  spiral,  is  constant. 
Many  cylindric  spiral  springs  in  use  have  wire  of  square  or  of 
elliptic  section.  In  another  form  which  is  used  as  a  buffer 
spring,  the  diameter  of  the  coils  varies  as  if  the  wire  had  been 

wound    on    the    half    of   a    very 

^^  '  "^^s^.    /  F  bulging    barrel-shaped     mandril  ; 

^r  J%  and  we  see  that  under  pressure 

/  -       /  ^\p  this   spring   can   get   very    short 

**        /^    ^^        \g  axially  without  the  coils  coming 

/        ^  J  I  into  contact.     In  the  form  Fig. 

I         ^^?fc         J  360,  the  mandril  was  of.  a   coni- 

V  \      y  cal  shape.      Lastly,  in  Fig.   361, 

v^^     ^>^  we  have  the  flat  spiral  spring — 

\q  what  the  conical  form  would  be- 

Fig.  361.  come  if  it  were  squeezed  until  all 

its  coils  lay  one  plane. 

521.  Am  ail  example  of  the  bending  of  a  8li'ip  of  matciu-ial,  which 
might  have  been  considered  after  Ait.  327,  let  us  take  the  case  of 
a  flat  spiral  spring,  such  as  the  main  or  balance  spring  in  watches. 
Ijet  N  p  M  (Fig.  361)  be  such  a  spring,  fastened  to  a  case  at  n,  and 
to  an  arbor  or  axle  at  m.  When  no  forces  are  acting  on  the  spring 
it  has  a  spii-al  shape.  Suppose  that  in  this  case,  at  a  point  p,  the 
radius  of  curvatme  is  r^y  and  that  when  the  spiing  is  ijai-tly  wound 

up  there  is  at  p  a  i-adius  of  curvatm-e  r,  then      -    -     is  the  chanice 

of  curvature  at  p,  and  we  know  that  the  bending  moment  which 

produced  this  change  of  curvatiue  is  equal  to  E  i  (       -    -   ),  where 

K  is  the  modulus  of  elasticity  of  the  material  and  i  is  the  moment 
of  inertia  of  the  cross-section.  (Thus,  taking  b  at  36,000,000,  if 
the  breadth  of  the  spring  is  02  inch  and  its  thickness  003,  then 
EI  is  16*2.)  Now  suppose  the  arbor  to  have  turned  through  the 
angle  x  o  o  (which  we  shall  call  a)  from  the  unstrained  condition. 
What  are  the  forces  acting  on  p  m  and  the  arbor  ?  Whatever 
these  forces  may  be,  they  must  be  in  equilibriimi.  If  these  forces 
w^ere  changed,  there  would  be  an  alteration  in  the  shape ;  but  so 
long  as  these  forces  do  not  change,  the  shape  and  position  of  things 
do  not  alter.  This  is  why  we  can  apply  to  the  spring,  p  m,  and  the 
arbor  the  laws  of  forces  acting  on  rigid  bodies.  So  long  as  p  m  o 
does  not  alter  in  shape,  it  o})eys  the  laws  of  rigid  bodies. 

622.  Now,  the  forces  acting  on  the  arbor  may  be  very  numerous 
— inessure  of  the  pivots,  pull  of  the  f nzee  chain,  or  pressure  of  teeth 
(if  wheels  ;  but  whatever  they  may  be,  we  know  that  they  can  he 
represented  by  one  force  acting  at  o,  the  centre,  together  with  a 
couple,  c.  If  the  spring  is  not  in  contact  with  the  top  or  bottom 
of  its  case,  and  if  the  coils  are  not  in  contact  with  one  another,  no 
other  forces  act  oi\  the  gyring,  m  p,  except  at  p.     The  particles  of 
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steel  on  one  side  of  the  section  at  v  are  acting  on  the  particles  on 
the  other  side ;  but  whatever  the  forces  at  each  of  the  particles 
may  be,  we  know  that  the  total  effect  at  p  is  the  same  as  that  of 
one  force  and  one  couple.  Wc  cannot  easily  say  what  the  force  is, 
but  if  r  is  the  radius  of  curvature  at  p,  and  if  r©  was  the  radius  of 
curvature  at  p  when  the  spring  was  unstrained,  then  the  couple  at 
p  is  what  we  have  already  called  the  bending  moment, 

12   \r  -  rj' 

Let  us  suppose,  for  simplicity,  that  the  spring  is  everywhere  of 

the  same  breadth  and  thickness,  and  let  us  use  the  letter  e  instead 

E  bfi 
of    Tx-,  which  is  now,  of  course,  the  same  everywhere.  The  couple 

at  p  is  then  e  l~  -  —  J.     The  only  forces  acting  on  p  m  o  arc  : 

A  force  at  o,  of  amount  h,  in  the  direction  u  h,  say  ;  a  couple  at  o 
whose  moment  is  -  l  ;  a  force  at  p  ;  a  couple  at  p  whose  moment 
is  given  above  and  is  positive.  Now,  we  know  that  the  sum  of  the 
moments  of  all  the  forces  about  any  jwint  must  be  nothing.  Take 
all  the  moments  about  the  point  p.  The  force  at  p  has,  then,  no 
moment,  and  is  to  be  neglected,  and  we  have 

-HXPH— -L  +  ^l—        j=0. 

In  fact,  el I=:l  +  h.ph. 

Let  p  Q  be  a  short  distance  measured  fi'ora  p  along  the  spring. 
Multiply  every  term  of  the  above  equation  by  p  q,  and  we  find 

/PQ          PQ\ 
e  {  — |  =  L.PQ-fH.PH.PQ. 

\  r         To  / 
Now,  when  p  u  is  very  small  it  may  be  rc^garded  as  the  arc  of  a 

P  Q     . 

circle  whose  mdius  is  r  ;  consequently  —  simply  means  the  angle 

between  the  radius,  or  normal  at  p,  and  the  nonnal  at  q  ;  in  fact, 
it  means  the  small  angle  which  the  tangent  at  p  makes  with  the 

P  Q  P  Q, 

tangent  at  q.     Thus   — simply  means  the  change  which 

has  occuiTcd  in  the  angle  between  the  direction  of  the  spring  at  p 
and  the  direction  at  q.  If  now,  instead  of  considering  what  occurs 
at  the  point  p,  we  take  the  point  q,  we  shall  get  just  a  similar 
equation  for  another  little  length  of  the  spring.  Suppose  we  do 
this  for  every  short  length  of  the  sjuing,  and  add  uj)  our  results  ; 

p  (i        p  (I 
we  shall  find  that  the  sum  of  all  terms  sucli  as  —   —  means 

r         r^ 

the  change  whicli  has  been  producinl  in  the  angle,  between  the 
tangents  to  the  spring,  at  its  two  ends.  Thus,  sux)i>ose  the  arbor 
has  turned  thi-ough  the  angle  fl,  and  suppose  that,  whether  or  not 
the  point  of  fastening  at  n  has  been  moved,  the  direction  of  the 
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H^mng  at  v  has  on  the  whole  changed  through  an  angle  fi :  then 
wo  find  that  the  sum  of  all  the  ahove-mentioned  terms  amounts  to 
6-/8.  {$  may  be  called  the  amount  of  winding  up  of  the  spring ; 
fi  may  be  called  the  amount  of  yielding  in  the  &8tening  to  the 
case.)  Hence  the  sum  of  all  the  left-hand  sides  of  all  such  equa- 
tions as  the  above  is  e  {0  —  fi). 

Now  let  us  consider  the  right-hand  sides  of  the  equations. 
Evidently  the  simi  of  all  such  terms  as  l  x  p  q  will  be  l  x  length 
of  spring  ;  say  l  /.  The  sum  of  all  such  terms  as  h  x  p  h  x  p  q 
is  (Art.  109)  equal  to  h  multiplied  by  the  length  of  the  spiing 
multiplied  by  the  peii)endicular  distance  of  the  centre  of  graWty 
of  the  spi-ing  from  the  line  o  h.  This  is,  of  course,  the  length  of 
the  spring  multiplied  by  the  moment  of  the  force  h  about  the 
centre  of  gravity  of  the  spring.  Summing  up  oiu*  insults,  we  find 
that  if  the  force  on  the  arbor  thi'ough  the  pivots,  etc.,  has  a 
moment  about  the  centre  of  giuWty  of  the  spring  of  the  amount  o, 
if  the  length  of  the  spring  is  /,  if  the  angle  turned  through  by  the 
arbor  fi*om  the  imstrained  position  is  6,  and  if  fi  is  the  angular 
yielding  at  N,  and  l  is  the  coui>le  with  which  the  arbor  tends  to 

unwind  itself,  then  e  {B  •—  ^)  =  l  /  —  g  /,  or  l  =  -  (6  -  /8)  +  o. 

The  tenn  g  depends  on  the  position  of  the  centre  of  gi-avity  of  the 
spring. 

If  the  coils  are  nimierous,  each  will  be  nearly  circular,  and  the 
centre  of  graWty  of  the  spring  will  nearly  be  at  o,  and  o  becomes 

insignificant :  so  that  the  equation  becomes  l  =-  (6  —  /8).     If  the 

spring  is  so  rigidly  fastened  at  its  ends  that  there  is  no  change 

of  direction  relatively  to  the  baiTel,  l  =  -  6,  and  the  couple  exei-t^d 

by  the  spring  in  trying  to  unwind  itself  is  simply  propoi*tional  to 
the  amount  of  turning  of  the  arbor  or  the  amount  of  winding  up^ 
If,  then,  the  centre  of  gravity  of  the  spring  always  remained  in 
the  centre  of  the  arbor,  and  if  the  spring  were  rigidly  fastened  at 
N  and  M,  we  should  have  the  couple  exerted  simply  proportional 
to  the  angle  of  winding;  and  this  is  the  condition  for  perfect 
isochronism  in  the  balance  spring  of  a  watch.  I  need  hardly  say 
that  this  condition  can  never  be  perfectly  satisfied.  If  we  use  a 
fuzee,  the  mainspring  may  be  fastened  as  we  please  ;  but  suppose 
we  want  the  couple  exei*ted  by  the  spring  to  be  nearly  constant  for 
various  amounts  of  winding  up,  it  is  evident  that  the  angle  /3 
ought  to  increase  as  fast  as  B ;  that  is,  there  ought  to  be  a  \eiry 
considemble  amount  of  yielding  in  the  fastening  of  the  spring  to 
its  case.  The  same  effect  will  be  produced  by  exerting  consider- 
able pressure  on  the  arbor  at  its  pivots,  or  in  some  way  causing 
the  arbor  and  its  case  to  be  not  quite  concentric  with  one  another. 
The  watchmaker's  usiml  plan  to  get  moderately  good  iso- 
chronism is  to  make  one  of  the  above  errors  tend  to  correct 
another  ;  that  is,  by  allowiivg  a  greater  yielding  or  greater  sti&iess 
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of  the  outer  attachment  to  counteract  the  results  due  to  centre  of 
gravity  of  the  spring  not  remaining  exactly  in  the  axis  of  the 
balance. 

523.  Thus  we  see  that  by  applying  the  law  given  in  Art.  522 
to  a  flat  spiral  spring  fastened  to  a  case  at  its  outer  end,  N, 
and  to  an  arbor  or  axle  at  its  inner  end,  M,  we  find  that  if  the 
spring  is  riveted  firmly  both  at  N  and  M,  and  if  it  is  so  long  and 
its  coils  so  nearly  circular  that  its  centre  of  gravity  is  always 
nearly  in  the  centre  of  the  axle,  then,  when  partly  wound 
up,  the  spring  tends  to  unwind  itself  with  a  turning  moment 
which  is  proportional  to  the  amount  of  winding  up.  This  is 
the  case  in  the  balance  spring,  and  it  is  this  condition  that 
gives  to  the  balance  its  character  of  taking  almost  exactly  the 
same  time  to  make  a  small  swing  as  to  make  a  great  one. 
(See  Art.  449.)  When  the  end  n  is  not  riveted,  but  merely 
hinged  or  fastened  in  any  way  that  will  allow  it  to  turn  about 
N,  the  unwinding  tendency 

is  not  proportional  to  the  ^ 

amount  of  winding  up ;  it 
is  proportional  to  the  dif- 
ference between  the  angle 
of  winding  and  this  angu- 
lar yielding  at  N.  If  the 
strip  is  everywhere  of  the 
same  breadth  and  thick- 
ness, the  unwinding  tendency  is  proportional  to  the  moment  of 
inertia  of  its  own  section — that  is,  to  its  breadth  and  to  the 
cube  of  its  thickness  ;  it  is  also  proportional  to  the  modulus  of 
elasticity  of  the  material  used,  and  is  inversely  proportional  to 
the  total  length  of  the  strip.  Su])pose  we  wind  a  cord  round 
the  barrel  or  case  containing  a  mainspriug  of  a  watch  whose 
arbor  is  fixed  firmly,  and,  using  a  scale-pan  with  weights,  we 
find  the  turning  moment  of  the  spring  for  various  amounts  of 
winding  up.  If  we  plot  our  results  on  squared  paper,  we  shall 
find  that  the  points  lie  in  a  curve  like  a  o,  b  o,  c  o,  or  d  o  of 
Fig.  362,  whereas  for  a  balance  spring  we  should  get  nearly  a 
straight  line  through  o. 

In  Fig.  363  is  represented  an  instrument  which  I  have 
l>een  in  the  habit  of  using  in  my  laboratory,*  to  show  the  con- 
nection between  the  turning  moment  and  the  angular  wind- 
ing in  a  flat  spiral  spring.     Difterent  weights  used  at  the  end 

*  The  woodcutter  has  represented  too  large  a  weight  and  too  thin  a  spring. 


Fig.  362. 
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of  the  string  give  different  readings  of  the  pointer.  By  means 
of  such  an  apparatus  we  are  enabled  to  verify  the  laws  de- 
scribed above.  When  we  have  performed  one  set  of  experi- 
ments with  a  spring,  another  set  may  be  made  on  the  Hame 
spring  with  its  length  diminiHiied  or  increased  by  means  of 
the  arrangement  for  clamping,  shown  in  Fig.  363.  In  this 
way  we  can  experiment  with  springs  of  different  breadths  and 
thicknesses,  as  well  as  of  different  materials. 

D34.  Thp  flat  spital  tptbag  jual  lonsidei'cd  is  n  taac  uf  the  bending 
of  H  Htrip  of  Bteel  along  its  entire  length.  T  will  now  lake  up  a 
I'HSo  in  which  there  ia  nu  licnding.  Fig.  364  shows  a  cylindila 
■pifal  spring  whose  coils  aro  very  flHt.     Bcaidee  itu  own  weight,  it 


in  ntteJ  upon  hy  two  fqiiiil  iind  opposite  loires  in  the  dii'eetion  of 
its  itxis,  the  Bnp]Kirting  force  nt  N  nnd  ii  weight  at  M.  Now  let  iw 
iHinsider  the  eqnilibriiini  of  the  portion  of  the  spring  from  nny 
jioint  p  to  M.  Siipiione  the  wire  eiit  nt  r  hy  a  plane  p«i«in([ 
throngh  the  niis ;  thia  seition  will  be  more  ntid  more  nearly  a 
''  I  normal  to  the  Hjiia  of  the  wire,  as  the  Bpiralajre 
lOre  nes.r\y  ^ominAB.\.    \j>i,  us  regard  it  as  a  normal 
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eruss-Beution  of  the  wii*.  Now,  whatever  may  lie  the  Btresees  «t 
thia  cross- section,  they  iniist  balance  all  the  other  forces  acting  on 
p  M — namely,  the  force  f  at  u,  which  in  axial,  iinrl  the  weight  of 
v  H,  which  IS  vorj-  noftily  Hxial.  If  wis  noR-lect  the  wfijthi  of  i'  m. 
we  have  only  to  balunee  the  foitc  r  actinj; 
at  v.  To  do  so  we  e\idcntly  need  ii  uTifBrilg 
form,  F,  itt  y,  diBtribnted  over  tho  sottioii, 
and  a  twiating  torqn*  which  ia  equal  to  f  .  P  h. 
It  is  easy  to  show  that  the  shear  is  of  much 
less  importance  than  the  torsion.     Indeed,  in 

many  ways  it  is  like  the  sheai-inK  foii'C  in 

beams  (»>e  Art.  399),  and  we  shall  neglect  it. 

Again,  since  r  H  is  the  xume  ftir  <'Vcry  part 

of  the  spring,  eiiay  section  of  the  wire  is  acted 

on  by  the  samt!  twiirting  couple,  jnst  its   the 

shaft  of  I'^g.  191  or  the  wire  of  fig.  1S6  and 

its  strength   is  calciilntod  in   tho  same  way. 

Now,  what  is  the  ninount  of  motion  nt  u  in 

consequence  of  thi«  twist  f     As  the  wire  is 

everywhere  twisted,  just  as  if  It  were  a  stmight 

wire  fastened  nt  one  end  whilst  at  the  oUher 

end  there  wore  a  force,  r,  acting  at  the  end  of 

an  arm  whose  length  is  eqiml  to  p  n,  the  i-adius 

of  the  coila  of  the  spring,  the  amount  of  the 


n  of  H 
the  end  of  such  ni 


t  the  a 


8  the  ir 


11  attached  to  the  si 


525.  We  have,  then,  the  following  pretty 
illustration  {Pig,  365),  which  serves  to  keep 
the  rule  for  spiral  spring's  in  our  memory. 
Let  two  pieces  of  the  same  wire  of  the  same 
length  be  taken  ;  one  of  them  kept  straight, 
fixed  firmly  at  a,  and  fastened  at  b  to  the 
axis  of  a  pulley  which  can  move  in  roller 
bearings.  A  cord,  c,  fastened  to  the  rim  of 
this  pulley,  carries  the  upper  end  of  a  spiral 
spring,  D  E,  formed  of  the  other  piece  of  wire, 
the  diameter  of  its  coils  being  equal  t«  the 
diameter  of  the  pulley.  EvidenUy,  if  a  weight, 
w,  is  placed  in  the  scale-pan,  a  point  E  gets 
just  double  the  motion  of  a  point  c,  for  e 
gets  c's  motion  as  well  as  the  lengthening  of 
the  spring.     The  scales  f  and  «  and  the  little  [ 

pointers  are  for  the  purpose  of  making  exact  p. .  ^^ 

measurements.     It  is  interesting  to  note  how 
accurately  the  law  is  fulfilled,  even  in  a  roughly-constructed 
piece  of  apparatus  such  as  anyone  may  easily  put  up  for  himself. 
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Example, — A  spiral  spring  of  charcoal  iron  spring  wire,  0*1 
inch  diameter,  21*6  inches  long,  its  coils  having  a  radius  of 
1'3  inch,  is  extended  by  a  weight  of  10  lbs.  Supposing  that 
a  piece  of  wire  of  the  same  material  1  inch  long  and  0*05  inch 


Fig.  365. 


diameter,  gets  a  twist  of  24*2  degrees  with  a 
twisting  moment  of  2  inch-pounds,  what  is  the 
extension  of  the  spring]  We  see  that  if  the 
trial  wire  were  of  twice  the  diameter  the  twist 
would  be  24*2  -^  16,  or  1'51  degrees,  and  with 
a  twisting  moment  of  13  inch-pounds,  which 
is  6*5  times  as  great,  the  angle  would  be  9*82 
degrees,  and  on  a  wire  21*6  times  as  long  would 
be  212*  degrees,  or  3*7  radians,  and  the  arc  of 
a  circle  whose  radius  is  1*3  inch,  subtending 
this  angle  is  3*7  x  1*3  or  4*8  inches,  the 
answer. 

626.  In  designing  a  cylindric  spiral  spring  it  is 
very  important  to  know  the  greatest  elongation  it  will  bear  without 
taking  a  permanent  set.  If  the  material  has  internal  strains  given 
to  it  duiing  its  manufacture — and  this  it  is  ver}^  difficult  to  prevent 
in  steel  springs,  unless  great  care  is  taken  in  tempering,  and  it  is 
almost  impossible  to  prevent  in  brass  springs,  because  the  elasticity 
added  in  manufacture  is  often  regarded  as  a  necessarj^  quality 
which  ought  not  to  be  destroyed  by  any  annealing  process—  in  this 
case  the  reader  must  keep  in  mind  the  considerations  of  Art.  294a. 
Otherwise,  let  /  be  the  greatest  shearing  stress  per  square  inch 
which  the  material  can  resist  without  getting  a  permanent  set. 
Let  M  be  the  greatest  twisting  moment  which  a  round  wire  of 
diameter  d  can  bear  without  getting  a  permanent  set.  "We  see 
from  Art.  296  that 

M  *  irrf8//16 (1). 

Now/  will  be  approximately  known  from  Table  XIV.,  or  m  may  be 
found  by  experiment  for  a  given  wire  by  any  person  who  wishes 
to  make  a  spiing ;  and  whether  m  or  /  is  used  in  a  formula,  you 
now  know  how  to  calculate  one  when  given  the  other  and  the  size 
oi  the  wire.     If,  then,  we  have  a  spring  made  of  wire  whose 


APPLIED .  MECHANICS.  631 

diameter  is  d,  and  if  the  radius  of  the  coils  as  measured  to  the 
centre  of  the  wire  from  the  axis  of  the  spring  is  «,  we  see  that 
when  w  is  the  greatest  weight  with  which  the  spring  may  he 
elongated  without  producing  a  permanent  set, 

w  =  ^^  =  irrfV/16a.  ..  .  (2), 

being  independent  of  the  length  of  wire  employed. 

From  Art.  295  we  see  that  if  n  is  the  modulus  of  rigidity  of  the 
material,  t'  the  greatest  angular  t\vi8t  in  radians  which  we  can 
give  to  a  wire  of  diameter  d  inches  and  length  1  inch,  and  in'  the 
twisting  moment  which  produces  this  twist,  then 

32  w'  ._. 

T     =     T±  •   •  •  •  (3), 

m'  being  what  we  have  previously  measiu*ed  or  calculated,  n  is 
approximately  known  for  a  material  from  Table  XIV.,  or  t'  may  be 
found  by  experiment  for  a  given  wire ;  and  whether  t'  or  n  is 
iised  in  a  formula,. you  now  know  how  to  calculate  one  when  given 
the  other. 

Putting  the  result  of  our  reasoning  in  Art.  624  into  an  algebraic 
form,  we  see  that  a  load,  w,  will  elongate  the  spring  by  the  amount 

_  32  w  la^ 

"^  —    i^yd*         '  '  ^^^' 
and  hence  the  greatest  elongation  which  can  be  given  to  the  spring 
without  its  getting  a  permanent  set  is 

,    ,            32/«m'         2laf 
x'  =1  Ir  a,  or  57,  or  — ^  ....  (o). 

Combining  (2)  and  (5),  we  see  that  when  a  spring  is  stretched 
to  its  elastic  limit,  the  mechanical  energy  stored  up  in  it,  which  is 
called  its  *'  resiliences^  being  half  the  product  of  w',  the  pix>of  load, 
into  the  proof  elongation,  is 

^„WA,or-j^^,or^^3^  ....(6). 

627.  Many  interesting  methods  may  be  taken  to  express  in  words 
the  meanings  of  these  results.  Thus  the  second  expression  in  (6) 
shows  that  the  work  which  we  can  store  up  in  a  spii-al  spring  is 
simply  proportional  to  the  weight  or  quantity  of  material  in  it.  It 
would  be  easy  to  show  that  we  can  store  more  energy  in  a  spring 
fonned  of  wire  of  circular  section  than  in  one  of  equal  weight  of 
the  same  material  whose  wire  has  any  other  than  a  circular  section. 

628.  The  following  readings  of  our  formulas  may  prove  to  be 
useful : — 1st.  If  d,  the  diameter  of  the  wii*e,  and  «,  the  radius  of 
the  coils,  be  fixed,  the  elongation  produced  by  any  weight,  w,  will 
be  proportional  to  /,  the  length  coiled  up  to  form  the  spring. 
2nd.  If  a  ^s'ire  of  a  certain  length  and  diameter  be  given  to  form 
a  spiing,  the  elongation  produced  by  a  certain  weight,  w,  will  be 
proportional  to  the  square  of  the  diameter  which  we  may  adopt  for  the 
coil.  3i*d.  If  the  diameter  of  the  wire  be  fixed,  and  the  axial  length 
of  the  spring,  when  closed,  so  that  the  coils  may  touch  one  another, 
or,  what  is  the  same,  the  number  of  coils  be  also  fixed,  /  must  be 
proportional  to  a,  and  therefore  the  elongation  due  to  a  weight,  w» 
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will  be  proportional  to  the  third  power  of  the  radiuB  which  we  may 
adopt  for  the  coil.  4th.  If  the  length  of  the  wire  and  the  radius 
of  the  coil  be  fixed,  the  elongation  due  to  a  weight,  w,  will  be 
invci'sely  proportional  to  the  fuui-th  power  of  the  diameter  of  the 
wii*e  which  we  may  adopt.  5th.  With  a  given  weight  of  metal 
and  a  given  i-adius  of  the  coil,  the  elongation  due  to  a  weight,  w, 
will  be  proportional  to  /*,  or  inversely  to  rf®,  since  /  must  be 

proportional  to  '^. 

We  see  that  the  ultimate  elongation  is — Ist,  proportional  to 
the  length  of  the  ydve,  if  the  diameter  of  the  wire  and  the  radius 
of  the  coil  be  fixed;  2nd,  proportional  to  the  radius  of  the  coil, 
if  the  length  and  the  diameter  of  the  wire  be  fixed ;  3rd,  inversely 
pi"oportional  to  the  diameter  of  the  wire,  if  the  length  of  the  wire 
and  the  radius  of  the  coil  l)e  fixed. 

It  will  be  foimd  that  a  weight  hung  at  m  (Fig.  364)  will  tend 
to  turn  as  the  spring  lengthens,  unless  the  coils  of  the  spring  are 
very  flat.  This  is  due  to  the  fcict  that  the  cross- sections  of  the  wii-e 
are  really  subjected  to  a  little  bending  as  well  as  torsion. 

629.  We  can  cause  the  strain  in  such  a  spring  to  consist  altogether 
of  bending,  if,  without  exerting  any  axial  force  such  as  I  have 
shown  in  Fig.  364,  we  exert  a  couple  about  the  axis  such  as  we 
exerted  on  the  wire  in  Fig.  186.  The  wire  in  Fig.  186  would  be 
twisted,  but  the  wire  in  Fig.  364  is  subjected  everywhere  to  bend- 
ing \\athout  any  twisting,  or  with  only  a  very  little  twisting,  due 
to  the  fact  that  the  coils  are  not  perfectly  flat. 

If  Uq  is  the  radius  of  the  coils  to  the  centre  line  of  the  wire 
when  unstrained,  and  the  length  of  the  coiled  wire  is  /,  then  the 
number  of  coils  multiplied  by  the  circumference  of  each  is  the  total 
length,  80  that  the  number  of  coils  is  /  -^  2  iraQ.  If  now  the 
moment  of  inertia  of  the  cross-section  of  the  wire  about  the  axis 
through  its  centre  about  which  it  bends  is  i,  and  if  m  is  the  moment 
which  acts  at  the  unfixed  end  of  the  spring  to  twist  it,  then  the 
new  radius,  a,  of  every  coil  is  obtained  from  o  ur  knowledge  of  the 
fact  given  in  Art.  325. 

M  =  E  I  X  change  of  curvature. 

Mil  ... 

or  -.  =  _  —        ....  (1), 

EI       a       Uq 

E  being  the  modulus  of  elasticity  of  the  material,  i  is  bd^  ~r  VI 
for  a  wire  of  rectangular  section,  d  being  the  dimension  in  inches 
of  the  section,  measured  radially  out  from  the  axis  of  such  a  spring; 
I  is  -Kd^  -T-  64  for  a  wii-e  of  circular  section  of  diameter  d. 

Now  /  -J-  2  ir«  would  be  the  number  of  windings ;  so  that,  if 
n  is  the  new  number  and  «©  the  old  number  of  windings,  we  have 

^-—  =?*-«„....  (2). 

But  one  additional  winding  means  2  ir  radians  ;  so  that  if  B  is  the 
amount  of  winding  up  con'esponding  to  2  ir  (>/  —  «o)>  we  have 

0  =  —  »  •  .  .  (o). 

El 
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We  see  that  it  does  not  dei)end  ui>on  the  i-Jidius  of  the  coils,  and  is, 
therefore,  the  Hanie  fonnula  as  given  in  Ai-t.  522  for  a  flat  spiral 
spring  whose  radius  varied  continually,  e  i  in  called  the  flexural 
rigidity  of  the  wire,  being  e  bi^/l2  for  a  strip  of  thickn\)S6  t ;  being 
E  irrf*/64  for  a  circular  section  of  diameter//;  being  e«*/12  for  a 
square  of  side  ».  The  strength  is  as  that  of  a  beam  subjected  to 
the  bending  moment  m. 

530.  From  these  considerations  it  is  evident  that  a  spiral 

spring  like  Fig.  364,  when  it  lengthens  under  the  action  of  a 

weight,  has  all  its  wire  subjected  to  torsion.  The  spring 
itself  is  extended,  but  the  wire  of  the  spring  is  twisted. 
Again,  if  we  subject  the  spring  to  torsion  as  a  whole,  the 
strain  really  going  on  in  the  wire  is  a  bending  strain. 
Usually,  a  spiral  spring,  as  its  coils  are  not  perfectly  fiat,  has 
its  wire  subjected  to  torsion  principally,  and  a  little  bending 
as  well,  when  the  spring  is  extended ;  and  when  the  spring  is 
twisted  as  a  whole  its  wire  is  mainly  subjected  to  bending,  but 
there  is  also  a  little  twist  in  it.  The  extension  of  a  spiral 
spring  is  proportional  to  the  pulling  force,  and  also  to  the 
length  of  the  wire  and  to  the  square  of  the  diameter  of  the 
coils ;  it  is  inversely  proportional  to  the  fourth  power  of  the 
diameter  of  the  wire  if  the  wire  is  round.  The  twist  given  to 
a  spiral  spring  as  a  whole  is  proportional  to  the  moment  of  the 
twisting  forces — it  does  not  depend  on  the  size  of  the  coils ; 
it  is  proportional  to  the  length  of  wire,  and  inversely  pro- 
portional to  the  fourth  power  of  the  diameter  of  the  wire  if 
the  wire  is  round. 

581.  We  have  taken  up  at  length  the  two  cases  of  spiral 
springs  in  which  the  angle  of  spiral  is  0.  It  will  be  found 
that  when  the  angle  is  not  0,  the  stiffness  of  the  cylindric 
spiral  spring  follows  much  the  same  law^  as  for  springs  of 
small  angle,  but  it  is  necessary  to  take  up  the  general  case. 

632.  The  theory  of  the  cylindric  spiral  spring  is  enough  to 
study,  because  each  small  portion  of  any  si)ii"al  si)ring  may  be  re- 
garded as  i>ai't  of  a  cylindric  spinil  spring.  A  rough  model  will 
help  a  student  to  understand  the  work  better. 

We  shall  imagine  the  ui)per  end  of  a  vertical  cylindric  spiitil 
spring  to  be  held  fixed,  and  that  at  the  other  end,  by  means  of  a 
rigid  arm  coming  in  from  the  wire  to  the  axis  of  the  spring,  we  are 
able  to  apply  an  axial  force  f,  by  m(»ans  of  a  weight,  tending  to 
elongate  the  spring,  and  also  a  coui)le,  l,  a])out  the  axis  of  the 
spiral  tending  to  increase  the  number  of  coils;  the  directions  of 
elongation  axially  and  of  giejiter  winding  n\i  are  our  j>ositive 
directions  of  motion.  Let  the  axial  elongation  produced  be  called 
X,   and   the  angular  rotation  produced   ])e   called  (p.     We  shall 
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neglwt  the  weight  of  the  spring  itta^U  as  it  will  bo  quite  easy 
afterwarrlH  to  correct  for  thin. 

Ijot  r  1)0  the  nidius  of  the  coils — that  is,  the  distance  of  the 
centre  of  the  win;  tjverywhero  fi'oni  the;  axis.  I^ef  the  whole  length 
of  wiix*  Ik?  /,  the  angle  of  the  spiral  a.  I^ct  h  he  the  flexnral 
rigidity  of  the  wire  in  the  osculating  ])lane  of  the  spiral  b  =  e  i 
where  e  is  Young's  ukkIuIus  of  elasticity,  and  i  is  the  moment  of 
inertia  of  the  section  of  the  wire  about  the  line  through  its  centre 
of  gravity  which  touches  the  cylindric  surface,  and  is  at  right 
angles  to  osculating  plane.  The  bending  moment,  divided  by 
the  flexural  rigidity,  gives  the  change  of  cm->'ature  produced 
by  bending.  Let  a  be  the  torsional  rigidity  of  the  wire. 
The  twisting  moment  applied  to  a  wire  divided  by  a  gives  the 
angle  of  twist  pixxiuced  iKjr  miit  length  of  wire.  In  Table  XV.  a 
nimiber  of  values  of  a  and  b  are  given  for  sections  of  wire  which 
ai*e  in  common  use  in  springs,  a  is  the  toi-sional  rigidity  of  the 
wire,  being  the  twisting  moment  required  to  pi'oduce  unit  angle  of 
twist  \}cr  unit  length.  «  is  the  flexural  rigidity  of  the  wire  in  the 
osculating  plane  of  the  spiral,  being  the  bending  moment  required 
to  produce  unit  change  of  cur\'ature  in  that  jilane.  The  line  r  q 
i-epresents  the  axis  of  the  spiral  relatively  to  the  wire. 

N  is  the  modulus  of  rigidity,  and  e  the  Young's  modulus  for 
the  material.  In  the  last  two  cases  t  is  sup])osed  to  be  small  in 
compaiison  with  b.  Notice  that  a  in  the  elliptic  sections  becomes 
NirDrf'/16  when  d  is  small  in  comparis(m  with  i>,  and  it  becomes 
N  bfi/^  in  the  rectangular  sections  when  t  is  small.  Coulomb's 
TiTTong  assumption  was  that  a  =  n  i  when  i  is  the  moment  of 
inertia  of  a  section  about  its  centre.     Now,  for  the  elliptic  section 

IF  ^ 

I  =  -  -  (d^(I  -f  1)^),  and  hence 

Coulomb's  A_D*^  +  D^^ 

correct  a  ~  "  ly^tP 
if  J'  is  D  ^.  Coulomb's  value  is  correct  when  the  section  is  circiikr, 
and  we  see  that  it  is  more  and  more  wrong  as  the  section  gets 
flatter  and  flatter.     The  true  value  of  a  is  always  easy  to  calculatt' 

:^* 

I 
I 


(1,2  +  ^)  =  ^^  .^  y' 
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TABLE    XV. 
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A. 

Toi'sioiial 
rigidity. 


♦_._j) — 4, 


if  ltd* 
'i2 


n. 

Flexural 
rigidity. 


W. 

Axial  load  when  /  is 
greatest  shear  stress. 


~  (n*  -  ''*) 


«« P  —  — *i 


i 


X  ir     u^d^ 


Eir  i)** 
64 


d^fjUr 


64 


(d4  -  r/*) 


16  n-  +  <;^ 


N  X 


dV3 


16  1)2  -H  ^-i 


0-140.)8  N*'* 


N      A»/» 


3    If^  +  /2 


N         ifit^ 


3     *2   4.    ^'J 


Eir 

64 


dV 


Eir 
64 


D^3 


E 

12 


K 


12 


E  hf 
12" 


•/(D4~rf*)/I6l) 


Dd-^f/l6r 


TTDd'^fjUr 


«3//4'79r 


bH^flSr{b^  +  r^) 


h»fifliir{b'^-\-t^) 
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in  the  cane  of  an  elliptic  section.  Its  value  for  a  rectangular 
section  is  calculated  fi'om  an  infinite  series,  and  it  is  therefore 
very  imjwrtant  to  know  that  Cauchy  has  proved  that  the  torsional 
ligidity  of  a  rectangle  hears  (approximately)  to  the  torsional 
rigidity  of  an  inscribed  ellipse  the  pi'O^wrtion  of  their  moments  of 
■  inertia  in  the  case  when  i)  is  several  times  d  (see  Art.  313). 

Consider  the  portion  of  spring  below  any  cross-section  v.  This 
portion  is  in  equilibrium.  Hence  the  molecular  forces  exerted  on 
it  at  the  section  p  must  balance  f  and  l.  The  only  conditions 
which  we  find  it  necessary  to  consider  are  these.  Ijet  Fig.  366 
ivpresent  the  elevation  of  a  portion  of  the  wire- below  the  section  p. 
Ijet  T  T  be  the  elevation  of  the  axis  of  the  spring.  Then  about  the 
axis  PM  we  know  that  the  moment  due  to  the  force  r  must  be 
balanced  by  a  torque  of  molecular  forces  whose  amoimt  is  f  r ;  and 
about  the  axis  pt  there  must  be  a  torque  of  molecular  force  of 
amount  l.  Resolving  these  in  the  directions  p  s  and  p  v  in  the 
plane  of  the  paper,  which  is  tangential  to  the  cylindric  surface  at  p, 
we  have  about  p  s  the  torque 

F  r  sin.  o  -  l  cos.  a, 
and  about  p  u  we  have 

F  r  cos,  a  4-  L  sin.  a. 

Now   the   moment  about   ps   means  a  bending   moment   which 
pi*oduces  an  angular  change  per  unit  length  whose  amount  is 

rr  sin.  o  4-  l  cos.  a  ,,, 

„  —  (1) ; 

and  the  moment  about  p  u  means  a  twisting  moment  which  pi-o- 
duces  an  angle  of  twist  per  unit  length  of  the  amount 

F  r  cos.  a  +  L  sin.  a  .^. 

A 

Let  us  now  consider  how  these  two  angular  changes  in  unit 
length  of  the  wire  cause  elongation  and  rotation  at  the  bottom  end 
of  the  spring.  If  the  spring  is  suflBciently  long,  it  is  obvious  that 
an  axial  elongation  x  and  a  rotation  d>  will  occui*  at  the  free  end  of 
the  spring,  for  we  can  then  imagine  that  the  lateral  motions  due  to 
all  the  elements  of  the  wire  exactly  countei-act  one  another.  It  is 
therefore  only  necessary  for  us  to  obtain  from  the  above  expressions 
those  elements  which  produce  x  and  <ft.  Now  any  rotation  of  the 
])ody  l)elow  i»  al)out  any  axis  can  be  resolved  into  equivalent 
rotations  about  other  axes,  according  to  the  laws  for  the  re^ution 
of  vectors  generally. 

The  rotation  (1)  about  the  axis  ps  is  equivalent  to  (1)  multiplied 
])y  (08.  a  about  p  t,  and  to  (1)  multiplied  by  sin.  a  about  p  m.  The 
rotation  (2)  about  the  axis  p  u  is  equivalent  to  (2)  multiplied  by 
sin.  a  al)Out  the  axis  p  t,  and  to  (2)  multiplied  by  cos.  a  about  p  m. 
Adding,  we  get,  on  the  one  hand,  the  i-otation  about  p  t,  produced 
by  the  flexmiil  and  torsional  strains  in  unit  length  of  the  wire; 
and  this  multiplied  ])y  I,  the  total  length  of  the  \iare,  gives  ^. 
Adding,  we  get,  on  the  other  hand,  the  rotation  about  p  m,  pi'odueed 
l>y  these  sjime  flexui-al  and  torsional  strains ;  and  it  is  obvious  that 
this  rotation  cuunes  u  point  on  the  axis  of  any  portion  of  the  spring 
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below  p  to  bo  lowered  by  a  distance  which  in  obtained  by  multiply- 
ing the  rotation  by  r,  the  radius  of  the  spiral.  MultipMng  by  /, 
we  obtain  the  whole  axial  lengthening  of  the  spring^that '  is, 
putting  our  answer  in  its  simplest  shape, 

^_ 


/I       1\  /tnn.'^a      cos.'-^aX  ,.,. 

=  rr  Hin.  .  ooh.  .  (^-  -  J  +  ,.  (__  +  __j  ....  (:,). 

X  /cos.^a      8im*o\  .  /I       1\  ... 


^  and  a? being  the  rotation  and  elongation  pi-oduced  in  a  spii'al  spring 
by  an  axial  force  y  and  a  couple  l  acting  together.  In  the  theory 
<ft  and  X  are  assimied  to  be  very  small.  If  we  use  8  ^  and  8  x  for 
them,  using  <(>  for  2  ir  n  where  w  is  the  number  of  turns,  and  x  for 
the  axial  length  of  the  spring,  so  that  x/ti  is  what  we  sometimes 

X 

call  the  pitch  of  the  spii-al ;    then  -  -r  2 » /*  =  tan.  ^  ....  (0) 

fr 

and  sin.  ^  =  a://  ....  (6),  and  by  means  of  integration  we  can  find 
accurately  the  effect  of  alteration  in  r  and  a  as  the  spring  changes 
in  shape.  Taking  (3)  and  (4)  as  they  stand,  however,  I  find  that 
young  students  can  have  no  better  easy  luathematical  exerciRcs 
than  are  to  be  obtained  by  working  problems  on  them. 

For  example,  let  /,  r,  a,  A  and  b  for  a  spiiul  spring  be  given,  we 
can  calculate  x  and  ^  when  given  f  and  l,  or  if  given  x  and  <f>  we 
can  calculate  v  and  l. 

The  very  common  case  of  a  small,  say  a  =  0,  leads  to 

4>  =  L  //b  .  .  .  .  (7) 
X  =  ¥  h-y  A  .  .  .  .  (8). 

Thus  if  the  spirals  are  very  flat,  whatever  the  natuie  of  the  section 
of  the  wire  may  be,  the  spring  when  subjected  to  axial  force  has  no 
tendency  to  rotate  at  its  end,  and  the  sju-ing  when  subjecte<l  to  a 
couple  mei*ely  has  no  tendency  to  alter  in  axial  length. 

Again,  in  any  given  spring,  suppose  we  are  informed  that  the 
rotation  of  the  end  is  prevented,  and  that  a  force  f  acts,  putting 
<^  =  0  we  find  l  in  terms  of  f  from  (3),  and  using  this  in  (4)  we 
have  X  in  terms  of  f.  Again,  as  in  chronometer  springs,  if  the 
axial  elongation  is  prevented  and  only  a  torque  l  acts,  put  x  =  0 
in  (4)  and  find  f  in  terms  of  l  ;  use  this  in  (3)  to  find  ^  in  terms  of  l. 

Let  a  =  jor  4o°.     (3)  and  (4)  become 

2W'=-(;-;)+^(;+-;)  •■•(0) 

If  we  apply  to  (9)  and  (10)  the  first  condition  given  above,  that 

B   —    A 

is,  ^  —  0,  and  an  axial  force  f  acting  (9)  gives  l  =  -  f  r  — — — 

B  T  A 

so  that  (10)  gives 

2  f  Ir^ 

X  = ....  (11). 

B  +  A  ^    ' 
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Again,  if   we  apply  to    (9)  and  (10)  the  second  condition  given 
above,  that  is,  ^  =  0  and  a  torque  l  acting,  (10)  gives 


80  that  (9)  gives 


M  -    A 

Ft'  =    -     L      ---    , 
B  +  A 


In  oHtiniating  for  general  purposes  the  effect  of  altering  the 
angle  a ;  or  the  effect  of  constraint,  such  as  preventing  rotation  of 
the  end  of  a  spring  when  an  axial  force  is  applied ;  or  the  effect  of 
change  of  shape  of  section,  etc.,  it  is  useful  to  remember  that  for 
most  substances  we  may  take  it  that  approximately  e  =  2*5  x.  It 
is  very  interesting  to  study  the  formulaB  (8),  (10),  (12),  using  the 
Table  XV.  for  the  values  of  a  and  b  for  various  forms  of  section. 
We  shall  leave  this  study  to  each  student  for  himself — working  out 
only  the  following  interesting  examples. 

Students  wiU  please  work  carefully  the  following  fifteen 
exercises : — Take  n  =  10*2  x  10*,  e  =  2oo  x  10*.  Apply  an 
Hxial  load  of  1  lb.  and  find  the  elongation  in  each  case.  Tliere  aix; 
10  sjnings  of  wire,  100  inches  long ;  diameter  of  coils  2  inches.  The 
first  has  round  wire  of  0*1  inch  diameter.  All  the  others  arc  of 
such  sizes  of  section  that  there  is  the  same  total  volume  of  material. 
Half  the  spirals  have  an  angle  of  45*^.  When  the  exercises  arc 
finished,  diWde  all  the  elongations  by  that  of  the  first  spring,  and 
enter  the  results  on  such  a  table  as  the  following : — 

TABLE   XVI. — Relative  Klongations  for  »Same  Axial  Loads. 


Whether  the  end 

isallowed  freedoiu 

to  nitato  or  not. 

1 

a  = 

i.r 

Kud  fi-ee  to 
ratatc. 

End  reutraiiied 
from  rotating. 

Solid  round  wire. 

1 

0-9 

0-889 

Hollow  cii-cular  section, 
thickness  of  tube  i^^th 
of  outside  diameter. 

0196 

0197 

0195 

Square  wire. 

1-132 

0-948 

0-912 

Rectangular  wire,  as  in 
Fig.     6,     Table      XV. 
Breadth  4  times  thick- 

2 029 

1108 

0-349 

ness. 

Rectangular  wire,  as  in 
Fig.  7.  Breadth  4  times 
thickness. 

2029 

\ 

2-544 

2-440 
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III  the  theorj'  of  the  spiral  spring  I  considered  the  bend  and 
twist  given  to  each  small  portion  of  a  spring,  and  assumed  that  the 
resultant  action  at  the  bottom  of  the  spring  was  a  rotation  and  an 
axial  elongation — that  is,  that  the  lateral  motions  produced  on  the 
bottom  by  all  angular  motions  of  portions  of  the  spiing  exactly 
balanced  one  another.  As  a  matter  of  fact,  however,  it  is  only  when 
the  spring  is  very  long  that  these  lateral  actions  balance.  To  take 
the  lateral  actions  into  account  is  of  no  practical  impoi-tance  in  such 
springs  as  we  have  been  considering  (cylindric  spiral  springs) ;  but 
when  the  spires  of  a  spring  rapidly  change  their  character,  particu- 
larly in  the  case  of  flat  spiral  springs,  the  lateral  actions  ai-e  of 
importance  (see  Art.  522). 

633.  If  any  important  object  were  to  be  served,  I  would  calculate 
the  relatiye  strengths  of  aJl  the  springs  under  the  various  condi- 
tions here  mentioned.  It  is  only  necessary  to  know  the  load  f, 
which,  when  producing  a  bending  moment  r  r  sin.o  and  a  twisting 
moment  r  r  cos.o  in  a  wire  of  the  particular  section  at  the  same 
time,  shall  be  cai)able  of  just  producing  permanent  set.  For  a 
ciiTular  section  this  is  well  known — that  is,  it  is  well  known  that 
for  a  circular  section  the  above  two  moments,  acting  together,  are 
equivalent  to  a  twisting  moment 

rr  sin.  a  +   ^^r-^r*  sin.'^o  +  f*-***^  cos.'-^o, 
or 

Fr  (1  +  sin.  a) 

if  the  material  has  equal  strength  to  resist  shearing  and  tensile 
stresses.  This  is  merely  (3)  of  Art.  298.  We  see,  then,  that 
for  a  round  wii-e  the  breaking-load  for  a  spring  of  angle  a 
is  fe»s  than  for  one  of  the  same  size  of  wii-e  and  length  of  wire 
and  diameter  of  coils,  but  quite  flat  in  its  spirals,  in  the  ratio 
1  :  (1  -f  sin.o.)  Thus  a  spring  with  a  =  45°  has  a  strength  only  a 
little  over  tme-half  of  a  spring  with  flat  coils.  This  is  the  reason 
why,  when  a  weight  has  been  hirng  from  a  spring  which  produces 
permanent  set,  the  spring  so  very  rapidly  g^ts  completely  spoilt, 
even  although  there  is  a  counteracting  influence  due  to  the  coils 
becoming  smaller  in  diameter. 

It  is  sufficient  for  most  pmctical  pui-poses,  then,  to  say  that  if 
the  load  to  jn'oducc  permanent  set  in  a  round  wii-e  spring  is  1  when 
the  coils  are  flat,  the  load  which  will  produce  permanent  set  when 
the  coils  are  not  flat  is 

1  -J-  (1  +  sin.  a). 

Again,  in  springs  with  flat  coils,  all  of  mdius  1",  the  loads  to 
produce  permanent  set  are  simply  equal  to  the  twisting  moments 
which,  when  applied  to  the  wire,  produce  permanent  set;  and 
hence  the  following  table  is  very  useful. 

w,  in  the  last  column  of  Table  XV.,  gives  the  load  which  will 
produce  the  maximum  shear  stress/  in  each  of  the  sections  of  wire 
in  the  case  of  cylindric  spiral  springs,  the  angle  of  the  spiral  a 
being  0.  Hence,  if  /  is  the  proof  shear  stress  of  the  material,  w 
is  the  proof  load.  The  student  will  calculate  the  numbers  of 
Table  XV.  as  an  exercise. 
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Ill  the  following  table  the  load  to  produce  permanent  set  and 
the  roHilience  ai-e  given  for  cylindric  spiral  springs,  so  that 
students  who  are  in  the  habit  of  only  calculating  the  strength  and 
stiffness  of  spiings  with  round  wire  niay  be  able  to  arrive  easily  at 
the  streng^  and  stiffness  of  spiings  made  with  other  kinds  of  wire. 

Comparison  of  the  loads  which  will  produce  permanent  set  in 
springs  of  the  same  diameter  of  coils  and  same  area  of  cross-section 
of  wire :  in  all  of  them  a  =  0 — that  is,  the  coils  are  supposed  to 
be  as  flat  as  possible.  This  is  really  a  comparison  of  the  torsional 
strength  moduli  of  sections  of  the  same  area.  Let  students 
calculate  the  various  numbers  here  given. 

TABLE    XVII. 


Circular  ... 


Hollow     ciniilar,    thickness   of 
tulu*  y\,  of  ontsidf?  diameter 

Siiiuirc     ... 

llet:taiigular  wire,  us  in  Fig.  6. 
Breadth,  4  times  thicknws  ... 

Kcctangular,     as     in    Fig.     7. 
Breadth,  4  time>>  thickness  . . . 


Load  to  Produce 
Peruianeut  Set. 


IteKilieuce  l>er  Cubic  Inch. 


2-733 


•828 


110 


110 


1 


More  and  raoi-e  nearlv 
2,  as  tube  is  thinner 
and  thinner. 

•938 
•224 


•224 
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RESILIENCE     OF    SPRINGS. 


634.  An  examination  of  our  fom]ula3  will  show  that  for  nearly 
round  wire,  even  when  a  ia  considerable,  the  rotation  ^  depends  almost 
altogether  on  the  couple  l,  and  the  elongation  x  depends  almost 
altogether  on  the  axial  force  f.  But  when  the  section  of  the  wire 
is  very  different  from  circular,  the  angle  a  enters  very  materially 
into  the  calculation.  Many  examples  of  great  interest  may  be 
taken  up:    Nearly  flat  coils  are  presumed. 

1.  If  r  alters  in  a  spring,  and  if  we  want  the  resilience  of  the 
material  to  be  the  same  everywhere ;  that  is,  the  wire  being  round, 
if  we  want  the  material  to  be  equally  ready  to  break  everywhere, 

we  must  make  —  constant.    That  is,  if  the  coils  get  twice  as  large, 

the  diameter  of  the  wire  becomes  ^^2,  or  1  -26  times  as  large. 

2.  Round  wire  all  of  same  diameter  rf,  but  the  coils  capable  of 
lying  just  within  one  another  if  the  spring  is  compressed  by  axial 
force. 

Let  n  be  the  number  of  coils  to  any  point  starting  from  the  end 
of  the  wire  at  the  small  coil  side,  where  the  radius  is  r^.  We  may 
take  r  =^r^f  +  ndy  I  :=:  Tq  2  irn  +  4  t^M  ;  and  adding  together  the 
elongations  produced  on  each  elementary  length  into  which  we  may 
imagine  the  wire  di^'ided,  we  find 

16  F  (  \ 

The  strength  of  this  spring  is  to  be  calculated  as  if  all  the  coils 
were  equal  in  size  to  the  largest. 

Some  students  may  perhaps  be  interested  in  working  the 
problem: — Find  the  cylindric  spiral  spring  which,  made  of  the 
same  wire  with  the  same  number  of  turns,  will  receive  the  same 
axial  elongation  or  compression  from  the  same  axial  force. 

The  answer  is,  if  «  is  the  total  number  of  turns,  r  is  the  radius 
of  coils  in  the  new  spring, 

r8  =  ro»  +  I  Vo^nd  +  Tq  {ruJCf  +  J  {nd)\ 

Thus,  as  a  numerical  example,  if  the  first  and  last  coils  were  4  and 
9  inches  in  radius,  rf  =  1  inch,  »  =  5  turns,  r  is  6*8  inches. 

535.  Resilience. — The  average  resilience  per  cubic  inch  of 
a  spring  is  the  whole  resilience  divided  by  the  volume.  It  is 
only  in  the  case  of  uniform  stress  and  strain  in  the  material 
everywhere  that  we  have  maximum  resilience  for  the  whole 
spring.  In  actual  cases  this  only  occurs  in  tie-rods  and  struts, 
and  in  spiral  springs  made  of  a  wire  which  is  a  thia  tvsJ;^« 
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I  M  0  i8  the  resilience  per  unit  length  of  a  wire,  if  M  is  the 
proof  twisting  moment  and  6  is  the  proof  angle  of  twist,  or  if 
M  is  the  proof  bending  moment  and  6  is  the  proof  change  of 
curvature  produced.  It  is  easy,  therefore,  to  work  out  the 
following  table  of  values,  and  every  student  ought  to  do  this 
as  an  exercise  : — 

TABLE  XVIII.— Rbsiliencr  per  Unit  Volume  in  Inch-pounds. 

400 


f2 

}    ^-L.  =.    133 


44 


000 
n 


Simple  compression  or  extension.     Only  convenient  in  |    ,  /'-* 

springs  made  of  indiarubber J    ^  - 

Bending  if  the  maximum   stress   is  reached  in   eveiy^ 
section,  and  section  is  rectangular.     As  in  beams  of 
uniform  strengfth,  in  well*made  coach  springs,  and  in 
spiral    springs   subjected   to   a    torque    only ;    also 

V.^  *  D  |JX  X.M  *f^*^  •••        •••        •••        •••        •••        •«•        ••• 

Bending.     Uniform  strip  fastened  at  one  end  and  loaded  \       ^2 
at  the  other,  or  supported  at  the  ends  and  loaded  in  >  ^  -^  = 
middle;  also  C-springs  )        ^ 

Simple  shearing.     Possible   in  l^prings   of  indiarubber;  \       ^2 

also  possible  in  spiral  springs  made  of  thin  tubes  >    ^  *i_  =  1, 
circular  in  section  ) 

Torsion.    As  in  spiral  springs  of  round  wii*e  subjected  to  ^    1  /^  ^qq 

axiai  loacis  •••         ...         •••         ...         ■«•         ...^        ji^ 

Torsion.     As  in  spiral  springs  of  square  wire  subjected  \  .00 c/^ apq 

to  axial  forces.  )  jf 

Torsion.  As  in  spiral  springs  of  oval  or  rectangular  wire  subjected 
to  axial  forces,  anything  less  than  for  circular  depending  on  ratio  of 
diameters  or  of  breadth  to  thickness. 

586.  The  student  may  not  yet  have  been  sufficiently  im- 
pressed with  the  importance  of  knowing  the  resilience  per  unit 
volume  of  the  material  in  all  the  springs.  The  resilience  per 
unit  volume  tells  us  the  value  of  a  particular  shape  of  spring 
if  the  spring  is — as  is  almost  always  the  case — to  store  and 
unstore  energy. 

Suppose  that  a  spiral  spring  of  any  given  material  is  to  he 
used  for  any  purpose.  The  greatest  load  is  stated,  and  the 
elongation  or  compression  due  to  that  load.  Then  whatever 
other  conditions  may  be  given  as  to  the  coils  being  of  the 
different  sizes,  etc.,  we  know  that  the  spring  may  be  made  of 
any  shaped  section  of  wire,  but  that  the  thin  tubular  circular 
section  is  the  very  best  and  the  solid  circular  section  is  half  as 
good,  and  any  other  sections  are  not  half  as  good,  and  that  the 
spiral  spring  form  is  better  than  any  other. 

In  any  spring,  it  a  force  p  produces  a  known  motion  x  in 
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its  own  direction,  then  the  resilience  per  unit  volume,  multi- 
plied by  the  volume  of  material,  gives  the  proof  load  p'  multi- 
plied by  half  the  motion  x'  produced  by  it.  This  principle 
enables  easy  calculations  to  be  made. 

Again,  if  in  any  spring  a  torque  L  produces  a  known 
angular  motion  ^  in  its  own  direction,  then  the  resilience  per 
unit  volume,  multiplied  by  the  volume  of  material,  gives  the 
proof  load  l'  multiplied  by  half  the  angular  motion  0'  produced 
by  it. 

In  nearly  any  case  we  consider  it  will  be  found  that  the 
important  thing  looked  for  when  we  choose  a  particular  shape 
of  spring  is  total  resilience — total  energy  stored  up. 

Thus  for  example :  We  want  a  spring  to  exert  a  force  p' 
and  only  to  alter,  say,  w  lb.,  for  a  change  of  shape  indicated  by 
a  motion  in  the  direction  of  p'  by,  say,  6  inches.  Evidently  here 
the  law  of  stiffness  of  the  spring  is  b  ex  w^  say  b  =  kw,  where 
A:  is  a  known  number. 

7 

And,  therefore,  if  x'  is  the  greatest  motion,  x'  z=z  -  p'  ;   and 

the  total  resilience  is  vr  p'  x\  or  ^      p'3. 

That  is,  we  are  given  p',  w,  and  6,  and  therefore  the  total 
resilience  of  the  spring,  and  if  we  know  the  type  of  the  spring 
we  can  find  the  volume  of  the  substance  required  and  therefore 
its  weight.  What  people  generally  mean  by  the  "  springi- 
ness "  of  a  spring  means  that  it  shall  not  change  much  in  the 
force  with  which  it  acts,  for  a  considerable  amount  of  alteration 

in  shape.     Now  b  is  the  change  of  shape  and  —7  is  the  fractional 

change  of  shape,  so  that     p'  represents  the  springiness  of  a 

spring.     But  the   value  of  a  spring  also  depends  upon  the 

greatest  force  it  can  exert.     That  is,  its  value  depends  on  -  p'^; 

that  is,  on  its  resilience. 

Looked  at  from  almost  any  point  of  view,  we  see  that  the 
value  of  a  particular  form  of  spring  is  represented  mainly  by 
its  resilience.  Of  course,  its  shape  and  cost  of  manufacture  are 
also  of  importance.  We  may  know  that  a  tubular  spiral  spring 
may  be  the  best  for  weight,  and  yet  a  C-spring  shape  may  be 
best  suited  to  the  use  to  which  it  is  to  be  put,  and  we  put  up 
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with  the  disadvantage  of  using  from  twenty-two  to  twenty-eight 
times  the  weight  of  metal  because  of  some  other  convenience. 

637.  If  the  angle  of  the  spiral  is  a,  the  length  of  each  turn,  instead 
of  being  2  ir  r,  as  we  take  it  in  approximate  calculations,  is  really 
2  w  rj  sin.  a.  If  the  axial  length  of  a  spring  is  x,  the  angle  a  is 
such  that  cos.  a  =  x  //.  If  the  axial  length  changes  to  x  +  ^,  the 
angle  changes  to  o',  such  that  cos.  o'  =  (x  -f  x)ll.  We  have  not 
taken  these  matters  into  account,  assuming  that  our  elongations 
were  small  or  that  our  calculations  were  to  be  onl}'  approximate. 
The  student  who  knows  a  little  calculus  may  use  8  x  and  8  ^  instead 
of  X  and  ^  in  Art.  532,  and  by  integration  obtain  general  and 
accurate  expressions. 

A  conical  spiral  spring  of  round  wire  of  diameter  d^  whose 
spires  vary  gradually  from  g^reatest  radius  r^  to  smallest  r^ ;  the 
proof  load  is  evidently  to  be  calculated  from  r^  or  w'  =  ird^fll^rx. 
The  elongation  for  a  given  load  w  ought  to  be  calculated  for  short 
lengths  and  added  up.    MathematicaUy  it  is  e\adent  that 


32 

X  =  — 


S  f '"•"*••••  (2)- 

^  0 


Taking  it  that  if  «  is  distance  from  the  end  of  the  wire  where  r  =  r^, 

«•   «• 

>•  =  Tq  -h  «  *  -. — ^,  and  it  is  easy  to  show  that 

^  =  ^^43  ('•1'  +  »'i'*o  +  V) (3). 

In  fact,  we  see  that  in  a  conical  spring,  instead  of  r^  for  a  cylindric 
spring  we  take 

EXERCISES. 

1.  If  a  conical  spring  is  formed  of  round  wire  0*2  inch  diameter,  40 
inches  long,  the  coils  varying  from  r,  =  2  inches  to  r^  =  1  inch,  what  is 
the  proof  load,  and  the  axial  shortening  with  this  load  ? 

Am.,  47  lbs.  if /=  60,000;  0-4  inch. 

2.  An  Ayrton-Perry  spring  is  made  of  strip  section,  as  in  Table  XV., 
which  nearly  covers  a  cylindric  surface,  and  a  =  45**,  so  that  /i  =  2  wr  x  if 
X  is  the  axial  length,  and  x  =  /  sin.  a,  or  //  \^.  Hence  lb  =  2  icrlj  \^% 
h-it  '/Ir,  If,  then,  r  =  0-1  inch,  *  =  44  inch.  If  t  =  001  inch,  and 
we  have  been  able  to  obtain  very  broad  strips  of  steel  of  this  thinness, 
A  =  -0019  B  =  00132  according  to  Table  XV.  Hence  a  load  F  will  pro- 
duce an  elongation  x  —  12*8  F/  and  a  rotation  ^  =  —  11*6  F/.  It  is  to  be 
noticed  that  the  strip  section  of  wire  in  a  spiral  spring  (as,  for  example, 
in  what  are  sometimes  called  volute  springs  for  buffers)  is  very  wasteful 
of  metal  for  ordinary  purposes. 

3.  Spring  of  strip  4  inches  parallel  to  the  axis  0*25  inch  thick.  If  a 
la  taken  to  be  0,  and  the  coils  lie  inside  one  another,  touching ;  if  there 

are  n  turns,  the  smaHeat  oi  Tad\\v&  r^  and  the  largest  of  radius  ri,  the 
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thickness  of  the  strip  being  <,  then  the  average  radius  is  J  (rj  +  r^,),  the 
length  is  /  =  ir (ri  +  r„)w  and  nt  =  t\  -  r,,,  so  that   I  =  -r  (ri'  -  to'). 

V 

Hence,  as  when  t  is  small  compared  with  by  w  of  column  3,  Table  XV., 
becomes  bfij]  3/-,  we  have  in  this  case 

w»  =  *^//3ri  ....  (I). 
(8)  of  Art.  532  gives  for  the  shortening  under  a  load  f,  a;  =  f  /i-^/-  bt^^ 

o 

and  as  in  the  case  of  our  conical  spring  we  must  take  instead  of  the 
constant  /*^  the  value  i  {r{'  -f-  rir„  -f  r^*),  we  have 


EXERCISES   ON    SPRINGS. 

Take  proof  /=  140,000  lbs.  per  square  inch,  n  =  13  x  10*  lbs.  per 
square  inch  for  the  best  spring  steel. 

1.  A  spring  of  coils  4  inches  in  i-adius  is  of  round  steel,  1  inch  in 
diameter  and  12  feet  long.  What  arc  its  proof  axial  load,  its  proof 
shortening  or  lengthening,  and  its  resilience  'r 

2.  A  spring  of  round  steel  \vire  the  radius  of  whose  coils  is  2  inches 
is  to  be  20  inches  long  when  its  coils  lie  close  together ;  it  is  to  elongate 
2  inches  for  a  load  of  400  lbs.,  and  this  is  to  be  its  proof  load.  Give  its 
dimensions. 

Here,  if  n  is  the  number  of  coils,  n  2  wr  =  /  nearly,  pid  =  20,  so  that 

//2irr  =  20/^ (1), 

400  =  irrf»  X  14  X  10Vl6r (2), 

2  =  32  X  iOOli^liryd* (3). 

We  have  only  to  find  /,  »',  d  from  equations  (1),  (2),  and  (3). 

3.  A  safety-valve  spring  of  square  steel  wire  is  to  shorten  0*4  inch 
when  the  pressure  of  steam  is  150  lbs.  per  square  inch,  the  effective  area 
of  the  valve  then  being  12  square  inches.  The  radius  of  the  coils  is 
2  inches.  A  load  of  400  lbs.  per  square  inch  on  the  valve  produces  the 
proof  load  on  the  spring.     Find  I  and  d. 
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CHAPTER   XXX. 

CARRIAGE    SPRINGS. 

588.  Carriage  springs  usually  consist  of  strips  of  steel  in 
contact,  as  shown  in  Fig.  367.  They  are  fastened  at  the  ends 
and  middle  to  the  objects  through  which  the  loads  are  applied, 
in  various  ways,  which  must  be  examined  by  the  student  in 
actual  examples.  The  ends  of  the  strips  are  usually  shaped, 
as  in  Fig.  368  or  Fig.  369.  These  plates,  before  being 
tempered,  are  curved  very  accurately  to  a  template;  whilst 
dark  red  at  the  end  of  this  shaping  they  are  dipped  into  cold 
water,  the  two  ends  entering  the  water  first  and  then  the  whole 
plate  being  lowered  beneath  the  surface,  so  that  if  there  is  a 
variation  in  the  hardness  at  different  places  it  shall  be  a 
symmetrical  variation.  Each  plate  has  a  little  pin  or  feather 
which  enters  a  slot  in  its  neighbour,  so  that  the  plates  shall  not 
be  laterally  displaced  relatively  to  one  another.  Sometimes 
this  is  effected  by  making  a  short  wrinkle  or  corrugation  length- 
wise at  the  end  of  each  plate.  A  bolt  passes  through  holes  in 
the  middles  of  all  the  plates,  and  when  its  nut  is  tightened  up 
the  plates  are  made  to  lie  closely  against  one  another.  When 
springs  of  the  general  shape  of  Fig.  367,  or  of  half  of  it,  are 
made  of  one  solid  piece  instead  of  a  number  of  plates,  the 
calculation  of  strength  and  stiffness  is  made  by  the  method  of 
Art.  339. 

539.  Carriage  springs  are  usually  tested  by  means  of  a 
hydraulic  press  or  a  steam  press  which  forces  them  to  become 
quite  straight  three  or  more  times,  and  a  spring  is  thought  to  be 
satisfactorily  made  if  after  this  it  is  found  not  to  have  taken 
any  permanent  set.  When  the  student  works  the  following 
exercises,  he  will  see  that  if  the  greatest  load  is  that  which  pro- 
duces straightness  in  all  the  strips,  their  initial  curvatures 
ought  to  be  the  same.  This  will  be  found  also  to  give 
sufficient  tightness  when  the  plates  are  bolted  up. 

I  think  that  carriage  spring  makers  and  buyers  are  too 

l)articular  in  their  wishing  to  have  all  the  plates  lying  very 

tightly  together  when  bolted  up.     There  is  too  much  of  such 

tightness.     Usually,  too,  in  actual  use  a  carriage  spring  never 

becomes  unloaded,  and  its  ^V«ut^a  are  therefore  always  very 
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much  more  tightly  pressing  together  than  when  the  spring  is 
examined  unloaded.  If,  however,  such  tightness  is  really 
thought  to  be  necessary,  and  if  to  obtain  it  we  must  have  such 
great  differences  in  curvature  as  I  have  found  in  springs  by 
the  best  makers,  it  would  be  advisable  to  make  the  shorter 
plates  thinner  than  the  rest. 

But  if  all  the  plates  are  of  the  same  thickness,  they  ought 
certainly  to  have  the  same  curvature  before  bolting  up.  If  the 
student  di'aws  a  set  of  such  plates,  he  will  see  that  when  they 
are  bolted  up  they  will  be  sufficiently  tight,  and  if  such  a 
spring  is  straightened  the  stresses  in  all  the  plates  will  be 
exactly  the  same. 

540.  The  following  exercises-  on  bending  are  to  he  worked 
by  the  student  to  lead  him  to  the  theory  of  these  springs. 
These  exercises  deal  almost  altogether  with  the  best  construc- 
tion of  carriage  springs. 

EXERCISES. 

1.  A  beam  of  constant  strength ;  what  is  its  curvature  everywhere  ? 
Ans.y  the  strength  modulus  z  is  i  -j-  Jrf  if  «?  is  the  depth  at  any  place 

and  I  is  the  moment  of  inertia  of  the  cross -section  there.     Hence  —-d  =  f. 

2i        *^' 

a  constant  for  all  sections,  being  the  greatest  stress  in  all,  or  —  =  — : 

EI         Erf 

and  this  is  the  curvature. 

2.  If  a  beam  has  had  the  same  change  of  curvature  everywhere,  show 
that  if  it  is  of  constant  strength  it  must  be  of  constant  depth. 

3.  If  a  beam  of  rectangular  section  of  constant  breadth  and  variable 
depth  rf  is  loaded  at  one  end  and  fixed  at  the  other,  what  must  its  depth 
everywhere  be  for  the  curvature  to  be  constant  ? 

12  w  ic 
Ans.,  if  X  is  distance  from  the  load  w,  — =^5-  must  be  constant,  and 

E  oa^  ' 

therefore  dec  %^ x. 

4.  In  the  last  example,  what  is  the  greatest  stress  in  each  section  ? 

6  w  X  oc  X 

^-^  =/,  so  that  /«  ^,  or  /a  — ,   or  oc  a:^.     In  fact,  /  is  simply 

3 

proportional  to  the  depth,  if  the  depth  is  proportional  to  the  cube  root 
of  X,  If  we  compare  the  answers  to  exercises  (2)  and  (4),  we  see  that  the 
overlapping  pai-ts  in  carriage  springs  are  moat  economically  made  of 
constant  depth  but  varying  breadth. 

5.  n  strips,  each  of  thickness  /,  make  up  a  carriage  spring  if  the 
length  of  the  top  strip  (or  the  length  of  the  curve  a  c  b)  is  2  ?  inches ;  the 
overlap  being  A,  /  =  nX.  If  o  c  is  small  compared  with  ri,  the  radius  of 
cui'vatiu'e  of  the  top  strip,  o  c  =  /2/2  r\  nearly.  Hence  change  in  o  c  = 
^  ^"^  X  change  of  curvature  of  top  strip. 
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6.  If  when  loaded  the  radius  of  the  top  strip  is  Bi,  instead  of  being 
infinite,  what  is  the  radius  of  every  strip  when  the  spring  is  taken  apart 

if  the  resilience  is  to  be 
uniform?  Also  what 
is  ri,  the  radius  of  the 
top  strip  in  the  un- 
loaded spring  ?  This 
is  a  more  tedious 
exercise,  but  is  easy 
enough. 
Ans,  First,  if  the  radius  of  the  top  strip  when  separate  is  pi,  pi  is 

known,  because —  =  2//e  I,  and/ is  the  maximum  stress. 

pi       Ki 


Fig.  367. 


1 


1 


-....(1) 


i.  _  i  - 

K,         pi  ~  Ki   -f  9t 

where  p^  is  the  radius  of  the  «**  strip  when  separate.  We  now 
have  the  interesting  problem:  When  a  number  of  strips  whose 
radii  when  free  are  known,  are  fastened  together  to  form  a  spring, 
what  will  ;i  now  be?  The  radius  of  the  *'*  strip  was  pg  when 
free,   and   is   now   n  +  «^,   and   so   its   change   of   curvature  is 

-  ,.      Hence   the   force   Wj,    at   its    end,   producinsr  the 

Ps      n  +  8t  *  »   1-  & 

W,X 

bending  moment  Ws  A,  must  be  such  that produces  this  change 

of  curvature.     Hence 


EI 


w^  =  -   ( ,1 2  . 

*        \  ^Pg       t'l  f  f(t/  ^  ' 

We  must,  therefore,  write  out  equation  (1)  for  every  strip  to  find 
the  values  of  p^  for  each,  in  terms  of  pi,  which  is  known,  and  also 
equation  (2),  thus  calculating  every  value  of  w^,  the  unknown  r^ 

being  in  every  term.  Now  we  make  the  statement  that  the  sum  of 
all  the  values  of  w^  is  0,  and  this  enables  r\  to  be  found.  Thus  (2) 
and  (1)  give 

EI/  1  11  1  \  /ON 

w^  =  —  I  -      -  ^ -f- 1  .  .  .  .  (3), 

^        A.  \Ki  +  st       Ri      pi       rj  +  st;  ^  '* 

and  we  must  find  i\  by  inseriing  1,  2,  3,  etc.,  for  «  in  the  equation 

If  «<  is  small  compared  with  r\  and  Ri,  we  find  that,  if  there  are  n 
strips  altogether, 

a  quadratic  to  find  r\. 

It  is  not   necessary  to  pursue  the  subject  farther.     Students 
hsL\e  the  means  oi  workmg  ».U  sorts  of  practical  problems. 
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541.  Tempering  Carriage  Springs. ^In  the  last  part  of  the 
work  on  the  strips,  a  plate  being  red  hot,  by  an  interesting 
manipulation  between  several  pairs  of  smiths'  tongs  held  by  two 
workmen  it  is  fitted  to  lie  everywhere  close  to  a  curved  piece  of 
metal,  so  that  it  receives  a  definite  shape.  It  is  now  a  dark 
red,  and  the  workman  dips  the  plate  into  water,  letting  the 
two  ends  go  in  simultaneously  and  the  middle  of  the  plate  last. 
The  plate  is  now  placed  in  an  air  furnace,  where  it  gradually 
heats  ;  it  is  taken  out  once  or  twice  and  rubbed  with  a  i)iece  of 
partly  charred  wood.  The  experienced  workman  can  tell  by 
the  nature  of  the  smoke  coming  from  the  wood  whether  the 
temperature  of  the  plate  is  high  enough  ;  when  it  has  been 
heated  to  a  sufficiently  high  temperature  it  is  withdrawn  from 
the  air  furnace  and  allowed  to  cool,  lying  on  a  metal  table  with 
others  which  have  preceded  it. 

542.  Tempering  Spiral  Springs. — The  processes  employed  by 
Messrs.  Salter  are,  unfortunately,  unknown  to  me.  In  all  cases, 
however,  they  probably  consist  in  winding  wire  or  rod  in  the 
red  hot  state  on  a  smooth  iron  mandrel,  shaping  the  end  parts 
of  the  spring,  if  the  wire  is  small,  by  pliers ;  if  large,  by  special 
tools  which  can  readily  be  designed  for  special  case^.  The 
formed  spring  is  now  heated  to  a  dull  red  heat  in  an  air 
furnace  and  plunged  into  hot  oil,  just  of  such  a  temperature  as 
will  produce  the  blue  colour  peculiar  to  spring  steel.  It  is  in 
this  dipping  of  the  hot  steel  into  the  oil  bath  that  any  trade 
secret  can  exist.  If  all  the  steel  could  from  the  same  instant 
and  at  the  same  rate  lose  its  heat,  so  that  the  hardened  steel 
would  be  uniformly  hard  everywhere,  the  process  would  be 
perfect.  Large  spiral  springs  for  safety-valves  are  dipped  so 
that  their  axes  remain  vertical.  To  lay  them  sideways  into 
the  bath  might  cause  the  lower  half  of  each  coil  to  cool  more 
quickly  than  the  upper  half.  It  is  quite  possible  that  good 
spring  makers  may  not  only  dip  their  springs  axially  but  also 
give  to  them  a  rotatory  motion  round  their  axes  as  they  enter 
the  bath. 

548.  Very  small  spiral  springs  for  the  balances  of  chrono- 
meters and  watches  require  special  care,  whether  they  are  cylin- 
dric  or  flat  spiral  springs.  This  is  on  account  of  the  thinness 
of  the  material  and  the  rapidity  with  which  it  may  cool.  They 
are  usually  enclosed  in  a  box — very  small  springs  are  enclosed 
in  a  platinum  box — either  on  their  mandrels  if  cylindric,  or 
coiled  up  together  with  others  if  flat,  surrounded  by  powdered 

v* 
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charcoal.  The  box  is  heated  to  redness  for  a  sufficient  time  to 
ensure  the  springs  inside  being  all  red  hot,  and  the  box  is  then 
immersed  in  water.  The  little  box  is  manipulated  by  means  of 
a  long  handle.  It  is  now  placed  upon  an  iron  pan  placed  over 
a  flame,  and  lying  beside  the  box  on  the  pan  is  a  piece  of 
brightened  steel.  As  the  pan  gets  heated  the  brightened 
piece  of  steel  takes  different  colours,  and  it  is  presumed  that 
the  steel  springs  have  about  the  same  temperature.  When  the 
dark  ])lue  colour  is  reached,  which  is  so  characteristic  of  spring 
steel,  the  box  is  removed  from  the  pan  and  allowed  to  cool. 

544.  I  have  never  seen  this  process  carried  out  by  electrical 
heating  as  a  substitute  for  the  air  furnace,  but  it  is  obviously 
quite  easy  to  make  the  substitution.  The  strip  or  wire  to  be 
tempered  receives  an  electrical  current  from  a  certain  roller  a, 
over  which  it  moves,  and  another  roller  B  at  a  short  distance 
from  the  first ;  and  at  B,  or  even  befoi*e  it  reaches  b,  the  steel 
passes  into  an  oil  bath.  In  this  case  we  have  no  sudden  great 
hardening  and  then  a  softening  process ;  the  tempering  is  all 
done  in  one  operation,  a  cooling  from  red  heat  to  the  tempera- 
ture of  hot  oil.  As  the  wire  or  strip  is  still  kept  heated  when 
in  the  oil,  the  cooling  is  gradual,  and  obviously  the  softness  of 
the  steel  will  depend  on  how  much  of  it  is  kept  heated  in  the 
oil  and  on  the  average  temperature  of  the  oil. 

545.  Tempering  Flat  Spiral  Spring^.— In  many  cases  these 

springs  are  not  shaped  before  tempering.  Great  lengths  of 
steel  strip  are  passed  through  an  air  furnace  from  one 
set  of  rollers  to  another,  at  a  rate  which  depends  upon  the 
particular  purpose  for  which  the  strip  is  designed,  upon  its 
breadth  and  thickness,  upon  whether  it  is  Bessemer  or  crucible 
steel.  Just  when  in  the  red  hot  state  and  leaving  the  air 
furnace,  the  strip  is  passed  through  a  vessel  through  which 
cold  water  is  kept  circulating,  and  is  consequently  made  very 
hard.  It  then  passes  between  pieces  of  cotton  waste  kept  well 
soaked  in  oil,  and  then  over  a  flame  which  keeps  the  oil  ignited  ; 
and  on  leaving  this  region  the  strip  is  gradually  allowed  to 
cool  before  being  wound  upon  a  roller.  If  allowed  to  move  too 
slowly,  the  strip  and  the  oil  covering  its  surface  are  for  too 
long  a  time  subjected  to  the  heating  effects  of  the  second 
furnace,  and  the  steel  becomes  softer.  I  have  seen  strips  which 
were  said  to  be  continuous  and  a  mile  long  which  had  been 
tempered  in  this  way. 

The  very  tine  atrv^  steel  which  is  used  in  the  Waterbury 
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watch  is  tempered  in  this  way.     Great  quantities  of  cheap 
Bessemer  steel  strip  for  use  in  ladies'  corsets  and  numerous 
other  purposes  are  also  tempered  in  this  way. 
In  well-made  carriage  springs  the  resilience  is 

1  f^ 

^  —  per  cubic  inch, 

0    E  ^  ' 

and  in  designing  a  spring  a  knowledge  of  this  fact  enables  us 
somewhat  to  shorten  the  work. 

Thus,  suppose  a  spring  is  wanted  to  take  a  proof  load  of 
3  tons,  with  a  deflection,  of  3  inches  just  making  it  straight. 
The  total  resilience  is 

J  X  3  X  2,240  X  3,  or  10,080  inch  pounds. 

If  /'  =  30,000  and  e  =  30,000,000,  the  resilience  per  cubic 
inch  may  be  5  inch  pounds,  so  that  the  volume  of  steel  required 
for  the  spring  is  2,016  cubic  inches.  Now  if  there  are  w  plates, 
this  volume  may  be  taken  as 

nb  tl  (l  being  half  the  length  of  the  longest  strip), 
or  nbt  I  =r  2,016  ....  (1), 

which  is  one  equation  towards  the  solution  of  some  problem. 

EXERCISES. 

1.  What  ought  the  initial  curvature  of  a  ^-inch  plate,  to  be  if  the 
proof  stress  of  the  material  is  30,000  lbs.  per  square  inch  (exists  when  the 
plate  is  straight)  and  e  is  30,000,000  ? 

Here,  by  formula  of  Art.  540, 

30,000  =  15,000,000  x  A  <<;, 
w  =  -004. 

The  radius  of  curvature  is  -irjr-,  =  250  inches. 

•004 

2.  If  the  above  plate  is  36  inches  long,  what  is  its  initial  dip,  oc,  in 
Fig.  367  J'     Using  the  approximate  formula  oc  =  F^  -i-  2  r,  we  have 

oe  =  ^-^.^  =  0-64  inch. 
2  X  250 

3.  If  the  spring  is  formed  of  six  plates,  the  longest  being  30  inches, 
the  overlap  on  one  side  of  plate  on  its  neighbour  is 

36  -r-  12,  or  3  inches. 

4.  If  the  breadth  of  each  plate  is  3  inches, 

D  =  000259  w. 

5.  The  load  w'  which  will  produce  the  deflection  0-64  inch— that  is, 
which  will  straighten  the  spring — is 

0-64 
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6.  How  many  plates  of  |  inch  thick  and  3  inches  broad,  the  longest 
being  30  inches  in  length,  of  the  above-mentioned  steel  will  be  required 
for  a  spring  whose  proof  load  is  to  be  1  ton  r* 

.,  .,,n  _  2  ;^  X  3  X  ^\  X  30,000 
-'-*"""  3  X  30 

or    w  =  8. 
Hence  the  spring  ought  to  be  made  of  eight  plates. 

546.  The  answers  to  the  above  exercises  guide  us  as  to  the 
best  way  of  constructing  carriage  spiings  so  that  the  strips 
throughout  shall  have  the  strength  of  the  overlapping  parts. 
The  following  rules  are  based  upon  the  dimensions  of  these 
overlapping  parts,  which  are  merely  little  cantilevers. 

If  X  is  the  overla4),  Fig.  367,  and  /  is  the  half-length  of  the 
longest  strip,  so  that  n  being  the  number  of  strips  n  \  =  /  / 
then  t  being  thickness  of  each  strip,  6  its  breadth,  d  the  deflec- 
tion of  the  spring, /the  maximum  stress,  E  Young's  modulus, 
w  the  load  at  A  and  at  B,  there  being  a  load  2  w  at  the  middle, 
it  is  evident  that 

/=  6wZ  -f-  nbt^y  D  =  ^w^/nEbA 

li'f  is  the  proof  stress,  the  resilience  in  a  well-made  spring 
iaf'^  -r-  6  E  inch  pounds.  Carriage  springs  are  usually  made  of 
Bessemer  steel,  and  we  may  take  f  =  30,000  lbs.  per  square 
inch  and  E  =  30,000,000. 

Examples. — 1.  If  the  overlap  \  is  2  inches,  and  there  are 
10  strips  each  f  inch  thick,  so  that  the.  half-length  of  the  whole 
spring  is  ^  =  20  inches,  <  =  f ,  and  if  6  =  2 J  inches  ;  find  the 
load  which  will  deflect  the  spring  2  inches.     Here  d  =  2 

2  =  6  w  203  H-  10  X  3  X  107  X  2^  X  (|)3^  and  hence 

w  =  5-926  X  105  lbs. 

If  the  plates  were  not  of  the  same  initial  curvature-^that 
is,  if  the  spring  was,  in  this  i-espect  only,  badly  made,  then  the 
law  for  deflection  is  still  true  for  the  badly  made  spring  ;  but 
the  rules  for  strength  are  untrue.  We  only  calculate  the 
increase  in  /  due  to  a  load  w. 

547.  In  the  above  theory  I  have  assumed  no  friction  between 
the  plates.  This  friction  makes  the  bending  to  be  less  for  a  given 
load  if  the  load  has  been  increasing,  but  if  the  load  has  been 
diminishing  the  bending  will  be  greater  than  the  formula  (1) 

.  gives,  on  account  of  friction.  When  we  test  a  carriage  spring, 
the  effect  of  friction  in  causing  the  deflections  to  be  greater  with 
diminishing  than  with  increasing  loads  is  very  noticeable.     I 

iave  already  pointed  owt  tVv^  utisuitableness  (on  this  account) 
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of  these  springs  for  al]  measuring  purposes,  and  how  suitable 
they  are  for  carriages  and  under  other  conditions  where  vibra- 
tions must  be  rapidly  stilled  by  frictional  forces. 

548.  In  a  spring  such  as  Fig.  367,  if  2  w  is  the  upward  load 


B 


K 


I 


Fig.  368. 


Fig.  3til>. 


applied  at  the  middle,  the  downward  supporting  forces  at  A  and 
B  are  each  w,  and  the  end  of  each  plate  may  be  regarded  as 
applying  to  the  plate  above  it  this  force  w.  Thus  in  Fig.  368, 
if  A  B  is  the  overlap  of  one  plate  on  another,  every  part  of  the 
plate  except  the  overlap  part  a  b  at  each  end  is  subjected  to  a 
bending  moment  w  .  A  b  everywhere,  so  that  the  change  of 
curvature  everywhere  is  the  same. 

Also  the  part  a  b  ought  to  be  fashioned  like  a  beam  of 
uniform  strength  and  curvature  fixed  at  b  and  loaded  at  a. 
We  find  from  Exercise  2,  Art.  540,  that  we  can  make  it  of 


w 


W 


Pig.  870. 


^ 


Fig.  371. 


uniform  strength  and  uniform  curvature  at  the  same  time  by 
varying  the  breadth  of  the  plat.e  but  not  its  thickness,  the 
proper  shape  being  shown  in  Fig.  370.  This  is  roughly 
approximated  to  in  many  springs  where  the  ends  are  shaped 
as  in  Fig.  368. 

If  we  keep  the  breadth  constant,  as  in  Fig.  369,  but  alter 
the  thickness  so  as  to  have  constant  curvature  everywhere 
(so  that  the  end  part  of  one  plate  may  fit  properly  against 
another  plate),  we  see  from  Exercises  3  and  4  that  the  thick- 
ness ought  to  vary  as  the  cube  root  of  the  distance  from  A ; 
but  it  is  not  possible  to  have  also  uniform  strength  in  this 
part  of  the  plate. 
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TABLE   XIX. — TTsBFi'L  Constants. 

Time.  One  sidereal  day  =  86,164  8etx>nd8. 
Mean  solar  day  =  86,400  seconds. 
One  year  =  365*24224  mean  solar  days. 

Length.     British  standard,  the  yai-d  =  3  feet  =  36  inches. 
1  chain  =  66  feet  =  100  links. 

1  mile    =  1,760  yards  =  5,280  feet  =  80  chains  =  8  furlongs. 
1  nautical  mile  =  6080  feet  (average).  ' 

=  10  cables  =  1,000  fathoms  (nautical). 
1  fathom  =  6  feet. 

French  standai-d,  the  metre  =  39-37  inches  =  3-2809  feet. 

1  centimetre  =  -3937  inches. 

1  kilometre   =  '6214  miles. 
1  inch  =  -0254  metre  =  2-54  centimetres. 
1  foot  =  30-48  centimetres. 
1  yard  =  -9144  metres. 
1  mile  =  1 ,609  metres  =  1  -609  kilometi-es. 


Surface. 


Volume. 


1  square  inch 
1  square  foot 
1  square  yard 
1  acre 
1  square  mile 

1  cubic  inch  = 
1  cubic  foot  = 
1  litre 


=  6*451  square  centimetres. 

=  -0929  square  metre. 

=   8361  square  metre. 

-  43,560  square  feet  =  4,047  square  metres. 

=  640  acres  =  2-59  square  kilometres. 

16-387  cubic  centimetres. 

-02832  cubic  metre  =  28-31  litres. 

-22  gallon. 


For  many  practical  calculations  it  is  sufficiently  correct  to  take 

Length.     1  inch  =  25  millimetres,  but  25*4  is  more  correct. 

1  metre  =  3  feet  3  inches  and  fths  of  an  inch. 

10  metres       =11  yards. 
20  metres       =  1  chain. 
8  kilometres  =  5  miles. 


Surface. 


Volume. 


1  square  inch 
6  square  yards 
1  acre 

4  cubic  yards  = 
1  gallon  = 

4  litres  = 

100  litres 
1  cubic  foot    = 


=  6^  square  centimetres. 
=  5  square  metres. 
=  4,000  square  metres. 

3  cubic  metres. 
4J  litres. 
7  pints. 
22  gallons. 
28-3  litres. 


Weight.     1  gramme 

10  kilogrammes 
.50  kilogTamiues 
1,000  kilogrammes 


=  15^  grains. 

=  22  poimds.        • 

=  1  hundredweight. 
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Speed.     1  knot  =  1  nautical  mile  per  hour. 

=  ri5  miles  per  hour. 
=  1  '7  feet  per  second. 
=  101  feet  per  minute. 
=  51'5  centimetres  per  second. 
60  miles  per  hour  =  88  feet  per  second. 

Weight  and  Force.     British  engineer's  unit  of  force  =  the  weight  of  the 

standard  poimd  in  London. 
Weight  of  I  lb.  =  16  ounces  =  7,000  grains  =  453*6  gi*ammes. 

=  445,000  dynes. 
=  '4636  kilogrammes. 
1  ounce  =  28*35  grammes. 
Weight  of  1  grain  =  63*57  dynes. 
1  kilogramme  =  2*2046  lbs. 

1  ton  =  2,240  lbs.  =  1,016  kilogrammes. 

1,000  kilogrammes  =  1  ton  (metric)  =  2,205  lbs.  =  -9842  ton  (British). 

^  =  981  centimetres  i)er  second  \yev  second. 
=  32*2  feet 


))  n 


Value  of  g  at    London  =  32*182  feet  per  second  per  second. 
„      "  „     Equator  =  32*088     „  „  „ 

„         „   the  Poles  =  32*253     „  „  „ 

Inertia  or  mass  of  a  body  =  weight  in  lbs.  at  London  -^  32- 2. 

1  gallon  of  water  at  62°  F.  weighs  10  lbs.  by  English  law. 
1  cubic  foot  of  water  weighs  62*3  lbs. 

1  cubic  foot  of  air  at  0°  C.  and  1  atmos^jhere  weighs  *0807  lb. 
1  cubic  foot  of  hydrogen  „  „  „  ,,     •00557  1b. 

For  academic  calculations  we  usually  take  the  weights  in  pounds  of 
1  cubic  foot  of  each  of  the  following  to  be  : — 
Brickwork,  112  ;  concrete,  150;  grindstone  and  Portland  stone, 
131  ;  granite  and  marble,  164  ;  dry  oak,  58;  dry  fir,  47 ;  cork, 
16;  coal,  80;  clay,  120. 

For  weights  i)er  cubic  inch,  see  Art.  6. 

Work,  Energy.    1  erg  =  1  djTie  x  1  centimetre. 

1  gramme-centimetre  =  981  ergs. 
1  foot  pound  =  1*356  x   10' ergs. 

1  kilogramme  metre    =  7*233  foot  pounds. 
1  horse-power  =  33,000  foot  pounds  per  minute. 

=  550  foot  pounds  per  second. 

=  7*46  X  10*  ergs  per  second. 

=  746  watts. 
1  force-de-cheval  =  *9863  horse-power. 

Energy  obtainable  from  1  lb.  of  coal 
=  8,600  Centigrade  heat  units. 
=  15,000  Fahrenheit  heat  units. 
=  12  X   10«  foot  pounds. 

Joule's  equivalent — 

1  pound  Fahrenheit  unit  of  heat  =780  foot  poimds. 
1  pound  Centigi-ade  unit  of  heat  =  1,400  toot  a^q^ww^^. 
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TABLE  XX.— Moduli  of  Rigidity. 


«4iih»ti.iin«.  ^  =  MiKlulus  of  Rigidity  in  Millions 

rtuDsiHiictr.  ^j  Ponnds  per  Square  Inch. 


Steel  PLitea,  }  por  cent.  Carbons 

ti         »>        2         »'               »>       r       •••  13 

Steel  Boiler  Plates        13-5 

Cast  Steel  (tempered) 14*0 

„       „      (untempered)           120 

Soft     „      (unhardened)           11*0 

„       „      (hardened) 11*0 

Cast  Iron            5*0  to  7'6 

Iron  Boiler  Plates         14*0 

Wrought  Iron  Bars      10-5 

))           jy     xiaies    ...         ...         ...  a'o 

Softlnm             10-8  to  11-3 

Brass       i  6  to  5*5 

Copper 5*6  to  6*7 

LjG&Q.           ...             ...             ...             ...             ...  '  £  i 

Zinc         5 -1  to  5*4 

Tin  2-2 

Gold        40  to  5-6 

Silver       ...         ...         ...         ...         ...  3*8 

Platinum             8*9  to  9*4 

Aluminium         ...         ...         ...         ...  3*4  to  4*8 

Delta  Metal  (rolled)      6-26 

Gun        „            '    .  3*7 

Phosphor  Bronze           5*2 

Glass       '  3-3  to  3-9 

Wood      -1  to  '17 

Granite    ...         ...         ...         ...         ...  1*8 

Marble 1*7 

Slate        3-2 


Authorities  :  Kelvin,  Unwin,  Wertheim,  Cagniard  Latour,  Kowalski, 
Kiewiet,  Katzenelsohn,  Posati,  Gray,  Milne. 
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TABLE  XXr.— Moduli  of  Compressibility. 


Substance. 

Modulus  of 

Compressibility 

in  Pounds  per 

Square  Inch. 

21-6   X   10« 

Temperature. 

Authority. 

Steel         

Aiuagat. 

Steel         

26-7   X   106 

Thomson's  "Ela.sticitv." 

• 

Iron         

211   X  10« 

»»                   »» 

Brass        

15-3  X   10« 

>»                  >» 

Copper     

171    X   10« 

Buchanan. 

Copper     

24-4   X   10« 

Thomson's  '*  Elasticity.'' 

Delta  Metal 

14-4  X   10« 

Amagat. 

Lead          

5-3  X  .10« 

'» 

Gla^        

5-8  X   10« 

>» 

Distilled  Water... 

3-2  X   10« 

15"  C. 

Paglianni. 

Alcohol 

1-76  X   10« 

O^C. 

Amaiiry  and  Desehamps. 

Alcohol 

1-62  X   10« 

15°  C. 

»>                                 n 

Ether       

1-36  X  10» 

0°  c. 

»»                                 »» 

Ether       

1-16  X   10» 

15°  C. 

»                                 »» 

Carbon  Bisulphide. 

2-32  X   10» 

14°  C. 

»»                                 )» 

Glycerine 

5-86  X   105 

20-5°  C. 

Quincke. 

Petroleum 

211   X   10« 

16-5°  C. 

Martini. 

Mei-cury 

7-86  X   10« 

16°  C. 

Amaury  and  Desehamps. 

Merciurv  ... 

• 

4-35  X   10« 

0°C. 

CoUadon  and  Stunri. 

Mercur)^  ... 

3-74   X   10« 

O^C. 

Amagat. 
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W«jh. 

Bl«llii.6  iSltr«. 

*'"■'"- 

gSI^u 

in 

F«IDdh 

Tou.il*. 

Soft  Bled  (imlurdaied)         \ 
Soft  8Md  (hudencd)             ( 

4400'^ 

to 
8,000= 

7-83 

4B0 

M,000  to  100,000 
90,000  to  1SO,000 

Cm!  Stod  Itempendl            ; 
StodBu.        

M,(IOO  to  80,000 

100,000  to  l^;^oo« 

Cut  Stod  [dnwnl      

StedWice  (Eiicli>h),anin]   . 

77 

4W 

130,000 
130.000  to  1*0.000 

Stod  Wire  (ComoKHi).  torn-  \ 

7< 

460 

330,000 

vend  blue                .1 

7-73 

4flO 

89,000 

IBikd  Stod,  auhudawd 

NiAd  tHed.  budeaed 

191^000 

W«Hcht  Inm  BH»nd  Bolton 

56,000  to  70,000 

Vm^t  Inm  Fiatem,  witb 

3.0(irr 

7" 

im 

51,000 

wi.,,™,.u».,™.| 

3,»()U 

4«,000 

WniDsht  Irou  Pbte  Imtwi)/ 

48,900 

CwMi  Iron                                    i 

2,1XW 

to2,scir 

7-S 

4.T0 

14,000  to  30,000 

i^W 

a-ii 

162 

33,000 

13,500 

Bna,  TeUoW               .          I 

LTWf 

T-e 

490 

17.500 

BnZ^8b«t      \ 

tol.8B0 

toS-4 

toSSS 

30,000 

Sn^Tub.       .'. 

80,000  to  100,0(>0 

B™-.Ctat        

8-0 

SOO 

30,000 

B«»,Wire       

M.mo 

Coppet,  Wrought         

2,0W 

8-8 

SGO 

33,000 

f(wer.Ck.t      

20,000 

8-9 

66S 

&8.000 
47,000 

2u)Cew( 

7.W 

7-0 

43G 

7,600 

ffl«^Sl«rt        

7-2 

490 

30.000 

Levi        ... 

615° 

11-4 

712 

1,900 

^Ctat 

11 -a 

700 

^000 

450' 

7-4 

462 

4,600 

WMhw'Vite.]. 

SJWf 

ai-5 

1,340 

50,000 

Md(dn<n) 

2,«» 

19-2 

1,300 

38,000  to  41,001) 

1.8W 

10-4 

(WO 

42,000 

HB£^  (<>m  I 

5fi,000 

^^^RltimiB  Win  (u-  i 

100,000  to  150,000 

50,00f)  to  TAIJOtl 
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XXII. 


Breaking  Stress, 

in  lbs.  per 

square  inch. 


Com- 
pressive. 


50,000 


50,000  to 
120,000 


10,500 


Shear. 


50,000 


28,500 


58,000 


7,300 


Stress  which  produces 

Permanent  Set, 
in  lbs.  per  square  inch. 


Tensile. 


35,000 


45,000 
35,000 
56,000 
24,000 


20,000 
10,500 

7,000 


Com- 
pressive. 


24,000 


20,000 
21,000 


4,300 

3,200 
1,500 


20,000 


Shear. 


26,500 


20,000 


15,000 
8,000 

5,000 


Safe  Limit  of 

Stress, 

in  lbs.  per  square  in<;h. 


Tensile. 


17,700 


10,000 


4,000 


3,000 


14,500 


10,000 
3,500 

3,600 


Com- 
pressive, 


17,700 


10,000 


3,600 


10,000 


10,000 
10,500 


Shear. 


13,000 


3,200 


7,800 


7,800 
2,700 

2,700 


Young's 
Modiuus 
of  Elas- 
ticity, in 
millions 
of  lbs.  per 
square 
inch. 


30 
30 
30 
36 

29  to  42 
27 
28 
26 
29 


2,300 


7,400 


29 

25 

27 
26 

14  to  23 


9 


9-2 

14-2 

15 


72 

6 
24 
12 
11 
14 


660 


APPUED   MECHANICS. 


TABLE 


Breaking  Stress, 

Weight 

in  lbs.  per 

Matckiai.. 

Melting 

Polut 

(Fahr.X 

Hpeciilc 
Gravity. 

of 
One  Cubic 
Foot 
in 

square  inch. 

- 

« 

8-25 

Pounds. 

Tensile. 

Aluminium  Bronze,                \ 

Cu95A15/ 

515 

60,000 

Aluminium  Bronze.                 \ 

Cu  90  Alio/ 

77 

480 

100,000 

Manganese  Bronze      

65,000  to  85,000 

Delta  Metal  (cast)       ... 

47,000 

Delta  Metal  (rolled)   ... 

74,000 

Muntz  Metal 

45,000 

Sterro  Metal     

60,000 

Gun  Metal        

1,900° 

8-6 

536 

25,000  to  50,000 

Ebony     

1*7 

73 

Oak,  European 

•93 

58 

14,500 

Mahogany,  Spanish     ... 

•85 

53 

15,000 

Ash 

•8 

50 

17,500 

Pitch  Pine        

•  * 

•7 

44 

12,000 

Red  Pine           

10,500 

Birch      

•54 

34 

14,500 

Beech      

•7 

44 

11,500 

Fir,  Larch         

•53 

33 

11,000 

Fir,  Spruce        

•54 

34 

12,500 

Hornbeam         

•76 

47 

15,000 

Teak,  Indian     

•78 

49 

15,000 

Lancewood 

•95 

59 

20,000 

Rim,  British     

•55 

34 

14,000 

Lignum  Vita^    ! 

•65 
to  1-33 

41  to  83 

16,000 

V 

Sycamore          

13,000 

Cedar  of  Lebanon        

•59 

37 

11,400 

Granite 

2-7 

170 

Marble 

2-8 

175 

700 

Limestone         

2-8 

175 

Sandstone          

2-3 

144 

800 

Slate       

2^8 

175 

11,000 

Brick,  Red        1 

2  to  2-2 

125  to  137 

300 

Brick,  Fire        j 

Brickwork 

1-8 

112 

Concrete ...         \ 

1-9 
to  2^2 

119  to  137 

Leather    

4,000- 

Hemp  Roi^e  (in  ordinary  state) 

1-3 

— 

10,000 

Glass,  Plate      

27 

170 

2,700 

Ice           

•917 

57 

Quartz  Fibre  (Professor  Boys') 

140,000 

\       \        1 

I 
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XXII.  {continu 


Breaking  Stress, 

ill  lbs.  per 

square  inch. 


Coiii- 
jiressive. 


18,<100 
10,000 


6,000 


12,(K)0 

7,000 

10,000 


17,000 

0,000 

5,000 

5,000 

15,000 

800 

2,000 

500 

2,000 


2<),000 


Shear. 


2,300 


050 


Stress  which  prwluces 

Perinaueut  Set, 
in  lbs.  per  square  inch. 


Tensile. 


17,000 
50,000 


Com- 
pressive. 


Shear. 


Safe  Limit  of 

Stress, 

in  lbs.  per  square  inch. 


Tensile. 


Coni- 
pi-essive, 


Shear. 


Young's 
Modulus 
of  Elas- 
ticity, in 
millions 
of  lbs.  per 
square 
inch. 


12 
13 


10 


1-5 
1-4 
1-6 
1-4 
1-65 

1-35 

11 

1(> 

2-4 


104 
•48 

7 
6 

2 
13 


•025 

8 
8-5 


T 
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LOOABITHMS. 

TABLE 

10 

11 

12 
18 

14 
15 
16 

17 
18 
19 

90 

81 
88 
88 

84 
85 
86 

87 
88 
89 

30 

31 
38 
33 

34 
35 
36 

37 
38 
39 

40 

41 
48 
48 

44 

45 
46 

47 
48 
49 

50 

51 
58 

58 

0 

1 

8 

0086 

0492 
0864 
1206 

8 

0128 

0531 
0899 
1239 

4 

5 

0212 

0607 
0969 
1303 

6 

0258 

7 

0294 

0682 
1088 
1867 

8 

9 

18  3 

4  5  6 

7  8  9 

0000 

0048 

0453 
0628 
1173 

0170 

056i> 
0034 
1271 

1584 
1875 
2148 

0334 

0719 
1072 
1399 

0374 

0755 
1106 
1430 

4  8  12 

17  21  2& 

29  33  37 

0414 
0792 
113it 

0645 
1004 
1885 

4  6  11 
3  7  10 
3  6  10 

15  19  23 
14  17  21 
13  16  19 

26  30  34 
24  28  31 
23  26  29 

1461 
1761 
2041 

1492 
1790 
2068 

1523 
1818 
2095 

2355 
2601 
2833 

1553 
1847 
2122 

1614 
1903 
2175 

1644 
1981 
2201 

2455 
2695 
2923 

3139 

3845 
8541 
3729 

3909 
4062 
4249 

4409 
4564 
4718 

4857 

4997 
5182 
5268 

5391 
5514 
5635 

5752 
5866 
5977 

1678 
1959 
2227 

1703 
1967 
2253 

2504 
2742 
2967 

1732 
2014 
2279 

2529 
2765 
2989 

3  6  9 
3  6  6 
3  5  8 

12  15  18 
11  14  17 
11  13  16 

21  24  27 
20  22  25 
18  21  24 

2804 
2553 

2788 

2330 
2577 
2810 

2360 
2625 
2856 

3075 

2405 
2648 

2878 

2430 
2672 
2900 

2460 
2718 
2945 

3160 

3865 
3560 
3747 

3i»27 
4099 
4265 

4425 

4579 
4728 

4871 

5011 
5145 
5276 

5403 
5527 
5647 

2  5  7 
2  5  7 
2  4  7 

10  12  15 
9  12  14 
9  11  13 

17  20  22 
16  19  21 
16  18  20 

3010 

3032 

3054 

3263 
3464 
8655 

3838 
4014 
4183 

4346 
4502 
4654 

4800 

3096 

8118 

3161 

>3385 
8579 
8766 

3201 

2  4  6 

8  11  18 

15  17  19 

3222 
3424 
3617 

3243 
3444 
3636 

3820 
3997 
4166 

8264 
3483 
3674 

8304 
3502 
3692 

3324 
3522 
3711 

3404 
3598 
3784 

3962 
4133 
4298 

2  4  6 
2  4  6 
2  4  6 

8  10  12 
8  10  12 
7  9  11 

14  16  18 
14  15  17 
13  15  17 

3802 
3979 
4150 

3856 
4031 
4200 

4362 
4518 
4669 

4814 

8874 
4046 
4216 

3692 
4065 
4282 

4393 

4548 
4698 

8945 
4116 
4281 

2  4  5 
2  3  5 
2  3  5 

7  0  11 
7  9  10 
7  6  10 

12  14  16 
12  14  15 
11  13  15 

4314 
4472 
4624 

4330 

4487 
4639 

4378 
4533 
4683 

4440 
4594 
4742 

4886 

5024 
5159 
5289 

5416 
5539 
5658 

4456 
4609 
4757 

2  3  5 
2  3  5 
13  4 

6  8  9 
6  8  9 
6  7  9 

11  13  14 
11  12  14 
10  12  13 

4771 

4786 

4829 

4848 

4900 

5038 
5172 
5302 

18  4 

6  7  9 

10  11  13 

4914 
5051 
5185 

4928 
50ti5 
5198 

5328 
5453 
5575 

4942 
5079 
5211 

4955 
5092 
5224 

4969 
5105 
5237 

4983 
5119 
5250 

1  3  4 
13  4 
18  4 

6  7  8 
5  7  8 
5  6  8 

10  11  12 
9  11  12 
9  10  12 

5315 
5441 
5563 

5082 
5798 
5911 

5340 
5465 
5587 

5353 
5478 
5599 

5366 
5490 
5611 

5378 
5502 
5623 

5428 
5551 
5670 

13  4 
1  2  4 
12  4 

5  6  8 
5  6  7 
5  6  7 

9  10  11 
9  10  11 
8  10  11 

5694 
5809 
5922 

5705 
5821 
5933 

5717 
5832 
5944 

5729 
5843 
5955 

5740 
5855 
5966 

6075 

5763 
5877 
5988 

6096 

6201 
6304 
6405 

6508 
6599 
6693 

6785 
6876 
6964 

7050 

5775 
5688 
5999 

6107 

5786 
5899 
6010 

12  3 
12  3 
12  3 

5  6  7 
5  6  7 
4  5  7 

8  9  10 
8  9  10 
8  9  10 

6021 

6031 

6042 

6149 
6253 
6355 

6053 

6160 
6263 
6365 

6064 

6170 
6274 
6375 

6085 

6117 

12  3 

4  5  6 

8  9  10 

6128 
6232 
6335 

6138 
6243 
6345 

6180 
6284 
6385 

6484 
6580 
6675 

6767 
6867 
6946 

7033 

6191 
6294 
6395 

6212 
6314 
6415 

6222 
6325 
6425 

1  2  3 
12  3 
12  3 

4  5  6 
4  5  6 
4,5  6 

7  8  9 
7  8  9 
7  8  9 

6435 
6532 
6628 

6444 
6542 
6637 

6454 
6551 
6646 

6739 
6830 
6920 

7007 

7093 
7177 
7259 

6404 
6561 
6656 

6474 
6571 
6665 

6493 
6590 
6664 

6513 
6609 
6702 

6794 
6664 
6972 

7059 

7143 

7226 
7308 

6522 
6618 
6712 

6603 
6693 
6961 

12  3 
12  3 
12  3 

4  5  6 
4  5  6 
4  5  6 

7  8  9 
7  8  9 
7  7  8 

6721 
6812 
6902 

6730 
6821 
6911 

6749 
6839 
6028 

7016 

7101 
7185 
7267 

6758 
6848 
6937 

6776 
6866 
6955 

7042 

12  3 
12  3 
12  3 

4  5  5 
4  4  5 
14  5 

3  4  5 

6  7  8 
6  7  8 
6  7  8 

6990 

(?998 

7084 
7168 
7251 

7024 

7110 
7193 
7275 

7067 

7152 
7235 
7316 

12  3 

6  7  8 

i 

7076 
7160 
7243 

7118 
7202 
7284 

7126 
7210 
7292 

7185 
7218 
7300 

1  2  3 
12  2 
12  2 

3  4  5 
8  4  5 
8  4  5 

6  7  8 
6  7  7 
6  6  7 

/ 

ii 

7324    7332 

7840  1  7348 

habft 

nft<S4 

\nw«i 

Y^'««^ 

y\«& 

\*;^w> 

\  2  2 

8  4  5 

\ 

6  6  7 

APPLIED  MECHANICS. 


663 


xxni. 


LOGARITHMS. 


0 

7404 

7482 
7559 
7634 

7709 
7782 
7853 

7924 
7993 
8062 

8129 

8195 
8261 
8325 

8888 
8451 
8513 

8673 
8633 
8692 

8751 

8808 
8865 
8921 

8976 
9031 
9085 

9138 
9191 
9248 

9294 

9345 
9395 
9445 

9494 
9542 
9590 

9638 
9685 
9731 

9777 

9823 
9868 
9912 

9956 

1 

2 

7419 

7497 
7574 
7649 

7723 
7796 
7868 

3 

7427 

7505 
7582 
7657 

7731 
7803 
7875 

7945 
8014 
8082 

4 

7435 

7513 
7589 
7664 

7738 
7810 
7882 

7952 
8021 
8089 

8156 

8222 
8287 
8351 

8414 
8476 
8537 

8597 
8657 
8716 

8774 

8831 
8887 
8943 

8998 
9053 
9106 

9159 
9212 
9263 

9315 

9365 

9415" 

9465 

9513 
9562 
9609 

9657 
9703 
9750 

9795 

9841 
9886 
9930 

9974 

5 

7443 

7520 
7597 
7672 

7745 
7818 
7889 

7969 
8028 
8096 

8162 

8228 
8293 
8357 

8420 
8482 
8543 

8603 
8663 
8722 

8779 

8837 
8893 
8949 

9004 
9058 
9112 

9165 
9217 
9269 

6 

7451 

7528 
7604 
7679 

7752 
7825 
7896 

7966 
8035 
8102 

8169 

8235 
8299 
8363 

8426 
8488 
8549 

8609 
S6(i9 

8727 

8785 

7 

8 

7466 

7543 
7619 
7694 

1  <6« 
7839 
7910 

7980 
8048 
8116 

8182 

8248 
8312 
8376 

8439 
8500 
8561 

8621 
8681 
8739 

8797 



8854 
8910 
8965 

9020 
9074 
9128 

9180 
9232 
9284 

9335 

9 

1  2 

3 

4 

5 

6 

5 

7 

8  9 

56 

66 
87 
68 

7412 

7459 

7536 
7612 
7686 

7760 
7832 
71H)8 

7973 
8041 
8109 

7474 

1  2 

•> 

3 

4 

5 

6  7 

7490 
7566 
7642 

7551 
7627 
7701 

7774 
7846 
7917 

7987 
8055 
8122 

1  2 
1  2 
1  1 

2 
•> 

2 

3 
8 
3 

4 

4 
4 

5 

5 

.4 

5 

5 
5 

5 
5 
5 

6  7 
6  7 
6  7 

6  7 
6  6 
6  6 

69 

60 
61 

7716 
7789 
7860 

2 
2 
2 

3 
3 
3 

4 
4 
4 

4 
4 
4 

62 
63 
64 

7931 
8000 
8069 

7938 
8007 
8075 

8142 

8209 
8274 
8338 

8401 
8463 
8525 

8585 
8645 
8704 

8762 

8820 
8876 
8932 

8987 
9042 
9096 

9149 
9201 
9253 

9304 

9355 
9405 
9455 

9504 
9552 
9600 

9647 
9694 
9741 

9786 

2 
2 

2 

3 
3 
3 

3 
3 
3 

4 
4 
4 

5 
5 
5 

6  6 
5  6 
5  6 

66 

66 
67 
68 

8136 

8202 
8267 
8331 

8395 
8457 
8519 

8579 
8639 
8698 

8756 

8814 
8S71 
8927 

8982 
9036 
9090 

9143 
9196 
9348 

9299 

9350 
9400 
9450 

9499 
9547 
9595 

9643 
9689 
0736 

9782 

9827 
9872 
9917 

9961 

8149 

8176 

8241 
8306 
8370 

8432 
8494 
8555 

8189 

•> 

3 

3 

4 

5 

5  6 

8215 
8280 
8344 

8407 
8470 
8531 

8591 
8651 
8710 

8768 

8254 
8319 
8382 

2 
o 

2 

3 
3 
3 

3 
3 
3 

4 
4 
4 

5 
5 
4 

5  6 
5  6 
5  6 

69 
70 
71 

72 
73 
74 

75 

76 
77 
78 

79 
80 
81 

82 
83 
84 

85 

8445 
8506 
8567 

8627 
8686 
8745 

2 
2 
2 

2 
2 
2 

3 
3 
3 

4 
4 
4 

4 
4 
4 

5  6 
5  6 
5  5 

8615 
8675 
8733 

8791 

2 
2 

2 

2 
2 

2 

3 
3 
3 

4 
4 
4 

4 
4 
4 

5  5 
5  5 
5  5 

8802 

8859 
8915 
8971 

9025 
9079 
9133 

2 

2 

3 

3 

4 

5  5 

8825 
8882 
8938 

8993 
9047 
9101 

8842 
8899 
8954 

9009 
9063 
9117 

9170 
9222 
9274 

9325 

9375 
9425 
9474 

9523 
9571 
9619 

9666 
9713 
9759 

9805 

9850 
9894 
9939 

9983 

8848 
8904 
8960 

1*1 

2 
2 
2 

2 
2 
2 

3 
3 
3 

3 
3 
3 

4 
4 
4 

5  5 
4  5 
4  5 

9015 
9069 
9122 

9175 
9227 
9279 

2 
2 
2 

2 
2 

2 

3 
3 
3 

3 
3 
3 

4 
4 
4 

4 
4 
4 

4  5 
4  5 
4  5 

4  5 
4  5 
4  5 

9154 
9206 
9258 

9809 

9360 
9410 
9460 

9509 
9557 
9605 

9652 
9699 
9745 

9791 

9186 
9238 
9289 

9340 

9890 
9440 
9489 

9538 
9586 
9633 

9680 
9727 
9773 

9818 

9863 
9908 
9952 

2 
2 
2 

2 
2 
2 

3 
3 
3 

3 
3 
8 

9320 

9370 
9420 
9469 

9518 
9566 
9614 

9830 

2 

2 

3 

3 

4 

4  5 

86 
87 
88 

89 
90 
91 

92 
98 
94 

96 

96 
97 
96 

9380 
9430 
9479 

9385 
9435 
9484 

0  1 
0  1 

1 
1 

2 
2 
2 

3 
2 
2 

3 
3 
3 

4 
3 
3 

4  5 
4  4 
4  4 

9528 
9576 
9624 

9671 
9717 
9763 

9vS09 

9854 
9899 
9943 

998T 

i 

9533 
9581 
9628 

0  1 
0  1 
0  1 

1 
1 
1 

2 
2 
2 

2 
2 
2 

3 
3 
3 

3 
3 
3 

4  4 
4  4 
4  4 

9661 
9708 
9754 

9800 

9845 
9890 
9934 

9978 

9675 
9722 
9768 

9814 

9859 
9903 
9948 

0  1 
0  1 
0  1 

1 
1 
1 

2 
2 
2 

2 
2 
2 

3 
3 
3 

3 
3 
3 

4  4 
4  4 
4  4 

0  1 

1 

2 

2 

3 

3 

4  4 

9832 
9877 
9921 

9965 

9836 
9881 
9926 

0  1 
0  1 
0  1 

1 
1 

1 

1 

2 
2 
2 

2 
2 
2 

3 
3 
8 

3 
3 
3 

4  4 
4  4 
4  4 

99 

9960 

9991 

9996 

0  I 

1 

2. 

& 

1 

%   4^ 
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of  Watch,  658 

Spring,  40 

Balancing  of  Hoists,  201,  203,  204,  205 

of  Locomotive,  609 

of  Machines,  606 

of  Reciprocating  Body,  611 
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Tightening  of,  311 

Boundary  Condition,  372 
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Boy's,  Prof.,  Quartz  Fibres,  299 

Braced  Triangular  Pier,  148 

Bracket,  459 

Brake  Block,  240 

— —  Horse-power,  91,  95 

Knot,  236 

Brass,  288 

Weight  of,  9 

Bricks,  276 
Bridge,  Forth,  299 

Suspension,  161 

Bronze,  288 

Brotherhood's  Water-pressure  Engine,  191 

Bulk,  Diminution  in,  816 

Modulus  of  EUstieity  of,  316 

Bull  Engine,  important  example,  257, 
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Bullet,  14,  79,  500 
Bursting  of  Boiler,  181 
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Softening  of  Hard,  281 
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Cast  Iron,  280 

Density  of,  281 

Shell,  178 

Toughening  of,  284 

Weight  of,  9 

Cast  Steel,  183 
Catenary,  169 
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Instantaneous,  575 

of  Mass,  185 

of  Oscillation,  560 

of  Percussion,  499,  560 
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Centrifugal  Force,  597,  606 

Force  in  Belts  or  Ropes,  327,  605 

Pump,  38,  264,  540 

Centripetal  Force,  603 

Acceleration,  603 

C.G.S.  System  of  Units,  267 
Chain  Gearing,  232,  572 

Hanging.  167 

Horizontal  Pull  of,  162 

Loaded,  161 

Chains,  Admiralty  Rule  for,  815 
Change  Wheels,  101 
Cliarcoal  Iron,  284 
Chemical  Balance,  118 

Enei^y,  42 

Chemistry,  290 
Chilled  Castings,  188 
Chipping,  488 

and  Filing,  56 

Hammer,  264 

Chisel,  Tempering  of,  291 
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Chromium,  287 
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Circular  Stream  Lines,  541 
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Clock,  38 
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Compound  Interest  Law,  20,  99,  230 

Pendulum,  559 

Wheel  and  Axle,  102 

Concrete,  188, 277 

Conduit,  516 

Cone,  Area  of  Sur&ce  of,  8 

Rolling  of  a,  577 

Surface  of,  8 

Coned  Pulley,  37 

Cones,  Stepped,  26 

Conical  Pendulum,  546 

Confluent.  30 

Connecting  Rod  and  Crank,  222 

Construction  of  Gun,  330 

Materials  Used  in,  275 

Contracted  Vein,  533 
Contraction  of  Section,  306 
Cooling  of  Castings,  282 
Copper,  287 

Wire,  289 

Cores,  10,  282 
Cork,  Floating,  547 
Corrugated  Flue,  326 
Cosine  of  an  Angle,  23 
Cottars,  101 
Cotton  Press,  184 
Couple,  127 
Coupling,  225 

Ayrton-Perry,  289 

Dynamometer,  96 

Flange,  227 

Rod,  471 

Crab,  102 
€rane,  88 

Double-Powered,  195 

Hook,  458 

Hydraulic,  193 

Crank  and  Connecting-Rod,  222 

Overhung,  356 

Creep  in  Belting,  86 

Creeping,  299 

Cricket  Bat,  500 

Critical  Velocity,  83 

Crosshead  of  Engine,  113,  547 

Crushing  and  Bending,  457 

Cupola,  2S2 

Curvature  of  a  Beam,  386,  405 

Definition  of,  22 

Radius  of,  22 

of  Steel  Spring,  388 

Curve  of  Cosines,  555 

Elastic,  390 

Integral  of,  18 

Logarithmic,  568 

of  Sines,  78,  555,  565,  568 

Curved  Rollers,  522 

Curves,  Damping,  78 

Trochoidal,  673 

Cutting  of  Metals,  45 

Cylinder,  Rotating,  369 

Thick,  183,  32S 
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of  Bending  Moment,  six  cases,  413- 
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Diagrams  of  Shearing  Force,  427 
Differential  Co-efficient,  16 

Pulley  Block,  Efficiency  of,  104 

Pulley  Block,  103 
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Distance  of  Rubbing,  68 

Draining  of  Fields,  616 
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Dynamo  Machine,  43,  92 
Dynamometer  Coupling,  96 
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Hefner- Alteneck,  235,  240 

Rafiard's,  86 

Transmission,  92 
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Earth,  Pressure  of,  167  • 

Rankine's  Rule  for,  349 

Eaithquake,  497-617 
Eccentric,  222 
Economical  Efficiency,  89 
Economy,  General,  339 
Eddies,  518 
Effect  of  Friction,  60] 
Efficiency,  95 

Economical,  89 

Hydraulic,  529  • 

of  Screw  Jack,  110 

of  Turbine,  522 

Elastic  Curve,  390 
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Shearing,  338 
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Between  Cord  and  Pulley,  228 

Circles,  113 

Co-efflcient  of,  65 

Cumulative  Effect  of,  99 

Effect  of,  60 

Experiments  on,  60 

Fluid,  76 

Fluid,  Experiments  of,  77,  78 

Force  of,  64 

Internal,  495 

Laws  of  Fluid  and  Solid,  80 

Never  Negligible,  248 

of  a  Pivot,  68,  71 

of  Pulley,  58,  248 

of  Railway  Brake,  75 

of  Ships,  56 

on  Inclined  Plane,  107,  108 

Quasi-Solid,  177 

Skin,  54 

Statical,  75 

Wheels,  69 

Frictional  Loss,  Reduction  of,  68 

Frictionless  Hinges,  151 

Froude.  54 

Froude  s  Dynamometer,  234,  238 

Fuel  Consumption,  93 

Fuller,  Prof.,  164 

Functions,  Graphing  of,  21 


G 


Galileo,  244 
Gas-Engine,  43 

—  B]q;>eriment  with  a,  9i 

Gas  Flowing  from  Orifice,  537 
Gauche  Polygon,  121, 143 
Gauge  Pressure,  505 
Gearing  Chain,  232,  572 

Spur,  Bevel,  95,  102 

General  Plane  Motion,  575 
Geology,  275 
Geometry,  Practical,  1 
Gennan  Silver,  289 
Girder,  898 

Bending  Moment  in,  393,  396 

Board  of  Trade  Rules  for,  305 

Calculation  of  Forces  in,  151 


The  Itejerenres  are  to  Pa^/es, 

Girder,  Diagonal  Braces  of,  393,  390 

Flanges  of,  398,  896 

Railwav,  401 

Rolled,  419,  421 

Shearing  Force  in,  393,  896 

Web  of,  893,  897 

Glass  279 

Sudden  Cooling  of,  279 

Toughened,  280 

Graphical  Statics,  1,  149, 151 

Graphing  of  Functions,  21 

Greenhill,  Pn^f.,  on  Stability  of  Shafts,  475 

Grid,  Hydraulic.  212 

Gui<lc  Blades,  529 

Gun  Experiments,  14 

Lifting  of,  199 

Making  of,  325 

Metal,  288 

Tensions  in,  183 

Wire  325 

Gyration, 'Radius  of,  138,  560 
Gyrostat,  498 


H 

Hammer,  Chipping,  204 

Tilt,  500 

Hammering  of  Iron,  285 
Hanging  Chain,  167 
Hardening,  Case,  285 

of  Steel,  290 

Harmonic  Motion,  20 

Law,  20 

Heat,  290 

Energy,  Unit  of,  42 

Heavy  Disc,  Vibration  of,  568 
Hemp- Packing,  177 
Hero*s  Engine,  486 
Hinge,  Quasi,  166 
Hinged  Arch,  114 
Hoists,  Balanced,  178 

Balancing  of,  201,  203,  204,  205 

Hotel,  Mill,  Warehouse.  200 

Horse-power,  39,  89 

Brake,  91 

Electrical,  92 

Indicated,  92,  95 

Hydraulic  Crane,  193 

Efficiency  of  Turbine,  529 

Forging,  170 

Grid,  212 

Intensifier,  186 

Jack,  68,  178 

Jack,  Efficiency  of,  175 

Limestones,  276 

Mean  Depth,  85 

Power  Company,  94, 187 

Power,  Loss  of,  53 

Press,  170 

Ram,  501 

Transmission,  52 

Hydraulics,  170 

Hypocycloids,  578 
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I,  fur  Various  iSectioiiH,  251 
Idea  of  Law  of  Depeiideuee  of  two  Vari- 
able Things,  63 

of  a  Rate,  14 

of  Slope,  15 

of  Velocity,  12 

Impact,  487,  505 
Impulse,  264 
Inclined  Plane,  i»9.  104 

Friction  on,  107 

Indiarubber.  SOo 

Cup,  177 

Shaft,  318 

Spring,  41 

Indicated  Horse-power,  95 
Indicator  Diagram,  40,  274 

Centre  of,  149 

Inertia,  40 

Moment  of,  135 

Principal  Moments  of,  187 

Rule  for,  7 

Instantaneous  Centre,  575 
Integral  of  a  Curve,  18 
Integrals,  Table  of,  16 
Intensifier,  186,  188 
Involute  of  Circle,  673 
Inward  Radial  Plow  Turbine,  531 
Iron,  Alloys  of,  287 

. Cast,  280 

Charcoal,  284 

Galvanised,  287 


The  Iteferences  are  to  Pages. 
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r 


Pig,  284 

Rolling  and  Hammering,  285 

Wrought,  284 

Irregular  Figure,  Appi*oximate  Area 
10 


Jack,  Hydraulic  or  Screw,  63, 178 
Jet  Pump,  516 
Joint,  Masonry,  458 
Joints,  Riveted,  336 

with  Friction,  112 

Joule,  42 

Journal,  Friction  at,  68 

Journals  and  Footsteps,  73 


Kater's  Pendulum,  560 
Kelvin,  Lord,  302 
Kelvin's  Analogy,  358 

Tide-Predicting  Machine,  565 

Kerosene,  Energy  of,  42 

Keys,  101 

Keystone  of  Arch,  165 

Kinematics,  1 

Kinetic  Energy,  242,  505-611 

of  Any  System,  588 

Kinetics  of  Mechanism,  220 


of, 


Kirchhoff,  366 
Knife  Edges,  118 
Knot  Brake,  236 
Kohlrausch,  303 


Laboratory,  Mechanical,  1 

Ladder,  Example  on,  184 

Lake  of  Water,  512 

Landing  Stage,  206 

Larch,  278 

Lathe,  Screw-Cutting,  101 

Law  Connecting  Variable  Things,  68 

of  Crane,  89 

of  Friction  for  a  Machine,  63 

of  Moments,  115 

of  Worth,  58 

Laws  of  Fluid  and  Solid  Friction,  80 
Leather  Collars,  170, 176 

Friction  at,  171 

Level  Surface,  22 
Lever,  116 
Limestones,  276 

Natural  Hydraulic,  276 

Line  of  Resistance,  118, 126,  161,  163 

Prcijecition  of,  27 

Vertical,  22 

Lines  of  Force,  217 
Link  Motions,  584 
Link  Polygon,  129  . 
Links,  Loaded,  160 
Live  Load,  305 
Load  Fbctor,  94 

Rolling,  402 

Loaded  Chain,  161 

Links,  160 

Loads,  Equi-pollent,  366 

Suddenly  Applied,  306 

I-oam,  282 

Local  Strengthening,  306 

Lock  Nuts,  311 

Locomotive,  Pull  of,  76 

Logarithmic  Curve,  568 

Logarithms,  1 

Loss  of  Energy,  by  Impact,  488 

of  Enei>^  due  to  Friction,  67 

of  Energy  due  to  Fluid  in  Pipe,  84 

of  Energy  in  Change  of  Strain,  308 

of  Energy  per  lb.  of  Water,  518 

of  Power  at  Different  Parts  of  Engine, 

90 
Love's  Treatise  on  Elasticity,  361 
Lowell  Formula  for  Rectangular  Notch, 

616,  536 
Lubricant,  66 
Body  of,  75 


M 


M,  for  Various  Sections,  251 

of  a  Wheel,  247,  248,  254 

\  llL«jc^\\ub,  Bailey's  Testing,  294 
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Machiue,  Cotton  Baling,  186 

Design,  70 

Kinetic  Energy  Stored  up  in,  268 

Riveting,  170 

Machinery,  Qaick  Speed,  530 

Water  R^ssure,  88 

Machines,  Balancing  of,  606 

Forging,  Welding,  Punching,  Stamp* 

ing.  Shearing,  196,  198 

Shearing,  835 

Steadiness  of,  252 

Magnet,  564 
Mahogany,  278 

Mainspring  of  Timekeeper,  554 
Malleable  Castings,  284 
Manganese,  284 

Bronze,  289 

Marbles,  275 
Masonry  Joint,  459 
Mass,  40 

Centre  of,  135 

Materials,  Behaviour  of,  290 

Used  in  Constmctiou,  275 

Weights  of,  9 

Mathematical  Tables,  24 
Mean  Depth,  Hydraulic,  85 
Mechanical  Advantage,  59,  88 

Hypothetical,  102 

of  Hydraulic  Jack,  174 

Mechanism,  220,  570 

Four-Link,  35 

Kinetics  of,  220 

Quick  Return,  578 

Mechanisms,  Acceleration  of«  583 

Velocity  of,  583 

Memel,  277 
Mensuration,  1,  6 
Metal,  288 

Arches,  478 

Babbit's,  289 

Delta,  289 

Flow  of,  298,  301,  335 

Gun,  289 

Muntz,  289 

Sterro,  289 

White,  289 

Mills,  Driving  of,  515 

Milne,  Prof.,  401 

Mitis  Castings,  287 

Modulus  of  EUsticity  of  Bulk,  317 

of  Rigidity,  333,  563 

of  Section,  398 

Young's,  299,  305 

Moment,  Bending,  128,  384 

Law  of,  115 

of  a  Force,  115 

of  Inertia,  185,  136 

of  Inertia  of  a  Circle,  141 

of  Inertia  of  Area,  149 

of  Inertia  of  Rectangle,  141 

of  Inertia  of  Sections,  898 

of  Momentum,  500,  528,  687 

Work  done  by,  116 

Momental  Ellipse,  142 
Momentum,  263 


The  Rtifereiices  are  to  Pages. 

Momentum,  Important  Bzample,  274 

— -  of  Cannon,  486 

of  Shot,  486 

Tangential,  524 

Mortar,  276 

Motion,  Fluids  in,  505 

of  Rotation,  127,  592 

of  Translation,  121,  592 

Periodic,  546 

Produced  by  Blow,  498 

Motions,  Link  Value,  584 
Moulder,  9 
Moulding,  282 
Muntz  Metal,  88 


Neutral  Axis,  381 

Surface,  381 

Newton's  Second  Law,  602,  604 

Nickel,  287,  289 

Non-Redundant  Frame,  Criterion  for,  148 

Norway  Spruce,  277 

Notch,  514 

Gauge,  515,  536 

—  Rectangular,  586 

Triangular,  514,  536 

Nozzles,  513 
Nuts,  311 


Oak,  English,  278 

Oil  JBnguies,  Ezpeximents  witl^  91 

Engines,  43 

Sperm,  t56 

Tester,  Thurston,  81 

Orifice,  512 

Gas  Flowing  from,  537 

Rectangular,  535 

Sharp-Edged,  513,  534 

Triangular,  535 

Water  from,  512 

Oscillating  Cylinder  Engine,  578 
Outward  Radial  flow  Turbine,  531 
Overhaulinje,  96,  104,  109 
Overhung  Crank,  365 


Packing  Hay,  185 
Parabola,  162,  168 
Parabolic  Rib,  162 
Paraboloids  of  Revolution,  218 
Paradox,  Ferguson's,  36      ' 
Parallel  Motion,  Watt's,  69 
Parallelogram  of  Forces,  30 
Patterns,  10,  282 
Peancellier  Cell,  578 
Pendulum,  Ballistic,  499,  500 

Compound,  559 

Conical,  546 


W 
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Pendulaiiij  E(|iiivalfint  Simple,.  &50 

Impdise  ^ven.  to,  S54 

Siniple,  242 

Simple,  Time  of  Swing,  651 

Percussion,  Centre  of,  499 
Periodic  Motion,  546, 602 

Not  S.H.M.,  654 

Time,  20,  546 

Time  of  BaUnoe,  55S 

Femuineut  Axeii,  607 

Set  in  Wire,  800 

Perry's,  Mr.  James,  Byphon,  517 

Phosphor  Bronze,  288 

Phosphorus,  284,  287 

Physics,  290 

Pianoforte  Wire,  289 

Piezometer,  178 

Pig-Iron,  Puddling  ahd  Refining  of,  284 

Pile  Driver,  278,  489 

Pin,  Resultant  Force  at,  112 

Pine,  Red,  277 

Pins,  101 

Pipe,  Bell.Mouthed,  522 

Flexible,  197 

Resistance  to  Motion  of  Fluid  in  a, 

76 

Strength  of,  182,  319 

Suddenly  Enlarged,  518 

Wooden,  188 

Pipes,  Bends  in,  519 

Flow  of  Water  in,  53 

Piston-Rod,  809 

Pitch  of  Screw,  100      . 

Plane  Motion,  576 

Planimeter,  2,  7 

Plastic  Elonf^iou^,  801 

Plasticity,  801 

Plate,  Flat,  380 

Platform,  Weight  of,  402 

Plotting  on  Squared  Paper,  62,  80,  89,  91, 

92  229 
Poisson's  Ratio,  843 
Polygon,  Closed,  120 

Gauche,  121 

Link,  129 

of  Forces,  124 

Unclosed,  1^ 

Poi-tland  Cement,  277 

Potential  Energy.  40,  242,  505,  511 

Poundage  of  Steam,  95 

Power,  Loss  of,  at  Different   Parts    of 

Engine,  90 

Misuse  of  this  Expression,  89 

of  a  Stream,  515 

Transmission  by  Shafts,  224 

Pi-eccssion  of  Top,  596 
Press,  Cotton.  184^ 

for  Packing  Hay,  185 

for  Wai-ehouses,  185 

Hand,  185 

Hydmulic,  170 

Pressure  Energy,  505,  511 

Gauge,  505 

of  a  Fluid,  215  \ 

of  Earth,  167,  348  -_  \ 


The  R^trtnoes  are  to  Pages^ 

Pressure  of  Water,  167 

on  Immersed  Surraoe,  215 

Principal  Moment  of  Inertia,  19^ 

Stress,  354 

Stresses,  864 

Principle  of  Work,  120 

Prints,  10,  282 

Prism,  Centre  of  Gravity  of;  9 

of  Elliptic  Section,  876 

Twisting  or  Bending  of,  36& 

Volume  of,  9 

Prismatic  Body,  Volume  of,  9 
Projectile,  245 
Projection  of  Area,  27 

of  Line,  27 

Propeller  Shaft,  82, 100 
Propulsion  of  Ships,  52,  525     ' 
Protractor,  28' 
Puddling  of  Pig-Iron,  284 
Pull,  How  it  is  Exerted,  292 
Pidley  Block,  98 

Block,  Efficiency  of,  98 

Coned,  87 

Friction  of,  58 

Rim  of,  283 

Pump,  505 

Centrifugal,  88,  264»  508 

Doable-Acting  Force,  50G 

Efficiency  of,  43 

Force,  506 

Jet,  516 

Lifting,  505 

Mechuiism,  578 

Punching,  885 
Bear,  179 


Q 

Quantity,  Scahir,  29 

Vector,  29 

Quartz  Fibres,  299 
Quasi-Hinge,  166 

Rigidity,  497 

Solid  Friction,  177 

Quicklime,  276 

Quick  Return  Mechanism,  57& 


R 


Rack,  573 
Radial  Gears,  584 
Radian,  Definition  of,  23 
Radius  of  Curvature,  22,  888 

of  Gyration,  136,  251,  560 

Rafford's  Dynamometer,  86 
Railway  Axles,  88 

Broke,  Friction  of,  75 

G<rder,  183,  402 

Ram,  Hydraulic,  508 

Rankine,  819 

Rankine's  Rule  for  Earth,  349 

Rate,  Algebraical  Repi-esentation  of,  15 

Ratio,  Velocity,  59 
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Rectangnlar  Notch,  586 

Orifice,  534 

«ed  Pine,  277 
Redundant  Bars,  895 
Refining  of  Pig-iron,  284 
Regulation  of  Turbine,  529 
ReUitive  Velocity,  32, 34,  35 

Viscosities,  569 

Resilience,  41,  308 

Compressive,  316 

Shcai-,  316 

Tensile,  316 

Resistance,  Line  of,  118, 114, 161,  480 

of  a  Moving  Train,  44 

to  Motion  of  Fluid  in  a  Pipe,  76 

to  Rolling,  85 

Wave,  54 

Resolved  Part  of  a  Vector,  29 
Resultant  Forc^,  29, 129 

on  Forces  in  Oiie  Plane,  122 

Reynolds,  Prof.  O.,  73,  78,  81-4,  541 
Rib  Arched,  162 

Parabolic,  162 

Rigidity,  Flexural,  634 

Modulus  of,  333,  563 

Quasi,  497 

Torsional,  634 

Rim  of  Wheel,  Volume  of,  9 
River  Weaver,  206 
Riveted  Joints,  336 

Work,  297 

Riveting  Machine,  170 
Rocks,  Slaty,  Stratified,  275 
Rolled  Girder  Section,  419,  421 
Rollers,  Curved,  572 

for  Ginler,  183 

Rolling,  106 

and  Hammering  of  Iron,  285 

of  a  Cone,  577 

Load,  408 

Resistance  to,  85 

True,  571 

Roof,  Calculation  of  Forces  in,  151,  153 

Principal,  133 

Rope,  Centrifugal  Force  in,  322 

Weight  of,  315 

Ropes,  Wire,  232 

Rotating  Body,  Energy  in,  247 

Cylinder,  368 

Rotation,  Motion  of,  127 
Rubbing,  Distance  of,  68 
Rules  for  Beams,  410 

for  Deflection  of  Beams,  431 

for  Flow  of  Water  through  Notch, 

515,  536 

for  Periodic  Time  in  S.H.M.,  549 

for  Simple  Pendulum,  551 

for  Struts,  466 

for  Strength  of  Pipe,  182 

Rupert's  Drop,  183,  280 


S 


Safety,  Factor  of,  30 


The  References  are  to  Pa^. 

Safety-valve,  116 
Sandstones,  275 

Green,  Dry,  282 .        .      , 

Scalar  Quantity,  29   '  .  . 
Scraped  Surfaces,  78        •  '    . 
Screw,  The,  99                    r 
Cutting  Lathe,  101        '  . ' 

Jack, 63 

Jack,  Efficiency  of,  110 

Piles,  101 

Pitch  of,  100 

Propeller,  101 

Propeller  Blades,  289 

Square-Threaded,  i09 

Thread,Whitworth,  Sellers.  Buttress, 

101 
Seasoning  of  Timber,  101.  . 
Section,  Change  of  Shape  of,  374 
Sections  of  Structures,  159 
Seizing,  73 
Sellers'  Thread,  101 
Sense  of  Vector,  29 
Shaft,  Hollow  Round,  354 

Indiarubber,  31§ 

Overtwisted,  290  , 

Section,  an  Equilateral  Triangle,  377 

Shafts  of  Various  Sections,  857 

Stability  of,  476 

Strength  of,  351,  852 

Subjected  to  Twi9ting  and  Bending,  ^ 

353 

Whiriing  of  Loaded,  476 

Shape  of  Stream  from  Orifice,  534 

of  Teeth,  572 

of  Worm  Thread,  674. 

Sharp-edged  Notch,  536 

Orifices,  534 

Shear  and  Twist,  332 

Strain,  332,  341,  850 

Stress,  332 

Stress  in  Beams,  460 

Shearing;  Force,  128,  388,  aS6,  63^ 

Force  in  Beams,  414,  42T 

Machines,  835  . 

Ship,  496 

Displacement  of  a,  55 

Heeling  Angle  of,  26Q 

Righting  Moment  of,  260 

Ships,  Friction  of,  50 

Horse-power  of,  54 

Models  of,  55 

Propulsion  of,  52,  625 

Resistance  to  Motion' .o^  54 

Speed  of,  53 

Shot,  Momentum  of,  486- 
Silicon,  284 

Bronze,  289 

Silver,  Alloys  of,  289 
Similar  Figures,  Area  j6f,  8.  . 

Structures,  S^militrly  Loaded,.  424 

Simple  Harmonic  Motion^  2(L  2^  ^ 

Harmonic  Motion,  JUlplitude.of,  20 

Harmonic  Motion,  Frequener  o^  20 

Harmonic  Motion,  Periodic  Time  o^ 

20  ; " 
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Simple  Harmonic  Motions,  Corobiuatiou 

of,  555 
SimpcM>n'8  Rule,  7 
Sine  of  an  Angle,  tiS 
Sines,  Carve  of,  78 
Skeleton  Drawings,  ^1,  fi70 
Skew  Bevel  Wheels,  572 
SUder  Crank  Chain,  577 
Sliding,  106 

Contact,  571 

Slip  of  Belt^  86,  282 
Slope  of  a  Cfurve,  15 
Smith,  Prof.  R.  H.,  45,  582 
Snatch  Block,  102 
Soapy  Water,  Use  of,  287 
Space  Average  of  a  Force,  45 

Average,  Time  Average,  272,  274 

Rate,  Time  Rate,  269 

Specific  Gravity,  10 
Speed  of  Ballet,  14 

of  Commercial  Ships,  53 

of  Train,  12 

Sperm  Oil,  66 
Sphere,  Surface  of,  8 

Volume  of,  8 

Spherical  Shell,  Thick,  825 
Spinning,  106 

Tops,  498 

Spiral  Flow  of  Water,  .589,  540 

Spring,  Vibration  of,  550 

Spring  Balance,  40 

of  Indiarubber,  41 

of  Steel,  41 

Spiral,  Vibration  of,  550 

Springs,  613 

Buffer  Stop,  613 

C,  643 

Carriage,  618,  640 

Clock,  613 

Cylindrical  Spiral,  624,  633 

Different  Forms  of,  618 

Elongation  of,  630 

Flat  Spiral,  624,  627,  628,  629 

Hardening  and  Tempering  of,  622, 649 

Materials  Used  in,  620 

Phosphor  Bronze,  622 

Resilience  of,  620,  641 

Spiral,  622 

Tubular  Spiral,  642,  643 

Uses  of,  620 

Vibration,  615 

which  Bend,  462 

Spruce,  Norway,  277 
Spur  Gearing,  95, 102 

Wheel,  36 

Squared  Paper,  1,  13,  15,  21,  44,  60, 89, 90, 

229,  293,  300,  565 
Square-threaded  Screw,  Efficiency  of,  109 
Statical  Friction,  75 
Steadiness  of  Machines,  252 
Steady  Motion  in  Fluids,  532 
Steam  Engine,  43 

Turbine,  581 

Steel,  285 
Basic,  280 
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Steel,  Bessemer,  285 

Cast.  183 

Castings,  Annealing  of,  286 

Crucible,  286 

Hardening  of,  290 

Ingots,  285 

Martin,  289 

Rails,  286 

Shear,  285 

Siemens',  286 

Spring,  41 

Strength  of,  286 

Tempering  of,  285 

Weight  of,  9 

Step,  68 

Stepped  Cones,  26 
Stitfhess  of  Beams,  432 
Stilling  of  Vibrations,  565 
Stone,  275 

Artificial  276 

Stoppage  OSaddeii)  of  Water  in  a  Pipe, 

192,  501 
Storage  of  Energy  in  Fluids,  321 
Stores  of  Energy,  42,  509 
Straight  Line  Law,  62 
Strain,  293,  296,  312 

Energy,  85,  807,  489 

in  Castings,  183 

Nature  o^  811 

Potential,  362 

Shear,  331,  341 

Strained  Spring,  Energy  uf,  41 
Stream  Lines,  Circular,  541 
Strength  of  Boiler,  319 

of  Chains,  315 

Modulus  of  Sections,  899 

of  Pipe,  182,  319 

of  Ropes,  315 

Stress,  296 

Principal,  354 

Shear,  331 

Structures,  Determination  of  Forces  in, 

156 

Method  of  Sections,  l'>9 

Struts,  151,  463 

Bending  of,  464 

Euler's  Formula,  465 
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Mesdag,   H.  W.,  the  Painter  of  the  North   Sea.     With   Etchings 

and  Descriptive  Text.     By  Ph.  Zilcken.     The  Text  translated  from 

the  Dutch  by  Clara  Bell.    36s. 
Modern    Europe,    A    History   of.     By  C.   A.   Fyffe,   M.A.     Cheap 

Edition  in  One  Volume ^  los.  6d.   Library  Edition.  Illustrated.  3  Vols., 

7s.  6d.  each. 
Music,  Illustrated  History  of.     By  Emil  Naumann.     Edited  by  the 

Rev.  Sir  F.  A.  Gore  Ouseley,  Bart.      Illustrated.   Two  Vols.  '31s.  6d. 
National  Library,  Cassell's.   In  214  Volumes.     Paper  covers,  3d. ;  cloth, 

6d,     {A  Complete  List  o/the  Volumes  post  free  on  application.) 
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Nuralne  for  ihe  Home  and  for  the   Hoipital,  A  Handboo 

ByC«THBi<inEj.  Wood.    Cktaf  Edili^n.    «.  6d. :  dmh.  i». 
HuTBine  of  Sick  Cbjldren.    By  Cathhsinb  J.  Wood.    aa.  6d. 
Oil  PaintiDE,  A  Manual  ol.    By  the  Hon.  John  Collibr,    aa.  6d 
Oui  Own  Country.    SU  Vols.    With  i.aoa  lUuslnuions.    7a.  6d.  ei 
Palntine,  The  Bngliah  School  o£     Ci^af  Eduisit.    3a.  td. 
Painting,  Practical  Quidea  to.    Wiib  Culoured  Plate.  :- 

M*iiiNB    Paihtikg,     Si.;      Animal    Painting,    5";      C 
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Selections  from  Cassell  %  Company s  Puhltcatums, 

Photography  for  Amateurs.     By  T.  C.  Hepworth.    Hid.    is.  or  zs.  6d. 
Phrase   and  Fable,   Dr.   Brewer's  Dictionary  of.      Entirtly   New 

and  Greatly  Enlarged  Edition.    los.  6d.    Also  ia  half- morocco.  Two 

Vols.,  15s. 
Picturesque  America.    Complete  ia  Four  Vols.,  with  48  Exquisite  Steel 

Plates   and   about   800  Original  Wood   Engravings.       ^vi  xas.  the 

set.    Popular  Edition,    In  Four  Vols.,  i8s.  each. 

Picturesque  Australasia,  Cassell's.       With  upwards  of  1,000  IIlus< 

trations.     In  Four  Vols.,  7s.  6d.  each.  [the  Set. 

Picturesque  Canada.   With  600  Original  Illustrations.  TwoVols.    £998. 

Picturesque    Europe.       Complete    in^  Five    Vols.      Each    containing 

13  Exquisite  Steel   Plates,  from  Original  Drawings,  and  nearly  200 

Original  Illustrations.    Cloth,  £ai.      Popular     Edition.     In    Five 

Vols.,  i8s.  each 
Picturesque  Mediterranean, The.  With  Magnificent  Origmal  Illustrations 

b5'  the  leading  Artists  of  the  Day.  Complet  e  in  Two  Vols.  £2  as.  each . 
Pigeon  Keeper,  The  Practical.  By  Lewis  Wright.  Illustrated.  3s.  6d. 
Pigeons,    Fulton's   Book    of.      Edited  by  Lewis  Wright.     Revised, 

Enlarged,  and  Supplemented  by  the  Rev.  W.  F.  Lumlkv.     With  50 

Full  page  Illustrations.     Popular  Edition.  lOB.  td.    Original  Edition, 

with  50  Coloured  Plates  and  Numerous  Wood-Engravings,     axs. 
Planet,  The  Story  of  Our.     By  the  Rev.   Prof.  Bonnsy,  F.R.S.,  etc. 

With  Coloured  Plates  and  Maps  and  about  xoo  Illustrations.     Cheap 

Edition,    los.  6d. 
Pocket  Library,  Cassell's.    Cloth,  is.  4d.  each. 

A  King's  Diary.     By   Percy  White,     a  Wlilte  Baby.     By  James 
Welsh.     The  ijittle  Huguenot.    By  Max   Pbmberton.     a    whirl 

Asunder.    By  GERTRUDE   Atherton.     Lacy  Bonnie's  Exi>erimeat. 
By  TiGHE  Hopkins.    The  Faying  Quest.    By  Georgh  Gissing. 
Portrait  Gallerv,  The  Cabinet.  Complete  in  Five  Series,  each  containing 

36  Cabinet  Photographs  of  Eminent  Men  and  Women.     X5S.  each. 
Portrait  Gallery,  Cassell's  Universal.    Containing  240  Portraits  of 

Celebrated  Men  aud  Women  of  the  Day.     Cloth,  6s. 
Poultry  Keeper,  The  Practical.     By  L.  Wright.    Illustrated.   38.  6d. 
Poultry,  The  Book  of.     By  Lewis  Wright    Popular  Edition.    ios.6d. 
Poultry,  The  Illustrated  Book  ot.     By  Lewis  Wright.    With  Fifty 

Coloured  Plates.    New  and  Revised  Edition.     Qoth,  gilt  edges,  ais. 

Half-morocco  {Price  on  application^. 
"Punch,"  The  History  of.    By  M.  H.  Spielmann.    With  nearly  170 

Illustrations,   Portraits,  and  Facsimiles.    Cloth,  i6s. ;  Large  Paper 

Edition^  £a  as.  net. 
Q's  Works,  Uniform  Edition  of.    5s.  each. 

Dead  Man's  Bock.      The  Splendid  Spur.      The    Blue   Pavilions. 

The  Astonishing  History  of  Troy  Town.     "I  Saw  Three  Ships,** 

and   other  Winter's  Tales.      Noughts  and  Crosses.      The  Delectable 

Duchy. 
Queen  Summer  ;  or,  The  Tourney  of  the  Lily  and  the  Rose.    With  Forty 

Pages  of  Designs  in  Colours  by  Walter  Crane.    6s. 
Queen  Victoria,  The  Life  and  Times  of.   By  Robert  Wilson.   Com- 
plete in  Two  Vols.    With  numerous  Illustrations,    gs.  each. 
Queen's  London,  The.      Containing  nearly    400  Exquisite  Views    of 

London  and  its  Environs.     Cloth,  9s. 
Rabbit-Keeper,  The  Practical.    By  Cuniculus.     Illustrated.    3s.  6d. 

Railways,  Our.    Their  Origin,  Development,  Incident,  and  Romance. 

By  John  Pendleton.     Illustrated.    2  Vols.,  xas. 

Railway  Guides,  Official  Illustrated.     With  Illustrations,  Maps,  &c. 

Price  IS.  each ;  or  in  cloth,  as.  each. 

London  and  North  Western  Railway,  Great  Western  Railway, 

Midland  Railway,  Great  Northern  Railway,  Great  Eastern 

Railway,  London   and  South    Western   Railway,    London, 

Brighton  and  South  Coast  Railway,  South  Eastern  Railway. 


Selections  from  Casseli  ^  Company  s  Publications. 

Railway  Guides,  Official  Illustrated.  Abridged  and  Popular  Editions. 
Paper  covers,  3d.  each. 

Great  Eastern  Railway,  London  and  North  Western  Railway 
London  and  South  Western  Railway,  Gkeat  Western  Rail- 
way, Midland  Railway,  Great  Northern  Rah  way,  Lonlon, 
Brighton  and  South  Coast  Railway,  South  Eastern  Railway. 
Rivers  of  Great   Britain  :    Descriptive,  Historical,  Pictorial. 
Rivers  of  the  South  and  West  Coasts.    428. 
The  Royal  River  :  The  Thames,  from  Source  to  Fea.     i6s. 
Rivers  of  the  East  Coast.    Popit/ar  Editiott,  i6s. 
Robinson    Crusoe,     Cassell's    New    Fine-Art    Edition.     7s.  6d. 
Cheap  Edition^  3s  6d.  or  5s. 

"  Rogues  of  the  Fiery  Cross."  By  S.  Walkey.  With  16  Full  page 
Illustrations.     5s. 

Russo-Turkish  War,  Cassell's  History  of.  With  about  500  Illus- 
trations.   Two  Vols.,  gs.  each.  Niw  Edition^  Vol.  I.,  gs. 

Saturday  Journal,  Cassell's.    Yearly  Volume,  cloth,  7s.  6d. 
Scarlet  and   Blue :  or  Songs  for   Soldiers  and  Sailors      By  John 
Farmer.    5s.    Words  only,  paper,  6d.  ;  cloth,  gd. 

Science  Series,  The  Century.  Consisting  of  Biographies  of  Eminent 
Scientific  Men  of  the  present  Century.  Edited  by  Sir  Henry  Roscoe, 
D.C.L.,  F.R.S.    Crown  8vo,  38.  6d.  each.  ^ 

John  Dalton  and  the  Bise  of  Modem  Chomistry.    By  Sir  Hhnky  E. 

ROSCOE,  F.R.S. 
Major  Bennell,   F.R.S..  nnd   the  Bise    of  English    Oeograpby.     By 

Sir  CLUMIiNTS  R.  Markham,C.B.,F.R.S. 
JuatoB  Von  Liebig :  His  Life  and  Work.    By  W.  A.  ShiiNSTONE.  F.I.C. 
The  Herschels  and  Modern  Astronomy.    By  Miss  Agnes  M.  Ci.kkke. 
Charles  Lyell  and  Modem  Geologv.    By  Professor  T.  G.  Bonney,  F.K.S. 
J.  Clerk  Maxvrell  ana  Modem  Phvsios.    Bv  K.  T.  CxLazebkook,  F.R,S. 
Humphry  Davy,  Poet  and  FhiloJiopher.    By  T.  E.  Thorpe,  F.R.S. 
Charles  Darwin  and  the  Theory  of  Natural  Selection.    By  Edward  B. 
POULTON,  M.A.,  F.R.S. 

Science  for  All.  Edited  by  Dr.  Robert  Brown.  Cheap  Edition,  In 
Five  Vols.    3s.  6d.  eaclu 

Scotland,  Picturesque  and  Traditional.     By  G.  E.  Eyrb>Todu.    6s. 
Sea,  The  Story  of  the.    Edited  by  Q.     Hid.    In  Two  Vols.,  gs.  each. 
Shaftesbury,  The  Seventh  Earl  of,  K.G.,  The  Life  and  Work  of.  By 
Edwin  Hodder.     CIteap  Edition.    3s.  6d. 

Shakespeare,  The  Plays  of.  Edited  by  Professor  Henry  Morley. 
Complete  in  Thirteen  Vols.,  cloth,  ais. ;  also  39  Vols.,  cloth,  in  boxj 
2XS. ;  half-morocco,  cloth  sides,  42s. 

Shakespeare,  Cassell's  Quarto  Edition.  Containing  about  600  llhis* 
trations  by  H.  C.  Selous.     Complete  in  Three  Vols.,  cloth  gilt,  £3  3s. 

Shakespeare,  The  England  of.  Neiu  Edition.  By  E.  Goadby.  With 
Full-page  Illustrations,    as.  6d. 

Shakspere,  The  Leopold.  With  400  Illustrations.  Cheap  Editiotu 
3s.  6d.     Cloth  gilt,  gilt  edges,  5s.  ;  roxburgh,  7s.  6d. 

Shakspere,  The  Royal.  With  Steel  Plates  and  Wood  Engravings. 
Three  Vols.     15s.  each. 

Sketches,  The  Art  of  Making  and  Using.  From  the  French  of 
G.  Fraipont.     By  Clara  Bell.    With  50  Illustrations,    as.  6d. 

Social  England.  A  Record  of  the  Progress  of  the  People.  By  variou.«« 
Writers.  Edited  by  H.  D.  Traill,  D.C.L.  (Completion.)  Vols.  I.,  II.  & 
III.,  15s.  each.     Vols.    IV.  &  V.,  17s.  each.     Vol.  VI.,  i8s. 

Sports  and  Pastimes,  Casseirs  Complete  Book  of.  Cheap  Edition. 
With  more  than  900  Illustrations.  Medium  8vo,  992  pages,  cloth,  3s.  6d! 

Star-Land.     By  Sir  R.  S.  Ball,  LL.D.,  etc.     Illustrated.    Cs. 


Selections  from  Cassell  %  Company s  Publicuiions, 


Story  of  my  Life,  The.     By  the  Rt.  Hon.  Sir  Richard  Temple,  Bart., 

G.C.S.I.,  etc.    Two  Vols.    axs. 
Sun,  The.     By  Sir  Robert  Stawell  Ball,  LL.D.,  F.R.S.,  F.R.A.S. 

With  Eight  Coloured  Plates  and  other  Illns.    Cheap  Edition,    los.  6d. 
Thinn  I  have  Seen  and  People  I  have  Known.     By  G.  A.  Sala. 

vTiih  Portrait  and  Autograph,    a  Vols.    axs. 
Three  Honnes,    The,    By  the  Verj'  Rev.  Dean  Farrar,  D.D.,  F.R.S. 

Wuh  Eight  Full-page  Illustrations.    6s. 
Tidal  Thames,  Ihe.     By  Grant  Allen.     With  India  Proof  Iippres- 

sions  of  Twenty  magnificent  Full-page  Photogravure  Plates,  and  with 

many  other   Illustrations  in    the  Text  after  Original    Drawings  by 

W.  L.  WvLLiE,  A.R.A.     New  Edition^  cloth,  428.  net.    A'so  in  Half- 
morocco. 
To  the  Death.    By  R.  D.  Chetwode.    With  Four  Plates,  58. 
Treatment,  The  Year-Book  of,  for  1898.    A  Critical  Review  for  Prac- 
titioners of  Medicine  and  Surgery.     Fourteenth  Year  of  Issue,    78.  6d. 
Trees,  Familiar.     By  G.  S.  Boulgbr,  F.L.S.    Two    Series.     With  40 

Coloured  Plates  in  each.     {Price  on  application.) 
Uncle  Tom's  Cabin.     By  Harriet  Beechbr  Stowe.    With  upwards 

of  100  Original  Illustrations.     Fine- Art  Memorial  Edition^  7s.  6d. 
"  Unicode"  :    the  Universal  Telegraphic  Phrase  Book.     Desk  or 

Pocket  Edition,    as.  6d. 
United   States.  Cassell 's    History  of  the.     By    Eumund  Oluer. 

With  600  Ilmstrations.    Three  Vols.    gs.  each. 
Universal  History,  Cassell*s  Illustrated.  Four  Vols.    98.  each. 
War  and  Peace,  Memories  and  Studies  ot.    By  Archibald  Forbes, 

LL.D.    Original  Edition,  its.     Cheap  Edition,  ^. 
Westminster  Abbey,  Annals  of.   By  L.  T.  Bradley  (Mr*.  A.  Murray 

Smith).    Illustrated.   WithaPrefaceby  the  Dean  of  Westminster.   638. 
Wild  Birds,  Familiar.    By  W.  Swavsland.    Four  Serie.s.     With  4c 

Coloured  Plates  in  each.    (Sold  in  sets  only  ;  price  on  application.) 
Wild  Flowers,  Familiar.     By  F.  E.  Hulme.  F.L.S..  F.S.A.   With  200 

Beautiful  Coloured  Plates.   Cheap  Edit  on.   In  Five  Vols.  38. 6d.  each. 
Windsor  Castle,  The  Governor's  Guide  to.     By  the  Most  Noble  the 

Marquis  of  Lorne,  K.T.     Illustrated,     zs.  ;  cloth,  3s. 
W.t  and  Humour,  Cassell's  New  Woild  of.     With  New  Pictures  and 

New  Text.     In  Two  Vols.,  68.  each. 
With  Claymore  and  Bayonet     By  Col.  Percy  Groves.     Hid.    38.  6d. 
Work.     The   Illustrated   Weekly  Journal   for   Mechanics.      Half-Yearly 

Vols.,  4s.  each. 
•'  Work  "  Handbooks.    Practical  Manuals  prepared  under  the  direction 

oJVkvx.  N.  Hasluck,  Editor  of  Work.     Illustrated,     is.  each. 
World  of  Wonders.     Illustrated.       Cheap  Edition.   Two  Vols.,  4s.  6d. 

each. 


ILLUSTRATED  MAGAZINES. 

The  Quiver.    Enlarged  to  96  pages.    Monthly,  6d. 

Cas/telPa  Fatnilf/  Magazine,  Enlarged  to  112  pages.  MonthIy.6d 

** Little  Folks"   Mayaziue.     Monthly,  6d. 

The  Magazine  of  Art.     Monthly,  is.  4d. 

«*  Chunna.**   Illustrated  Paper  for  Boys.    Weekly,  id.  ;  Monthly,  6d.. 

CaaselVs  Saturday  Journal.     Weekly,  id. ;  Monthly,  6d. 

Work.    Weekly,  id. ;  Monthly,  6d. 

Building  World.    An  Illustrated  Journal  for  the  Building  Trades. 

Weekly,  id. ;  Monthly,  6d. 
Cottage  Gardening.    Weekly,  %d. ;   Monthly,  3d. 

CASSELL  &  COMPANY,  Limited,  Ludgate  Hill,  London, 


Stleetioiu  from  Casull  i  Company s  PuiHcalUas. 

Bible  Biographies.    Illustrated.    IB.  Gd.  cadi, 
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Lealhei. 
idited  by  the  Very  Rev.  Dean  Pluhptke,  D.D. 

naty,  Casieil'V Concise.     ByilieRev.  Robeht  Hunted, 

i^i^Mj^    lUtatrAUd,    Tfl.  6d- 
Blble  atndent  Id  the  British  Mumeum.  The.      By  Ihe  Rer.  J.  G 

KiTCHIN,  H.A,    Siw  atvt  Rtviird  Edilitn.    iB.4d. 
Bunyan,  Cosaell's  Illustrated.   With  KsOriginal  Illukiiniiuns.    Cktxf 

Ediliim.    39.  M. 
Child's  Bible,  The.    With  «»  lllusiraiioiis.     tMh  Thema^/.    79.  ed. 
Child's  Life  of  Chriat,  The.    With  itoIllusiraiioDi.    n.M. 
Church  of  EhEland,  The.    A  History  for  the  People.    By  the  Very  Rev. 

H.O.M.Sl«t<CB,D.O.,DeanofGloiiceiter.    fllusirated.    VdI^.  1.  & 

II.,  61.  each. 
Church  Reform  in  Spain  and  PoTtugal.    By  the  Rev.  H.  E.  NoVBS, 

]s.,»4S.r"nn>rocco,£ai«! 
>luine ;  cloth,  gill    edges, 
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Early  Day!  of  ChriatiaQity,  The.  By  thi 
]5.D.,F.R.S.  LtBRARY  Edition.  Two  I 
PtipULAK  Edition.    Complete  in    One  ' 
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Selections  from  Cassell  #  Company* s  PublicaHotis. 


Holy  Land  and  the  Bible,  The.  By  the  Rev.  C.  Gkikie,  D.D.,  LL.D. 
(Edin.).    Chtap  Edition^  with  34  Collotype  Plates,  Z3S.  6d. 

Life  of  Christ,  The.  By  the  Very  Rev.  Dean  Farrar,  D.D.,  F.R.S.' 
Cheap  Ed.tion.  With  16  Full-page  Plates.  Cloth  gilt,  38.  6d. 
Library  Edition.  Two  Vols.  Cloth,  248. ;  morocco,  428. 
Illustrated  Edition.  Cloth,  78.  6d. ;  cloth,  full  gilt,  gilt  edges, 
IDS.  6d.  Popular  Edition.  With  a 6  Full  page  Plates.  Cloth  gilt, 
gilt  edges,  7s.  6d. 

Mo8e8  and  Geology ;  or.  The  Harmony  of  the  Bible  with  Science. 
By  the  Rev.  Samuel  Kinns,  Ph.D.,  F.R.A.S.  Illustrated.  Library 
Edition^  Revisea  to  Da:t.    xos.  6d. 

My  Life  in  Christ.  Being  Extracts  from  the  Diary  of  the  Most  Reverend 
John  Iliytch  Sbrgibff  (Father  John).  Translated  by  E.  E. 
GouLAEFF,  St.  Petersburg,    gs. 

Commentary  for  English  Readers.  Edited  by  \  ishop  Ellicc  ■  t. 
With  Contributions  by  eminent  Scholars  and  Divines  :  — 

New  Testament.  Original  Edition.  Three  Vols  ,  sis.  each ;  or  in 
half-rooroccOk  £i  14s.  6d.  the  set.  Pypular  Edition.  Unabrid^^d. 
Three  Vols.,  4s.  each 

Old  Testament.  Original  Edition.  Five  Vols.,  sis.  ea  h  ;  or  in  half- 
morocco,  £^  17s.  6d.  the  set.  Pofnlar  bdition.  Unabridg^ed.  Five 
Vols.,  4S-  each. 

*»•  The  Compute  Set  0/  E'ght  Volumes  in  the  Po/itlar  Edition  is 

sup/,  tied  at  30J. 

New  Testament  Commentary.  Edited  by  Bishop  Ellicott.  Handy 
Volume  Edition.  St.  Matthew,  3s.  6d.  St.  Mark,  3s.  St.  Luke, 
3s.  6d.  St.  John,  3s.  6d.  The  Acts  of  the  Apostles,  38.  6d.  Romans, 
38.  6d.  Corinthians  L  and  IL,  38.  Galatians,  Ephesians,  and  Philip- 
pians,  38.  Colossians,  Thessalouians,  and  Timothy,  38.  Titus, 
Philemon,  Hebrews,  and  James,  3s.  Peter,  Jude,  and  John,  3s. 
The  Revelation,  3s.     An  Introduction  to  the  New  Testament,  y.  6d. 

Old  Testament  Commentary.  Edited  by  Bishop  Ellicott.  Handy 
Volume  Edition.  Genesis,  38.  6d.  Exodus,  38.  Leviticus,  38. 
Numbers,  as.  6d.     Deuteronomy,  as.  6d. 

Plain  Introductions  to  the  Books  of  the  0:d  Testament.  Edited 
by  Bishop  Ellicott.    38.  6d. 

Plain  Introductions  to  the  Books  of  the  New  Testament.  Edited 
by  Bishop  Ellicott.    38.  6d. 

Protestantism,  The  History  of.     By  the  Rev.  J.  A.  Wylie,  LL.D. 

Containing  upwards  of  600  Original  Illustrations.    Three  Vols,  gs.each. 

Quiver  Yearly  Volume,  The.    With  about  600  Original  Illns.     78.  6d. 

Religion,  The  Dictionary  oil  By  the  Rev.  W.  Benham,  B.D. 
Cheap  Edition,     xos.  6d. 

St.  George  for  England  ;  and  other  Sermons  preached  to  Children.  By 
the  Rev.  T.  Tsignmouth  Shore,  M.A.,  Canon  of  Worcester.    58. 

St.  Paul,  The  Life  and  Work  of.  By  the  Very  Rev.  Dean  Farkar, 
D.D.,  F.R.S.  Cheap  Edition.  With  16  Full-page  Plates,  cloth  gilt, 
38,  6d. ;  Library  Edition.  Two  Vols.,  cloth,  348. ;  calf,  438. 
Illustrated  Edition,  One  Vol.  £x  zs. ;  morocco,  £3  as.  Popular 
Edition.     One  Volume ;  Persian  morocco,  xos.  6d. ;   tree-calf,  158. 

"Sunday,"  Its  Origin,  History,  and  Present  Obligation.  By  the 
Ven.  Archdeacon  Hessev,  D.C.L.    FOth  Edition.    78.  6d. 

Twilight  of  Life,  The.  Words  of  Counsel  and  Comfort  for  the 
Aged.     By  the  Rev.  John  Ellerton,  M.A.    is.  6d. 


Selections  from  Cassell  f  Company's  PuhlicaHons, 

^Irucattonal  Morhs  antr  j^tubenta'  iltamtals. 

Agricultural  Text-Books,  Cassell's.    Edited  by  John  Wrightson, 

Professor  of  Agriculture.     Hid.,  as.  6d.   each.— Farm    Crops.      By 

Prof.   Wrightson.— Soils    and    Manures.     By  J.  M.  H.  Munro, 

D.Sc.  (London),  F.I.C.,  F.C.S.— Live  Stock.    By  Prof.  Wrightson. 
Alphabet,  Cassell's  Pictorial.    3s.  and  as.  6d. 
Arithmetics,  Cassell's  "  Belle  Sauvage."    By  George  Ricks,  B.Sc. 

Lond.     With  Test  Cards.     (List  on  application.) 
Atlas,  Cassell's  Popular.    Containing  24  Coloured  Maps.    is.  6d. 
Book-Keeping.     By  Theodore  Jones.     For  Schools,  as. ;   cloth,  38. 

For  the  Million,  as. ;  cloth,  3s.     Books  for  Jones's  System,  as. 
British   Empire    Map  of   the  World.     New  Map   for   Schools   and 

Institutes.    By  G.  R.  Parkin  and  J.  G.  Bartholomew,  F.R.G.S.    ass. 
Chemistry,  The  Public  School.     By  J.  H.  Anderson,  M.A.    as.  6d. 
Cookery  ior  Schools.    By  Lizzie  Heritage.    6d. 
Dulce  Domum.      Rhymes  and  Songs  for  Children.       Edited  by  John 

Farmer,  Editor  of"  Gaudeamus,"  &c.     Old  Notation  and  Words,  58. 
N.B. — The  words  of  the  Songs  in  "Dulce  Domum"  (with  the  Airs  both 

in  Tonic  Sol-fa  and  Old  Notation)  can  be  had  in  Two  Parts,  6d.  each. 
Euclid,  Cassell's.    Edited  by  Prof.  Wallace,  M.A.     xs. 
Experimental  Geometry.    By  Paul  Bert.     Illustrated,    zs.  6d. 
French,  Cassell's  Lessons  in.    New  and  Revised  Edition,    Parts  I. 

and  II.,  each  is.  6d.  ;  complete  as.  6d.     Key,  xs.  6d. 
French-English  and  English-French    Dictionary.      3s.  6d.  or  5s. 
French  Reader,  Cassell's  Public  School.    By  G.  S.  Conrad,  as.  6d. 
Gaudeamus.     Songs  for  Colleges  and  Schools.     Edited  by  John  Farmer. 

58.     Words  only,  paper  covers,  6d.  :  cloth,  gd. 
German  Dictionary,    Cassell's.     (German-£nglish,   English  German). 

Cheap  Editioft.    Cloth,  3s.  6d.  ;  half-morocco,  5s. 
Hand  and  Eye  Training.  By  G.  Ricks,  B.Sc.  2  Vols.,  with  16  Coloured 

Plates  in  each  Vol.  Cr.  4to,  6s.each.  Cards  for  Class  Use,  5  sets,  xs.  each. 
Hand  and   Eye  Training.      By  George  Ricks,   B.Sc,  and  Joseph 

Vaughan.   Illustrated.   Vol.  I.    Designing  with  Coloured  Papers; 

Vol.   II.    Cardboard   Work,  as.  each.      Vol.   III.     Colour  Work 

and  Design,  3s. 
Historical   Cartoons,   Cassell's   Coloured.      Size  45  in.  x  35  in.,  as. 

each.     Mounted  on  canvas  and  varnished,  with  rollers,  5s.  each. 
Italian  Lessons,  with  Exercises,  Cassell's.    Cloth,  as. 
Latin    Dictionary,    Cassell's.      (Latin  •  English   and   English -Latin.) 

Cloth,  3s.  6d.  ;  half-morocco,  5s. 
Latin  Primer,  The  First.     By  Prof.  Postgate.     is. 
Latin  Primer,  The  New.     By  Prof.  J.  P.  Postgate.  Crown  8vo,  as.  6d. 
Latin  Prose  for  Lower  Forms.    By  M.  A.  Bayfield,  M.A.    as.  6d. 
Laws  of  Every-day  Life.     By  H.  O.  Arnold- Forster,  M.P.    xs.  6d. 

Special  Edition  on  Green  Paper  for  Persons  with  Weak  Eyesight     as. 
Lessons  in  Our  Laws ;  or.  Talks  at  Broadacre  Farm.     By  H.  F. 

Lester,  B.A.     Parts  I.  and  II.,  xs.  6d.  each. 
Little  Folks*  History  of  England.    Illustrated,    is.  6d. 
Making  of  the  Home,  The.    By  Mrs.  Samuel  A  Barnett.    is.  6d. 
Marlboroueh    Books :— Arithmetic   Examples,    3s.     French  Exercises, 

3s.  6d.    French  Grammar,  as.  6d.    German  Grammar,  3s.  6d. 
Mechanics  and  Machine  Design,  Numerical  Examples  in  Practical. 

By  R.  G.  Blaine,  M.E.  New  Edition,  Revised  and  Enlarged,   With 

79  Illustrations.    Cloth,  as.  6d. 
Mechanics  fot  Young  Beginners.     By  the  Rev.  J.  G.  Easton,  M,A. 

Cheap  Edition,    as.  6d. 
Mechanics,  Applied.  ByJoHN  Perry,  M.E.,  D.Sc,  &c.  Illustd.  7S.6d. 
Models  and  Common  Objects,    How  to  Draw  irom.     By  W.  E. 

Sparkes.     Illustrated.    38. 


Selections  from  Cassell  ^  Company's  Publicatiohs. 

Models,  Common  Objects,  and  Casts  of  Ornament,  How  to  Shade 
from.    By  W.  E.  Sparkes.    With  25  Plates  by  the  Author.    3s. 

Natural  History  Coloured  Wall  Sheets,  Cassell's    New.     x6  Sub* 
Jects.  Size  39  by  31  in.    Mounted  on  rollers  and  varnished.   38.  each. 

Object  Lessons  from  Nature.  By  Prof.  L.  C.  Miall,  F.L.S.  Fully 
Illustrated.    New  and  Enlarged  Edition.    Two  Vols.,  zs.  6d.  each. 

Physiology  for  Schools.  By  A.  T.  Schofield,  M.D.,  M.R.C.S.,&c. 
Illustrated.  Cloth,  is.  gd. ;  Three  Parts,  paper  covers,  5d.  each  ;  or 
cloth  limp,  6d.  each. 

Poetry  Readers,  Cassell's  New.  Illustrated.  12  Books,  id.  each ;  or 
complete  in  one  Vol.,  cloth,  is.  6d. 

Popular  Educator,  Cassell's.  With  Revised  Text,  New  Maps,  New 
Coloured  Plates,  New  Type,  &c.  In  8  Vols.,  5s.  each;  or  in  Four 
Vols.,  half-morocco,  50s.  the  set. 

Readers,  Cassell's  ''Belle  Sauvage."  An  entirely  New  Series.  Fully 
Illustrated.     Strongly  bound  in  cloth.     {List  on  application.) 

Readers,  Cassell's  **  Higher  Class."     {List  on  application,) 

Readers,  Cassell's  Readable.    Illustrated.     {List  on  application.) 

Readers  for  Infant  Schools,  Coloured.     Three  Books.    4d.  each. 

Reader,  The  Citizen.  By  H.  O.  Arnold- Forster,  M.P.  Illustrated. 
IS.  6d.    Also  a  Scottish  Edition^  cloth,  is.  6d. 

Reader,  The  Temperance.  By  J.  Dennis  Hird.     is.  or  is.6d. 

Readers,  Geographical,  Cassell's  New.    Hid.    {List  on  application,) 

Readers,  The  "  Modern  School"  Geographical.  {List on  apAiicatian.) 

Readers,  The  "  Modern  School."    Illustrated.    {List  on  application.) 

Reckoning,  Howard's  Art  of.  By  C.  Frusher  Howard.  Paper 
covers,  is.  ;  cloth,  2S.      Ne7v  Edition.  5s. 

Rolit.    A  Means  of  Learning  French.    By  J.  J.  Tylor.    3s. 

Round  the  Empire.    By  G.  R.  Parkin.     Fully  Illustrated,     is.  6d. 

Science  Applied  to  Work.     By  J.  A.  Bower,    is. 

Science  of  Every-day  Life.   By  J.  A.  Bower.    Illustrated,    is. 

Shakspere's  Plays  for  School  Use.    9  Books.     Illustrated.    6d.  each. 

Spelling,  A  Complete  Manual  of.    By  J.  D.  Morell,  LL.D.    is. 

Technical  Manuals,  Cassell's.     Illustrated  throughout:— 

Handrailing  and  Staircasing,  3s.  6d. — Bricklayers,  Drawing  for,  3s. — 
Building  Construction,  as.  —  Cabinet-Makcrs,  Drawing  for,  3s.  — 
Carpenters  and  Joiners,  Drawing  for,  3s.  6d. — Gothic  Stonework,  3s. — 
Linear  Drawing  and  Practical  Geometry,  2S. — Linear  Drawing  and 
Projection.  The  Two  Vols,  in  One,  3s.  6d.— Machinists  and  Engineers, 
Drawing  for,  48.  6d.— Model  Drawing,  3s.— Orthographical  and  Isome- 
trical  Projection,  as. — Practical  Perspective,  3s.— Stonemasons,  Drawing 
for,  3s. — Applied  Mechanics,  by  Sir  R.  S.  Ball,  LL.D.,  as. — Systematic 
Drawing  and  Shading,  as. 

Technical  Educator,  Cassell's.  With  Coloured  Plates  and  Engrav- 
ings.    Complete  in  Six  Volumes,  3s.  6d.  each. 

Technology,  Manuals  of.  Edited  by  Prof.  Ayrton,  F.R.S.,  and 
Richard  Wormell.D.Sc,  M.A.  Illustrated  throughout:— 
The  Dyeing  of  Textile  Fabrics,  by  Prof.  Hummel,  5s. — Watch  and 
Clock  Making,  by  D.  Glasgow,  Vice-President  of  the  British  Horo- 
logical  Institute,  4s.  6d. — Steel  ard  Iron,  by  Prof.  W.  H.  Greenwood, 
F.C.S.,  M.I.C.E.,  &C.,  5S.— Spinning  Woollen  and  Worsted,  by  W.  S. 
B.  McLaren,  4s.  6d.— Design  in  Textile  Fabrics,  by  T.  R.  Ashen- 
hurst,  4s.  6d.— Practical  Mechanics,  by  Prof.  Perry,  M.E.,  3s.  6d. — 
Cutting  Tools  Worked  by  Hand  and  Machine,  by  Prof.  Smith,  3s.  6d. 

Things  New  and  Old  ;  or,  Stories  from  English  History.  By 
H.  O.Arnold- Forster,  M.P.  Fully  Illustrated,  and  strongly  bound 
in  Cloth.  Standards  I.  &  II.,  gd.  each;  Standard  III.,  is.; 
Standard  IV.,  is.  3d. ;  Standards  V.  &  VI.,  is.  6d.  each  ;  Standard 
VII..  IS.  8d. 

This  World  of  Ours.  By  H.  O.  Arnold- Forster,  M.P.  Illustrated. 
Cheap  Edition^  as.  6d. 


Selections  from  Cassell  ^  Company^ s  Publications^ 


§00k£i  for  19onn0  fpeopU. 

The  Surprising  Adventures  of  Tuppy  and  Tue.  By  Maggib 
Brownb.     With  Four  Coloured  Plates  and  other  Illustrations.    35.  6d, 

Micky  Magee's  Menagerie ;  or,  Strange  Animals  and  their 
Doings.  By  S.  H.  Hambr.  With  Eight  Coloured  Plates  and  other 
Illustrations  by  Harry  Neilson.      is.  6d. 

The  "Victoria"  Painting  Book  for  Little  Folks.  With  about  300 
Illustrations,     zs. 

•*  Little  Folks  "  Half- Yearly  Volume.  Containing  480  pages,  with 
Six  Full-page  Coloured  Plates,  and  numerous  other  Pictures  printed  in 
Colour.     Picture  Boards,  3s.  6d.  ;  cloth  gilt,  gilt  edges,  5s.  each. 

Bo -Peep.  A  Book  for  the  Little  Ones.  With  Original  Stories  and  Verses. 
Illustrated  with  Full-page  C'oloured  Plates,  and  numerous  Pictures 
in  Colour.     Yearly  Volume.   Picture  Boards,  2s.  6d.  ;  cloth,  38. 6d. 

Beneath  the  Banner.  Being  Narratives  of  Noble  Lives  and  Brave 
Deeds.     By  F.  J.  Cross.     Illustrated.  Limp  cloth,  zs.    Cloth  gilt.  as. 

Good  Morning !  Good  Night  1  By  F.  J.  Cross.  Illusttated.  Limp 
cloth,  IS.,  or  cloth  boards,  gilt  lettered,  as. 

Five  Stars  in  a  Little  Pool.  By  Edith  Carkington.  Illustrated.  3s.  6d. 
Merry  Girls  of  England.     By  L.  T.  Mbadb.    3s.  6d. 
Beyond  the  Blue  Mountains.    By  L.  T.  Mbadb.    5s. 
The  Peep  of  Day.    Cassell's  Illustrated  Edition,     as.  6d. 

A  Book  of  Merry  Tales.  By  Maggie  Browne,  "  Sheila,"  Isabel 
Wilson,  and  C.  L.  Mat^aux.     Illustrated.    3s.  6d. 

A  Sunday  Story-Book.  By  Maggie  Browne,  Sam  Browne,  and  Aunt 
Ethel.     Illustrated.     38.  6d. 

A  Bundle  of  Tales.  By  Maggie  Bkowne  (Author  of  "  Wanted— a 
King,"  &c.),  Sam  Browne,  and  Aunt  Ethel.    3s.  6d. 

Pleasant  Work  for  Busy  Fingers.    By  Maggie  Brownb.    Illustrated. 

Clteap  Edition,     as.  6d. 
Casseirs  Pictorial  Scrap  Book.     In  Six  Books,  6d.  each. 
Magic  at  Home.     By  Prof.  Hoffman.     Illustrated.     Cloth  gilt,  3s.  6d. 
Little  Mother  Bunch.  By  Mrs.  Molesworth.     Hid.    as.  6d. 
Heroes  of  Every -day  Life.    By  Laura  Lane.     Illustrated,     as.  6d. 
Books  for  Young  People.     Illustrated.    3s.  6d.  each. 

*A  Sweet  Oirl  araduate.    By  L.  T. 

Meade. 
The  Klngr'B    Command ;    A  Story 

for  Girls.    By  Mag^'e  Symington. 
•The  Falaoe  Beautitul.      By   L.  T. 

Meade. 
•Polly :  A  New-Fashioned  OirL  By 

L.  T.  Meade.  ' 

"Follow  My   Leader."     By  Talbot 

Baines  Reed. 
*A  World  of  G-irls:   The  Story  of 

a  SohooL    By  L.  T.  Meade. 
Lost    amonir  white  Afrioaus.    By 

David  Ker.  ' 

For  Fortune  and  Qlory:  A  Story  of 

tlie  Soudan  War.  By  Lewis  Hough 
Bob  Lovell's  Oareer.    By  Udward  & 
EUis. 


The  Champion     of  Odin;     or, 

VUanK  iiife  in  the  Days  of 

Old.     By  J.  Fred.  Hodgeits. 
Bound    by   a  Spell  :     or.   The 

HuntedWitohof  the  Forest. 

By  the  Hon.  Mrs.  Greene. 
Under    Bayard's    Banner.     By 

Henry  Frith. 
Told  Out   of  School.    By  A.  J. 

Daniels. 
•Red  B08O  and  Tiger  Lily.    By 

L.  T.  Meade. 
The  Romance  of  Invention.    By 

lames  Burnley. 
♦Bashful     Fifteen.      By     L.     T. 

Meade. 
•The  White  House  at  Inch  G-ow. 

By  Mrs.  Pitt. 


*jtlso  prccurabie  in  tttperior  bindins^,  08.  tneh. 


SeltcHoKs  from  Caatll  i  Company's  PuhdcaHons. 
^ps  Abraad"  UbrBiy.    Cluap  EAilltni.    GitI  edgo,  «.  6d.  « 


Hodtra    Biplori 


"Golden  Mottoes"  Serf  es.  The.  Eich  Book  containing  »S  puci,  with 

Four  full-page  Original  llluHntions.  Crorni  8vo,  cloth  gilt,  u.  each. 

■■  Nil    Deapsrandnm-"      By    the    F    *'  Boaour  !■  my  Guide."     Bt  Jeula 


Ied~s King"  Series,      inustnted.    ae.  fid.  each. 
IrybafMUi  OthS  Xnndfc   By  JuUaCoddsrd. 


Caescll's  Fid 
Pictures ; 

ftrilht  Btii~ 


Oood-Viifhc  atoTi^i. 


Selections  from  Cassell  4-  Company* s  Pubiicafions. 


Cassell's  Shilling  Story  Books.  All 
ing  Stories.  | 

Buuty  acid  the  Boya 
The  Heir  of  Elmdale.  | 

Claimed  at  Last,  &  Roy's  Beward.    | 
Thorns  and  Tangrles.  | 

The  Cuckoo  in  the  Robin's  Neat. 
John's  Mistake.  [Pitchers. 

The   History   of  Five    Little 
Diamonds  in  the  Sand, 
burly  Bob. 


Illustrated,  and  containing  Interest- 
The  Q-iant's  Craole. 
Shag  and  Doll. 
The  Mafirio  Mirror. 
The  Cost  of  Revenge. 
Clever  Prank. 
Among  the  Redskins. 
The  Fenryman  of  BrilL 
Harry  Maxwell. 
Seventeen  Cats. 


The    World's    ^yorkers.      A  Series  of  New^  and  Original    Volumes. 
With  Portraits  printed  on  a  tint  as  Frontispiece,     is.  each. 


John  Cassell.     By  G.  Ho'den  Pike. 
Charles  Haddon  Spurge  on.     By 

G.  H  olden  Pike. 
Dr.  Arnold  of  Rugby.     By  Rose 

E.  Selfe. 
The  Earl  of  Shaftesbury.     By 

Henry  Frith. 
Sarah  Robinson,    Agnes   Wes- 
ton, and  Mrs.  Meredith.    By 

E.  M.  Tomkinson. 
Thomas  A.  Edison  and  Samuel 

P.  B.  Morse.     By  Dr.  Denslow 

and  J.  Marsh  Parker. 
Mrs.  Somerville  and  Mary  Car- 

penter.    By  Phyllis  Browne. 
General   Gordon.     By   the    Rev. 

S.  A.  Swaine. 
Charles  Dickens.     By  his  Eldest 

Daughter. 
Sir  Titus   Salt  and  George 

Moore.    By  J.  Burnley. 


Florence    Nightingale,    Catherine 

Marsh,  Frances  Ridley  Huver- 

Ral,  Mrs.  Ranyard  ("L.  N.  R.".. 

By  Lizzie  Alldrid^ire. 
Dr.     Guthrie,      Father     Mathew, 

Elihu  Burritt,  George  Livesey. 

Byjohn  W.  Kirton,  LL.D. 
Sir    Henry    Havelock    and    Colin 

Campbell,  Lord  Clyde.    By  E.  C 

Phillips. 
Abraham  Lincoln.    By  Ernest  Foster. 
George  M tiller  and  Andrew  Reed. 

By  E.  R.  Pitman. 
BiohardCobden.    By  R.  Gowin^. 
Benjamin   Franklin.    By  E.  M. 

Tomkinson. 
Handel.    By  Eliza  Clarke.  fSwaine. 

Turner  the  Artist.    By  the  Rev.  S.  A. 
George  and   Robert    Stephenson. 

By  C.  L.  Matoaux. 
David  Livingstone.  By  Robert  Smiles. 


•»•  The  abm>:  Works  can  also  be  had  Three  in  One  Vol.,  cloth,  gilt  edges,  jr. 

Library    of  Wonders.    Illustrated  Gift-books    for    Boys.     Paper,    is.; 
cloth,  IS.  6d. 
Wonderful  Balloon  Ascents.         |         Wonders  of  Animal  Icstinct. 

Wonders    of   Bodily  Strength  and  Skill. 

Cassell's  Eighteenpenny  Story  Books.    Illustrated. 


Wee  Willie  Winkie. 

Ups  and  Downs  of  a  Donkey's 

Life. 
Three  Wee  Ulster  Lassies. 
Up  the  Ladder. 

Dick's  Hero:  and  other  Stories. 
The  Chip  Boy. 
Raggles,     Baggies,     and     the 

Emperor. 
Roses  from  Thorns. 

Gift    Books   for   Young  People. 

Original  Illustrations  in  each. 

The  Boy  Hunters  of  Kentucky. 
By  Edward  S.Ellis. 

Red  Feather:    a    rale  ol 
American     Frontier- 
Edward  S.  EUis. 

Seeking  a  City. 

Rhoda's    Reward;    or. 
Wishes  were  Horses.' 

Jack  Marston's  Anchor. 

Frank's    Life-Battle ;    or, 
Three  Friends. 

Fritters.    By  Sarah  Pitt.    „    ,,  ^ 

The  Two  Hardoastlee.   By  Made- 
line  Bonavia  Hunt. 


the 
By 

"If 

The 


Faith's  Father. 

By  Land  and  Sea. 

The  Young  Berringtons. 

Jeff  and  Leff. 

Tom  Morris's  Error. 

"  Through  Flood— Through  Fire"; 
and  other  Stories. 

The  Girl  with  the  Ooldem  Looks. 

Stories  of  the  Olden  Time. 

By  Popular  Authors.      With  Foui 
Cloth  gilt,  IS.  6d.  each. 

Major  Monk's  Motto.     By  the  Rev. 

F.  Langbridge. 
Trixy.    By  Maggie  Symington. 
Uncle  Wllljam's  Charges;  or.  The 

Broken  Trust. 
Pretty  Pink's   Purpose;    or.   The 

LitUe  Street  Merchants. 

Tim^Thomson'B   TriaL     By  George 
Weatherly. 

Ursula's  8 tumbUng-Block.    By  Julia 

Ruth's   Life-Work.     By  the  Rev. 
Joseph  Johnsoa 


StIfcHmi  from  Caisell  %  Company's  PahlieaHsnt. 


:aw«U'*  Two-ShlUlriE  Story  Baoki.    llluiiraied. 


t«  Oonuliialuni'a  TrUl, 

•  Top  MiCa  I«dd«T  ^  Ha  IT  lo 


Books  by  Edward  8.  Ellis.    lITuti 


Earlv0.y»ratneW«l. 


SlofjofPrantnLiftlnKenliiiiy. 
Ounp-riTB  «nd  Wljfwajn. 


"  QetUng  Itven  ■■ 


I«.  6d.  each. 

K  HUdbls  BouQd  Fraooe.  i    Ollmpflai  of  Soutli  Amerlfu, 

dull  aboul  Gartjuny.  The  Laud  ot  ^ei^lea  riDilla>. 

the  Land  of  Mramlda  lEijptl. 
Hall-Crown  Stoty  Booka. 


MartiD  I^l^'*  Xkik. 


Booka  foi  (be  LitUe  Ones.    Fully  illuslialed. 

Wwmam AlUiiEhinL^uiKuJIy    |  Illusliiud.      Chith,   lb.  a! 

3i.  «d)  Bill  Blgo'.  I  a. 

The  Old  Fairy  Talei.    WithOriiinal  lUi 

Albuma  for  Children,     ja.  ed,  ^ch. 

aodFlar.  ConuinlDB'starisby    I  Futl-pj 


Caaaell  it  Companr'i  Complete  CataloKii«  mil  bi  soti  /i 

fru  Of.  i^tpUcdtio^  Is 
CASSELL  &  COMPANY,   Limited,  LtulgmU  Hill,  Lmilim. 
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Applied  mechanics  : 

Stanford  Unlvers 

yUbrariet 

lili 

ill 

liilili 

3  6105 

030 

418  763 

I 


STANFORD  UNIVERSITY  LIBRARIES 
STANFORD,  CALIFORNIA     94305-6004 


